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ABSTRACT In this paper, a robust adaptive finite-time (FT) tracking control scheme is proposed for
Euler-Lagrange systems (ELSs) subject to nonparametric uncertainties, unknown disturbances and input
saturation. In the design procedure, a Gaussian error function is utilized to approximate the input saturation
nonlinearity. Following that, by employing the natural property that the upper bound of model parameters
uncertainties is linear-in-parameters, the lumped uncertain term caused by uncertain model parameters and
external disturbances is formulated by a linear-parametric form with a single parameter. And then, a novel
robust adaptive tracking control law is designed to resolve the tracking control problem of uncertain ELSs.
The proposed control scheme is featured by FT convergence rate, and robustness against uncertainties and
unknown disturbances. Furthermore, the robust adaptive FT tracking control scheme is insensitive to the
character of the uncertainties, and is with low computational burden and easy to implement in engineering
applications. And its rigorous stability is analyzed with the aid of the Lyapunov stability theory, and its
effectiveness is verified by simulation results and comparison.

INDEX TERMS Euler-Lagrange systems, finite time, uncertainty, robust adaptive control, input saturation.

I. INTRODUCTION
It is well known that Euler-Lagrange systems (ELSs) can
describe the motion behaviors of a wide number of physical
systems, including robotic manipulators [1], [2], aircrafts [3],
surface ships [4], underwater vehicles [5], etc. In parctice,
the uncertainties are frequently encountered in the operations
of ELSs due to unmodeled nonlinearities, unknown parame-
ters and external disturbances, which make the tracking con-
trol problem challenging. To solve these issues and improve
the tracking control performance of ELSs, many control
schemes have been presented, such as intelligent control
[6]–[8], adaptive control [9]–[11], robust control [12], [13],
and sliding mode control (SMC) [14], [15]. Intelligent con-
trol schemes and adaptive control schemes are the powerful
tools for the uncertain ELSs, whereas the online computa-
tion issue becomes the biggest obstacle to these schemes
[16], [17]. Compared with intelligent control schemes and
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adaptive control schemes, robust control schemes and SMC
schemes can reduce the computation complexity. Neverthe-
less, they require the predefined bound of the uncertain-
ties, and the SMC suffers from the so-called chattering
problem [18]. More recently, adaptive robust control (ARC)
[19], [20] and adaptive SMC [21]–[23] were proposed for
the uncertain systems described by ELSs, which were neither
computationally intensive nor required the predefined bound.
Although these control schemes have extraordinary advan-
tage in theory and applications, all of them aremerely ensured
by uniform or asymptotic stability, which implies the system
trajectory converges to the equilibrium states in infinite time.
In order to achieve fast convergence, an effective approach
is to greatly increase the control gain. In practice, however,
the high gain control is undesirable and would be unimple-
mented. Consequently, it is essential for uncertain ELSs to
develop a control scheme featured by fast convergence and
strong robustness.

Recently, the finite-time (FT) control has attracted interest-
ing attention from many scholars [24], [25]. Compared with
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the uniform or asymptotic stability, FT stability may give
rise to better transient and steady-state performance and can
make the system trajectory converge to an equilibrium point
in finite time. Inspired by these attributes, a FT regulation
control scheme [26] and a global continuous FT tacking
control scheme [27] were respectively proposed for the robot
manipulators. However, both of the schemes require that
the model knowledge be accurately known. For the tracking
control problem of ELSs with model perturbations, terminal
sliding-mode control (TSMC) [28], [29], non-singular termi-
nal sliding-mode control (NTSMC) [30] and passivity-based
SMC [31] were proposed to achieve the FT stable control.
Regarding the TSMC/NTSMC scheme, the system states
can reach a non-linear finite-time convergent sliding mode,
namely, TSM in a finite time, then converge to the equilibrium
along the TSM in a finite time. Nevertheless, a common
assumption in [28]–[31] was that the unknown parts must
be obeyed to one function of sliding variable or system
states, where the function must be known. Even if these
control schemes [28]–[31] avoided the inherent chattering
in SMC [14], [15]. However, in practice, it is not always
possible to obtain such a prior knowledge. To circumvent
the limit, the adaptive technique and neural network (NN)
technique were incorporated into TSMC [32], [33]
and NTSMC [34]–[38] design to achieve the FT track-
ing control of robotic manipulators. In [32] and [35], the
normal parts of plants are required; in [34], the uncer-
tainties need to satisfy parameterized decomposition con-
ditions and the acceleration of ELSs is required to be
available. Although [32] and [36] discard the assumption
mentioned in [33]–[35], the computational complexity prob-
lem still exists. In addition, the schemes above-mentioned
neglect an issue, i.e., any real systems are subjected to
the inherent physical limit of actuator (the input saturation
nonlinearity).

In general, the effect of input saturation would be dis-
astrous due to the nonlinearities and uncertainties of the
plants [37]. Hence, when the input saturation is neglected
in the control design, the proposed control schemes may
be fail their goal. For uncertain ELSs under input satura-
tion, [38] proposed an adaptive tracking control scheme,
where the saturated linear correction term was designed to
comply with the imposed input saturation; [39] developed a
robust adaptive model reference impedance control scheme,
where an auxiliary dynamic system (ADS) was constructed
for compensating the effect of input saturation. However,
in [38], [39], the uncertainties must satisfy the parameterized
decomposition conditions. Using the same ADS as [39], [40]
developed an adaptive neural impedance control scheme.
Note that the schemes developed in [38]–[40] can not ensure
the FT stability of system. To do that, a FT tracking control
solution was presented for robot manipulators with actu-
ator saturation by Proportional-Differential plus dynamics
compensation method [41], whereas the system dynamics
were required to be accurately known. For the tracking con-
trol problem of rigid spacecraft subject to model parameter

perturbations and input saturation, the non-singular fast ter-
minal sliding mode control (FTNFTSMC) was employed
to solve the control problem since it is of the feature of
overcoming input singularity [42], where a modified ADS
was designed to handle the input saturation effect. Obviously,
the control scheme can not directly be transplanted to solve
the tracking control problem of the uncertain ELSs with input
saturation. Thus, further researches on robust tracking control
mechanism for uncertain ELSswith input saturation to ensure
the FT convergence capability of closed-loop system is being
expected.

Motivated by the above-mentioned discussion, this paper
aims to solve the tracking control problem for uncertain
ELSs with input saturation. Firstly, a Gaussian error func-
tion is used to approximate the input saturation nonlinear-
ities. Then, according to the structural properties of ELSs
that the upper bounds of uncertain model parameters are
linear-in-parameters (LIP) [19], [31], and utilizing the LIP
structure, the lumped uncertainty including nonparametric
uncertainties, unknown disturbances and approximate error
is transformed into a linear parametric form with a single
parameter instead of being assumed to upper bounded by a
known function or constant. Finally, a novel robust adaptive
tracking control scheme is developed for achieving FT track-
ing control of uncertain ELSs. The main contributions of this
work include:
• The proposed control scheme achieves FT tracking of
ELSs in the simultaneous presence of nonparametric
uncertainties, unknown disturbances and input satura-
tion.

• Unlike [9]–[11], [22], [23] and [34], where the uncer-
tainties need to satisfy parameterized decomposition
conditions, the uncertainties in our work are formulated
by a linear parametric form with a single parameter such
that the proposed scheme is insensitive to the character
of the uncertainties.

• Compared with [33]–[36], [40], [42], any prior
knowledge regarding of uncertain model parameters and
disturbances in this work are not needed and only one
unknown parameter in this work needs to be updated
online. Hence, the proposed scheme is featured by low
computational burden and easy to implement in engi-
neering applications.

The remainder of this work is organized as follows.
Section 2 states the formulated problem and some prelimi-
naries. Section 3 gives the main results, and the simulation
results are presented in Section 4, including comparisons.
Section 5 draws the conclusions.

Notations: In this paper, R+ denotes the set of nonneg-
ative real numbers and R denotes the set of real numbers.
For a given matrix or vector Y , ‖Y‖ represents the 2-norm
of Y . For any a scalar m ∈ R and vector ρ ∈ Rn,
ρm =

[
ρm1 , · · · , ρ

m
n
]T . λmax(·) and λmin(·) denote the max-

imum and minimum eigenvalues of a matrix, respectively.
sgn (·) represent the sign function. In denotes a n-dimensional
identity matrix.
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II. PROBLEM FORMULATION
In general, the EL systems with the second-order dynamics
can be described as follows:

H(q)q̈+ C(q, q̇)+ G(q)+ F(q, q̇) = τ + d (1)

where q ∈ Rn denotes the system state, τ = [τ1, · · · , τn]T

is the control input, and d ∈ Rn denotes the external
disturbance vector.H(q), C(q, q̇), G(q) and F(q, q̇) denote
the mass/inertial matrix, the matrix of Coriolis and cen-
tripetal matrix, the gravity matrix, and the friction matrix,
respectively.

In practice, due to the physical constraints of the actuator,
the input saturation nonlinearity can be expressed by

τi =

{
sgn

(
τi,c
)
τi,m, if τi,c > τi,m

τi,c, if τi,c ≤ τi,m
i = 1, · · · , n (2)

where τi,c denotes the command control of ith actuator calcu-
lated by the control law and τi,m > 0 denotes represents the
maximum control input provided by the ith actuator.

In system (1),H(q),C(q, q̇),G(q) andF(q, q̇) possess the
following properties [19], [31]:
Property 1:H(q) is symmetric and positive definite matrix

and there exist two unknown constants h̄ and h that satisfy
h̄In ≤ H(q) ≤ hIn.
Property 2: ∃Cd ∈ R+,such that ‖C(q, q̇)‖ ≤ Cd‖q̇‖.
Property 3: ∃Fd ,Gd ∈ R+,such that ‖F(q, q̇)‖ ≤ Fd‖q̇‖

and ‖G(q)‖ ≤ Gd .
To facilitate the control design, we make the following

standard assumptions:
Assumption 1: d is bounded and there exists an unknown

constant d̄ that satisfies ‖d‖ ≤ d̄ .
Assumption 2:The desired trajectory qd ∈ Rn, and its first

and second order derivatives are bounded and available.
The control objective of this paper is to design a robust

adaptive tracking control law τc for the uncertain ELS (1)
subject to input saturation under Assumptions 1-2 such that
the output q of the system (1) tracks a desired trajectory qd ,
and the tracking error converges to a small neighborhood
in finite time, while ensuring that all signals in closed-loop
tracking system are bounded.

It is clearly from (2) that the relationship between the actual
control input τ and the designed control input τc has a sharp
corner when | τi,c| = τi,m, i = 1, · · · , n. According to [43],
the saturation nonlinearity function defined in (2) can be
approximated by the following smooth function

ξi(τi,c) = τi,mE
(√

πτi,c

2τi,m

)
(3)

where E(·) is a Gaussian error function, which is defined as
E(x) = 2

√
π

∫ x
0 e
−t2 dt.From (2)-(3), di,τ = τi−ξi(τi,c),where

| di,τ | ≤ d̄i,τ with d̄i,τ being a constant. Using themean-value
theorem, ξi(τi,c) can be expressed as

ξi(τi,c) = ξi(0)+ ϑiτi,c (4)

where ϑi = e
−

(√
π ıτi,c

2τ i,max

)2

and ι ∈ (0, 1) . Thus, we have

τi = ϑiτi,c + di
(
τi,c
)

(5)

Remark 1: According to the definition of ϑi, we know
that ϑi is bounded. That is, for ∀τi,c ∈ R, there exist pos-
itive constants ϑi,1 and ϑi,2 such that 0 < ϑi,1 ≤ ϑi ≤

ϑi,2. In addition, due to
∣∣di,τ ∣∣ ≤ d̄i,τ , we obtain ‖dτ‖ =∥∥[di,τ , · · · , dn,τ ]∥∥ ≤ d̄τ with d̄τ > 0 being unknown

constant.
Synthesizing (1) and (5), we have

H(q)q̈+ C(q, q̇)+ F(q, q̇) = ϑτ c + d1 (6)

where ϑ = diag (ϑ1 · · ·ϑn) and d1 = d + dτ . According to
Assumption 1 and ‖dτ‖ ≤ d̄τ , d1 is bounded. That is, there
exists a unknown constant ds > 0 satisfying ‖d1‖ ≤ ds.
For the later control design purpose, the following lemmas

are stated.
Lemma 1 [44]: For real numbers x and y, and any constants

a > 0, b > 0 and ` > 0, the following inequality holds.

|x|a|y|b ≤
a

a+ b
`|x|a+b +

b
a+ b

`−
a
b |y|a+b (7)

Lemma 2 [29]: For any real numbers ai, i = 1, · · · , n and
any r ∈ (0, 1), the following inequality holds(

n∑
i=1

|ai|

)r
≤

n∑
i=1

|ai|r (8)

Lemma 3 [29]: For any scalars c1 > 0, c2 > 0 and
ν ∈ (0, 1) , an extended Lyapunov condition of finite-
time stability can be given as V̇ (x) + c1V (x) +
c2V ν (x) ≤ 0,where the setting time is given by T ≤

1
c1(1−ν)

ln c1V 1−ν (x0)+c2
c2

with the initial value V (x0) .

III. MAIN RESULTS
In this section, we will investigate the robust adaptive FT
control scheme for the tracking control problem of ELSs
in the simultaneous presence of nonparametric uncertainties,
unknown disturbances and input saturation. In the control
design, utilizing the Properties 1-3, the lumped uncertainties
including uncertain model parameters, d and dτ are formu-
lated by a linear parametric form with a single parameter.
Then, a robust adaptive FT control law is designed for the
uncertain ELSs.

Define the tracking error vector e1 = q − qd . Further,
we have e2 = ė1 = q̇ − q̇d . Here, the following polynomial
on e1 and e2 is designed

S = e2 + αe1 + βψ(e1) (9)

where α = diag (α1, · · · , αn) and β = diag (β1, · · · , βn)
with αi and βi being positive scalars, and ψ (e1) =[
ψ
(
e1,1

)
, · · · , ψ

(
e1,n

)]T with

ψ
(
e1,i
)
=

{
eλ1,i

∣∣e1,i∣∣ > ζ

l1e1,i + l2e21,isgn
(
e1,i
) ∣∣e1,i∣∣ ≤ ζ (10)
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Here, l1 = (2− λ) ζ λ−1i and l2 = (2− λ) ζ λ−2i with
ζ ∈ (0, 1) being a small constant. 0 < λ = λ1/λ2 < 1 is
design constant, and λ1 and λ2 are positive odd integers.
Lemma 4: Consider the system (6) and (9), if S can be

guaranteed to converge to a domain in a finite time, e1
and e2 can converge to a small region around origin in
finite-time Te.
Proof: Choose the Lyapunov function as Ve = 0.5eT1 e1.

Taking the derivative of Ve yields V̇e = eT1 e2.
Using (9), V̇e is given by

V̇e = −γmin (α) e1T e1 − e1Tβψ(e1)+ e1TS (11)

Here, let

zi(e1,i) = eλ+11,i − l1e
2
1,i − l2

∣∣e1,i∣∣3 , i = 1, · · · , n (12)

In the light of (10), zi(e1,i) is bounded when
∣∣e1,i∣∣ ≤ ζ ,

i.e.,
n∑
i=1

∣∣zi(e1,i)
∣∣ ≤ ζ̄ and ζ̄ > 0. Thus,

−eT1ψ (e1) =
n∑
i=1

eλ+1i

∣∣e1,i∣∣ > ζ

−eT1ψ (e1) ≤ −
n∑
i=1

eλ+1i +

n∑
i=1

∣∣zi(e1,i)
∣∣ ∣∣e1,i∣∣ ≤ ζ̄

(13)

According to (13), one can get

−eT1ψ (e1) ≤ −
n∑
i=1

eλ+1i + ζ̄ (14)

Using (14), (11) can be rewritten as

V̇e ≤ − (γmin(α)− 1) e1T e1 − γmin (β)

(
n∑
i=1

e21,i

) λ+1
2

+
||S||2

4
+ γmin (β) ζ̄

≤ −2 (γmin(α)− 1)Ve − γmin (β) 2
λ+1
2 Ve

λ+1
2

+
||S||2

4
+ γmin (β) ζ̄ (15)

From (15), due to the boundedness of S, it can be obtained
that e1 and e2 are bounded. If Ve ≥

||S||2+4γmin(β)ζ̄
8(γmin(α)−1)ς

with ς
being a positive scalar, it can be obtained

V̇e≤−2(1− ς ) (γmin(α)− 1)Ve−γmin (β) 2
λ+1
2 Ve

λ+1
2 (16)

According to Lemma 3 and (16), Ve converges to a neigh-
bourhood in a finite time, i.e., e1 also converges to a neigh-

bourhood �e =

{
e1 | ||e1|| ≤

√
||S||2+4γmin(β)ζ̄
4(γmin(α)−1)ς

}
in a finite

time, and the time Te can be estimated as

Te ≤
ln
(

2(1−ς )(γmin(α)−1)V
1−λ
2 (0)+γmin(β)2

λ+1
2

γmin(β)2
λ+1
2

)
(1− ς ) (γmin(α)− 1) (1− λ)

(17)

where Ve (0) is the initial value of Ve. Recalling (9) and (16),
if S can be guaranteed to converge to a domain in a finite time,

both e1 and e2 converge to a small neighbourhood. Thus,
the Lemma 4 is proved.

Let3 = α−1β and E (e) = 3ψ (e1)+ e1. From (9), S can
be written as

S = 4
[
ET (e1) eT2

]T
(18)

where 4 = [β In]. Using (10), we have ‖e2‖ ≤
‖4−1‖‖S‖. Due to e2 = q̇ − q̇d , then ‖q̇‖ ≤ ‖4

−1
‖‖S‖ +

‖q̇d‖. Further, according to Properties 2-3, we have

‖C (q, q̇) ‖ ≤ Cd‖4−1‖‖S‖ + Cd‖q̇d‖ (19)

‖F (q, q̇) ‖ ≤ Fd‖4−1‖‖S‖ + Fd‖q̇d‖ (20)

Taking the derivative of S along (9), and using (6) and
e2 = q̇− q̇d , it can be get

Ṡ = q̈− q̈d +
(
α + βψf (e1)

)
e1

= H−1 (q)
[
ϑτc + dM − C (q, q̇)− G (q)

−H (q) q̈d +H (q)
(
α + βψ f (e1)

)
e2
]

(21)

where ψ f (e1) =
[
ψf
(
e1,1

)
, · · · , ψf

(
e1,n

)]T and

ψf
(
e1,i
)
=

{
λeλ−1i

∣∣e1,i∣∣ > ζ

l1 + 2l2
∣∣e1,i∣∣ ∣∣e1,i∣∣ ≤ ζ .

Here, let

φ = dM − C(q, q̇)q̇− G(q)− F(q, q̇)−H(q)q̈d
+H(q)

(
α + βψ f (e1)

)
e2 (22)

Using Property 1, ‖dM‖ ≤ ds and (19)-(20), one can obtain

‖φ‖ ≤ ds+Cd
(∥∥∥4−1∥∥∥ ‖S‖ + ∥∥q̇d∥∥)2 + GdFd ∥∥∥4−1∥∥∥ ‖S‖

+Fd
∥∥q̇d∥∥+ h ∥∥q̈d∥∥+ h ∥∥∥4−1∥∥∥ (||α||

+||β||
∥∥ψ f (e1)

∥∥ ) ‖S‖
≤ Cd

∥∥∥4−2∥∥∥ ‖S‖2 + (2Cd ∥∥∥4−1∥∥∥ ∥∥q̇d∥∥+ Fd ∥∥∥4−1∥∥∥
+h

∥∥∥4−1∥∥∥ ||α||) ‖S‖ + h||β|| ∥∥ψ f (e1)
∥∥ ‖S‖

+h
∥∥q̈d∥∥+ ∥∥q̇d∥∥2 + fb ∥∥q̇d∥∥+ ds + Gd (23)

Since q̇d and q̈ are bounded, it can be verified using (14)
that ∃δ ∈ R+, such that the upper bound of φ holds the
following form:

‖φ‖ ≤ δ
[
‖S‖2 +

(
‖ψ f (e1)‖ + 1

)
‖S‖ + 1

]
= δ (S) (24)

where δ = max
{
Cd , 2Cd

∥∥4−1∥∥ ∥∥q̇d∥∥ + Fd
∥∥4−1∥∥ +

h
∥∥4−1∥∥ ||α||, h||β||, h ∥∥q̈d∥∥+∥∥q̇d∥∥2+Fd ∥∥q̇d∥∥+ds+Gd}

and % (S) = ‖S‖2 +
(∥∥ψ f (e1)

∥∥+ 1
)
‖S‖ + 1.

Remark 2: In practice, system uncertainties frequently
encountered must be coped with in ELSs controller design
to guarantee desired performance. This issue is not resolved
with well in the study of [28]–[31]. Therefore the control law
developed in [28]–[31] cannot be applied to deal with non-
parametric uncertainties. In this context, employing the LIP
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structure of ELSs, the lumped uncertain termφ is transformed
into a linear parametric form as shown in (20).
Remark 3: In [7], [33], [40], the NNs and fuzzy logic

systems are applied to approximate the unknown term
B = H (q) q̈d + C (q, q̇) q̇d + G (q) + F (q, q̇) − d .
In [9]–[11] and [23], the parameterized decomposition con-
dition is required, that is, H (q) q̈d + C (q, q̇) q̇d + G (q) +
F (q, q̇) = Y

(
q, q̇, qd , q̇d

)
2, where Y

(
q, q̇, qd , q̇d

)
∈ Rn×n

is known regression matrix and 2 ∈ Rn is unknown con-
stant vector. In those literature, obviously, a large number
of parameters need to be online estimated. As a result,
the computation complexity problem is unavoidable. In [19],
‖φ‖ ≤ a0 + a1 |ξ‖ + a2 ‖ξ‖2 = YT (ξ) ε, where ξ =

[e1, e2]T ,Y (ξ) =
[
1, ‖ξ‖ , ‖ξ‖2

]T
and ε = [a0, a1, a2]T .

Here, only three parameters need to be online estimated,
which can overcome the computation complexity problem.
From (24), only one parameter in this work need to be online
estimated. Therefore, the proposed scheme is simple to com-
pute and easy to implement in engineering applications.
Remark 4: It should be noted that an implicit assumption

in [7], [33], [40] is that the variable q and qd are presupposed
to be bounded. It is quite clear that such an assumption is
conservative since the bounds of q and qd are unknown. As a
result, it is difficult to guarantee the reconstruction accuracy
of the unknown term B because the boundary of the domain
of basis function is difficult to determine. Fortunately, in this
work, such an implicit assumption is deserted by using the
LIP structure of ELSs. As a result, this challenging problem
is easily avoided.

Using (23), (20) can be further written as

ST Ṡ ≤ STH−1 (q)ϑτc +
∥∥∥STH−1 (q)φ∥∥∥

≤ STH−1 (q)ϑτc + θ% (S) ||S|| (25)

where θ = hδ. Since M(q) and ϑ are positive-definite
matrixes.

To achieve the control objective, the following control law
is designed

τ c = −k1S− k2Sλ − κθ̂%2 (S)S (26)

with the adaptive laws

˙̂
θ = κ%2 (S) ‖S‖2 − σ θ̂, θ̂ (0) ≥ 0 (27)

where ki = kTi ∈ R
n×n, i = 1, 2, are positive-definite design

matrixes. κ > 0 and σ > 0 are design constants.
Remark 5: From (9), (23) and (24), the term %(s) is a

function of the variable S, which indicates that the designed
control law τ c only needs the first-derivative of the desired
trajectory qd , i.e., this work only requires that q̇d be avail-
able. In contrast, it indicates that the condition on qd is less
stringent in our work.

Consider the following Lyapunov function

V =
1
2
STS+

1
2χ

(
θ − χθ̂

)2
(28)

Taking the time derivative of V and using (21), (25)-(27)
yield

V̇ ≤ ST
[
H−1 (q) ϑτc + φ

]
−

(
θ − χθ̂

)
˙̂
θ

≤ −STH−1(q)ϑk1S− STH−1(q)ϑk2Sλ

−κθ̂%2(S)STH−1(q)ϑS+ ‖S‖ θ% (S)

−

(
θ − χθ̂

)
κ%2 (S) ‖S‖2 + σ

(
θ − χθ̂

)
θ̂ (29)

Using Young’s inequality, the following inequations hold

‖S‖ θ% (S) ≤ κθ%2 (S) ‖S‖2 +
θ

4κ
(30)(

θ − χθ̂
)
θ̂ =

1
χ

(
θ − χθ̂

) (
χθ̂ − θ + θ

)
≤ −

1
2χ

(
θ − χθ̂

)2
+

1
2χ
θ2 (31)

From the Property 1 and Remark 1, there exists a positive
constant χ such that χ ≤ λmin

(
H−1 (q)ϑ

)
holds. Then,

the following inequations hold

χSTS ≤ STH−1 (q)ϑS (32)

χSTSλ ≤ STH−1 (q)ϑSλ (33)

Substituting (23)-(24) and (30)-(33) into (29) yields

V̇ ≤ −χγmin (k1)STS− χγmin (k2)STSλ

−κχθ̂%2 (S)STS+ κθ%2 (S) ‖S‖2

−

(
θ − χθ̂

)
κ%2 (S) ‖S‖2 +

θ

4κ

−
σ

2χ

(
θ − χθ̂

)2
+
σ

2χ
θ2

= −χγmin (k1) ST S − χγmin (k2)STSλ

−
σ

2χ

(
θ − χθ̂

)2
−

[
σ

4χ

(
θ − χθ̂

)2] λ+12
+

[
σ

4χ

(
θ − χθ̂

)2] λ+12
+
θ

4κ
+
σ

2χ
θ2 (34)

Here, let x = 1, y = σ
4χ

(
θ − χθ̂

)2
, a = 1−λ

2 , b = 1+λ
2

and ` =
(
1+λ
2

) 1+λ
1−λ

. Then, a + b = 1, a
a+b = a and

b
a+b = b. Further, we have a

a+b`|x|
a+b
+

b
a+b`

−
a
b |y|a+b =

1−λ
2 ` + σ

4χ

(
θ − χθ̂

)2
and |x|a|y|b =

[
σ
4χ

(
θ − χθ̂

)2 ] 1+λ
2
.

According to Lemma 1, one can get[
σ

4χ

(
θ − χθ̂

)2] λ+12
≤

1− λ
2

`+
σ

4χ

(
θ − χθ̂

)2
(35)

Using (35), (34) can be written as

V̇ ≤ −χγmin (k1)STS− χγmin (k2)STSλ

−
σ

4χ

(
θ − χθ̂

)2
−

[
σ

4χ

(
θ − χθ̂

)2] λ+12
+
1− λ
2

`+
θ

4κ
+
σ

2χ
θ2 (36)
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In the light of Lemma 2, the following inequality holds

−χγmin (k2)STSλ −
[
σ

4χ

(
θ − χθ̂

)2] λ+12
= −χγmin (k2)

n∑
i

(
Si2
) λ+1

2
−

[
σ

4χ

(
θ − χθ̂

)2] λ+12

≤ −2
λ+1
2 χγmin (k2)

(
0.5

n∑
i

si2
) λ+1

2

−

(σ
2

) λ+1
2
[

1
2χ

(
θ − χθ̂

)2] λ+12
≤ −µV

λ+1
2 (37)

where µ = min
{
−2

λ+1
2 χγmin (k2) ,

(
σ
2

) λ+1
2

}
.

Substituting (37) into (36) yields

V̇ ≤ −χγmin (k1) ST S −
σ

4χ

(
θ − χθ̂

)2
−µV

λ+1
2 +

1− λ
2

`+
θ

4κ
+
σ

2χ

≤ −µ0V − µV
λ+1
2 + C (38)

where µ0 = min
{
χγmin (k1) , σ2

}
and

C = 1−λ2
`
+

θ
4κ +

σ
2χ θ

2.

Based on the above design and analysis, there is the fol-
lowing theorem.
Theorem 1: Consider the ELS given in (1) in the simul-

taneous presence of nonparametric uncertainties, unknown
disturbances and input saturation under Assumptions 1-2.
The proposed robust adaptive finite-time control law (26)
with adaptive law (27) can ensure the following statements:

1) The slidingmode variable S in finite-time converges into
the following region

‖S‖ ≤

√
2C
`µ0

(39)

where ` is a positive constant satisfying ` ∈ (0, 1) .
2) The tracking error e1 in finite-time converges into the

following region

‖e1‖ ≤

√
C + 2γmin(β)ζ̄ `µ0

2`µ0(γmin(α)− 1)ς
(40)

3) All the signals in closed-loop tracking control system
are bounded.
Proof: From (38), V̇ ≤ −µ0V + C holds and solving it

yields

0 ≤ V (t) ≤
C
µ0
+

[
V (0)−

C
µ0

]
e−µ0t (41)

where V (0) is the initial value of V . Therefore, V (t) is
bounded. It follows from (28) that S and θ−χθ̂ are bounded.
Furthermore, θ̂ is bounded due to the boundedess of θ , and the
tracking error e1 and its derivative e2 are bounded owing to

the Lemma 4 and the boundedness of S. Thus, ϕ (e1,S) is also
bounded. Following that, the designed control law τc in (26))
is also bounded. Therefore, the all the signals in closed-loop
tracking control system are bounded.

Recalling (38), we have

V̇ ≤ −`µ0V − (1− `) µ0V − µ1V
λ+1
2 + C (42)

If V ≥ C
`µ0
, we have

V̇ ≤ − (1− `) µ0V − µ1V
λ+1
2 (43)

According to Lemma 3, V in finite time settles within the
set �V =

{
V |V ≤ C

`µ0

}
and the settling time is given by

T ≤
1

(1− `) µ0
ln
(1− `) µ0V

1−λ
2 (0)+ µ1

µ1
(44)

In addition, from (28), 1
2S

TS ≤ V ≤
C
`µ0

holds.

‖S‖ ≤ $ =

√
2C
`µ0
. Furthermore, in view of Lemma 4,

the trajectory of the closed-loop tracking control system con-
verges to a small region in finite time. Obviously, we can
not directly obtain the region of the tracking error e1 from
‖S‖ ≤ $ . According to Lemma 4 and ‖S‖ ≤ $ , the follow-
ing formula can be obtained

‖e1‖ ≤

√
C + 2γmin(β)ζ̄ `µ0

2`µ0(γmin(α)− 1)ς
(45)

Thus, Theorem 1 is proved.

IV. SIMULATION
To verify the effectiveness of the proposed FT tracking con-
trol scheme, the two-link robotic manipulator (RM) is con-
sidered. The dynamics of the RM [31] are given by (1) with

H (q) =
[
�1 + 2�2 cos(q2) �3 +�2 cos(q2)
�3 +�2 cos(q2) �3

]
(46)

C (q, q̇) =
[
−�2q̇2 sin(q2) −�2 (q̇1 + q̇2) sin(q2)
�2q̇1 sin(q2) 0

]
(47)

G (q) =
[
�4g cos(q1)+�5g cos (q1 + q2)

�5 cos (q1 + q2)

]
(48)

F (q, q̇) =
[

�6 tanh(q̇1)
�6 tanh(q2) cos (q1 + q2)

]
(49)

d =
[

0.25 cos (0.1π t) sin (0.5t)
0.125 sin (0.15t) sin (t/4) cos (0.02t)

]
(50)

where q = [q1, q2]T , �1 = m1l21 + m2L21 + m2l22 + 02 +
51, 02 = m2L1l2, �3 = +m2l22 + 52, �4 = m1l2 +
m2L1, �5 = m2l1, and �6 = 0.5.mi, i = 1, 2, is the mass
of the ith link with m1 = 1.6kg and m2 = 0.8kg; Li is the
length of the ith link with L1 = 0.4 m; li is the distance from
the base of the ith link to its center of mass with l1 = 0.25m
and l2 = 0.15m; 0i is the inertia moment of the ith link with
01 = 0.0853kg ·m2 and 02 = 0.024kg ·m2 and g = 9.81m/s
is the gravitation constant.
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FIGURE 1. Simulation results under AFTC and ARC. (a) Tracking performance. (b) Tracking error e1. (c) Control input τ . (d) Estimation of θ and
ai , i = 0,1,2.

A. EFFECTIVENESS TEST
In the simulation, the desired trajectory is set as qd =
0.5π [sin(0.5t), cos(0.5t)]T (rad). The saturation limit is
given by τi,m = 15 (N · m) , i = 1, 2. The initial states are
q(0) = [−1rad, 2.5rad]T , ˙q(0) = [0, 0]T and θ̂i(0) = 0.
The design parameters are selected as α = diag(2, 2),
β = diag(1, 1), k1 = diag(8, 8), k2 = diag(10, 10), κ = 1,
ζ = 0.001, σ = 0.0001, and λ = 3

5 .

The simulation results under the proposed adaptive
FT control (AFTC) scheme are plotted using solid line
in Fig. 1(a)-(d), respectively. Fig. 1(a) indicates that the pro-
posed AFTC scheme can force the output q of RM to track
the desired trajectory qd with satisfactory performance. It is
seen from Fig. 1(b) that the the tracking errors e1,1 and e1,2
are bounded. Fig. 1(c) shows the curve of control input τ ,
which is bounded and reasonable, and the boundedness of the
estimation θ̂ is seen in Fig. 1(d). These results demonstrate

that all signals in the closed-loop tracking control system are
bounded as proved Theorem 1.

To illuminate the superiority of the proposed AFTC
scheme, a simulation comparison with the robust adap-
tive control (RAC) scheme proposed in [19] is carried out.
In simulation, the design parameters can be caught in detail
in [19] and the initial states q(0) and ˙q(0) are identical to
the counterparts for the simulations under the FT control
scheme.

The simulation results under the RAC scheme are plotted
using dash line in Fig. 1(a)-(d), respectively. It is obvious
from Fig.1(a)-(b) that the AFTC scheme exhibits superior
control performance to the RAC scheme on the conver-
gence rate and the control accuracy. From Fig. 1(c), the con-
trol efforts of two schemes are almost identical. Therefore,
the simulation and comparison results demonstrate the desir-
able features of the proposed control scheme, such as FT
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FIGURE 2. Comparison of control performance.

TABLE 1. Performance index comparison under different λ.

convergence, and robustness against the disturbances and
nonparametric uncertainties.

B. PERFORMANCE TEST
To analyze the impact of λ on the control performance,
the simulation comparisonwith the different λ and same other
design parameters is carried out. The simulation results on
the tracking error e are shown in Fig. 2, and the quantitative
evaluation results on the tracking error e and the variable S are
listed in Table 1. In Table 1, ST denotes the settling time, IAE

denotes the integrated absolute error and MIAC =
∫ tm
t0
|τ (t)| dt

tm−t0
denotes the mean integrated absolute control, which are used
to evaluate the transient and steady state performance, and
energy consumption. FromFig. 2 and Table 1, it can be known
that the smaller λ is, the better control accuracy and the fast
convergence rate is. In addition, from the MIAC, λ has little
impact on the control efforts. That is, the control performance
can be improved by appropriately selecting λ.
Moreover, to illustrate the effectiveness of the initial value

conditions q(0) and q̇(0) on the control performance, simu-
lations are carried out under four cases, and the initial con-
ditions q(0) and q̇(0) are listed in Table 2. The simulation
results are shown in Fig. 3(a)-(b), and the performance indices
are summarized in Table 3. From Fig. 3(a) and Table 3,
it can be found that the control accuracy is not effected by

TABLE 2. Initial condition.

TABLE 3. Performance index comparison under different q(0) and q̇(0).

the initial value of q̇(0). However, the initial values of q(0)
directly affect the convergence time, which is consistent with
the characteristics of a finite time control system. Moreover,
it can be clearly seen from Fig. 3(b) and Table 3 that the
energy consumption is not affected by q(0), but affected by
q̇(0). Besides, from Fig.7, the larger the initial value of q(0),
the more saturated the actuator, because the term %(S) in (22)
depends on the initial value of q(0). We also find from Figs.
3(a)-(b) and Table 3 that the initial conditions q(0) and q̇(0)
do not affect the steady-state performance, which indicates
that the proposed control scheme guarantees the satisfying
control performance of uncertain ELSs under various initial
conditions q(0) and q̇(0).

C. ROBUSTNESS TEST
In this subsection, we test the robustness of the proposed
control scheme. In this context, two scenarios are taken into
account in the simulation. In case 1, the model parameter
perturbation is taken in account, i.e., 1M(q) = 30%M(q),
1C(q, q̇) = 30%C(q, q̇), 1G(q) = 30%G(q) and
1F(q, q̇) = 30%F(q, q̇). In case 2, not only the model
parameter perturbation is considered, but also the stronger
disturbance is taken into account, i.e., the disturbance is
taken as d + $ , where $̇ = −4−1$ + 5η with
4 = diag[1, 1] and 5 = diag[1.5, 1], and η being a vector
of zero-mean Gaussian white noises. In addition, the design
parameters and initial conditions are taken the same as that of
subsection A.

The simulation results and performance indices are pre-
sented in Fig.4(a)-(b) and Table 4, respectively, from which
we can find that the control accuracy is almost the same
under the different levels of disturbance. Moreover, from
Tables 2 and 4, it can be clearly seen that our proposed
control scheme can still ensure satisfactory control perfor-
mance even if there exists the model parameter perturba-
tion in the closed-loop control systems of ELSs. There-
fore, the simulation results show that the proposed control
scheme is of the robustness performance against to uncer-
tainties including nonparametric uncertainties and unknown
disturbances.
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FIGURE 3. Simulation results under four cases. (a) Tracking error e1. (b) Control input τ .

FIGURE 4. Simulation results in cases 1-2. (a) Tracking error e1. (b) Control input τ .

TABLE 4. Performance index comparison in two scenarios.

V. CONCLUSION
In this paper, a novel robust adaptive tracking control scheme
has been developed for the ELSs subject to nonparametric
uncertainties, unknown disturbances and input saturation.
Under the developed control scheme, the trajectories of ELSs
converge to a small region around the equilibrium point in
finite time. In the control design, the lumped uncertain term
caused by uncertain model parameters and external distur-
bances is formulated by a linear parametric formwith a single
parameter utilizing the LIP structure of the upper bound
of uncertainties. As a result, any prior knowledge on the

uncertainties is not required and the designed control law is
not dependent of the nature of the uncertainties. Note that the
settling time function in the developed FT control scheme is
dependent on the system initial conditions, which would be
a limitation in practical application. In the future, the work
is to develop a control scheme which does not depend on the
initial conditions of the systems.
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