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ABSTRACT Tomeet the unique challenges on how to generate, amplify and compensate themulti-frequency
(MF) power in MF multi-receiver simultaneous wireless power transfer (MF-MR-S-WPT) systems, this
article proposes an innovative and generalized methodology. In proposed methodology, a MF modulation
method based on cosine switching frequency modulation (CSFM) technique and a general multi-resonant
transmitting tank design method based on circuit synthesis theory are introduced. With the proposed MF
modulation method, a standard full-bridge inverter can be used to generate MF power, leading to a simple
configuration of transmitting source. Moreover, a modulation degree of freedom can be provided to change
the power transfer ratio, achieving power redistribution among receivers though software implementation.
With the proposed design method of multi-resonant transmitting tank, the use of complicated multiple
harmonic analysis can be avoided and the arbitrary multiple power components at selected resonant
frequencies can be effectively amplified and completely compensated. Finally, the effectiveness of proposed
methodology is verified theoretically and experimentally.

INDEX TERMS Composite compensation, multiple frequency, switching frequency modulation, wireless
power transfer.

I. INTRODUCTION
An unique feature of magnetically-coupled wireless power
transfer (WPT) system is the capability of using a single
transmitter to simultaneously charge multiple receivers, such
as electric vehicles [1] and portable devices [2], [3]. Accord-
ing to whether the resonant frequencies of receivers are
designed to be identical or different, the multiple-receiver
simultaneous WPT (MR-S-WPT) systems can be classified
into two categories: single-frequency MR-S-WPT (SF-MR-
S-WPT) system [4]–[10] and multi-frequency MR-S-WPT
(MF-MR-S-WPT) system [11]–[19]. In SF-MR-S-WPT sys-
tem, the receivers have same resonant frequency as that of
the transmitter and consequently the power transferred to
different receivers is must though a common power channel.
It means that the influence of cross couplings among receivers
is difficult to be reduced and the power redistribution among
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receivers cannot be achieved by just using the transmit-
ter [9], [10]. On the other hand, more attentions have
been paid to the MF-MR-S-WPT system. In this system,
the receivers are designed with different resonant frequen-
cies. In the meantime, the transmitter provides the power of
different frequencies. By tuning the resonant frequencies of
receivers to one of the frequencies emitted from transmitter,
the separate power channels can be established in MF-MR-
S-WPT system, which would be very helpful to reduce the
cross coupling influence and achieve power redistribution by
just using the transmitter. However, MF-MR-S-WPT system
presents unique challenges, especially on how to generate,
amplify and compensate the multi-frequency (MF) power.

For generating MF power in MF-MR-S-WPT system, var-
ious inverter-based methods have been proposed. Accord-
ing to the number of inverters being used, these methods
can be classified into two types: multi-inverter-based met-
hod [11]–[13] and single-inverter-based method [14]–[19].
In multi-inverter-based method, the multiple inverters are
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operating at different switching frequencies and can be con-
nected to individual transformers [11], [12] or multiple trans-
mitting coils [13] to combine MF power from transmitter
to receivers. Based on this method, the power of differ-
ent receivers can be controlled independently by changing
the duty cycles of corresponding inverters [12]. However,
the use of multiple inverters may increase system complex-
ity and generate unexpected power losses. Instead, a single
inverter can be used to generate MF power and even achieve
power redistribution among receivers, leading to a relatively
simple system configuration. One way of generating MF
power with a single inverter is to use a modified config-
uration of full-bridge inverter [14], [15]. In [14] and [15],
one more diode is connected in series to each inverter leg
to synthesize a half-cycle sinusoidal current by applying
the superposition methodology of fundamental and odd-
harmonic components. In comparison with a standard full-
bridge inverter, the additional diodes will increase the system
loss and complexity. In addition to the modified configura-
tion, theMFmodulationmethods have been presented to gen-
erate MF power for a standard full-bridge inverter [16]–[19].
The simplest MF modulation method of standard full-bridge
inverter is to generate a square-waveform output voltage
and the fundamental and harmonic components of this volt-
age can be used to simultaneously charge multiple receivers
of different resonant frequencies [16], [17]. However, its
disadvantages is the unchangeable component amplitude,
which fails in adjusting power transfer ratio to receivers.
Another MF modulation method of a standard full-bridge
inverter is based on the selective harmonic elimination (SHE)
technique, namely multi-frequency programmed pulse-width
modulation (MFPWM) [18], [19]. In this method, the modu-
lated full-bridge inverter can generate a dual-frequency out-
put of 100kHz and 6.78MHz or frequencies within ranges
of 87-300kHz. However, a large computational burden arises
in this modulation method and therefore makes it difficult to
be extended to the applications with more than two receivers.
Likewise, this MF modulation method is also not a general-
ized one for a standard full-bridge inverter.

Except the challenge on how to generate MF power
in MF-MR-S-WPT system, the amplification and com-
pensation of MF power components are two important
subjects to be further considered and their solutions are
mainly based on the design of transmitting tank. Most
of the configurations of transmitting tanks in the existing
MF-MR-S-WPT systems are using a single series capaci-
tor [4], [8], [11], [13], [20], [21]. This configuration is widely
adopted in the single-transmitter single-receiver WPT sys-
tem [22], [23], but it does not suitable to MF-MR-S-WPT
system because only one resonant frequency can be provided
at a time. As a result, only the selective receiver with same
resonant frequency can get power and thus a simultaneous
WPT cannot be achieved. To provide more resonant fre-
quencies, a multi-resonant transmitting tank composed of
multiple LC topologies is designed in [12], [16] and [17].
The multi-resonant tank is able to extract and amplify the

power of different frequencies. Further, in [16] and [17], the
reactive component at each resonant frequency is eliminated
by adding a compensation tank between the multi-resonant
tank and transmitting coil. However, in [12], [16] and [17],
only the design process of multi-resonant transmitting tank
for the case with two receivers is introduced in detail and
their design methods are complicated because the multiple
harmonic analysis is required. Hence, there is still a lack of
simple and general designmethod of multi-resonant transmit-
ting tank which can amplify and compensate the MF power
components for applicationswith arbitrarymultiple receivers.

This article demonstrates an innovative and generalized
methodology to generate, amplify and compensate the MF
power for a single-inverter-based MF-MR-S-WPT system,
which could be easily extended to the applications with arbi-
trary multiple receivers. The proposed methodology has two
parts: MF modulation method for a standard full-bridge and
generalized design method for multi-resonant transmitting
tank. The proposed MF modulation method is based on the
cosine switching frequency modulation (CSFM) technique
and can generate the MF power with adjustable component
amplitudes. It means that a modulation degree of freedom is
provided to change the power transfer ratio to receivers. The
proposed general design method of multi-resonant transmit-
ting tank is based on circuit synthesis theory and therefore
can avoid the use of complicated multiple harmonic analy-
sis. With designed tank, the MF power can be amplified to
enhance power transfer level and the reactive components at
each resonant frequency can be eliminated to increase system
efficiency. Finally, the proposed methodology is evaluated
theoretica- lly and experimentally though a sample with three
receivers.

The rest of this article is organized as follows. The
proposed MF-MR-S-WPT system is described in Sec-
tion II. The CSFM-based MF modulation method for a
standard full-bridge inverter is introduced in Section III.
In Section IV, the circuit-synthesis-based general design
method for multi-resonant transmitting tank is presented. The
theoretical analysis of the modulated and designed system
is given in Section V and experimental results are shown in
Section VI. Finally, the conclusions of this article are given
in Section VII.

II. THE PROPOSED MF-MR-S-WPT SYSTEM
Fig. 1 shows the circuit topology of the proposed MF-MR-S-
WPT system. The system uses a standard full-bridge inverter
to generate a mixed-frequency driving voltage vd, which can
provide power of different frequencies. Multiple receivers
are designed at different resonant frequencies and each of
them is tuned to one of the frequencies emitted by the MF
transmitter. Consequently, the power of different frequencies
from transmitter can be simultaneously transferred to mul-
tiple receivers though individual power channels of specific
frequencies. In proposed system, the power transfer level
of each channel can be enhanced by using a multi-resonant
tank in the transmitting side. Meanwhile, the phase between
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FIGURE 1. The designed MF-MR-S-WPT system using a full-bridge inverter and composite transmitting tank.

driving voltage vd and current id at each resonant frequency
is controlled by inserting a MF compensation tank between
multi-resonant tank and transmitting coil. As shown in Fig. 1,
the chosen multi-resonant tank is a combination of n LC
topologies, known as Cauer network, to provide n resonant
frequencies [24]. The chosen MF compensation tank is a
series combination of one capacitor Cf0 with several parallel
LC topologies, known as Foster network [25]. To indepen-
dently control the input phase at each resonant frequency and
be guaranteed to find the positive values of Foster network
parameters, the number of parallel LC topologies in Foster
network should be n-1 for the system with n receivers.

In Fig.1, Vin and iin are the input dc voltage and input
current from dc source. Lci and Cci are the inductance and
capacitance of the ith (i = 1, . . . , n) LC topology in Cauer
network. The inductance and capacitance of the ith LC topol-
ogy in Foster network are noted as Lfi and Cfi, respectively.
Lt and Rt are the self-inductance and equivalent series resis-
tance of transmitting coil. Lri and Rri is the self-inductance
and equivalent series resistance of the ith receiving coil.Mti is
the mutual inductance between the transmitting coil and the
ith receiving coil. Mij(i = 1, . . . , n; j = 1, . . . , n; i 6= j)
are the mutual inductances among receiving coils. it and iri
are currents of transmitting coil and the ith receiving coil,
respectively. Cri is the series compensation capacitance of the
ith receiving coil. In the ith receiver, the dc output voltage Voi
is obtained by using an uncontrollable half-bridge rectifier
connecting to a filter capacitor Cdi and feeding a passive
load RLi. Si (i = 1, 2, 3, 4) stands for the switching signals
of full-bridge inverter.

III. THE CSFM-BASED MF MODULATION METHOD
The first objective of this article is to generate the MF power
by just using a single inverter. This objective can be achieved
by using the MF modulation method for an inverter. As well
known, the simplest single-inverter-based MF modulation
method is to generate a square-waveform output voltage vd.
This MF modulation method is called the fixed switching
frequency modulation (FSFM) in this article. Based on the
Fourier series analysis, the vd in FSFM can be given by

vFSFMd (t) =
∞∑

k=1,3,5

FFSFM
k (t) =

∞∑
k=1,3,5

A
k
sin(kωct) (1)

where A = 4Vin/π and ωc = 2π fc. fc is the fixed switching
frequency of inverter, which is also called the center fre-
quency.

The frequency components of square-waveform volt-
age vd, such as fundamental and third-order harmonics, can
be used to simultaneously charge two receivers of different
resonant frequencies [16], [17]. However, FSFM method has
two drawbacks: unchangeable harmonic amplitude and large
harmonic frequency difference. The former drawback may
result in a nonadjustable power transfer ratio to receivers
and the latter one will cause a seriously unbalanced loss
distribution among receivers. To avoid these two drawbacks,
a CSFM-based MF modulation method has been proposed
in this article. CSFM is a kind of periodic switching fre-
quency modulation technique and widely applied for pulse-
width-modulated converters to reduce EMI [26]. This article
has extended this modulation method to the MF-MR-S-WPT
system.

A. BASIC SCHEME OF CSFM
In CSFM, the switching frequency of full-bridge inverter is
changed in a cosine manner as

f (t) = fc + Kmcos(2π fmt) (2)

where fm is the modulation frequency and Km is the modula-
tion index.

When compared with FSFM, the spectrum of driving volt-
age vd in CSFM will spread into a wider frequency range
with reduced harmonic amplitudes. It means each original
harmonic of vd in FSFM will be modulated by CSFM into
more components of different frequencies. By using CSFM,
the kth modulated harmonic of vd is given by

FCSFM
k (t) =

A
k
sin[θk (t)] (k = 1, 3, 5, . . .) (3)

where θk is the phase angle of the kth modulated harmonic.
In CFSM, θk is obtained by

θk (t) = k

t∫
0

2π f (τ )dτ = kωct + kmfsin(ωmt) (4)

where ωm = 2π fm.mf = 2πKm/ωm is the modulation degree
of freedom which can be used to change the component
amplitudes for adjusting power transfer ratio to receivers.
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Consequently, the driving voltage vd in CSFM can be
expressed by

vCFSMd (t) =
∞∑

k=1,3,5

FCFSM
k (t)

=

∞∑
k=1,3,5

A
k
sin[kωct + kmf sin(ωmt)] (5)

According to (A1) and (A2) in Appendix-A, vCFSMd show-
ing its frequency components is derived in (6), as shown at
the bottom of the next page. In (6), Jn (n = 0, 1, . . .) is the
nth-order Bessel function.

It can be noted in (6) that each original harmonic of vd
in FSFM is modulated by CSFM into more components
with equally spaced frequencies. As clearly shown in (6),
the multiple frequencies can be maintained by using the
proposed CSFM-basedMFmodulation method. More impor-
tantly, the amplitude of each frequency component can be
adjusted by changing the modulation degree of freedom mf.
It means that, based on CSFM, it is able to change power
transfer ratio to receivers by just using a single inverter.
Among the frequency components, those derived from the
modulated fundamental FCFSM

1 are selected in this article
because FCFSM

1 has a much higher amplitude than other mod-
ulated harmonics FCFSM

k (k = 3, 5, . . .). Thus, the specific
frequencies of individual power channels for n receivers,
namely selected resonant frequencies, are chosen among the
frequencies derived from FCFSM

1 by

fi = fc + (i− 1)fm (i = 1, . . . , n) (7)

where fi is the ith selected resonant frequency.

FIGURE 2. Frequency components at different values of mf.

Fig. 2 shows the frequency components derived from
FCFSM
1 at different values of mf. As noted in Fig. 2, it can

choose the value of mf to change the amplitudes of frequency
components whose envelopes vary in accordance with the
curves of Bessel function.

B. IMPLEMENTATION OF CSFM FOR FULL-BRIDGE
INVERTERS
To obtain a similar spectrum distribution as the modulated
fundamental FCFSM

1 , the driving voltage vd should vary

FIGURE 3. Typical waveforms in CSFM. (mf = 1, fc = 100kHz, fm = 80kHz).

FIGURE 4. Implementation method of CSFM for full-bridge inverters.

in synchronization with FCFSM
1 . In other words, vd should

change at the zero-crossing instants of FCFSM
1 , as illustrated

in Fig. 3, wheremf is set to 1.0 and fc and fm are set to 100kHz
and 80kHz. It can be noted in Fig. 3 that the frequencies and
duty cycles of pulses of vd are different but vd still varies in a
periodic manner. The switching signals of full-bridge inverter
can be generated by comparing the remainders of θ1(t)/2π
with π , as shown in Fig. 4.

IV. DESIGN METHODOLOGY OF COMPOSITE
TRANSMITTING TANK
The second objective of proposed methodology is to amplify
and compensate the MF power components. This objective
can be achieved by using a composite transmitting tank,
as shown in Fig. 1. The proposed composite transmitting tank
is composed of multi-resonant tank and MF compensation
tank. The multi-resonant tank and MF compensation tank are
used to amplify and compensate the MF power components,
respectively. Although the literatures [12], [16], and [17] have
introduced the design method of multi-resonant tank, they
require the complicated multiple harmonic analysis and does
not have generality. The proposed designed method is based
on circuit synthesis theory, leading to a relatively easy and
more generalized task.

A. DESIGN OF MULTI-RESONANT TANK
The proposed multi-resonant tank uses the Cauer network.
Fig. 5 shows the circuit model of n-order Cauer network in
complex-frequency domain. The Cauer network exhibits rel-
atively low sensitivity to nonexact values of its components,
which is an important feature for WPT design.
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FIGURE 5. Circuit model of n-order Cauer network in complex-frequency
domain.

The n-order Cauer network can provide n resonant frequen-
cies and its voltage transfer function in general form can be
expresses by

H (s) =
Vco(s)
Vd(s)

= H0

/
n∏
i=1

(s2 + ω2
i ) (8)

where Vd and Vco are the input and output voltages of Cauer
network. H0 is a constant. ωi is the ith natural resonant
angular frequency of Cauer network, at which Vco reach
its peak value. To amplify the MF power components of
selected resonant frequencies fi, the natural resonant angular
frequency ωi of Cauer network should be chosen by

ωi = 2π fi (i = 1, . . . , n) (9)

Besides, to establish separate power channels, the resonant
frequency of each receiver should be designed to one of
selected resonant frequencies by tuning its series compensa-
tion capacitance Cri as

Cri = 1
/
(4π2friLri)and fri = fi (10)

where fri is the resonant frequency of the ith receiver.
The proposed design method of Cauer network is based on

circuit synthesis of voltage transfer function H (s), which can
avoid the use of complicated multiple harmonic analysis. The
Cauer network is a two-port LC network and its Z -parameter
equation in complex-frequency domain is given by[

Vd(s)
Vco(s)

]
=

[
Z11(s) Z12(s)
Z21(s) Z22(s)

] [
Id(s)
Ico(s)

]
(11)

For Ico = 0, according to (11), the voltage transfer function
H (s) can be expressed by using Z parameters as

H (s) =
Vco(s)
Vd(s)

=
Z21(s)Id(s)
Z11(s)Id(s)

=
Z21(s)
Z11(s)

(12)

It should be noted in (12) that the poles of H (s) should be
the zeros of Z11(s). Therefore, the circuit synthesis of H (s) is
to find the input impendence Z11(s) of Cauer network. In this
article, Z11(s) for n-order Cauer network should be selected
as

Z11(s) = B×

n∏
i=1

(s2 + ω2
i )

s
n−1∏
i=1

(s2 + ω2
pi)

(13)

where ωpi(i = 1, . . . , n− 1) is set to 0.5(ωi + ωi+1). B is the
magnification coefficient. By using polynomial division, the
Z11(s) in (13) can be transformed into

Z11(s) = b1s+
1

b2s+ 1
b3s+ 1

···+1/(b2ns)

(14)

where b1 ∼ b2 n are the constant coefficients which equal to
the values of Cauer network components. In other words, Lc1,
Cc1, Lc2, Cc2, . . . ,Lcn, Ccn in n-order Cauer network can be
obtained by calculating b1 ∼ b2 n as

Lci = b2i−1 and Cci = b2i (i = 1, . . . , n) (15)

FIGURE 6. Bode figure of voltage transfer function of 3-order Cauer
network.

Fig. 6 shows the bode figure of voltage transfer func-
tion H (s), where a 3-order Cauer network is illustrated and
its parameters are calculated in (15). Here, three resonant
frequencies are chosen to f1 = 100kHz, f2 = 180kHz, and
f3 = 260kHz, respectively. The magnification coefficient B
in (13) is chosen to 2/π /f1. As shown in Fig. 6, the designed
Cauer network can amplify its output voltage at each selected
resonant frequency and further establish separate power chan-
nels with an enhanced power transfer level.

vCSFMd (t) = AJ0(mf) sin(ωct)
+AJ1(mf){sin[(ωc + ωm)t]− sin[(ωc − ωm)t]}
+AJ2(mf){sin[(ωc + 2ωm)t]+ sin[(ωc − 2ωm)t]}
+AJ3(mf){sin[(ωc + 3ωm)t]− sin[(ωc − 3ωm)t]}
+ · · · · · ·

FCSFM
1 (t)

A
/
k × J0(kmf) sin(kωct)

+A
/
k × J1(kmf){sin[(kωc + ωm)t]− sin[(kωc − ωm)t]}

+A
/
k × J2(kmf){sin[(kωc + 2ωm)t]+ sin[(kωc − 2ωm)t]}

+A
/
k × J3(kmf){sin[(kωc + 3ωm)t]− sin[(kωc − 3ωm)t]}

+ · · · · · ·

FCSFM
k (t) (6)
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B. DESIGN OF MF COMPENSATION TANK
Although the use of Cauer network as multi-resonant tank is
able to amplify the MF power at selected resonant frequen-
cies, it cannot compensate the reactive components. In this
article, a MF compensation tank based on Foster network is
inserted between multi-resonant tank and transmitting coil
to eliminate reactive component at each selected resonant
frequency and its general design method is introduced as
follows.

FIGURE 7. Circuit model of n-order Foster network.

Fig. 7 shows the circuit model of n-order Foster network,
where Xf represents the equivalent reactance of Foster net-
work. ZLeq is the equivalent load impendence reflected from
multiple receivers and can be expressed by applying Cramer’s
rule as

ZLeq = D
/
A1 (16)

whereD andA1 are the determinants of coefficient matrix and
can be calculated in (A5) and (A6), respectively.

According to circuit theory, the input impendence Zin of
system can be obtained by

Zin =
T11(ZLeq + jXf)+ T12
T21(ZLeq + jXf)+ T22

(17)

where Tij (i = 1, 2 and j = 1, 2) is the T parameter of Cauer
network, which can be calculated in (A7).

The expected equivalent reactance X∗f of Foster network,
at which the imaginary part of Zin becomes zero, can be
yielded by solving (18).

Im
[
T11(ZLeq + jX∗f )+ T12
T21(ZLeq + jX∗f )+ T22

]
= 0 (18)

However, it is difficult to get the analytical solutions
because the order of (18) is high. Therefore, instead of the
analytical solutions, the numerical solutions of (18) can be
used to find X∗f .

For the MF-MR-S-WPT system with n receivers, n
different selected resonant frequencies f1, f2, . . . , fn are
required and can be chosen in (7). To independently con-
trol the input phase at each selected resonant frequency,
the Forster network needs to provide n different values
of X∗f responding to n selected resonant frequencies. That
is, X∗f (ω1),X∗f (ω2), . . . ,X∗f (ωn). For n-order Foster network
shown in Fig. 7, its equivalent reactance Xf is expressed as

Xf =
−1
ωCf0

+

n−1∑
i=1

ωLfi
1− ω2LfiCfi

(19)

It can be noted that in (19) that the Foster network has
the feasibility of compensating both inductive and capaci-
tive reactive components because the equivalent reactance
ωLfi/(1-ω2LfiCfi) of one parallel LC topology in Foster net-
work can be designed to be positive or negative value.
That is why the Foster network (a series combination of
one capacitor with several parallel LC topologies) is cho-
sen as the MF compensation tank in this article because
it has generality for compensating reactive component of
any value. As noted in (19), the adding of one parallel
LC topology in Foster network has the potential to pro-
vide one more different value of Xf. To provide n differ-
ent values of Xf for independent control of input phase at
all selected resonant frequencies and be guaranteed to find
the positive value of Foster network parameters, the num-
ber of parallel LC topologies in Foster network should be
n-1 for the system with n receivers. The component param-
eters of Foster network can be determined in the following
steps.

Step1: Determine the denominator 1-ω2LfiCfi in (19) by
choosing the product term LfiCfi to be a certain value. In this
article, LfiCfi is chosen to p

/
ω2
i .ωi is the ith selected resonant

angular frequency, given in (9). p is a constant. For example,
p can be chosen as 0.95. If the calculated component param-
eters of Foster network are negative, p is changed to be more
than 1. Here, p can be chosen as 1.05.

Step2: Substitute LfiCfi = p
/
ω2
i to (19) and establish

the following linear equation considering X∗f at n selected
resonant frequencies.

X∗f (ω1)
X∗f (ω2)
...

X∗f (ωn)

 = X


1
/
Cf0
Lf1
...

Lfn

 (20)

where X is the n× n coefficient matrix and can be expressed
by

X =



−1
ω1

ω1

1− p
· · ·

ω1

1− pω2
1

/
ω2
n

−1
ω2

ω2

1− pω2
2

/
ω2
1

· · ·
ω2

1− pω2
2

/
ω2
n

...
...

. . .
...

−1
ωn

ωn

1− pω2
n
/
ω2
1

· · ·
ωn

1− p


(21)

The Cf0 and Lf1 to Lfn can be calculated by
1
/
Cf0
Lf1
...

Lfn

 = X−1


X∗f (ω1)
X∗f (ω2)
...

X∗f (ωn)

 (22)

Step 3: Calculate the rest of components Cf1 to Cfn by

Cfi =
p

ω2
i Lfi

(i = 1, . . . , n− 1) (23)
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FIGURE 8. Design flow of the whole system.

C. DESIGN FLOW OF THE WHOLE SYSTEM
Fig. 8 shows the generalized design flow of the whole system.
At first, the center frequency fc and modulation frequency fm
are chosen to determine the selected resonant frequencies fi
(i = 1, . . . , n) in (7), which are emitted from MF transmitter.
And then, the resonant frequencies of receivers are designed
to the selected resonant frequencies by tuning the series com-
pensation capacitances Cri in (10). Next, the power channels
to couple transmitter with receivers though multi-resonant
tank are established by choosing the natural resonant fre-
quencies of Cauer network to the selected resonant frequen-
cies. Based on the circuit synthesis of input impedance Z11,

the components of Cauer network can be found in (15).
Lastly, according to the expected equivalent reactance of
Foster network at each selected resonant frequency, the com-
ponents of Foster network can be found in (22) and (23).

V. THEORETICAL ANALYSIS OF PROPOSED SYSTEM
A. INPUT IMPENDENCE
For simplifying the theoretical analysis, the proposed system
with three receivers is considered as a representative example
and its equivalent circuit at any single one angular frequency
ω is given in Fig. 9, where the input impendence Z (ω)

in without
using the designed transmitting tank, with just using the
designed multi-resonant tank, and with simultaneously using
the designed multi-resonant tank and MF compensation tank
are calculated, respectively.

Fig. 10 shows the calculated angles of Z (ω)
in at different

frequencies and the specifications are listed as follows: Vin =
30V, f1 = fr1 = 100kHz, f2 = fr2 = 180kHz, f3 =
fr3 = 260kHz, B = 2/π /f1, Lt = 75µH, Rt = 0.3�,
Lr1 = Lr2 = Lr3 = 25µH, Mt1 = Mt2 = Mt3 = 3µH,
M12 = M13 = M23 = 1µH, Rr1 = Rr2 = Rr3 = 0.1�,
and RL1 = RL2 = RL3 = 5�. Then, according to the
design flow in Fig. 8, the parameters of designed transmitting
tank are calculated and listed as follows: Rrec1 = Rrec2 =
Rrec3 = 2.03�, Cr1 = 101.32nF, Cr2 = 31.27nF, Cr3 =

14.99nF, Lc1 = 6.37µH, Lc2 = 18.28µH, Lc3 = 57.94µH,
Cc1 = 94.74nF, Cc2 = 57.33nF, Cc3 = 20.27nF, Cf0 =

14.74nF, Lf1 = 6.24µH, Cf1 = 103.57nF, Lf2 = 2.19µH,
and Cf2 = 211.13nF. As noted in Fig. 10, by using the
designed MF compensation tank, the angles of Z (ω)

in at each
selected resonant frequency become zero. It means that the
MF reactive components through separate power channels are
completely eliminated.

As shown in Fig. 10, although the MF compensation tank
is designed to eliminate the reactive components at selected
resonant frequencies, it fails in controlling the phase between
driving voltage vd and current id to zero at all frequencies,
such as sideband frequencies fc-fm, |fc-2fm|, and |fc-3fm|, and

FIGURE 9. The equivalent circuit of proposed system with three receivers at any single one angular frequency ω.
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FIGURE 10. Calculated angles of Z (ω)
in at different frequencies.

so on. As a result, the zero-current switching of inverter
cannot be maintained all the time. Nevertheless, switching
losses caused by non-selected frequency components are
small because the majority of power transferred to receivers
is through individual power channels of selected resonant fre-
quencies. For this reason, the reactive power at non-selected
frequencies is also small.

B. OUTPUT POWER
By using the Thevenin’s theorem and considering the total
equivalent impedance, the circuit form in Fig. 9 changes from
the left-side compound circuit to the right-side simple one.
As previously addressed, X (ω)

f represents the equivalent reac-
tance of MF compensation tank. V̇ (ω)

s and X (ω)
s represent the

Thevenin equivalent voltage source and impedance, respec-
tively, looking from the output terminals of multi-resonant
tank.

By applying Cramer’s rule, three receiving coil current
phasors İ (ω)r1 , İ

(ω)
r2 , and İ (ω)r3 are calculated by

İ (ω)r1 = −
A(ω)2

D(ω)
s
V̇ (ω)
s , İ (ω)r2 = −

A(ω)3

D(ω)
s
V̇ (ω)
s ,

İ (ω)r3 = −
A(ω)4

D(ω)
s
V̇ (ω)
s (24)

where

D(ω)
s =

∣∣∣∣∣∣∣∣∣
Z (ω)
s + Z

(ω)
t jωMt1 jωMt2 jωMt3

jωMt1 Z (ω)
r1 jωMt2 jωM13

jωMt2 jωM12 Z (ω)
r2 jωM23

jωMt3 jωM13 jωM23 Z (ω)
r3

∣∣∣∣∣∣∣∣∣ (25)

A(ω)2 =

∣∣∣∣∣∣
jωMt1 jωM12 jωM13

jωMt2 Z (ω)
r2 jωM23

jωMt3 jωM23 Z (ω)
r3

∣∣∣∣∣∣ (26a)

A(ω)3 =

∣∣∣∣∣∣
jωMt1 Z (ω)

r1 jωM13
jωMt2 jωM12 jωM23

jωMt3 jωM13 Z (ω)
r3

∣∣∣∣∣∣ (26b)

A(ω)4 =

∣∣∣∣∣∣
jωMt1 Z (ω)

r1 jωM12

jωMt2 jωM12 Z (ω)
r2

jωMt3 jωM13 jωM23

∣∣∣∣∣∣ (26c)

With using the designed transmitting tank, the output
power of the kth receiver at any single one angular frequency

ω is obtained by

P(ω)ok =
Rreck
2
×

∣∣∣İ (ω)rk

∣∣∣2 = Rreck
2
×

∣∣∣∣∣ A(ω)k+1

D(ω)
s T (ω)

11

∣∣∣∣∣
2

×

∣∣∣V̇ (ω)
d

∣∣∣2
(27)

According to (6), by using CSFM, the absolution value of
driving voltage phasor at the ith selected resonant frequency
can be given by∣∣∣V̇ (ωi)

d

∣∣∣ = 4Vin
π
|Ji−1(mf)| (i = 1, . . . , n) (28)

Substituting (28) into (27), the output power of the kth
receiver at the ith selected resonant frequency is given by

P(ωi)ok =
8V 2

in[Ji−1(mf)]2Rreck
π2 ×

∣∣∣∣∣ A(ωi)k+1

D(ωi)
s T (ωi)

11

∣∣∣∣∣
2

(29)

Based on the multi-frequency multi-magnitude superposi-
tion methodology of power components at selected resonant
frequencies, the total output power of the kth receiver by
applying the CSFM can be given by

PTotalok =

n∑
i=1

P(ωi)ok ≈ P(ωk )ok (30)

By tuning the resonant frequencies of receivers to one of
the frequencies emitted from transmitter, the separate power
channels are established in MF-MR-S-WPT system. Conse-
quently, the vast majority of power transferred to receivers
is through individual power channels of selected resonant
frequencies and therefore the total output power of receiver is
approximated to the output power only at itself resonant fre-
quency. So, the expression of output power of receiver in (30)
can be simplified. Moreover, it can be noted in (29) that
by using the proposed CSFM, the output power of receivers
can be adjusted by changing the modulation degree of free-
dom mf. Fig. 11 shows the calculated total and approximate
output power of three receivers at different values of mf, with
and without using the designed transmitting tank. For the
case without using the designed transmitting tank, the output
power can be calculated similarly by using (29) and (30), but
here D(ωi)

s in (29) should be replaced by D(ωi) which is given
in (A5) and T (ωi)

11 in (29) should be set to be one instead.
As shown in Fig. 11 (a) and (b), regardless of whether it uses
or does not use the designed transmitting tank, the curves
of total and approximate output power of receivers have a
good coincidence. Nevertheless, comparing Fig. 11 (b) with
Fig. 11 (a), the power transfer level is enhanced greatly with
using the designed multi-resonant tank. It means that the MF
power through separate power channels is amplified.

VI. EXPERIMENTAL RESULTS
To verify the validity of proposed system and correspond-
ing MF modulation method and general design method,
a setup of the system with three receivers is built in
the laboratory, as shown in Fig. 12. The proposed CSFM
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FIGURE 11. Calculated output power of receivers at different mf.

FIGURE 12. Experimental setup of proposed system with three receivers.

method for full-bridge inverters is implemented using DSP
TMS320F28335. The waveforms and data are recorded by
the oscilloscope (Agilent DSO 5034A). The parameters of
the system are measured by using an LCR meter (HIOKI
3532-50) and listed in Table 1. The system will be tested
in two steps. In the first step, to clearly demonstrate the
effectiveness of power amplification and reactive compensa-
tion with using the designed transmitting tank, the system is
tested at single selected resonant frequency. Here, the driving
voltage is sinusoidal and can be provided through the func-
tion generator (Tektronix AFG3022) and power amplifier
(NF HSA4012). Then, the system is tested at all selected
resonant frequencies to verify the MF power generation and
power redistribution among receivers. Instead, the transmit-
ting composite compensation is connected to a full-bridge
inverter which is modulated by using CSFM to provided a
MF driving voltage with adjustable component amplitudes.
The input voltage of full-bridge inverter is generated by a dc
supply (IT6723H).

TABLE 1. Experimental specifications.

A. VERIFICATION OF MF POWER AMPLIFICATION AND
COMPENSATION
Fig. 13 shows the experimental waveforms of the proposed
system tested at single selected resonant frequency, where
three resonant frequencies for the system with three receivers
are chosen to f1 = 100kHz, f2 = 180kHz, and f3 = 260kHz,
respectively. As shown in Fig. 13 (a), (c), and (e), the phase
angles between driving voltage vd and driving current id at
each selected resonant frequency are compensated to be very
close to zero by using the designed MF compensation tank.
It can be noted in Fig. 13 (b), (d) and (f) that the output
voltage of the receiver at itself selected resonant frequency is
much higher than other two output voltages. That means the
designed multi-resonant tank can extract and amplify the MF
power at selected resonant frequencies and then establish the
separate power channels. As observed in Fig. 13 (e) and (f),
a small driving voltage at the third resonant frequency can
be used to generated a relatively large output voltage. This is
because the voltage gain of the design multi-resonant tank at
that frequency is much higher than others at different selected
resonant frequencies, as shown in Fig. 6.

It can be noted in Fig. 13 that when the system is operating
at single selected resonant frequency, only the receiver which
has same resonant frequency can get power and others can
hardly be charged. It means that the influence of the cross
coupling among receivers is less. There are two reasons. One
is the receivers in experiments are placed without overlapping
and therefore the mutual inductances among receiving coils
are much smaller than that between transmitting coil and
receiving coils. The other reason is that by introducing the
multi-frequency concept to establish separate power chan-
nels, the cross coupling influence is inherently reduced.

B. VERIFICATION OF MF POWER GENERATION
Fig. 14 shows the measured spectrum of driving voltage vd
using CSFM at three different values of mf. When mf is
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FIGURE 13. Experimental waveforms of the system tested at single selected resonant frequency ((a) and (b): 100kHz; (c) and (d): 180kHz; (e) and
(f): 260kHz).

FIGURE 14. Measured spectrum of driving voltage vd using CSFM at three different values of mf((a): mf = 0; (b): mf = 0.5; (c): mf = 1).

set to be zero, CSFM becomes FSFM. As analyzed in (6),
the original harmonic of vd in FSFM is modulated by CSFM
into more components with equally spaced frequencies and
it can choose the value of mf to change the amplitudes of
frequency components.

Fig. 15 shows the experimental waveforms of the proposed
system tested by using CSFM at two different values of mf.
The pulses of driving voltage vd in CSFM have a variable
frequency and duty cycle, which excite the MF driving cur-
rent id as well as MF transmitting current it. When mf is 0.5,
as shown in Fig. 14 (b), the frequency component of vd at
first selected resonant frequency f1 = fc is much higher than
those at other two selected resonant frequencies f2 = fc + fm
and f3 = fc+2fm. Therefore, the output voltage Vo1 of first
receiver is highest, as shown in Fig. 15 (b). By changing
mf from 0.5 into 1, as shown in Fig. 14 (c), the frequency

component of vd at f1 is reduced while other two selected
frequency components at f2 and f3 are increased. It brings
a reduction in Vo1 and the increase in Vo2 and Vo3. Conse-
quently, the power transfer ratio to receivers is changed.

C. VERIFICATION OF POWER RESDISTRIBUTION
Further experimental results of the power transferred to dif-
ferent receivers along with the system efficiency are shown
in Fig. 16, where the value of mf is changed from 0 to 1.5.
As noted in (30), the total output power of three receivers
is approximated to the output power at individual resonant
frequencies f1 = fc, f2 = fc + fm, and f3 = fc+2fm,
which are proportional to [J0(mf)]2, [J1(mf)]2 and [J2(mf)]2,
respectively. As the increase ofmf in the range between 0 and
1.5, J0(mf) is reduced while J1(mf) and J2(mf) are increased.
Therefore, as shown in Fig. 16, the power Po1 transferred to
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FIGURE 15. Experimental waveforms of the system tested by using CSFM at two different values of
mf ((a) and (b): mf = 0.5; (c) and (d): mf = 1).

FIGURE 16. Measured power and system efficiency as the change of mf
from 0 to 1.5.

the first receiver becomes smaller and the power Po2 and Po3
transferred to the second and last receivers become larger.
It can be noted in Fig. 16 that Po3 increases quickly to a large
value aftermf is bigger than 1. As previously addressed, this is
because the voltage gain of the designed multi-resonant tank
at f3 is much higher than others at f1 and f2. It suggests that
mf should not be chosen too large.

This article focuses on the low power applications, such as
mobile phones and swarm robots, where the spatial freedom
is tight. Therefore, the size of coils being used in experi-
ments is small and consequently the measured power is not
very large. Nevertheless, it does not limit the application of
propo- sed system forward to a higher power level. As shown
in Fig. 16, just by using the proposed single-inverter-based
MF modulation method, any two of receivers can pick up
same power and work at the rated power level at the same
time. However, since only one modulation degree of freedom
is provided in proposed MF modulation method, it would not

suitable for more receivers unless the multiple receiving coils
are designed with different sizes. The proposed method is
particularly suitable to charge the devices of different power
levels in a same zone.

VII. CONCLUSION
In this article, a novel and generalized methodology to gen-
erate, amplify and compensate the MF power for a single-
inverter-based MF-MR-S-WPT system is proposed. The
main advantages of proposed methodology include: 1) Based
on the proposed CSFM method, a standard full-bridge
inverter can be used to generateMF power, leading to a simple
configuration of transmitting (Tx) source. 2) With CSFM,
amodulation degree of freedom can be provided to change the
power transfer ratio, achieving power redistribution among
receivers though software implementation. 3) The proposed
general design method of multi-resonant transmitting tank
is based on circuit synthesis theory and therefore can avoid
the use of complicated multiple harmonic analysis. 4) The
proposed methodology could be easily extended to the appli-
cations with arbitrary multiple receivers. To highlight these
advantages, Table 2 shows some comparisons between the
proposed and existing MF-MR-S-WPT systems in [11]–[19].
It can be noted that the system that uses the proposed method-
ology is obviously better than the existing MF-MR-S-WPT
systems. Unfortunately, the individual power control cannot
be achieved in this article, which will be studied in the future.

APPENDIX A

cos[kmf sin(ωmt)] = J0(kmf)+ 2
∞∑

n=2,4,6

Jn(kmf) cos(nωmt)

(A1)
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TABLE 2. Comparisons between proposed and existing MF-MR-S-WPT systems.

sin[kmf sin(ωmt)] = 2
∞∑

n=1,3,5

Jn(kmf) sin(nωmt) (A2)

APPENDIX B
According to the Kirchhoff’s voltage law, the subsystem
composed transmitting coil and multiple receivers can be
described as

V̇t
0
...

0

=


Zt jωMt1 · · · jωMtn
jωMt1 Zr1 jωM1n
...

. . .

jωMtn jωM1n Zrn



İt
İr1
...

İrn

 (A3)

where V̇t and İt are the excitation voltage and current phasors
of transmitting coil. İri(i = 1, . . . , n) is the current phasor
of the ith receiving coil. Zt = Rt+j ωLt. Zri = Rri +
Rreci+jωLri+1/(jωCri) and Rreci = 4RLi/π2 is the equivalent
input resistance of the ith uncontrollable half-bridge rectifier.

By applying Cramer’s rule, the solution of It can be
obtained as

It = A1D
/
Vt (A4)

where D, as given in (A5), is the determinant of n × n
coefficient matrix of (A3) and A1, as given in (A6), is the
determinant of that coefficient matrix with its first row and
first column removed.

D =

∣∣∣∣∣∣∣∣∣
Zt jωMt1 · · · jωMtn

jωMt1 Zr1 jωM1n
...

. . .

jωMtn jωM1n Zrn

∣∣∣∣∣∣∣∣∣ (A5)

A1 =

∣∣∣∣∣∣∣
Zr1 jωM1n

. . .

jωM1n Zrn

∣∣∣∣∣∣∣ (A6)

APPENDIX C
For n-order Cauer network shown in Fig. 5, its T -parameter
matrix can be obtained as

T =
[
T11 T12
T21 T22

]
=

n∏
i=1

Ti (A7)

where Ti (i = 1, . . . , n) is the T -parameter matrix of the ith
LC circuit in Cauer network and can be calculated by

Ti =
[
1− ω2LciCci jωLci

jωCci 1

]
(A8)
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