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ABSTRACT Preference-inspired co-evolutionary algorithms (PICEAs) consider the target vectors as the
preferences, and then use the domination relationship between the candidate solutions and target vectors
to increase their selection pressure. However, the size of dominating objective space varies with the
different positions of candidate solutions and it leads to the imbalance of the evolutionary ability of whole
population. To solve this problem, this paper proposes a preference-inspired coevolutionary algorithm
based on a differentiated allocation strategy (PICEAg-DS). First, it sets up an external archive to save
the nondominated solutions and then extracts the convergence and diversity information from it. Second,
it divides the objective space into several subspaces and designs a space distance operator to evaluate their
optimization difficulty. Finally, it dynamically assigns the target vectors and guides more computational
resource to the difficult to optimize subspaces, and thus drives the whole population evolution. To prove
the advantages of differentiated resource allocation strategy, the PICEAg-DS is compared with two classic
coevolutionary algorithms (PICEAg, CMOPSO) and two classic MOEAs based on resource allocation
strategy (EAG-MOEAD, MOEAD-DRA). The experimental results show that PICEAg-DS performs better
than the other algorithms on many WFG test problems. To further analysis the effectiveness of PICEAg-DS,
compare it with two MOEAs based on domination relationship (NSGAII, SPEA2) and two MOEAs based
on decomposition (RVEA, MOEA/D-M2M) on MOP and UF test suite. The experimental results show
the PICEAg-DS has a better convergence than the other comparison algorithms, especially on 3-objective
MOP6-7 and UF8-9.

INDEX TERMS Coevolutionary, multiobjective optimization, objective space partition, resource allocation.

I. INTRODUCTION
In many practical optimization problems, there are many
optimization objectives that conflict with each other; these are
called multiobjective optimization problems (MOPs). Many
studies have shown that multi-objective evolutionary algo-
rithms (MOEAs) can effectively solve MOPs. Because an
evolutionary algorithm is actually a heuristic method that
simulates biological evolution, it can develop a set of uni-
formly distributed solution sets in a simulation and obtain a
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set of trade-off Pareto-optimal (P-O) solutions that approxi-
mate to the Pareto front (PF).

In recent years, many evolutionary algorithms and
their variants have been proposed, which can be divided
into the three categories: 1) The MOEAs based on a
Pareto-domination relationship, such as NSGA-II [1] and
SPEA2 [2], have been proved that their ability often getting
worse with the increase of the number of objectives [3],
because their selection pressure decreased sharply in many-
objectives optimization problems. 2) The MOEAs based on
decomposition, which have an efficiency in balance the con-
vergence and diversity by divided the objective space into
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several subspaces and optimize them simultaneously, named
MOEA/D [4], and in past decade, more variants have been
proposed such asMOEA/D-M2M [5] and RVEA [6]. 3) The
MOEAs based on indicator, which use a performance metric
to guide the population evolution, such as ISDE+ [7] and
HyPE [8], but their optimization results may only perform
well on this performance metric.

The coevolutionary algorithms are different from the above
three categories because their fitness values are obtained by
cooperating with different individuals in different popula-
tions or other individuals in the same population [9], com-
pared to the individuals in traditional evolutionary algorithms
that obtain their fitness values by themselves. Therefore,
the coevolutionary algorithm is an extension of traditional
evolutionary algorithms. And many researchers have proven
that coevolutionary algorithms have good performance in
many MOPs [3], and these algorithms called coevolutionary
multi-objective evolutionary algorithms (CMOEAs). With
more effort into this framework, CMOEAs have expanded
into the three branches of cooperative CMOEAs, competitive
CMOEAs, and competitive-cooperative CMOEAs [10].

The cooperative CMOEAs decompose a MOP into sev-
eral low-dimensional subproblems with partial variables
of the original problem and then optimize these sub-
problems cooperatively, such as IBCCMOEA [11] and
CCMOEA-HSU [12]. But how to determine the number of
subproblems and choose an appropriate method to divide the
decision variables have a great impact on their performance.

The competitive-cooperative CMOEAs consider both the
cooperative and competitive relationships among the subpop-
ulations and drive the whole population evolution, such as
COMOEA [13] and CMOPSO [14].

The competitive CMOEAs divide the population into sev-
eral subpopulations and use the competitive relationships
to guide the population evolution. Competitive CMOEAs
can be further divided into three categories: 1) based
on predator-prey models, such as PPBBO [15] and
MPP [16]; 2) based on moderate competition, such as
C-RMOEA/D [17] and SPEA2-CE [18]; 3) based on the
coevolution of solutions, such as CGA [19] and NNCA [20].
Of these, the CMOEAs based on the coevolution of solutions
have attracted many attentions. Lohn et al. [19] proposed
the CGA, which used target objective vectors (TOVs) as
the preferred solutions and utilized the competition relation-
ship between the TOVs and candidate solutions to guide the
population evolution. Purshouse and Fleming [21] further
improved the CGA and proposed preference-inspired coevo-
lutionary algorithms (PICEAs), which also used the TOVs as
the preference solutions and used the dominant relationship
between the preference and candidate solutions to coevolve
them.

The preference points in PICEAs are not the prefer-
ence information of decision-makers in some sense, but
they randomly generate for increasing the selection pres-
sure of the candidate solutions. Wang et al. [22] pro-
posed a preference-inspired coevolutionary algorithm for

many-objective optimization (PICEAg), which is a popular
one of PICEAs. It used the target vectors as preferences and
adaptively generate to drive the population toward the PF.
The simulation experiments have shown that the PICEAg
outperforms many traditional evolutionary algorithms on
many-objective optimization problems [23].

But we find the PICEAg has a disadvantage that in the
course of evolution, the target vectors are randomly generated
in objective spaces, but the sizes of the objective spaces
dominated by the candidate solutions are different, which
affects the fitness values obtained by the candidate solutions.
It causes the search ability of different individuals to be differ-
ent. Therefore, this paper proposes a collaborative evolution-
ary algorithm based on a differentiated resource allocation
strategy (PICEAg-DS). In PICEAg-DS, an external archive is
set up to save the non-dominated solutions; a space distance
operator is designed to divide the objective space into several
subspaces and measure the subspace hardness; then a differ-
entiated resource allocation strategy is proposed to allocate
target vectors dynamically and assigns more target vectors
to the sparse subspace which denotes the subspace with few
non-dominated solutions and poor convergence. It aims to
increase the evolutionary ability in sparse subspaces and drive
thewhole population evolution. Besides, we use the IGD indi-
cator to analyze the parameter setting and choose the optimal
number of groups that divides the objective space. To prove
the advantages of our proposed differentiated resource allo-
cation strategy, we compare the PICEAg-DS with PICEAg,
COMPSO, MOEAD-DRA and EAG-MOEAD. The first two
are classic algorithms of CMOEAs, and last two are MOEAs
based on resource allocation strategy. The five comparison
algorithms are tested on 2- and 3- objective WFG1-9 test
problems and utilize the SP, GD and IGD indicators to
evaluate their distribution, convergence and comprehensive
performance, respectively. To further verify the effectiveness
of our proposed PICEAg-DS, we compare it with NSGAII,
SPEA2, RVEA, MOEA/D-M2M on MOP1-7 and UF1-9 test
problems. The first two are MOEAs based on domination
relationship, and the last two are MOEAs based on decom-
position. And utilize the GD indicators to evaluate their con-
vergence performance.

The key contributions of this paper are as follows:
1) A novel method to partition the objective space, which

designs a space distance operator to calculate the space dis-
tance of non-dominated solutions and then divides them into
several uniform groups, and defines the maximum distance of
each group as a subspace. Therefore, different subspace may
have a different size, which can clearly show the distribution
sparsity of non-dominated solutions in each subspace.

2) We propose a resource allocation method to solve the
shortcoming of PICEAg that individuals in different position
have a different evolutionary ability, which by allocating
more target vector to sparse subspaces and enhance their
evolutionary ability.

3) On the basis of the above strategy, a preference-
inspired coevolutionary algorithm based on differentiated
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resource allocation strategy, named PICEAg-DS, is designed
for multi-objective optimization.

The rest of paper is organized as follows. In section II,
we introduce the framework of PICEAg and our moti-
vation. In section III, we present the proposed algorithm
(PICEAg-DS) and describe the differentiated resource allo-
cation strategy in detail. In section IV, we compare the
performance of the proposed PICEAg-DS with PICEAg,
COMPSO, MOEAD-DRA and EAG-MOEAD on 2- and
3- objective WFG1-9 test problems and NSGAII, SPEA2,
RVEA, MOEA/D-M2M on MOP1-7 and UF1-9 test prob-
lems. In section V, we make a summary for this paper.

II. RELATED WORK
A. PICEAg
In PICEAg, the candidate solutions can obtain their fitness
values by dominating the number of target vectors, as defined
in equation (1), and the target vectors can also obtain their fit-
ness values by candidate solutions, as defined in equation (2).

Fs = 0+
∑

g∈G
⊎
Gc|s4g

1
ng

(1)

Fg =
1

1+ α
(2)

where

α =

 1, ng = 0
ng − 1
2N − 1

, otherwise
(3)

where G is the target vector set at current generation and Gc
is the offspring target vector of G; s is the candidate solution;
N is the size of s; g is a preference that dominated by s; ng is
the number of solutions that dominate the g and Fs is the sum
of the reciprocal of the ng that are dominated by s. If s does
not dominate any g, the Fs is defined as 0.

B. OBJECTIVE SPACE PARTITION METHODS
There are many methods to partition the objective space into
several multiple small subspaces. In most of MOEA/D and
their variants, the weight vectors are generated uniformly
to decompose the complicated multi-objective optimization,
such as, MOEA/D [4] uses a number of scalar subproblems
to decompose the MOP into several simple subproblems
and each subproblem is optimized by utilizing the infor-
mation mainly from its several neighboring subproblems.
In MOEA/D-M2M [5], it uses K unit vectors to partition the
objective space into K subregions, and generate K subpopu-
lations to search each subregion in order to enhance the pop-
ulation diversity. However, the uniformly distributed weight
vectors cannot produce uniformly distributed P-O solutions
when the PF is complex [24] or irregular [25]. Therefore,
several works have adopted alternate ways of decomposi-
tion, such as, in RVEA [6], a reference vector adaptation
method is proposed, which can generate a uniformly weight
vector according to the ranges of the objective values. And in
paλ-MOEA/D [26], the weight vectors automatically adapt

according to the geometrical properties of the PF. Gener-
ally, the uniformity of weight vectors can ensure the diversity
of the P-O solutions, however, it cannot work as well when
the target MOP has a complex PF (i.e., discontinuous PF
or PF with sharp peak or low tail). To solve this problem,
in MOEA/D-AWA [24], it firstly generates a set of prede-
termined weight vectors and then periodically remove them
from the crowed part and added to sparse regions, which
can effectively save the computing efforts that devoted to
subproblems with duplicate optimal solution.

C. RESOURCE ALLOCATION METHODS
It well known that some parts of the PF are difficult to
converge than others [27]. Therefore, it is necessary to allo-
cate different computational resources to different hardness
subproblems in MOEAs based on decomposition. But how
to determine the difficulty of different subproblems and how
to guide the resource allocation are key issues in the opti-
mization process. With increasing effort, the resource alloca-
tion methods can be divided into offline resource allocation
(OFRA) and online resource allocation (ONRA).

The OFRA measures the subproblem difficulty in an
offline manner. For example, it calculates the improvement
value of different subproblems before and after 50 genera-
tions. The subproblem with a lower improvement value is
regarded as difficult to optimize. However, the OFRA meth-
ods always have a low efficiency.

The ONRA methods are different from the OFRA meth-
ods, which dynamically measure the subproblem difficulty
in the whole evolutionary process. Additionally, experi-
mental studies have shown that the ONRA methods are
more practical than the OFRA methods [28]. There are
many studies of ONRA methods, in terms of decom-
position based on MOEAs. Zhang proposed a dynamic
resource allocation strategy based on MOEA/D, named
MOEA/D-DRA [29], which designed a utility function to
measure the subproblem difficulty and allocated more com-
puting resources to the subproblem with the higher util-
ity function value. Zhou and Zhang [28] further improved
MOEA/D-DRA and proposed a generalized resource alloca-
tion strategy, named MOEA/D-GRA, which uses a proba-
bility of improvement (PoI) vector and determines whether
a subproblem is chosen for invest according to its PoI
vector and a random number. Cai et al. [30] proposed the
EAG-MOEA/D to extract the convergence and diversity
information from an external archive, which can identify the
potential subproblems and then guide the population evolu-
tion. Lin et al. [31] proposed a diversity-enhanced resource
allocation strategy, named MOEA/D-IRA; it assigns more
computational resources to the subproblem with fewer solu-
tions in its neighboring area and more relative improvement
on the aggregated function value. Chen et al. [32] pro-
posed an adaptive resource allocation strategy for objective
space partition-based multi-objective optimization, named
OPE-MOEA; it firstly partitions the objective space into N
subspaces evenly and then defines a metric to measure the
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contributions of subspaces to the population convergence,
and according to the contributions to allocate computational
resources. In terms of decomposition of decision variables,
some studies allocate the computational resources to different
subgroups by measuring their improvement [33], contribu-
tion [34]–[36] and the importance degree of their decision
variables [37].

FIGURE 1. PICEAg execution on a 2-objective WFG4.

D. THE SHORTCOMING ANALYSIS OF PICEAg
In PICEAg, we can find the individuals are concentrated
in the center regions of objective space and also have a
better convergence performance, while the individuals in the
sharp and tail of PF are more difficult to converge. From
Fig. 1, it can be seen that the individuals in the region of
f (x1) ∈ [0, 1] are significantly more sparse than the indi-
viduals in the region of f (x1) ∈ [1, 2], and the number
of target vectors in the region of f (x1) ∈ [0, 1] are also
significantly less than that in the region of f (x1) ∈ [1, 2].
In terms of the ordinate of f (x2), it can also be seen that
individuals in the region of f (x2) ∈ [3.5, 4] are more sparse
than the individuals in the region of f (x2) ∈ [0.5, 3.5], and
the individuals in the region of f (x2) ∈ [0, 0.5] are more
sparse than individuals in the region of f (x2) ∈ [0.5, 3.5].
Additionally, the number of target vectors is consistent with
the distribution of individuals.

The above phenomenon can be attributed to the individuals
in different position that have different evolutionary ability.
To further analyze this problem, the size of the objective space
dominated by the candidate solutions is considered, as shown
in Fig. 2. It can be seen that the candidate solutions in different
position have different sized dominating spaces, whether it is
a convex or concave optimization problem.

In Fig. 2(a), the candidate solution P1 dominates the A + C
space and P2 dominates the B + C space. In Fig. 2(b),
P1 dominates the E + G space and P2 dominates the F + G
space. We can calculate the area of the dominating space,
i.e., the space size of A+ C is 2.6 ∗ 0.4= 1.04 and, using the
same calculation, B+C= 1.12, E+G= 2.8 and F + G = 4.
Additionally, we can see that the candidate solutions in the
center position of the PF have a larger dominating space
than those in the sharp and tail of the PF in both convex
and concave optimization problems. In PICEAg, the fitness

FIGURE 2. The size of objective spaces dominated by candidate solutions.

values of candidate solutions are related to the number of
target vectors that are dominated by them, the more target
vectors are dominated, the higher the fitness value. The
candidate solution with a higher fitness value more easily
survives. However, the size of the objective space dominated
by candidate solutions is different and the target vectors are
randomly distributed in the objective space; thus, this fitness
calculation method is unfair. Additionally, it leads to differ-
ent evolutionary abilities of candidate solutions in different
positions.

Therefore, it is important to allocate more computational
resources to the candidate solution with lower evolutionary
ability and promote the evolution of whole population.

Inspired by the exist methods of objective space partition
and resource allocation. This paper proposed a novel dif-
ferentiated allocation strategy based on PICEAg and named
it PICEAg-DS. The framework of PICEAg-DS can be seen
in Fig. 3.

FIGURE 3. The framework of PICEA-DS.

As shown in Fig. 3., the main idea of PICEAg-DS is using
the convergence and diversity information of nondominated
solutions to divide the objective space, and then generating
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different numbers of target vectors in the subspaces. pt is the
candidate solution at t generation, pct is the offspring of pt ,
NP_ptsi is the nondominated solution set in subspace si, Gt is
the target vector set at t generations and Gct is the offspring
of Gt . A detailed description of PICEAg-DS is provided in
section III.

III. PREFERENCE-INSPIRED CO-EVOLUTIONARY
ALGORITHMS BASED ON DIFFERENTIATED
ALLOCATION STRATEGY
A. THE MAIN FRAMEWORK OF PICEAg-DS
The pseudo code of the proposed MOEA/D-DS is described
in Algorithm 1.

Algorithm 1 The General Framework of PICEAg-DS
Input: The max generation: Maxgen, Population size: N ,
the number of target vectors is Ngoal and the number of
subspaces is d .
Output: The optimal solution P
1. Initiate the population: P = [p1, p2, . . . , pN ];
2. Randomly generate the target vectors in the objective
space: G =

[
g1, g2, . . . , gNgoal

]
;

3. Set up an external archive to save nondominated
solutions: Archive = [ND−p1,ND−p2, · · · ,ND−pi]
4. For t = 1 ToMaxgen Do
5. Generate the offspring population: Pct =

GeneticOperator [Pt ,N ];
6. Update the external archive by Pct : Archive =
[ND−pt1,ND−p

t
2, · · · ,ND−p

t
j ];

7. IF size(Archive, 1) < N THEN
8. Randomly generate the offspring target vectors in the
objective space.
9. ELSE
10. Generate the offspring target vectors by a
differentiated resource allocation strategy: Gct =

DifferentialSpace_GenerateGoal
[
Ngoal,Archive

]
in

Algorithm 2.
11. End IF
12. Calculate the fitness of Pt ∪ Pct , Gt ∪ Gct using
equation (1) through (3).
13. Truncate the selected Pt+1,Gt+1 by the fitness
values of Pt ∪ Pct and Gt ∪ Gct : [Pt+1,Gt+1] =
truncateselected[Pt ∪ Pct ,Gt ∪ Gct ]
14. End for

As shown in Algorithm 1, the N individuals and Ngoal
target vectors are randomly initialized (lines 1-2), and then
set up an external archive to save the non-dominated solutions
(line 3), which is used for extract the convergence and diver-
sity information from the objective space. After initializing,
the PICEAg-DS enters the main loop (lines 4-14), which
includes two core functions: 1) Generate offspring (lines
5-8): generate offspring solutions (line 5) and update the
external archive by these offspring solutions (line 6). Then,
according to the space distance of non-dominated solutions

in external archive (line 7) to decided generate target vectors
by randomly (line 8) or differential allocation (Algorithm 2).
2) Update the population and target vectors (lines 12-13).

B. THE DIFFERENTIATED RESOURCE ALLOCATION
STRATEGY OF PICEAg-DS
To realize the dynamic resource allocation in PICEAg, this
paper proposed a differentiated resource allocation strategy.
The pseudo code of the differentiated resource allocation
strategy of PICEAg-DS is provided in Algorithm 2.

Algorithm 2 The Differentiated Resource Allocation
Strategy
Input:The nondominated solutions in the external archive:
ND−pti (i = 1, 2 · · · , j|j ≥ N ), the number of target vec-
tors: Ngoal and the number of subspaces d .
Output: The offspring target vectors: Gc =[
gc1, gc2, . . . , gcNgoal

]
1. Calculate the mean value of each objective ofPt and Pct ,
and obtain the center point A.
2.Mapping theA andND−pt to a 2-objective space, obtain-
ing ND−pt

′

and central point A(a1, a2).
3. Calculate the Euclidean distance between the ND−pt

′

and A (a1, a2) using formulas (4) and (5).
4. Sort the distance in descending order, divide the ND−pt

into d subgroups: Si, and calculate the distribution distance
of each subgroup: SDSi(i=1,2,...,d) using equation (6).
5. Divide the objective space into d uniform subspaces:
SDmean using formula (7).
6. FOR i = 1 TO d DO
7. IF SDSi > SDmean THEN
8. Generate Ngoal/d target vectors in the subspace
Si.
9. END IF
10. END FOR
11.Calculate the number of target vectors that have been
allocated: Ngoalexist .
12.Randomly generate Ngoal − Ngoalexist target vectors
in the objective space using equation (8).

As shown in Algorithm 2, there are four core functions:
1) it designs a space distance operator to calculate the distance
between the nondominated solutions with central point (lines
1-3); 2) divides the non-dominated solutions into d uniform
groups and calculate the subspace distance SDsi of each
group (line 4); 3) calculates d uniformly partitioned subspace
distances: SDmean (line 5); 4) compare the SDsi with SDmean,
and generate different number of target vectors in different
subspace (lines 6-12). The detailed calculation methods are
defined as follows:

1) Mapping the nondominated solutions ND−pt and
center point A to a 2-objective space. For example, for
the 3-objective optimization in Fig. 4, the center point
A(a1, a2, a3) mapping to the 2-objective space is A′(a2, a3);
in the same manner, map the ND−pti to a 2-objective space.
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FIGURE 4. Mapping the center point and population to a 2-objective
space.

2) Calculate the Euclidean distance between the ND−pt

andA(a1, a2). In Fig. 3, a straight line passing through the two
points of A′(a2, a3) and O(0, 0) can be defined as follows:

a3z− a2y = 0 (4)

Then, calculate the Euclidean distance between each
ND−pti (i = 1, 2 · · · , j|j ≥ N ) and A′(a2, a3), as follows:

vd i =
a1z− a2y√
a21+(−a2)

2
(5)

When vd < 0, the nondominated solution ND−pt is below L,
which is in the nonshaded region of Fig. 4(b). When vd > 0,
the nondominated solution ND−pt is above L, which in the
shaded region in Fig. 4(b).

3) Divide the nondominated solutions ND−pti into d sub-
groups, and calculate the distribution distance of each sub-
group Si(i = 1, 2, · · · , d), as follows:

SD = |VdupperSi − Vd lowerSi | (6)

where the VdupperSi is the maximum distance of the nondomi-
nated solutions in Si and Vd lowerSi is the minimum distance of
the nondominated solutions in Si.
4) Divide the objective space into d subspaces and calcu-

late the space distance of each subspace, as follows:

SDmean = |Vdmax − Vdmin| /d (7)

where Vdmax is the maximum of vd i(i = 1, 2, · · · ,N )and
Vdmin is the minimum of vd i(i = 1, 2, · · · ,N ).

IV. EXPERIEMENT AND ANALYSIS
A. THE EXPERIMENT PARAMETER SETTINGS
The simulation experiments are executed in Matlab R2016a
PlatEMOv1.3. To verify the effectiveness of differential
resource allocation in PICEAg-DS, we choose the WFG test
suite [38] as the test problems. The WFG is not only a
scalable test suite, but also contains many function attributes,
which can be seen in Table 1.

We choose two classic coevolutionary algorithms (PICEAg
and CMOPSO) and two classic evolutionary algorithms
based on resource allocation strategy (EAG-MOEAD and

TABLE 1. The attributes of the WFG test suites.

MOEAD-DRA) as the comparison algorithms for our
proposed PICEAg-DS. For each test problem, the five algo-
rithms run 20 times, and their means and variants are cal-
culated as their final results. To ensure the fairness of
the comparison experiment, the parameters of each com-
parison algorithm are consistent except for their specific
parameters. The experiment parameter settings are shown
in Table 2.

B. PERFORMANCE INDICATORS
The optimization results of MOEAs are a group of optimal
solutions that approximate to the PF, but it is difficult to mea-
sure the quality of the nondominated solutions. Therefore,
this paper uses the GD [39], SP [40] and IGD [41] as the
performancemeasuringmethods to evaluate the convergence,
distribution and comprehensive performance of the obtained
solutions.

1) GENERATION DISTANCE (GD)
It calculates the average Euclidean distance between each
solution and its nearest true solution. The smaller the GD
value, the better convergence of the obtained solution set.

2) SPACING (SP)
It calculates the mean square error of the distance between
every two adjacent solutions. The smaller the SP value,
the better the distribution of the obtained solution set.

3) INVERSE GENERATION DISTANCE (IGD)
It calculates the average distance between the true solutions
and every obtained solution. The smaller the IGD value,
the better the comprehensive performance of the obtained
solution set.

C. PARAMETER ANALYSIS
To further analyze the number of subspaces d that influence
the performance of PICEAg-DS and determine the optimal
number of subspaces d , this paper sets the comparison exper-
iments to d = 8, d = 9, d = 10, d = 11 and d = 12,
which correspond to the algorithms of DS8, DS9, DS10,
DS11 and DS12, respectively. The parameter comparison
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TABLE 2. The experiment parameters of the comparison algorithms.

experiments are tested on the WFG1-9 test problems. And
set the N = 100, Ngaol = 100 and Maxgen = 250. The
number of decision variables in 2-objective test problem is
D = 12 and in 3-objective test problem isD = 13. The exper-
iment results are shown in Table 3, and the bold in Table 3
indicates the IGD results of DS8-12 that are better than
PICEAg.

FIGURE 5. The rank of the parameter comparison algorithms on 2- and
3-objective WFG2-9 test problems when d = 8, d = 9, d = 10, d = 11 and
d = 12.

To further calculate the average ranking of each parameter
setting in Fig. 5., we can find the average ranking of DS10
performs better than others, therefore, the optimal group
number of subspaces in PICEAg-DS is d = 10.

D. THE PERFORMANCE ANALYSIS OF PICEAg-DS
ON WFG TEST SUITE
To prove the effectiveness of the differentiated resource allo-
cation strategy in PICEA-DS, we use the GD, SP and IGD
indicators to measure the convergence, solution distribution
and comprehensive performance of the solutions obtained
by PICEAg-DS, PICEAg, CMOPSO, EAG-MOEAD and
MOEAD-DRA are compared. And in Table 4 to Table 7,
the ‘‘-’’, ‘‘+’’, and ‘‘=’’ indicate that the performance of the
comparison algorithm is significantly worse than, better than,
and not significantly different than that of PICEAg-DS with
rank sum test.

1) THE DISTRIBUTION ANALYSIS
To analyze the solution distribution of the comparison algo-
rithms, the five comparison algorithms are executed on the
WFG1-9 test problems 20 times. The means of the SP values
are recorded in Table 4. The smaller SP value, the better the
distribution of the obtained solutions.

In Table 4, it can be seen that the PICEAg-DS has an
improvement in solution distribution on 2-objective WFG4,
6-9 and 3-objective WFG2, 8 functions, and its SP value
is significantly better than CMOPSO, EAG-MOEAD and
MOEA/D-DRA. The reason is that differentiated resource
allocation strategy of PICEAg-DS divides the objective space
according to the distribution of individuals and then allocates
more target vectors to the sparse region to enhance population
evolution in the sparse region, Therefore, it can balance the
solution distribution both in dense and sparse subspaces.

To observe the change in SP values in the process of
optimization. The Fig. 6. shows the curve of SP values of
each algorithm on the 2-objective WFG2-9 functions; each
node is the recorded SP value every ten generations. From
Fig. 6(a)-(h), we can see that the SP value of PICEAg-DS
declines sharply in the early stages of evolution, which
means the solution distribution improved greatly. Because of
the population random initialization, the distribution perfor-
mance of each algorithm is poor in the early stage. However,
the differentiated resource allocation strategy in PICEAg-DS
can effectively allocate resources according to the individual
distribution and improve the individual evolution in the sparse
subspace, which can balance the distribution of different
subspaces to some extent. Note that there always a fluctuation
in the curve of SP values in Fig. 6(a)-(e). This is because
the fitness evaluation method in PICEAg-DS selects the opti-
mal solutions based on their objective functions but ignores
their distribution; this causes the SP values to decline for a
short time.

2) THE CONVERGENCE ANALYSIS
From Table 5, it can be seen that the PICEAg-DS has an
improvement in convergence on 2-objective WFG1, 3-4,
7-9 and 3-objective WFG4, 8 functions, and its GD value
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TABLE 3. The IGD results of the parameter setting of d .

FIGURE 6. The curves of the SP values of the five comparison algorithms on the 2-objective WFG2-9 test problems.

is significantly better than CMOPSO, EAG-MOEAD and
MOEA/D-DRA. And the its GD value is significantly better
than PICEAg on 2-objectiveWFG1, 3, 4, 7, 9 and 3-objective
WFG 4, 8.

From Figs. 7(c) and 7(h), we can see the GD values
of PICEAg-DS decline sharply at gen = [0, 50], and
its convergence speed is greater than the other algorithms.
However, it is well known that WFG4 and WFG9 are two
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TABLE 4. The SP results of the five comparison algorithms on the WFG1-9 test problems.

multimodal functions, which is easy to fall into the local
optimal and it must be iterated many times in the early stage
to convergence. But PICEAg-DS performs well on these two
test problems, which reflects its advantage on multimodal
problems. Moreover, WFG7-9 are biased functions, which
makes them difficult to improve population convergence and
maintain diversity. However, the convergence performance of
PICEAg-DS on theWFG7-9 functions is better than the other
algorithms, which reflects the advantage of PICEAg-DS
to improve the convergence performance on discontinuous,
biased or multimodal test problems to some extent. We can
also see that the convergence performance of PICEAg-DS is
inferior to that of the other algorithms in the early stage of
optimizing the WFG2-4 test problems. That is, because of
the population random initialization after the differentiated
resource allocation strategy in PICEAg-DS, which allocates
more target vectors to the sparse subspaces and promotes their
convergence. Therefore, the convergence of PICEAg-DS is
faster than the other algorithms. For the WFG7-9 test prob-
lems, the convergence speed of PICEAg-DS is slightly lower
than that of PICEAg and CMOPSO when gen = [1, 50].
That is because the PICEAg-DS focus on the convergence

in some subspaces that difficult to optimizing, which ignored
the convergence of the entire objective space to some extent.
However, in the later stage, PICEAg-DS is faster than the
PICEAg and CMOPSO, and finally outperforms the other
comparison algorithms.

3) THE COMPREHENSIVE PERFORMANCE ANALYSIS
From Table 6, we can find the IGD values of PICEAg-DS
outperform the other algorithms on WFG1-5 and WFG7-9 in
2-objective optimization problems and WFG1-3, WFG4 and
WFG8 in 3-objective optimization problems. However, it is
well known that WFG2, WFG3 and WFG6 are indecom-
posable functions, which are more difficult to optimize
than the decomposable functions of WFG4 and WFG5.
WFG7-9 are biased functions, which makes it difficult to
improve their diversity, and WFG9 is a complex problem
that has the characteristics of decomposable, multimodal,
deceptive and biased. Therefore, WFG9 is more difficult
than the other test problems. Moreover, the variance of
PICEAg-DS is better than the other algorithms in most test
problems, which means the PICEAg-DS has a good robust-
ness. In summary, the PICEAg-DS has a good comprehensive
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TABLE 5. The GD results of the five comparison algorithms on the WFG1-9 test problems.

FIGURE 7. The curves of the GD values of the five comparison algorithms on the 2-objective WFG2-9 test problems.

performance in most of WFG test problems. It owes to the
contribution of the differentiated resource allocation strat-
egy, which allocates more target vectors to the individual

sparse subspace that not only balances the solution dis-
tribution in both the sparse and dense subspaces but also
enhances the evolution ability of individuals in the sparse
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TABLE 6. The IGD results of the five comparison algorithms on the WFG1-9 test problems.

FIGURE 8. The PF obtained by the five algorithms on the 2-objective WFG2-9 test problems.

subspace, thus improving the overall convergence of the
population.

4) THE PF COMPARATIVE ANALYSIS
To intuitively show the optimization results of the five
comparison algorithms, Fig. 8. shows the PF obtained

by the comparison algorithms on the 2-objective WFG2-9
test problems. From Fig. 8, we can see that the PF
obtained by PICEAg-DS all converge to the true PF on
most of the test problems (except for EFG5 and WFG8).
On the WFG2 test problem, although the PF obtained by
MOEAD-DRA and EAG-MOEAD all converge to the true
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TABLE 7. The GD results of the five comparison algorithms on the UF1-9 and MOP1-7 test problems.

PF, their solution distribution is poor and some regions
have no solutions. On the WFG3 test problem, the PF
obtained by PICEA-DS, CMOPS and MOEAD-DRA all
converge to the true PF, while the PF obtained by PICEAg
and EAG-MOEAD are not the true PF; thus, their solu-
tion distribution is poor. On the WFG4 test problem,
the convergence of PICEA-DS and PICEAg are better than
the others. The solutions obtained by EAG-MOEAD and
MOEAD-DRA both have an even distribution, and CMOPSO
has no convergence and poor distribution in some areas.
On the WFG5 test problem, the five algorithms do not
fully converge to the true PF, but their distribution is
fairly good. On the WFG6 test problem, the solutions
obtained by PICEAg-DS, PICEAg and CMOPSO all
converge to the true PF, but the EAG-MOEAD and
MOEAD-DRA do not convergence and their solution dis-
tributions are poor. On the WFG7 test problem, except for
the EAG-MOEAD, the other algorithms all converge to PF.
On the WFG8 test problem, all the algorithms do not fully
convergence, but the PF obtained by MOEAD-DRA and
CMOPSO perform better than the others. On the WFG9 test
problem, PICEAg-DS and PICEAg fully converge to the
true PF, while the EAG-MOEAD does not convergence and
CMOPSO andMOEAD-DRA do not converge in some areas.

In summary, except for the WFG5 and WFG8 test prob-
lems, the solutions obtained by PICEAg-DS all converge to

FIGURE 9. The average ranking in GD metric of five algorithms on
MOP1-7and UF1-9 test problems.

the true PF and have a good distribution on the other test prob-
lems. It can be seen that the differentiated resource allocation
strategy proposed in this paper can effectively improve the
convergence and distribution of the population.

E. THE PERFORMANCE ANALYSIS OF PICEAg-DS ON
MOP AND UF TEST SUITE
To further analysis the performance of PICEAg-DS onMOPs
with complicated PF shape, such as UF test suite [29]
and a combination test suite, such as MOP test suite [5].
We compare PICEAg-DS with some popular algorithms,
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FIGURE 10. The box charts of GD values for the five comparison algorithms on the 2-objective UF1-7 and MOP1-5 test problems.

such as NSGA-II, SPEA2, RVEA, MOEA/D-M2M on
these test problems. And using the GD indicator to eval-
uation their convergence performance. The NSGA-II and
SPEA2 are MOEAs based on a domination relationship
and the RVEA and MOEA/D-M2M are MOEAs based
on decomposition, which are all representative MOEAs.
The parameter of simulated binary crossover (SBX) and
polynomial mutation are same setting with Table 2.
Besides, the number of subproblems in MOEA/D-M2M
is K = 10; the control parameter of RVEA is α = 2
and set the N = 100, Maxgen = 3000 for 2-objective
MOP1-5 and N = 300, Maxgen = 3000 for 3-objective
MOP6-7; N = 300, Maxgen = 1000 for 2-objective UF1-7
and N = 300, Maxgen = 1000 for 3-objective UF8-9.
Besides, the differential resource allocation in PICEAg-DS
aims to promote the evolution in whole objective space.
Therefore, we using the GD indicator to evaluate their conver-
gence. To ensure the fairness of the comparison experiment,
each algorithm runs on each test problem for 20 times, and
then calculate their mean and variance as the final results,
which can be seen in Table 7.

In Table 4, it can be seen that the PICEAg-DS has
an improvement in convergence on 2-objective UF1,4,

MOP4 and 3-objective UF8-9,MOP6-7 functions, and its GD
value in UF4,8-9 is significantly better than the other four
comparison algorithms. And the average ranking in GD met-
ric of five comparison algorithms is shown in Fig. 9. And we
can find the proposed PICEAg-DS ranking first, and followed
SPEA2, NSGAII, MOEA/D-M2M and RVEA. It proved that
the PICEAg-DS also has a good convergence in both MOPs
with complicated PS shape and combinational test suite. It not
only contributes the PICEAg-DS that combine the advantage
of decomposition and domination strategies, but also has a
differential resource allocation to balance the evolutionary
ability of the whole population.

Figs. 10 and 11 show the box charts of the GD val-
ues of the five algorithms in 2-objective UF1-7, MOP1-5
and 3-objective UF8-9, MOP6-7 test problems. In these
box charts, ‘‘+’’ represents an abnormal value and the five
horizontal lines from top-to-bottom represent the maximum
value, the upper quartile, median, the lower quartile and the
minimum value of the GD values for 20 times. From the
Fig. 10, it can be seen that PICEAg-DS has a low column
height and few outliers in most of 2-objective MOP and
UF test problems, it proves that PICEAg-DS has a robust
convergence performance in these test problems. From the
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FIGURE 11. The box charts of GD values for the five comparison algorithms on the 3-objective UF8-9 and MOP6-7 test problems.

FIGURE 12. The PF obtained by the five comparison algorithms on the 3-objective UF8-9 and MOP6-7 test problems.

Fig. 11, we can see the PICEAg-DS has the minimum mean
value of GD and lowest column height in all 3-objective
MOP and UF test problems. Therefore, PICEAg-DS has a
better convergence performance and robustness in these test
problems than MOEA/D-M2M, NSGAII and SPEA2. It also
shows the PICEAg-DS can maintain the convergence perfor-
mance with the number of objective increased.

To intuitively show the optimization results of the five
comparison algorithms in 3-objective test problems. The
Fig. 12. shows the PF obtained by each comparison algorithm
on UF8-9 and MOP6-7 test problems. From the Fig. 12,
the PF obtained by PICEAg-DS converges to the true PF
that is superior than the other algorithms, and it can be
clearly observed in Fig. 12(a) and (b). It is proved the effec-
tiveness of differential resource allocation in PICEAg-DS
that can enhance the evolutionary ability of whole popu-
lation and promote the convergence. But we also find the
PICEAg-DS has a poor performance in diversity, the reason
is that some regions of true PF are difficult to convergence,
when the algorithms are not fully convergence, the solutions
are well-distributed in objective space, and it can be seen
the SPEA2 in Fig. 12(a)-(b). But when they approach to
the true PF, the solutions tend to concentrate in the easy
optimization region, such as the PICEAg-DS, NSGAII and
SPEA2 in Fig. 12(c)-(d). Thus, a larger population or more
evolutionary algebra may help to enhance the diversity. But
we also find PICEAg-DS has a fast convergence ability than

the other comparison algorithms under the same experiment
condition.

V. CONCLUSION
To solve the problem of the imbalance in evolutionary ability
of the whole population, this paper proposes a preference-
inspired coevolutionary algorithm based on a differentiated
resource allocation strategy (PICEAg-DS). In PICEAg-DS,
a space distance operator is designed to divide the objective
space into several subspaces and evaluate the sparsity of each
subspace. Based on this, it realizes the dynamically resource
allocation and assigns more target vectors to the sparse sub-
spaces to increase the selection pressure and thus improve
the evolutionary ability. The effectiveness of differentiated
resource allocation strategy and PICEAg-DS are proved in a
series of simulation experiments. In the future work, we will
consider an adaptive resource allocation strategy in different
stage and further improve the performance onmany-objective
problems.
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