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ABSTRACT An original thermal model of a single room structure is developed by using the tensorial
network-based Kron’s method. The modelling principle is using the equivalent RC-network of wall, door
and air constituting the house. For a better understanding, the temperature propagation was assumed only in
a 1-D horizontal direction. The problem geometrization is defined in function of rectangular approximation
meshing. After the determination of the equivalent thermal resistor and thermal capacitor, the innovative
thermal circuit representing the room is elaborated. The methodology of the Kron’s formalism, implicitly
described with the different action steps is introduced. The thermal room Kron’s method is implemented from
the branch to mesh spaces before the expression of the problem metric. The thermal transfer functions (TTFs)
at three cases of indoor points, situated near, middle and far of the door are established from the Kron’s
problem metric. The feasibility of the room thermal Kron’s TTF model is validated with SPICE TTF
simulations in both frequency and time domains. The thermal cut-off frequencies are verified with very
good correlation between the established TTF model and simulation. An excellent prediction of transient
responses with unit-step and arbitrary waveform temperature signals with a minimal and maximal amplitude
of about 20°C and 40°C is proposed.

INDEX TERMS Thermal modelling, room model, zonal model, RC-network, 1-D propagation, Kron’s

method, frequency domain analysis, transient response, thermal transfer function (TTF).

I. INTRODUCTION

The modern urban city design engineering should overcome
the energy and thermal comfort performances [1], [2]. The
building engineers are wondering constantly about the ideal
room temperature for the comfort living [3].

To face up this challenge, an efficient investigation must
be conducted on the dependence between the indoor and out-
door temperature in function of the climate environment [4].
Diverse solutions were deployed against the building and
home comfort performances [5]-[8]. Innovative smart home
technology was introduced in order to adapt the indoor and
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outdoor temperatures [5]. Material and architectural solu-
tions based on the insulating layer location, distribution and
orientations were developed [6],[7]. Seasonal passive design
strategies were also introduced [8]. Whatever the envisaged
solutions, an efficient predictive approach is undeniably help-
ful for the building engineers during the design phases.
Emphatically, thanks to the tremendous boom of the
computer-aided design, simulation tools [9]-[14] were devel-
oped. The trends of the simulation were aimed to the
multiple objectives as the numerical method order reduc-
tion [10], building energy efficiency [11], distributed com-
putation technique [12], novel approach to overcome legacy
code limitations [13], [14] and the sensitivity of peak-load
reduction computing tool in the function of environmental
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preference [15]. Substantially, the popular development of
thermal building computation tool depends on the numer-
ical methods of the solver algorithm. Different mathe-
matical approaches were investigated in function of the
building structure. Preliminarily, stochastic differential
equation-based modelling was introduced to calculate the
heated dynamic through the building [16]. However, the dif-
ferential equations can be analytically complex to manipulate
according to the building geometrical structure and geometri-
cal parameters. Therefore, a more practical grey box approach
with a minimum number of geometrical parameters was
introduced [17]. But the pragmatic control of grey box model
depends on the thermal structure representation. To improve
the performances, numerical model reduction of the thermal
building with innovative strategies as an aggregation of states
was introduced [18], [19]. But more efficient model allow-
ing to understand the temperature propagation through the
different layers of the building seems to be a more rigorous
solution.

The adequate solution with the best efficiency seems to
be the model inspired by the electrical circuit analogy [20].
Such an approach was described as a thermal network
model [20]-[27]. Of course, the thermal network requires
an accurate approximation of thermal resistors and thermal
capacitors representing each element constituting the build-
ing [21], [22]. A low order thermal network for dynamic state
of buildings on the city district scale was proposed in [23].
The thermal network model was proposed with the possibility
to assess the building energy efficiency [24]. Despite the
different deployments of the thermal network modelling, few
approaches are available in the literature for the assessment
of the temperature through each thermal components of the
thermal circuit. One of the prominent methods allowing to
overcome this technical limitation is based on the unfa-
miliar tensorial analysis of networks (TAN) using Kron’s
method [25]. The feasibility of the TAN thermal building
modelling for calculating the multiwall thermal transfer func-
tion (TTF) was initiated in [25]. However, the case of more
general configuration with a room configuration remains an
open question from the thermal building engineers. The main
purpose of the present paper is to answer to such a scientific
curious question, by focusing on the original modelling of
thermal room. Before reaching the main study, it is worth
to start with a brief bibliographical word on the unfamiliar
Kron’s method.

The Kron’s method was initiated in the 1930s for the
treatment of electrical machine structures [27]. This unfa-
miliar method is intended to analyze electrical networks
based on the tensorial representation in different spaces
as branch, nodes, summits, meshes, moments, etc. The
unfamiliar Kron’s method offers a powerful abstraction of
electrical engineering systems and networks. The power
of the modelling abstraction has been revealed, since the
1990s, by Maurice and his team, with the capacity of Kron’s
method to analyze complex electromagnetic compatibility
systems [28], [29]. Moreover, the Kron’s method was also
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used to calculate fastly multi-port electrical circuits with
the flexibility between impedance, admittance and S-matrix
representations [30]. A preliminary study on the electrother-
mal modelling of an electronic component with the Kron’s
method is initiated in [31]. Despite, research work performed
on the Kron’s method modelling of electronic and electrical
circuits [27]-[30], the method is not at all familiar to the
thermal research engineer. For this reason, an original thermal
network modelling of room indoor temperatures is explored
in this work. The developed modeling approach will provide
an overview on how we can manage building thermal flows
in a general manner according to the Kron’s formalism. The
knowledge about the thermal performance is useful to design
and control heating and cooling systems in the building
environment. Moreover, as the Kron’s method guarantees a
literally fast computation time, the developed model can be
exploited in the future to predict quickly the performances of
building in function of materials and geometry. But a simple
case of study should be performed to illustrate the developed
model understandability and feasibility.

The present paper is organized in four main sections

described as follows:

o Section II is dedicated to the room structure problem
formulation. The 3-D representation of the room will be
described. Then, the basic way to determine the equiva-
lent building block elements as the thermal resistors and
thermal capacitors will be introduced.

o Section III is focused on the main action about the
Kron’s method modelling of the building thermal net-
work. First, the classical thermal circuit will be defined.
Then, the thermal structure equivalent graph topology
will be explored. The branch and mesh space analyses
will be drawn in order to determine the TTF at the
different meshing indoor test points.

o Section IV introduces the validation of the thermal
Kron’s model. First, the proof-of-concept (POC) of a
room structure will be parametrized and then, the com-
parisons between the calculated and simulated TTF will
be discussed. The performance of the developed method
will be pointed out with respect to the existing thermal
simulators [32].

o Then, Section V is the final conclusion.

Il. STATEMENT OF THE ROOM THERMAL MODEL
PROBLEM

The present section formulates the thermal room problem
under investigation. The problem statement must begin with
the consideration of the room structure 3-D description. After
that, we will introduce the elaboration of the equivalent ther-
mal resistor and thermal capacitor constituting each element
of the room.

A. 3-D DESCRIPTION OF THE ROOM UNDER
INVESTIGATION

In the present study, we consider a computer server room
which is located in the basement of the building. The location
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is well-isolated over the three sides, except the front face, as
illustrated in Fig. 1(a). In fact, the main goal of the present
modelling is to evaluate the different internal temperatures.
In mid-term, according to the requirement about the com-
fort temperature for the future building standard, the pro-
posed model may serve to choose the optimal place, where
we can install the fan and optimize its control, under fast
computation.

Adabiatic wall

(b)

FIGURE 1. 3-D configuration of the room under study.

For the better understanding and the feasibility study,
Fig. 1(a) shows the 3-D configuration of the room assumed
as a rectangular box with geometrical size, (Ly x Ly x L;).
The pieces of lateral wall and the door in the face exposed
to the heat temperatures present widths, d,, and dg4, respec-
tively. That is why, the room physical length was set equal
to Ly = 2dy, + dg. For the sake of understanding of the
proposed modelling method mechanism, in the present study,
we assume the following hypotheses.

Under such conditions, the circumstance of the scenario is
assumed integrating the climate environment and thermody-
namic law’s:

o The structure is supposed influenced by an outdoor
temperature, Toyr = Tsource, higher than the indoor
temperature.

o The temperature is propagating inward along the one
horizontal direction.

o The temperature is constant in vertical direction.
Transitively, the problem can be reduced as 2-D repre-
sentation through any horizontal cut-plane.
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o The outdoor side is assumed separated by the wall side
with the door.

e The environment humidity, wind effect and indoor
shadow are neglected.

o And the other three sides of the room are assumed to be
adiabatic as explained in Fig. 1(b). In other words, these
faces are assumed to be in the ideal case of well isolated
from the other adjacent rooms.

B. POSITIONNING OF THE INDOOR NODES FOR THE
UNKOWN TEMPERATURES
Before the elaboration of the equivalent thermal network of
the room, it would be necessary to define the key points
where the temperature needs to be assessed. To do this,
different nodes are taken as reference test points in the room.
Fig. 2 highlights the positioning configuration of the indoor
test nodes. The meshing strategy can be determined based
on the inhomogeneity of the facing wall and the indoor
nodes positioning according to the distance with the door.
Subsequently, our main interest in the present study can be
formulated by the determination of:
o Near test plane which corresponds to the temperature
near the door or in the internal face of the wall,
« Middle test plane which designates the temperature in
the medium line of the room,
« And far test plane is the temperature at the nodes in the
opposite side of the door and back of the room.
After this geometrical analysis, let us describe the systemic
approach of the room thermal modelling.

Ly

Adabiatic

Outdoor

Indoor

L./2 L./2

P —

100Q

(ll)ﬂalﬂﬂi 1
ayoIqEpY
-

Adabidatic

subjd s|pPIW

aup|d IpeN
supjd Io4

FIGURE 2. Top view of the room structure showing the node positioning.

C. SYSTEM APPROACH OF THE THERMAL MODELLING
PROBLEM

To model the indoor temperature of the room, we will proceed
with systemic approach as explored in [20]-[27]. The present
subsection introduces the representative thermal model of the
room structure.

1) RECALL ON THE SYSTEMIC BLACK BOX MODEL
Fig. 3 represents the general diagram of the thermal black
box for treating the thermal problem. It acts as a two-port
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FIGURE 3. General representation of thermal structure black box.

system under the reference temperature of the ambient envi-
ronment denoted 7,. The excitation source is represented
by temperature, T, and the unknown indoor temperature
is denoted Tj,. The power flux of each port is denoted
by P,y and Pj,, respectively.

Under the symbolic Laplace variable, s, the analytical TTF
model associated to the thermal system is defined by:

Tin(s)

Tour () '
Similar to the frequency responses familiarly exploited for
the electrical system analyses [28]—[30], the associated mag-

nitude and phase of the proposed TTF can be written as
respectively:

TTF(s) = (D

TTF jp(w) = 2010g |TTF (jo)| @
p(w) = arg[TTF (jo)] . 3

the angular frequency complex variable, s = jo.

2) ANALYTICAL DEFINITION OF THERMAL RESISTOR AND
CAPACITOR

The basic structure corresponding to the thermal elemen-
tary components is presented essentially as parallelepiped
homogenous material as explained in Fig. 4. In this case,
this rectangular 3-D bulk element is described with physical

dimensions (51 X $2 X $§3).
y

Thermal
propagation
direction

FIGURE 4. Homogenous bulk of parallelepiped element.

The following thermal resistor and capacitor are defined
under the thermal propagation direction indicated in Fig. 4.
By denoting the bulk material thermal conductivity, A,
the associated thermal resistor is analytically defined by [33]:

53
“

R = .
AS1 82

174896

By denoting the bulk material specific heat, 4, and mass
density, p, the thermal capacitor is analytically defined
by [33]:

C =phsis2s3. 5

Knowing these R and C parameters, the RC thermal networks
can be drawn in function of the structure as the case of the
room scenario given in Fig. 2.

3) RC-NETWORK EQUIVALENT TO THE ELEMENTARY
STRUCTURE

The common way to treat such a structure depends on the
fundamental network of each elementary block constituting
the system. The building block of the thermal RC network
modelling is shown in Fig. 5(a). This illustrative elementary
bulk structure consists of outdoor air-wall material-indoor
air by supposing that the temperature is propagating from
outdoor to indoor in 1-D direction. The reference nodes,
Mot and Mj, enable to define the equivalent network. This
structure can be modelled as the content of the black box
introduced in Fig. 3(a) with its thermal resistance, R, and
thermal capacitor, C, [20]-[27] interconnected as depicted
in Fig. 5(b).

Moul Min
Indoor
Outdoor {elly)
(cir) =
=
- —)
(Touilpoui) (Tin'Pin)
(a)
Pot Mo, i‘M P
Touf T % C TT",
O T O
Tq

(b)

FIGURE 5. (a) Outdoor air-wall-indoor air profile view and (b) its
equivalent RC-network.

Based on this introductive definition, the Kron’s modelling
of our room structure will be elaborated in the following
section.

Ill. DEVELOPMENT OF THE ORIGINAL KRON'S MODEL
OF THE ROOM THERMAL RESPONSES

The present section develops the description of the classical
equivalent thermal network. Through the equivalent graph
topology, the thermal Kron’s model will be implemented.
Then, the TTFs at the different indoor nodes will be estab-
lished. Before this analytical development, it is worth to
introduce in understandable way the methodology of the
unfamiliar Kron’s method in the following subsection.
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A. METHODOLOGY OF THE KRON'S FORMALISM
APPLICATION

The unfamiliar Kron’s formalism [36] is a particularly effi-
cient approach to model the engineering problem represented
as networked systems. However, extra-effort needs to be paid
for the non-specialist building design engineer to be familiar
to the method. Following this motivation, our research work
serves pedagogically to make this power formalism to be
open to any engineers.

First and foremost, so far, it is interesting to remind
that the Kron’s formalism is outstandingly well adapted
for electromagnetic circuits. Meanwhile, it contributes indi-
rectly to different applications as social, mechanical, thermal,
chemical, etc., uses.

Then, in the practical engineering point of view, the Kron’s
formalism consists in modelling of any physical problem via
the network approach. The analytical theory is the tensorial
mathematization of the elementary objects as 1- or 2-rank
tensors often named simplex. The system complex can be rep-
resented by the simplex interaction with tensorial operations.
To summarize the TAN methodology to solve typical thermal
problem as the case of our room shown in Figs. 1, we propose
the workflow of Fig. 6 [25].

To explain more clearly, the application of Kron’s for-
malism, we can consider the network shown in Fig. 7. The
practical methodology to treat this type of graph is explained
in the following items:

o The Kron’s method should start for the problem formu-
lation which corresponds to the room structure initiated
in Figs. 1 for the present study.

o Afterwards, the problem must be geometrized in func-
tion of the targeted solution.

o Then, with the basic laws’ physics, we can transform the
structure into an electrical thermal circuit.

« In the next step of the modeling, the thermal circuit must
be translated as a Kron’s graph topology. For the better
understanding we can look over the two-mesh graph
shown in Fig. 6.

o The topological parameter of the graph must be tabu-
lated. For the example, of the case of Fig. 6, the Kron’s
universe is made of three branches {B, B>, B3}. Each
branch has an impedance represented by the components
denoted (A, B, C). Under the topological parametriza-
tion, we can see that this graph is a single network, R,
having two nodes, {N, N> }. In consequence, the num-
ber of meshes (M) required to analyze the system is
given by this Euler-Poincaré topological invariant for-
mula [31]:

M=B—N+R. (6)

o From this graph, the systemic analysis can be performed
first in the branch space and then, in the mesh space.

« Based on the graph topology, the last phase of the Kron’s
method can be the mathematization. The most general
way of this mathematization should be the tensorial

VOLUME 8, 2020

1. Problem formulation from 1D/2D/3D:
Setting the geometrical and physical parameters for the
thermal structure.
L A

|

2. The classical equivalent thermal circuit:
Establishing the Cauner E.C-model definition and identify
the access ports based on the elementary structure of the

Building.

}

4 3. Kron's graph topology: )

- Elaborating the topological parameter definitions to
the thermal circuit (Branch, Mesh, Node and Port
muribers)

- Elaborate the Kron’s graph topology which must be
drawn with adjacent meshes and thermal access

-

ports.
- l /
-
4. Problem metric branch space analyses:
Amnalytic caleulation of the branch variables:
- temperature as a 1-rank tensor covariable
- thermal flux as & 1-rank tensor contravariable
- impedance as the 2-rank tensor double vanizble.

A Iy
, i \
5. Impedance a
Or Admittance matrix extraction:

Comectivity matrix definition which allows
transforming the branch space into mesh space
ones.

e oy

l

6. Problem metric mesh space analyses:
Analytic calculation of the branch vanables:
- temperature as a 1-rank tenser covariable
- thermal flux as & 1-rank tensor contravariable
- impedance as the 2-rank tensor double vaniable.

!

7. Metric of the problem and solution: h
- Solving the metric of the thermal problem and the
branch power flux vector.
- Establishing the TTF expression in fimetion of
calculated temperature and power flux.
e A

FIGURE 6. Workflow summarizing the main steps of the Kron’s method.

approach in the adequate space (branch, node, summit,
mesh ...).

B. ELABORATION OF THE THERMAL EQUIVALENT
CIRCUIT

The meshing geometrization of the room structure will serve
as the initial step of the Kron’s modelling. However, for the
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e
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o

FIGURE 7. Illustration of the Kron’s graph with two-mesh structure.

basic understanding, it would be essential to establish the
classical thermal circuit based on the RC-network.

1) NODED GEOMETRICAL DESCRIPTION OF THE ROOM
STRUCTURE

For a better understanding of the Kron’s modelling, we pro-
pose to start with the geometrization by considering the
meshing related to the door and the wall widths. Accordingly,
Fig. 8(a) presents the top view of the room. The external
temperature source is naturally induced in the outdoor envi-
ronment. The ¢ time-dependent instantaneous temperature is
represented by Tsource(?). This source is connected to the three
nodes, Ng, which are connected to the outside of the room
wall and door. Then, the test points corresponding to the
temperatures near the source are denoted by Ny, N and N3.
The medium nodes for the middle plane are indicated by M,

Outdoor , Adabiullic (R=w) \
1 1 1
IN M 1 F 1
= Noo—o- ‘s LY 38
ol W ol
o o
< N AA Fz‘a
- 2 Q
5 mmp Noo o £ 'E
c 1 I
~ 1 1
- e g My 3t
Ya 1 1 1
1 1 Indoor |
| . Adabidtic (R=x)
" | (@) |
d /4 L2 Lo/4
R e
Ny ® LN, M@ Fe | O
N.® @N; M2+ F.® da
Ny @ TNS M3+ Fad dy
2 | |

M; and M3. Then, the far nodes are referenced by Fi, F»
and F3.

The structure meshing is configured in Fig. 8(b) by taking
into account the wall length, d,,, and door width, d;. The wall
and door thickness are assumed to be equal to d. It can be seen
that the axis (N;M>F,) constitutes a symmetrical axis of the
overall structure. It means that the lateral thermal responses
referring to the nodes, Ny and N3, M and M3, and F; and F3,
are identical.

From an analytical point of view, the unknown parameters
of this thermal modelling problem can be expressed by the
components of the following vector:

T(Ny) = T(N3)
T(N2)
_ | T(My) =TM3)
Tunknowns = T( MZ) . (7)
T(F\) =T(F3)
T(F2)

Under such formulation, the thermal problem under study
can be redrawn as depicted in Fig. 9 by the determination of
the multi-port TTF. In brief, the overall room structure under
study can be assumed as 7-port system with single input and
six outputs.

—+— T(N;)
O+« T(N,)

O T(My)
O— TTF O« T(My)

o] -

 O«TIR)

FIGURE 9. Multi-port black box diagram of the room thermal problem.

2) IDENTIFICATION OF NETWORK LUMPED R AND C
ELEMENTS

Before the thermal circuit design, the specification of each
elementary components between the nodes, N, My, and F,.
(m =0, 1, 2, 3) of the structure shown in Fig. 3 is necessary.
Table 1 summarizes these components for three constitut-
ing materials, wall, door and indoor air. Each component is

TABLE 1. Parameters of room thermal network.

’

FIGURE 8. Geometrization of the problem: (a) top view and (b) meshed
structure of the room.
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Material Connecting Nature Parameter
nodes
Resistor R,
Wall N()N] and NON3 Capacitor Cw
Resistor Ry
Door NoN; Capacitor Cy
NuMun, NuMipn, Resistor R, R;, R, R;
(with m=1,2,3)
Indoor air and NuNon-1,
MM, Capacitor C,, G, Cs
FmFmH
(with m=1,2)
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TSD urce

FIGURE 10. Equivalent thermal network of the room meshed structure shown in Fig. 8.

determined by formulas (4) and (5). Let notice that, we have
chosen to stay on its components for the sake of simplicity
and to avoid unnecessary computational efforts.

3) CIRCUIT DESIGN OF THE ROOM THERMAL NETWORK
The thermal equivalent network is established from the
RC-model introduced in Fig. 5(b) applied to the wall, door
and meshed indoor air. The circuit design, drawn in Fig. 10,
can be understood with the positions of referential nodes,
Nms Mp and F, (im = 0, 1, 2, 3). It is noteworthy that the
circuit is built under the reference temperature, 7,, implic-
itly the potential ground node. The thermal source, Ty ce,
is connected to No. In the circuit problem, the main unknown
parameters are the temperature at the other nodes as indicated
in vector (6).

We would like to emphasize herein about the equiva-
lent circuit construction. The design of the circuit approach
depicted in Fig. 10 is related to the hypothesis of the temper-
ature source propagation in 1-D in the near zone. The effect
of the lateral RC network can be neglected with the consid-
ered size of geometrical meshing. In the far zone, we also
adopted the adiabatic hypothesis which enables to avoid the
temperature change in the far zone corners. In difference to
the near and far zone, the middle one is essentially constituted
by the air. Therefore, we assumed that in the middle area,
the propagation of the temperature from nodes M and M3 to
the lateral walls can be represented by network R3Cs.

VOLUME 8, 2020

C. IMPLEMENTATION OF THERMAL KRON’S MODELLING
The implementation of the Kron’s model is performed via
graph topology and the tensorial approach. The next para-
graphs develop the detailed expression of the room thermal
model.

1) KRON'S GRAPH TOPOLOGY

Fig. 11 represents the Kron’s equivalent graph topology of
the thermal network introduced in Fig. 10. The circuit design
is implemented with the thermal capacitors connected to
the ground ambient temperature in virtual 3-D view. This
thermal circuit universe is built with the interconnections
of branches. In this circuit, each branch is constituted by a
thermal resistor or a thermal capacitor. The circuit can also
be seen in another space based on the mesh representation.
The rigorous Kron’s method analysis can be performed with
the topological parameters addressed in Table 2.

TABLE 2. Topological parameters.

Designation Branch Node Mesh Port
Parameter B N M P
Value 18 8 11 7

Knowing these parameters, the tensorial branch analysis
with the Kron’s method will be proposed in the next para-
graph.

174899
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FIGURE 11. Kron’s topological graph equivalent to the thermal network introduced in Fig. 8.

2) BRANCH SPACE ANALYSIS
The branch space variable can be referred with the positive

integerindex,b = 1,2, ...,

B. As covariable, the branch tem-

perature of the graph introduced in Fig. 11 can be expressed

as:

Ty = [ source

0

0].

®)

The associated dual contravariable is represented by the

branch power flux given by:

pB

®

Acting as a lumped circuit, the double covariable thermal
branch impedance, is given by the block notation:

It acts as a diagonal matrix because the circuit does not
present any interbranch coupling phenomenon. Each sub-
matrix corresponds to the constituting block of our room
structure as the wall, door and indoor air which represented
by the branch thermal impedances, respectively:

R, 0 0 0
1o z, 0 o0
L0 0 0 z,
[Ry O
Zaoorl = | g ZJ (12)

and the (11 x 11)-dimension matrix, [Z,;,] expressed in
equation (13), as shown at the bottom of this page. The
thermal capacitive impedance elements are defined by:

1

0 0 0 0 ZN] = ZN3 = ZW = CWS (14)
1
=y [ngor] 0 (10) o =24 =08 (1
0 0 0 [Zair] Zyy, = Zmy = 213 (16)
R 0 0 0 0 0 0 0 0 0 07
0 Z 0 0 0 0 0 0 0 0 0
0 0 R+ 7, 0 0 0 0 0 0 0 O
0 0 0 R, O 0 0 0 0 0 O
0 0 0 0 7z 0 0 0 0 0 O
[Zirl=1] O 0 0 0 0 R+72 O 0 0 0 O (13)
0 0 0 0 0 0 R 0 0 0 0
0 0 0 0 0 0 0 Zp3 0 0 0
0 0 0 0 0 0 0 0 Ri+7Z 0 O
0 0 0 0 0 0 0 0 0 R O
0 0 0 0 0 0 0 0 0 0 R

174900
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Iy, = Zp, = Cos 17
1
Zu, Zp, = C_ls (18)
VAVZ!
= 19
3=z (19)
with
1
7 = — 20
1= (20)
1
Z3 = Rz + C_gs 21

3) MESH SPACE ANALYSIS

The mesh space variable can be referred with the positive
integerindex,m = 1,2, ..., M. Based on the Kron’s method,
the branch to space conversion of the thermal variables must
be performed with the connectivity matrix denoted ). This
matrix enables to realize the following transform of the
branch temperature, T}, and power flux, P’ into the mesh
temperature, W,,, and power flux, Q, written as:

EfnTb
mm b
L.Ab P .

Wi =
0" =
The global connectivity matrix of the graph shown in Fig. 8 in

function constituting block (door, wall, indoor air) ones is
expressed as:

(22)
(23)

this page, respectively. In this notation, the ternary elements,
“—17, “0” and “1” corresponds to the coefficients of the
branch flux in function of mesh fluxes with respect the second
Kirchoff circuit node’s law.

It can be demonstrated that the mesh temperature covari-
able is expressed as:

Wm = [Tsource 0 (28)

0].
We point out that according to the tensor algebra, Ef’n rep-
resents the matrix transpose of Ej. Substantially, the mesh
impedance of our thermal graph can be obtained from the
relationship:

Qun = B2 7y, 2L, (29)

It is noteworthy that the subscript, n, plays the same role
as m. Therefore, it can be defined as a positive integer index,
n=12...,M.

4) EXPRESSIONS OF TTF VECTORS

Based on the previously expressed mesh impedance, the
metric of the thermal problem can be formulated by:

Wm = anQn- (30)

Substituting the mesh power flux given in (23) into the pre-
vious metric, it yields the following tensorial solution of the
posed problem:

1
— mn b
gb — | [Ewanl (24) Win = S 8P @1
" [[idw’] ] Therefore, the branch power flux vector is:
Sair
b _ mb
The connectivity sub-matrices representing the walls, door P = 8, Y™ Wy, (32)
and the indoor air are denoted, [Evail, [Edoor] and [Eair], where we expressed the mesh admittance as:
respectively. The expressions of these sub-matrices are given
in equations (25), (26) and (27), as shown at the bottom of Yy = Q;,l. (33)
(1 -1 0 0 0 0 O O O 0 O
- |1 o o o0 0 -1 0 0 O 0 O
Evarl=109 9 0 1 0 0 0 0 0 0 0 @5)
(16 0 00 0 0O 0 0 0 -1 0
_ o1 0 -1t 0 0 0O 0 O O O
[Eaoorl =10 0 0 0 0 0 0 -1 0 0 0] (26)
[0 -1 0 0 0 1 0 0 0 0 0]
0 0 0 0 0 1 -1t 0 0 0 O
0 0 -1 0 0 0 1 0O 0 0 o0
0 1 0 —1 0O 0 O 1 0O 0 O
0 0 0 0 0O 0 O 1 -1 0 O
[Esirl=|0 O 1 o -1 0 0 O 1 0 0 27
0 0 0 1 0O 0O o0 0 o0 1 0
0 0 0 0 0O 0O o0 0 o0 1 -1
0 0 0 0 1 O o0 o o0 0 1
0 o 0 1 -1 0 0 0 0O 0 O
| 0 1 -1 0 6 0 0 0 0 0 0 ]
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It means that the TTFs associated to the temperature vector
given in equation (7) can be determined by:

TTFy () = TP (s) = Z,(s)P°(s)
M= 7 (1;,3Pj( )_ Tsource(s)
TTFN2(S) - 7201}”66(5;
Z13(s)P(s)
TTFp,(s) = TTFp5(s) = T—(s)
P .
TTFp,(s) = ———
Tsource(s)
Z1(s)P'0(s)
TTFF,(s) = TTFF,(s) = T
Z ( )P13( ) source
TTFFZ(S) - ;sjurce(s)s '

To verify the effectiveness of the developed thermal Kron’s
method, these tensorial analytical expressions were pro-
grammed in Matlab environment. The investigated results
will be described in the next section.

IV. VALIDATION OF RESULTS

To verify the feasibility of the thermal Kron’s model,
the present section introduces the room structure proof of
concept (POC). The validations are based on frequency
and time domain analyses. Comparisons between calculated
results and simulations are explored in this section. The
model was implemented as a Matlab routine program. The
simulations are carried out in the environment of electronic
circuit simulator commercial tool ADS® from Keysight
Technologies®. Then, the discussed results will be examined
in the next subsections.

A. POC DESCRIPTION

Before the exploration of the simulated results, it is worth
to describe the thermal structure POC. As aforementioned,
the present study is assumed under the hypothesis cited in
Section II.A and the door is in a closed state.

1) DESCRIPTION OF THE POC PHYSICAL PARAMETERS

The overall geometrical sizes of the thermal structure were
introduced earlier in Fig. 1. In the present case of study,
we assume that the wall and wood are made in unfired clay
bricks [34] and wood across the grain [35]. Table 3 indicates
the physical parameters of each material constituting these
elements.

Based on these specifications, the R and C thermal lumped
components constituting the branch of the POC circuit were
determined by means of equations (4) and (5), respectively.

We underline that the thermal resistor and thermal
capacitors depend on the terminal nodes of meshing ele-
ment. Subsequently, the thermal resistors were calculated as
follows:

d
R, = — 35
" AwdwLy 43
Ry = ¢ (36)
4= AqdgLy
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TABLE 3. Physical parameters of the thermal circuit POC representing the
room structure.

Structure Designation Parameters Values
Geometrical sizes $1=dy 2m
with propagation $2=L. 23m

Wall No>N, s3=d 0.104 m

Thermal conductivity Jow 0.9 W/m/K
Specific heat h,, 545 J/kg/K
Mass density P 1788 kg/m’

Geometrical sizes $1=dy I m
with propagation $2=L. 23m
No>N, s3=d 0.05 m
Door —

Thermal conductivity Aa 0.2 Wm/K
Specific heat ha 1400 J/kg/K
Mass density P 800 kg/m’

Thermal conductivity Ao 0.026 W/m/K
Specific heat ha 1007 J/kg/K
Mass density Pa 1.16 kg/m’

Geometrical sizes s1=dy 2m
with propagation s:=L, 23m
N>M,; 53=L,/2 2m
Geometrical sizes s1=dy Im
with propagation s:=L, 23 m
N>M, 53=L,/2 2m
Geometrical sizes S1=dy 2m
with propagation s:=L, 23m
N;>M; 53=L,/2 2m
Geometrical sizes S1=dy 2m
X with propagation $2=L, 23m
Air M,2F, 53=L,2 2m
Geometrical sizes $1=da lm
with propagation s$>=L. 23m
M;>F, 53=L,2 2m
Geometrical sizes $1=dy 2m
with propagation s=L. 23 m
M;>F; 53=L,2 2m
Geometrical sizes s1=L./4 2 m
with propagation, s»=L, 23m
MzeMl, and
Mz%M} 53:(dw+dd)/2 1.5m
Geometrical sizes s1=L./2 2 m
with propagation, so=L, 23m
M;>M,,, and
M}th S3:d“,/2 1m
o 2 +da)
)‘aLLxLZ
Ri= D
aL Wz 37
Ry = X
2hqdyL,
R; = LA
AaLxL;
The associated thermal capacitors are given by:
Cyw = pwhydyL;d (38)
Cy = pghqdgL.d (39
1
Cl = EpahadWLzL
1
G = EpahadszLx (40)

1
C3 = ZpahaLxdew~
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FIGURE 12. Design of simulated thermal circuit POC.

TABLE 4. RC parameters of the constituting nodded elements.

Structure Designation Parameters Values
Wall Thermal resistor R, 0.025 K/'W
Thermal capacitor C, 466.18 kI/K
Door Thermal resistor Ry 0.109 K/W
Thermal capacitor Cy 129 kJ/K
Thermal resistor
N]%Ml and M19F1 RI 17 K/W
Thermal capacitor
N,;>M, and M, SF, C 10.7 kJ/K
Thermal resistor
Nz%Mz and Mz%Fz Rz BKIW
Thermal capacitor
Air No>M, and My>F, G, 5.373 kI/K
Thermal resistor M;>M, R 12.5 K/IW
Thermal resistor
M]%M]a, and M39M3a R3 836 K/W
Thermal
capacitorM;>M,,, and Cs 5.373 KJ/K

2) DESCRIPTION OF THE SIMULATED THERMAL CIRCUIT
DESIGN

The POC schematic of the thermal circuit design is displayed
in Fig. 12. This circuit was drawn in the SPICE environ-
ment, usually exploited to the electrical and electronic circuit
designs. The temperature excitation source is represented by
the voltage source connected to the node, Ny. The unknown
indoor temperatures correspond to the voltages at the other
nodes indicated by Near 2, Mid; > and Far;; of the POC
circuit. During the simulations, the voltages at these nodes
can be assessed and compared with the excitation one in order
to determine the TTFs.

VOLUME 8, 2020
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The comparisons between calculated and simulated fre-
quency domain results will be examined in the next
subsection.

B. FREQUENCY DOMAIN RESULTS

The present case of the frequency domain is rarely elabo-
rated in the area of thermal building engineering. One of the
original points of Kron’s method is the possibility to perform
such a study and understanding the behavior of the thermal
structure constituting the room. The following results of the
frequency domain are based on Matlab computation of the
Kron’s model compared to simulations with the SPICE AC
analyses.

1) TTF MAGNITUDES

To visualize the significant behaviors of the TTFs, two range
of frequencies were considered. In the first case, the fre-
quency domain was investigated in the frequency band up to
Sfmax = 10 uHz. In the other case, the analysis is performed
up to fiax = 100 wHz. Linear and semi-logarithmic plots of
magnitudes were presented for a better understanding of the
thermal responses at the different test points.

Figs. 13 and Figs. 14 present the comparisons between
the calculated and simulated TTFs at the near, mid and far
positions. The simulations are plotted in solid lines and the
Kron’s method calculated ones are shown in dotted lines.
As expected, the Kron’s model is in very good agreement
with the SPICE simulation. It is noteworthy that as seen
in Fig. 13(a) and in Fig. 14(a), in the near side of the wall
and door, the TTF is close to the unity. More generally,
at extremely low frequencies below 100 nHz, all the TTFs
can be assumed as equal to unity. However, in the mid and
far TTF responses plotted in Figs. 13(b) and 14(b), and
in Figs. 13(c) and 14(c), respectively, we have a typical
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[TTF,, | (dB)

Frequency (uHz)

FIGURE 13. Linear plot of simulated and calculated TTF magnitudes in
(a) near, (b) middle and (c) far test nodes up to fjagx = 10 uHz.

low-frequency thermal behavior. The mid TTF attenuates
more than 20 dB at higher frequencies more than 5 uHz as
depicted in Fig. 14(b). However, the far TTF attenuates more
than 20 dB only 2 ©Hz. Then, at extremely high frequencies,
the attenuation increases with slope 20 dB/decade.

The magnitude responses in linear and semi-logarithmic
plots respecting the wider frequency analyses up to
Jfmax = 100 uHz are exposed in Figs. 15 and in Figs. 16,
respectively. It can be understood from Fig. 15(a) that the
temperature thorough the door is much higher than the tem-
perature through the lateral walls. Along the symmetrical
axis, the attenuation remains lower than 10 dB up to 100 Hz.
However, the wall TTF has reached 20 dB attenuation only at
about 60 uHz. Then, as seen in Figs. 15(b) and in Figs. 16(b),
the mid TTF attenuation reaches 40 dB at 30 wHz. Then,
strong attenuation of about 50 dB is realized with the far TTF
beyond 20 uHz.

2) TTF PHASE RESPONSES
These AC analyses guarantee that the fast variation of the
temperature cannot propagate through the considered wall
and door structures. In the worst case of thermal shielding,
the propagation can be limited in the near zone of the source.
The phase responses of the TTFs were explored only in lin-
ear plots because the phase information at lower frequencies
is almost trivial and near zero. However, the two cases of the

174904
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FIGURE 14. Semi-logarithmic plot of simulated and calculated TTF
magnitudes in (a), near, (b) middle and (c) far test nodes up
to fmax = 10 pHz.

frequency limits, f,.x = 10 uHz to fiey = 100 uHz were
also considered for the present AC analyses.

Figs. 17 and Figs. 18 present the comparisons between
the calculated and simulated TTF phases. Once again, it can
be underlined that the Kron’s calculated results are in very
good correlation with the simulations. For all cases of TTFs,
the phases are decreasing with the frequency. This behavior
corresponds to the phase responses of typical linear passive
systems as low-pass filters. The phase shifts of the near zone
in the lateral indoor part are limited to 20° below 10 uHz.
However, the symmetrical axis is almost two times higher.
As depicted in Fig. 17(b) and in Fig. 17(c), the mid and far
TTF phase shifts exceed 100° beyond 7 uHz and 1 uHz,
respectively.

The increase of the TTF phase shifts for all positions is
confirmed by Figs. 18. For further validation of the previous
simulations, transient analyses were also carried out. The next
subsections describe the obtained results.

C. TIME DOMAIN RESULTS

The present thermal time domain analyses are performed
based on the consideration of unit step and arbitrary wave-
form excitation temperatures. The reference ambient tem-
perature was fixed to 7, = 20°C for the time domain
investigation. Only simulation results are exposed in this
case of analysis. For the better understanding about the
transient behavior of indoor temperature in the different zones
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FIGURE 15. Linear plot of simulated and calculated TTF magnitudes in
(a), near, (b) middle and (c) far test nodes up to fmax = 100 xHz.

1

Simu. -

[TTR, . (dB)

[TTF,, | (dB)

o
2
&
LLLL
'_
=

R 0 2

10 10 10 10

Frequency (pHz)

FIGURE 16. Semi-logarithmic plot of simulated and calculated TTF
magnitudes in (a), near, (b) middle and (c) far test nodes up to
fmax =100 [LHZ.

(near, mid and far), the present time-domain analyses were
performed under two different time windows with f,,x = 5
hours and also, #,,,; = 500 hours.
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FIGURE 17. Comparisons of simulated and calculated TTF phases in (a),
near, (b) middle and (c) far test nodes up to fjgx = 10 uHz.
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FIGURE 18. Comparisons of simulated and calculated TTF phases in (a),
near, (b) middle and (c) far test nodes up to fjpgx = 100 pHz.

1) UNIT-STEP EXCITATION TIME-DOMAIN RESULTS

In this case, the excitation signal corresponds to a unit-step
temperature with 7Ty, = T, and T4, = 40°C.
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FIGURE 19. Unit-step responses of simulated and calculated thermal
network: (a), near, (b) middle and (c) far test node solver short time
window.

Figs. 19 present the transient analysis with f,,c = 5 hours.
The sampling time was fixed equal to 30 seconds. As depicted
in Fig. 19(a), the symmetrical axis and lateral near zone tem-
perature reaches the half amplitude equal to 30°C, at about
0.5 hours and 2.5 hours, respectively. However, as illustrated
in Fig. 19(b) and in Fig. 19(c), the responses at the mid and far
zones are negligible, the temperatures are almost kept to 7.
It points out that the airflow pattern during was neglected in
the present case of study.

To visualize the mid and far zone responses, the unit step
transient results up to f,, = 500 hours are introduced
in Figs. 20. It can be emphasized that the mid zone temper-
ature reaches the half amplitude only after 70 hours as seen
in Fig. 20(b). Fig. 20(c) highlights that the half amplitude can
be reached only after 120 hours. This long-time range time
domain analyses explain that the temperature in the far zone
of the source are almost same for F; and F».

2) ARBIRARY WAVEFORM EXCITATION TIME-DOMAIN
RESULTS

The present time domain analysis is carried out by consid-
ering an arbitrary waveform temperature. The same as the
previous unit step analyses, the two different time ranges were
considered. This time sampling was chosen similarly to the
unit step response analysis.

Figs. 21 show the simulated transient results for
tmax = 5 hours. We emphasize that in the considered
time range, as shown in Fig. 21(a), the temperature varia-
tion is considerably smoothed in the near zone. The indoor
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FIGURE 20. Unit-step responses of simulated and calculated thermal
network: (a), near, (b) middle and (c) far test nodes over long-time

window.
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FIGURE 21. Arbitrary waveform temperature responses of simulated and
calculated thermal network: (a), near, (b) middle and (c) far test nodes
over short time window.

temperature does not exceed the amplitude 40°C. However,
as illustrated in Fig. 21(b) and in Fig. 21(c), the mid and far
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FIGURE 22. Arbitrary waveform temperature responses of simulated and
calculated thermal network: (a), near, (b) middle and (c) far test nodes
over long-time window.

zone temperatures are remained unchanged as predicted in
the unit step time response of the previous paragraph.

The transient responses with #,,,, = 500 hours are dis-
played in Figs. 22. The near zone responses of Figs. 22(a)
highlights that the transfer function is close to unity because
the signals are extremely slow. However, the mid and far zone
transient responses of Fig. 22(b) and Fig. 22(c) highlight that
the temperature responses are smoothed. Only half of the
maximal amplitudes are reached. With the explored test case
of Figs. 2, the minimal, maximal and mean resultant of the
temperatures at each node is recapitulated in Table 5.

TABLE 5. Minimal, maximal and mean values of each node temperature
(in °C) corresponding to tmax = 500 hours.

Node Min. Max. Mean

N, 20 39.9 259

N, 20 39.7 259
Difference 0 0.2 0

M, 20 28.8 24.9

M, 20 29 24.9
Difference 0 -0.2 0

F, 20 27.8 24.4

F, 20 27.9 24.4
Difference 0 -0.1 0

D. ADVANTAGES AND DRAWBACKS OF THE THERMAL
KRON’S MODEL

The same as all modelling methods, the developed Kron’s
thermal method presents certain advantages and drawbacks.
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The main benefits of the Kron’s tensorial approach com-
pared to the thermal building 3-D computational methods
are:

« Inexistence of pre-processing time to design,

« Easiness of implementation as a graph topology,

« Possibility to consider different parameters which can be

assumed as tensorial variables,

o Feasibility of analyses in both frequency and time

domains,

o And very fast computation time.

However, the weaknesses of the Kron’s method are:

« Necessitate a good back ground in TAN approach which

is not always familiar to the building engineers,

« And the dependence to the approximation of R and C

elements.
Behind the present feasibility study, further investiga-
tion must be conducted in the future for more complex
building in different seasons of various rural and urban
applications.

V. CONCLUSION

An original modelling method of temperature propagation
through building room is investigated. The model is based
on the Kron’s method applied to RC thermal network. After
the classical thermal circuit introduction, the Kron’s graph
is elaborated. Then, the thermal circuit was analyzed in the
branch and mesh spaces. Then, the thermal metric of the
circuit is compactly expressed in tensorial notation. The main
solution of the thermal problem is formulated with the TTF at
different indoor test points identified as temperature nodes.

The feasibility of the thermal Kron’s modelling was veri-
fied by SPICE simulation of a single door room. As expected,
a good correlation between the frequency responses of the
TTF at near, middle and far positions of the door was
obtained.

From practical point of view, the developed Kron’s model
is dedicated to the building design engineers who need to
evaluate quickly the thermal performances of a room or more
complex building. It presents the following benefits. The
model enables:

o To compare the effect of the materials and the building
geometry.

« To manage the building thermal flows in a general man-
ner.

o The perform the feasibility study which is useful to
design and control heating and cooling systems in the
built environment.

Similar to all pioneer research work on preliminary under-
standability and feasibility, the present study on unfamil-
iar modelling method is validated with intentionally simple
proof-of-concept. Meanwhile, in the near future, a significant
research work should be made for the application exploitation
to real cases of building. Under this perspective, further work
will be made to develop an operational tool based on the
Kron’s model.
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