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ABSTRACT Maximum torque per amper (MTPA) control can realize the minimum copper loss control
of induction motor, which is often applied below the rated speed. In this paper, MTPA control is firstly
extended from the constant torque mode to the constant apparent power mode and the constant voltage mode,
and realizes MTPA control of induction motor in the whole speed range. Firstly, this paper establishes a
MTPA-based nonlinear optimization problem in the whole speed range. Then, this optimization problem
is analyzed and the analytical expressions are obtained for three different modes. Finally, finite control
set-model predictive current control is adopted in this paper to achieve the fast stator current tracking. In the
experimental part, the proposed algorithm is compared with the classical control strategy in this paper. The
experimental results show that for the light load, the proposed algorithm reduces the stator current magnitude
and improves the efficiency of induction machines.

INDEX TERMS Induction machine, constrained MTPA criterion, predictive control.

I. INTRODUCTION
In the control strategy of AC motor, the maximum torque
per ampere (MTPA) control strategy is often used to achieve
the optimal control of excitation current and torque current
and improve the system efficiency [1]–[5]. Limited by max-
imum stator current magnitude and maximum stator volt-
age, induction motors usually operates in constant torque
mode below the rated speed and in constant apparent power
mode above the rated speed, that is, field weakening mode
[6], [7]. In constant torque mode, induction motors usually
adopt the rated excitation, that is, the rotor flux amplitude
keeps constant [8], [9]. In the constant apparent power mode,
the limit of bus voltage must be satisfied by reducing the
rotor flux amplitude [10]–[12]. At present, the research of
field-weakening control mainly focuses on how to achieve
the maximum torque control in the field-weakening mode at
voltage and current limits [13]–[16]. There are three kinds
of field-weakening control algorithms for induction motors.
Firstly, the excitation current is inversely proportional to
the rotor speed in the field weakening mode. This kind of
algorithm is simple, but it can not achieve optimal control
according to the load torque [17]. The secondmethod is based
on the accurate motor model. This method can theoretically
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obtain the maximum torque control, but it is difficult to
apply in practice because of its strong parameter depen-
dence and complex calculation [18]. The third method is to
generate excitation current based on voltage controller. This
method can achieve high steady-state torque output capabil-
ity, independent of motor parameters, but the voltage con-
troller increases the complexity of the system [19]. Reference
[20] compares four methods of field weakening, and analyses
the advantages and disadvantages of different methods. These
four control schemes fully utilize the maximum available
voltage and current and can produce the maximum possible
torque in the entire field-weakening region. Reference [21]
applies model predictive control to the field weakening con-
trol, which enhances the robustness of the system. In [22],
MTPA is utilized to compute excitation current and torque
current references for induction machines, but this paper can
not extend MTPA to field weakening mode. In [23], the
MTPA control based on the measured current-torque curve
is proposed, which does not depend on the parameters of
inductionmachines and improve the robustness of the system.

In this paper, the MTPA control strategy is extended to
the field weakening mode. Firstly, the MTPA-based opti-
mization problem in the whole speed region is established.
Then the analytical expressions of the optimization prob-
lem are given in constant torque mode, constant apparent
power mode and constant voltage mode, which can obtain
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FIGURE 1. The feasible domain at voltage and current limits. (a) Voltage constraint, (b) Current constraint, (c) The feasible domain at voltage
and current limits.

the excitation current and torque current references. Finally,
predictive current control is applied to track the stator current
references.

The arrangement of this paper is as follows. In Section II,
the mathematical model of induction motor and the con-
straints of voltage and current are introduced. Section III
introduces the optimization problem based on maximum
torque control and the analytical expressions in constant
torque mode, constant apparent power mode and constant
voltage mode. Section IV analyses the constrained MTPA
criterion for induction machines, and then achieves the ana-
lytic expressions in three modes. In Section V, the algorithm
proposed in this paper is experimentally studied. Section VI
summarizes this paper.

II. MATHEMATICAL MODEL OF INDUCTION MACHINE
AND VSI
In the d−q reference frame system with arbitrary rota-
tion speed ω, the mathematical equations of induction
motor is shown as (1)-(3), where ψωs = Lsiωs + Lmiωr ,
ψωr = Lmiωs + Lr i

ω
r [24], [25].

vωs = Rsiωs +
dψωs
dt
+ jwψωs (1)

0 = Rr iωr +
dψωr
dt
+ j (ω − ωr ) ψωr (2)

Te =
3
2
P
Lm
Lr
Im
{
ψωr i

ω
s
}

(3)

When the d-axis of the rotation reference frame coincides
with the direction of the rotor flux vector, stator current vector
can be expressed as an equation (4), where ieds and i

e
qs are

the d-axis component and d-axis component, respectively.
the d-axis component of the rotor flux vector, ψe

qr , is zero,
that is, ψe

qr = 0. The ψe
dr can be expressed as an equation

(5), where ieds is the excitation current. In the steady state of
inductionmotor, the electromagnetic torque can be simplified
to equation (6), where p denotes pole pairs of induction

motor.

ies = ieds + ji
e
qs (4)

ψdr =
Lm

1+ p
(
Lr
/
Rr
) ids (5)

Te =
3
2
p
L2m
Lr
I edsI

e
qs (6)

In the operation of induction motor, the excitation current
and the torque current of induction motor must also satisfy
both the voltage limit circle and the current limit circle.
The equations of voltage limit circle and current limit cir-
cle are respectively shown in equations (7) and (8), where
Vsmax is the maximum stator voltage of induction motor and
σ = 1−

(
L2m
LsLr

)
[26]. The graphical representation is shown

in Fig.1.

(
ωeσLsI eqs

)2
+
(
ωeLsI eds

)2
≤ V 2

smax (7)(
I eds
)2
+

(
I eqs
)2
≤ I2smax (8)

III. FIELD WEAKENING STRATEGY BASED ON MAXIMUM
TORQUE CONTROL
The basic principle of field weakening control based on max-
imum torque control is to calculate the reference values of
stator excitation current and stator torque current at voltage
and current limits to achieve maximum torque control. Then,
the predictive current control is used to track the reference
values of stator excitation current and stator torque current
quickly.

In the steady state of induction motor, the electromagnetic
torque Te can be expressed as the equation (9). The maximum
torque control of induction motors at voltage and current
limits can be described as an optimization problem, as shown
in equation (9)-(11). In the later part of this paper, for con-
venience, the superscript of I eds is omitted and denoted as Ids.
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FIGURE 2. The diagram of the synchronous speed ωbase, ω1 calculation.

So is I eqs.

max Te =
3
2
p
L2m
Lr
I edsI

e
qs (9)

s.t.
(
ωeσLsI eqs

)2
+
(
ωeLsI eds

)2
≤ V 2

smax (10)(
I eds
)2
+

(
I eqs
)2
≤ I2smax (11)

The optimization problem (9)-(11) is a constrained nonlin-
ear programming problem, and it is usually difficult to find
an analytical expression. However, the optimization problem
(9)-(11) can be decomposed into several subproblems, each of
which can be solved by the characteristic curves of induction
motors, such as MTPA curve, constant torque curve and
voltage limit circle. In this paper, the analytical expressions
of the above optimization problems are composed of three
parts, respectively in constant torque mode, constant apparent
power mode and constant voltage mode. Three modes are
divided according to the synchronous speed ωe of induction
motor, where ωe is the angular frequency of the supply volt-
age at steady state, and not the rotational angular speed of
the rotor. The intersection point of the current limit circle and
the MTPA curve of the induction motor is marked as point A,
as shown in Fig.2.With the increase of the synchronous speed
ωe of induction motor, the voltage limit circle is shrinking.
When the voltage limit circle is reduced to the circle passing
through point A, the synchronous tachometer of the induction
motor is denoted as ωbase, as shown in Fig.2 (a), where the
excitation current corresponding to point A is denoted as
Ids_A. By combining three equations (12)-(14), the equation
of ωbase can be obtained. Therefore, in the constant torque
mode, the range of ωe is 0 < ωe ≤ ωbase.(

ωbaseσLsIds_A
)2
+
(
ωbaseLsIqs_A

)2
= V 2

smax (12)(
Ids_A

)2
+
(
Iqs_A

)2
= I2smax (13)

Ids_A = Iqs_A (14)

ωbase =
Vsmax√

I2ds_A
(
L2s − σ 2L2s

)
+ (σLsIsmax)

2
(15)

When ωe > ωbase, the voltage limit circle decreases with
the increase of the synchronous speed ωe of induction motor.

When there is only one intersection point between the voltage
limit circle and current limit circle, the synchronous speed
of induction motor is denoted as ω1 and this intersection
point is denoted as point B, as shown in Fig.2 (b). At this
time, the excitation current corresponding to point B is zero,
i.e. Ids_B = 0. By combining the equations (16)-(18), the
expression of the synchronous speed ω1 can be obtained,
as shown in equation (19). In the constant apparent power
mode, the range of ωe is ωbase < ωe ≤ ω1. In the constant
voltage mode, the range of ωe is ω1 < ωe.(

ω1σLsIds_B
)2
+
(
ω1LsIqs_B

)2
= V 2

smax (16)(
Ids_B

)2
+
(
Iqs_B

)2
= I2smax (17)

Ids_B = 0 (18)

ω1 = (Vsmax/Ismax)

√(
L2s + σ 2L2s

)
/
(
2L4s σ 2

)
(19)

In order to solve the nonlinear optimization problem (9)-
(11), this paper elaborates the equations of the optimal exci-
tation current and the torque current in the constant torque
mode, the constant apparent power mode and the constant
voltage mode, respectively. The diagram of the solutions is
shown in Fig.3.

1) THE CONSTANT TORQUE MODE (0 < ωe ≤ ωbase)
In the constant torque mode, the diagram of the voltage limit
circle and the current limit circle is shown in Fig.3 (a). When
the induction motor operates at the intersection point A of the
MTPA curve and the current limit circle, the induction motor
can output the maximum torque. Therefore, the excitation
current IdsA and the torque current IqsA corresponding to the
point A can be calculated by the equation (20). The maxi-
mum electromagnetic torque Tmax can be expressed as the
equation (21).

Ids_A = Iqs_A =

√
I2smax

/
2 (20)

Tmax =
3
2
p
L2m
Lr
Ids_A

√
I2smax −

(
Ids_A

)2 (21)

2) THE CONSTANT APPARENT POWER MODE
(ωbase < ωe ≤ ω1)
In the constant apparent power mode, the diagram is shown in
Fig.3 (b). When the excitation current and the torque current
operates at the intersection point B of the voltage limit circle
and the current limit circle, the induction motor can output
the maximum torque.(

ωeσLsIds_B
)2
+
(
ωeLsIqs_B

)2
= V 2

smax (22)(
Ids_B

)2
+
(
Iqs_B

)2
= I2smax (23)

The excitation current and the torque current at point B can
be obtained by solving the equations (22)-(23), respectively,
as shown in the equations (24) and (25), so the maximum
output torque of the induction motor is expressed in the
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FIGURE 3. The diagram of optimal stator currents of field weakening based on maximum torque control (a)the constant torque mode (b)the
constant apparent power mode (c)the constant voltage mode.

equation (26).

Ids_B =

√(
Vsmax

/
ωe
)2
− (σLsIsmax)

2√
L2s − (σLs)

2
(24)

Iqs_B =
√
I2smax −

(
Ids_B

)2 (25)

Tmax (ωe) = 3pL2mIds_BIqs_B
/
(2Lr ) (26)

3) THE CONSTANT VOLTAGE MODE (ω1 < ωe)
In the constant voltage mode, the diagram is shown in Fig.3
(c). When the excitation current and the torque current oper-
ates at the C point, the induction motor can output the maxi-
mum torque, where the C point is the only intersection of the
voltage limit circle and the constant torque curve.

Tmax (ωe) = 3pL2mIds_C Iqs_C
/
(2Lr ) (27)(

ωeσLsIds_C
)2
+
(
ωeLsIqs_C

)2
= V 2

smax (28)

By combining the equations, the excitation current Ids_C ,
the torque current Iqs_C , and the electromagnetic torque
Tmax (ωe) can be obtained for the C point, which are calcu-
lated as the equations (29)-(31).

Tmax (ωe) = 3pL2m

(
V 2
smax

2ω2
eσL2s

)/
2Lr (29)

Ids_C = Vsmax/
(√

2ωeLs
)

(30)

Iqs_C = Vsmax/
(√

2ωeσLs
)

(31)

IV. FIELD WEAKENING STRATEGY BASED ON
CONSTRAINED MTPA CRITERION
The basic principle of field weakening strategy based on con-
strained MTPA criterion is to analytically solve the reference
values of the excitation current and the torque current, with
the minimum stator current as the optimization objective and
at voltage and current limits, so as to realize the minimum
stator current control strategy. In the electromagnetic torque

equation (9), the values of the excitation current and the
torque current are not unique, which is utilized to realize
the MTPA control of induction motor. Under the same elec-
tromagnetic torque condition, MPTA control strategy can
reduce the stator current amplitude, improve the efficiency
of induction motor, and reduce the capacity of voltage source
inverter. The solution of the reference values of stator current
based onMTPA can be expressed as an optimization problem
with nonlinear constraints, as shown in equations (32)-(36).

min Is =
√
(Ids)2 +

(
Iqs
)2 (32)

s.t.
(
ωeσLsIqs

)2
+ (ωeLsIds)2 ≤ V 2

smax (33)

(Ids)2 +
(
Iqs
)2
≤ I2smax (34)

3
2
p
L2m
Lr
IdsIqs = Te (35)

Te ≤ Tm (ωe) (36)

The equation (32) is the objective function of the con-
strained optimization problem. In the steady state of the
induction motor, the electromagnetic torque Te can be
expressed as the equation (35). The equation (36) expresses
the maximum torque that the induction motor can output.
The solution of the maximum torque Tm can be described as
another optimization problem, which is shown as the equation
(9)-(11). The above optimization problems can be solved ana-
lytically in the constant torque mode, the constant apparent
power mode and the constant voltage mode.

A. THE CONSTANT TORQUE MODE (0 < ωe ≤ ωbase)
The maximum torque Tmax has been discussed, as shown in
the equation (21). When the electromagnetic torque reference
Te is smaller than the maximum torque Tm in the constant
torque mode, that is, Te < Tmax, From Fig.4 (a), it can
be seen that the intersection point D of the constant torque
curve and the MTPA curve is closest to the dot, that is, the
magnitude of the stator current corresponding to the D point
is the smallest. Therefore, the excitation current Ids_D and

176448 VOLUME 8, 2020



Z. Peng: Analysis and Implementation of Constrained MTPA Criterion for Induction Machine Drives

FIGURE 4. The diagram of optimal stator currents of field weakening based on MTPA.

the torque current Iqs_D corresponding to the D point are
the reference values of the electromagnetic torque reference
Te. By combining the equations (37)-(38), the calculation
equations of the excitation current and the torque current can
be obtained as shown in the equation (39).

Te =
3
2
p
L2m
Lr
Ids_DIqs_D (37)

Ids_D = Iqs_D (38)

Ids_D = Iqs_D =

√
2TeLr

/
(3pL2m) (39)

B. THE CONSTANT APPARENT POWER MODE
(ωbase < ωe ≤ ω1)
In the constant apparent power mode, voltage limit cir-
cle and current limit circle are shown in Fig.4 (b), where
induction motor can output the maximum torque at the
point B. The point E is the intersection of the voltage limit
circle and the MTPA curve. The electromagnetic torque
Te_E corresponding to E can be obtained by combining the
equations (40)-(41).(

ωeσLsIds_E
)2
+
(
ωeLsIqs_E

)2
= V 2

smax (40)

Ids_E = Iqs_E (41)

When the electromagnetic torque reference Te is less than
the electromagnetic torque Te_E corresponding to E , on the
constant torque curve, the intersection point F of the constant
torque curve and the MTPA curve is closest to the dot, that is,
the magnitude of the stator current corresponding to the F
point is the smallest. By combining the equations (42)-(43),
the calculation equations of the excitation current and the
torque current corresponding to the point F can be obtained,
as shown in the equation (44).

Te =
3
2
p
L2m
Lr
Ids_F Iqs_F (42)

Ids_F = Iqs_F (43)

Ids_F = Iqs_F =

√
2TeLr

/
(3pL2m) (44)

When Te_E < Te < Tmax, it can be seen that, from Fig.4
(c), in the constant torque curve, the intersection G of the
constant torque curve and the voltage limit circle is closest to
the dot. Therefore, the excitation current Ids_G and the torque
current Iqs_G for the G point are stator current references of
Te based on MTPA control strategy. Ids_G and Iqs_G can be
obtained by combining the equations (45)-(46).

Te =
3
2
p
L2m
Lr
Ids_GIqs_G (45)(

ωeσLsIds_G
)2
+
(
ωeLsIqs_G

)2
= V 2

smax (46)

C. THE CONSTANT VOLTAGE (ω1 < ωe)
In the constant voltage mode, voltage limit circle and current
limit circle are shown in Fig.4 (c), where induction motor can
output the maximum torque at the point C in the constant
voltage mode. The point H is the intersection of the voltage
limit circle and the MTPA curve. The electromagnetic torque
Te_H corresponding to H can be obtained by combining the
equations (47)-(48).(

ωeσLsIds_H
)2
+
(
ωeLsIqs_H

)2
= V 2

smax (47)

Ids_H = Iqs_H (48)

When Te < Te_H , from Fig.4 (c), it can be seen that,
on the constant torque curve, the point J of the constant torque
curve and the MTPA curve is closest to the dot, that is, the
magnitude of the stator current of the point J is the smallest.

Therefore, the excitation current Ids_J and the torque cur-
rent Iqs_J corresponding to the point J are the references of
Te based on MTPA. By combining the equations (49)-(50),
the calculation equations of Ids_J and Iqs_J can be obtained as
shown in the equation (51).

Te =
3
2
p
L2m
Lr
Ids_F Iqs_F (49)

Ids_J = Iqs_J (50)

Ids_J = Iqs_J =

√
2TeLr

/
(3pL2m) (51)

VOLUME 8, 2020 176449



Z. Peng: Analysis and Implementation of Constrained MTPA Criterion for Induction Machine Drives

FIGURE 5. (a) Block diagram of the experimental platform:(A) the computer (B) TMS320F28335 DSP (C) VSI (D) induction machine
(E) Danfoss frequency converter (F) SPMSM; (b) the control block diagram of experimental platform.

FIGURE 6. Block diagram of the proposed field weakening based on
MTPA.

When Te_H < Te < Tmax, from Fig.4 (c), it can be
seen that, in constant torque curve, the intersection K of the
constant torque curve and the voltage limit circle is closest
to the dot. Ids_K and Iqs_K can be obtained by combining the
equations (52)-(53).

Te =
3
2
p
L2m
Lr
Ids_K Iqs_K (52)(

ωeσLsIds_K
)2
+
(
ωeLsIqs_K

)2
= V 2

smax (53)

V. EXPERIMENTAL EVALUATION
The experimental platform is presented in Fig.5, where
inductionmachine is fed by voltage source inverter and digital
signal processor (TMS320F28335 DSP). The functions of
each module of digital signal processor are shown in Fig.6,
which includes A/D conversion, rotor position acquisition,
PWM output, D/A conversion and communication. Perma-
nent magnet synchronous motor and frequency converter
constitute the load system to provide load torque. The pro-
posed algorithm is implemented with C code using Code
Composer Studio 3.3 of Texas Instruments. Main frequency

FIGURE 7. Calculation of references of excitation current and torque
current.

of TMS320F28335 DSP is 150MHz. The references of stator
currents are obtained according to Fig.7.

The diagram of induction machine control system is shown
in Fig.6. The electromagnetic torque reference of induction
motor is derived from the proportional-integral regulator of
the speed loop. The calculation of stator excitation current
reference and torque current reference can be divided into two
methods, field weakening control based on MTC, and field
weakening control based on MTPA. The predictive current
control is used to track the stator current references.

The dynamic performance for field weakening based on
MTPA is shown in Fig.8. The speed command changes from
4000 r/min to -4000 r/min, and then back to 4000 r/min.
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FIGURE 8. The dynamic performance for field weakening based on MTPA.

FIGURE 9. The dynamic performance for field weakening based on MTPA with mismatched parameter L̂m = 0.5Lm.

TABLE 1. Parameters of induction machine.

It can be seen that the stator flux amplitude in steady state
is less than that in dynamic state, because in steady state,
the excitation current and torque current are calculated based
on MTPA. The dynamic performance for field weakening
based on MTPA with mismatched parameter L̂m = 0.5Lm
is presented in Fig.9, where L̂m denotes the mismatched
parameter and Lm is the nominal parameter. It can be seen

FIGURE 10. The field weakening control based on MTC is switched to that
of MTPA at 0.5 s when the speed is 750 r/ min and the load torque is
1.0 Nm.

that MTPA with mismatched parameter can lead to large
electromagnetic torque ripple and stator current harmonic
content.
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FIGURE 11. The field weakening control based on MTC is switched to that
of MTPA at 0.5 s when the speed is 4000 r/ min and the load torque is
1.0 Nm.

FIGURE 12. The field weakening control based on MTC is switched to that
of MTPA at 0.5 s when the speed is 7500 r/ min and the load torque is
1.0 Nm.

In order to verify the influence of MTC and MTPA on
the stator flux and stator current amplitude, the switching
Experiments of two Control Strategies are carries out under
three conditions: the speed 750 r/min and load torque 1.0Nm,
the speed 4000 r/min and load torque 1.0 Nm, the speed
7500 r/min and load torque 1.0Nm. The experimental results
are shown in Fig.10-Fig.12. It can be seen that when the
induction motor is switched from MTC to MTPA at 0.5 s,
the stator flux amplitude decreases and the stator current
amplitude becomes smaller.

In order to compare MTC and MTPA in detail, the com-
parative experiments are carried out under the conditions of
the speed 500 r/min and the load torque 0.375 Nm, 1.5 Nm,
3.75 Nm, 5.625 Nm, 7.5 Nm, the speed 4000 r/min and the
load torque 0.375 Nm, 1.5 Nm, 3.75 Nm. At steady state,
the experiment results are shown in Table 2. Compared with
MTC, MTPA reduces the stator current amplitude.

TABLE 2. Stator current references based on MTC and MTPA at
n = 500r/ min.

TABLE 3. Stator current references based on MTC and MTPA at
n = 4000r/ min.

FIGURE 13. Comparison of stator current magnitude for MTC and MTPA.

FIGURE 14. Model predictive current control of induction motor.

In order to verify predictive current control for stator
current tracking strategy, stator excitation current reference
changes from 1.0 A to 3.0 A at 1.15 s, and from 3.0 A to
1.0 A at 2.85 s. Stator torque current reference changes from
2.0 A to 5.0 A at 1.15 s, and from 5.0 A to 2.0 A at 2.85 s.
The experimental results are shown in Fig.14. It can be seen
that stator current has a fast dynamic response. Fig.14 (b) is
the transient response for stator excitation current and torque
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FIGURE 15. The influence of mismatched parameter on stator current
reference computation.

current. For predictive current control, the response time of
stator current is only 0.6 ms.
The influence of mismatched parameter L̂m on computa-

tion of excitation current and torque current references is
presented in Fig.15, where L̂m = 0.5Lm. It can be seen that
as the speed increases, the influence of L̂m reduces.

VI. CONCLUSION
In this paper, the constrained MTPA control for induction
machine drives is proposed. Firstly, this paper establishes a
nonlinear optimization problem at voltage and current limits,
where the objective of this optimization problem is to mini-
mize the stator current. Secondly, the principle of sub-mode
is proposed to analytically obtain the expressions of stator
excitation current and torque current references. Finally, the
experimental results verify the effectiveness of the proposed
method. However, the method proposed in this paper depends
on the parameters of induction motor, which will affect the
accuracy of stator current references. The MTPA control
based on parameter identification will be the direction of
further research.
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