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ABSTRACT Extremum seeking control can search the optimal slip rate of the antilock braking system of a
vehicle through a high-frequency sinusoidal excitation signal. However, because of the bandwidth limitation
of the braking actuator, the search speed of the optimal slip rate decreases and the stability of the extremum
seeking control system becomes worse. To search and control the optimal slip rate, an improved nonlinear
predictive control strategy enhanced by fractional order extremum seeking control is proposed for the vehicle
antilock braking system. First, the nonlinear dynamic model of the braking system is established. Then,
nonlinear prediction control is designed with the prediction of the slip rate response based on the nonlinear
model to achieve slip rate control. Using fractional order calculus, a fractional extremum seeking controller is
proposed to search for the optimal slip rate. Nonlinear predictive control integrated with fractional extremum
seeking control is proposed to achieve the function of vehicle antilock braking. Finally, the effectiveness
of the proposed method is verified by simulating the vehicle antilock braking system under different road
conditions. The result shows that by considering the actuator available bandwidth, the proposed fractional
order extremum seeking control can improve the search speed of the optimal slip rate compared with
traditional integer order extremum seeking control. The proposed integrated controller achieves wheel slip
rate optimal control regardless of the road conditions.

INDEX TERMS Extremum seeking control, fractional order, ABS, nonlinear predictive control, slip rate.

I. INTRODUCTION
With the development of the automobile industry, automo-
bile safety requirements have risen, especially the braking
performance at high speeds [1]–[3]. The antilock braking sys-
tem (ABS) is an active safety device that is used to control and
adjust the braking torque to prevent the wheels from locking
during braking, so that the vehicle makes maximum use of the
ground adhesion to slow down and stop [4], [5]. Therefore,
the ABS plays a vital role in vehicle driving safety. With the
development of new energy vehicles and autonomous vehi-
cles, the technology of the brake-by-wire system has been
greatly developed [6], [7]. Using the brake-by-wire system to
control the slip rate improves not only the ABS performance
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of traditional vehicles but also the ABS performance of new
energy vehicles and autonomous vehicles.

Although the ABS has been widely used in automobiles,
designing an ABS controller with better performance has
remained a challenge until now [8]. The difficulty in design-
ing the ABS controller arises from two main reasons. First,
the ABS is a strongly nonlinear system. Second, changes
in the road conditions cause uncertainty in control objec-
tives. For the first problem, numerous nonlinear controllers
were designed, such as sliding mode control (SMC) [9], PID
control [10], model predictive control (MPC) [2], nonlinear
optimal control [11], [12], fuzzy logic control [13], neural
network control [14], [15], iterative learning control [16], and
other intelligent control methods [17]. The SMCmethod was
widely used in control engineering because of its potential
for handling the nonlinearity and to achieve the inherent
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robustness. Reference [18] used the memory and genetic
properties of a fractional order calculation to design a frac-
tional order SMC for antilock control. Reference [10] sug-
gested that the combination of a fractional order sliding
mode controller (FOSMC) and fuzzy logic control (FLC)
further improved the robust performance of the ABS. How-
ever, the application of sliding mode control is restricted by
its chattering effect. References [11] and [12] proposed an
ABS nonlinear predictive control method and applied it to
predicting the nonlinear response of a continuous nonlinear
vehicle dynamics model. Through integral feedback technol-
ogy and radial basis neural network technology, a better ABS
performance is obtained compared to that of SMC. Refer-
ence [19] considered asymmetric slip rate constraints to track
the optimal slip rate. The above control strategies all adopted
a fixed slip rate regardless of the changing road conditions.
However, the actual tire longitudinal characteristics indicate
that the corresponding optimal slip rate varies under different
road conditions.

To solve the second problem, much research has focused
on automatically identifying road surface friction coefficients
online and automatically adjusting the target slip rate accord-
ing to the identified road conditions [20]–[22]. Reference [20]
proposed a road adhesion coefficient recognition method
based on IMM Kalman filtering. Reference [21] proposed
a method for estimating the tire-road friction coefficient in
real time that can independently estimate the friction coef-
ficient of the front and rear wheels. However, automatic
identification requires additional sensors to be installed on
the vehicle, which increases the hardware costs. The algo-
rithm is complex, and the poor real-time performance under
emergency braking conditions also limits the application.
Extremum seeking control (ESC) can adaptively converge
and stabilize the optimal slip rate without the road surface
friction coefficient recognition, which is an effective way
to solve the second problem [23], [24]. Great progress has
been made in parameter design, stability analysis, structural
design of control systems, and performance improvement of
the ESC algorithm. In [25], fractional-order calculuswas used
to improve the convergence speed of ESC, and the stability
of fractional order extremum seeking control (FOESC) was
proved. Scholars have studied the application of ESC in the
ABS system. Reference [26] proposed an improved sliding
mode extremum seeking control method that addressed the
problem of time delay in the ABS and solved the problem
of excessive oscillation of the system. Reference [27] treated
the problem of extremum seeking control as an optimization
problem with dynamic system constraints. An ESC con-
trol scheme based on numerical optimization was proposed
and applied to the ABS. In [28], an ESC was successfully
designed, and the steering law was adopted to modify the
control law to compensate the lateral stability of the vehicle
during cornering. However, the ESC algorithm scarcely con-
siders the limitation of the brake actuator bandwidth. Gunter
Stein proposed the concept of available bandwidth and the
limitation principle through frequency domain analysis [29].

He emphasized the importance of actuator bandwidth to con-
trol system design.

Therefore, the available bandwidth is very important and
must be considered in the design process of the ABS con-
troller. Limited by the available bandwidth of the actuator,
the convergence speed of ESCwill be reduced. The fractional
algorithm can improve the stability and response speed of
ESC. To our knowledge, the application of FOESC to the
ABS is completely unexplored. This article studies the ABS
control based on an integrated control combining nonlinear
predictive control (NPC) and FOESC. FOESC is proposed
to search the optimal slip rate. NPC is developed to predict
the slip rate response from the nonlinear vehicle model and
control the searched slip rate. Compared with the traditional
integer order extremum seeking control (IOESC), the FOESC
algorithm improves the search speed of the optimal slip rate
with the available bandwidth of the braking actuator.

The remainder of this article is arranged as follows.
Section II introduces the definition of fractional calculus.
In Section III, the dynamic model is established. Section IV
presents the results of the ABS controller design. Section V
illustrates the superiority and effectiveness of the proposed
control method through simulation. Section VI draws the
conclusion of this article.

II. DEFINITION OF FRACTIONAL CALCULUS
Fractional calculus has a 300-hundred year history, but it
initially focused primarily on theoretical research. In recent
years, the application of fractional calculus theory has begun
in many fields, such as the new theory of fractional order
control in the field of automation.

There have been many definitions of fractional calculus
during its development, such as the Cauchy integral formula
directly extended by integral order, the Grunwald-Letnikov
fractional order calculus definition, the Riemann-Liouville
fractional order definition of integration and the definition of
Caputo fractional calculus.

A. DEFINITION OF THE GRUNWALD-LETNIKOV
FRACTIONAL CALCULUS
The Grunwald-Letnikov integral formula is directly extended
from the simple integer order integration.

aDαt f (t) = lim
h→0

1
hα

[(t−α)/h]∑
j=0

(−1)j
(
α

j

)
f (t − jh) (1)

wherewαj = (−1)j
(
α

j

)
is the polynomial coefficient

of(1− z)α .
The coefficient is obtained directly from the following

recursive equations:

wα0 = 1,w(α)j =

(
1−

α + 1
j

)
w(α)j−1, j = 1, 2, · · · (2)
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According to this definition, the algorithm for fractional
differential calculation can be derived as

aDαt f (t) = lim
h→0

1
hα

[(t−a)/h]∑
j=0

(−1)j
(
α

j

)
f (t − jh) (3)

Assuming that the step size h is sufficiently small, the above
equation can be used to directly find the approximate value of
the function’s numerical differentiation. The accuracy of this
formula is denoted o (h).

B. DEFINITION OF THE RIEMANN-LIOUVILLE FRACTIONAL
CALCULUS
The Riemann-Liouville fractional order integral is defined as

aD−αt f (t) =
1

0 (α)

∫ t

a
(t − τ)α−1f (τ ) dτ (4)

Fractional differentiation is also defined by such integra-
tion. Assuming the fractional order n − 1 < β ≤ n,
the fractional order differential is defined as

aD
β
t f (t) =

dn

dtn

[
aD
−(n−β)
t f (t)

]
=

1
0 (n− β)

dn

dtn

[∫ t

a

f (τ )

(t − τ)β−n+1
dτ
]

(5)

C. DEFINITION OF THE CAPUTO FRACTIONAL CALCULUS
The Caputo fractional differential is defined as

0Dαt y (t) =
1

0 (1− γ )

∫ t

0

y(m+1) (τ )
(t − τ)γ

dτ (6)

where α = m+ γ ; m is an integer; and 0 < β ≤ 1. Similarly,
Caputo fractional integration is defined as

0D
γ
t =

1
0 (−γ )

∫ t

0

y (τ )

(t − τ)1+γ
dτ, γ < 0 (7)

III. DYNAMICS MODEL
A. VEHICLE DYNAMICS MODEL
The 1/4 vehicle model is applied, as shown in Fig. 1. The
dynamic behavior of the model is expressed as

v̇ =
−Fx
mt

(8)

ẇ =
1
It
(RFx − Tb) (9)

where R is the wheel radius; It is the wheel inertia; v is
the vehicle speed; w is the wheel angular velocity; Tb is the
braking torque; Fx is the tire longitudinal force; and mt is the
quarter vehicle total mass.

The tire longitudinal force Fx depends on the vertical
load of the tire. The vertical load consists of two parts: the
static load due to the vehicle’s mass distribution, and the tire
dynamic load generated during braking. Therefore, the verti-
cal load of the rear tire of the 1/4 vehicle model is

Fz = mtg−
mvshcg
2l

a = mtg− FL (10)

FIGURE 1. Single wheel dynamics model.

where l is the wheelbase; hcgis the height of the mass center;
and FL is the dynamic load.

The slip rate of the tire is expressed as

λ =
v− Rw

v
(11)

Differentiating the slip rate by time, we obtain

λ̇ =
v̇ (1− λ)− Rẇ

v
(12)

Substituting (8) and (9) into (12) gives

λ̇ = −
1
v

[
Fx
mt
(1− λ)+

R2Fx
It

]
+

(
R
vIt

)
Tb (13)

Equations (8) and (13) constitute the state-space equations
for the vehicle braking system. The vehicle speed v and the
slip rate λ are state vectors, and the braking torque Tb is the
control vector.

B. TIRE MODEL
The tire longitudinal force Fx is a function of the tire longi-
tudinal slip rate. When the longitudinal slip rate is small, the
longitudinal force is linearly related to the slip rate. As the
slip rate increases, the tire longitudinal force Fx reaches a
maximum value.When the slip rate is greater than the optimal
slip rate value, the tire longitudinal force decreases with
increasing slip rate.

We use the Dugoff tire model. The tire longitudinal force
is expressed as

Fx =
Ciλ

1− λ
f (σ ) (14)

where

f (σ ) =
{
σ (2− σ) i

1
if
if
σ < 1
σ > 1

,

σ =
uFz

(
1− εrv

√
λ2 + tan2 α (1− α)

)
2
√
C2
i λ

2 + C2
α tan2 α

,

and where Cα is the cornering stiffness of the tire; µ is the
road friction coefficient; εr is the factor of road adhesion
reduction; and Ci is the tire longitudinal stiffness.
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C. REFERENCE SLIP MODEL
To avoid a large slip rate tracking error, a reference model of
tire slip transient response is established, and the reference
model of tire slip is expressed as

λd (s) =
λopt

s
a

s+ a
(15)

where λopt is the target slip; and a is the time constant [29].
The inverse Laplace transform is performed on both sides
of (8), and then the first order zero initial condition differ-
ential equation is obtained:

λd (t) = λopt − λopte−at (16)

Equation (16) describes a wheel slip reference model in the
time domain. Based on this model, a nonlinear controller is
designed to control the optimal slip rate.

IV. CONTROL METHOD OF ABS
A. Design of NPC
The NPC is used to realize the ABS function. Equations (8)
and (13) are used to construct the dynamic state equation of
the ABS. The slip rate is used as the system output, and the
state space is expressed as follows:

ẋ1 =
Fx
mt

(17)

ẋ2 =
Fx
x1

(
1− x2
mt
+
R2

It

)
+

R
Itx1

Tb (18)

To improve the robustness of the controller, the slip rate
and slip rate integral are selected as the control targets of the
ABS. The new state variable x3 is defined as follows:

ẋ3 = x2 (19)

The purpose of the control system is to control the tire slip
x2 and its integral x3 to converge to the optimal slip rate.

The idea behind the NPC is that a Taylor series expansion
can be used to predict the state vector x (t + h) at the next
time. The concept of the prediction step h is similar to the
concept of the prediction time domain in model predictive
control. The control Tb is calculated according to the principle
of minimizing the tracking error.

The state variables x2 and x3 are selected as the output
of the system, and a performance function is constructed to
optimize the tracking error at the next moment:

J =
1
2
w2 [x2 (t + h)− x2d (t + h)]2

+
1
2
w3 [x3 (t + h)− x3d (t + h)]2 (20)

which can be simplified as follows:

J =
1
2

3∑
n=2

wn [xn (t + h)− xnd (t + h)]2 (21)

where w2 and w3 are the weight coefficients of the tire slip
rate and its integral, respectively.

The k order Taylor series of the state vector at time t is
approximated as follows:

xn (t + h) = xn (t)+ hẋn (t)+
h2

2!
ẍn

+ · · · +
hkn

kn!
x(kn)n (t) n = 2, 3 (22)

The control order is one of the controller design parameters
and must be a compromise between performance and input
energy consumption. A sufficient condition for a Taylor series
prediction is that the control order is not lower than the
order of the prediction vector. Therefore, x2 is expanded as a
first-order Taylor series, and x3 is expanded as a second-order
Taylor series:

x2 (t + h) = x2 (t)+ hẋ2 (t) (23)

x3d (t + h) = x3d (t)+ hẋ3d (t)+
h2

2!
ẍ3d (24)

Similarly, a Taylor series expansion is performed on the
state vector of the reference slip rate:

x2d (t + h) = x2d (t)+ hẋ2d (t) (25)

x3d (t + h) = x3d (t)+ hẋ3d (t)+
h2

2!
ẍ3d (26)

Therefore, by introducing (23)-(26) into (21), the perfor-
mance function is obtained with the control input as a vari-
able. According to the optimal theory, the necessary condition
for the optimization of the performance function is

∂J
∂Tb
= 0 (27)

which leads to

Tb (t)

= −
x1It
Rh

1
1+ 0.25βh2

·

[ (
1+ 0.5βh2

)
e2 + (0.5βh) e3

+h
(
1+ 0.25βh2

) (
−
Fx
v

(
1−λ
mt
+

R2
It

)
− ẋ2d

)] (28)

where e2 and e3 are the tracking errors of the output:
e2 = x2 (t)− x2d (t); e3 = x3 (t)− x3d (t); β =

w3
w2
≥ 0.

B. DESIGN OF FOESC
The traditional IOESC based on a disturbance signal is com-
bined with NPC to realize the ABS function. The schematic
is shown in Fig. 2. The purpose of NPC is to track the tire
slip rate according to the IOESC requirements. The IOESC
uses the braking deceleration as the objective function and
the sine function as the disturbance to obtain the direction of
the convergence gradient.

According to the basic principles of the above IOESC,
the mathematical model of the IOESC can be expressed as
follows:

z = f
(
λ̃+ d sin (ωt)

)
˙̂
λ = −kξ
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FIGURE 2. Schematic of IOESC.

ξ = k ∗ L−1 {GLPF (s)}

γ =
[
z ∗ L−1 {GHPF (s)}

]
sin (ωt) (29)

where the sinusoidal excitation signal is d sin (ωt); k1 is the
IOESC gain factor; GHPF (s) is the transfer function of a
first-order high-pass filter; GLPF (s) is the transfer function
of the first-order low-pass filter; z is the braking deceleration;
y in Fig. 2 is the actual tire slip during braking; λ̂ is the
slip obtained from the ESC search; λ is the target slip that
is actually applied to the nonlinear control system; and γ is
the gradient signal obtained bymultiplying the braking decel-
eration with a sinusoidal excitation signal after high-pass
filtering.

The average linearization model of the slip rate λ̂ obtained
from the ESC search and the optimal slip rate λ∗ is

λ̃

λ∗
=

1
1+ L (s)

(30)

where λ̃ = λ̂− λ∗, and

L (s) =
kd2

2s

(
ejφ

s+ jω
s+ jω + ωh

+ e−jφ
s− jω

s− jω + ωh

)
L (s) =

kd2

2s

(
ejφ

s+ jω
s+ jω + ωh

+ e−jφ
s− jω

s− jω + ωh

)
(31)

Equation (31) is used for the stability analysis of the
IOESC average model. If the phase delay of the disturbance
signal is set to 0, the model can be simplified to

λ (s)
λ∗ (s)

=
s
(
s2+2ωhs+ω2

h+ω
2
)

s3+
(
2ωh+kd2

)
s2 +

(
ω2
h+ω

2+kd2ωh
)
s+kd2ω2

(32)

Equation (32) shows that the system is in a stable state
when k1 > 0.

However, the closed-loop transfer function (32) has a
pair of poles near the imaginary axis, which cause a slight
damping effect and the slow convergence rate of the ESC
system. If the closed-loop transfer function integer order of
the average model of ESC is replaced with a fractional order,
no pole is near the stable boundary of the fractional order
closed-loop transfer function. Therefore, the system has a
very fast convergence speed and a more robust performance.

FIGURE 3. Schematic of FOESC.

We propose to use FOESC to search for the optimal slip
rate of the ABS. The integer order integral 1s is replaced by the
fractional order integral 1

sq , and high-pass filters are replaced
by fractional-order filters sq

ωh+sq
, where q is the fractional

value, as shown in Fig. 3.
The L (s) in FOESC is expressed as

L (s) =
γ d2

sq
s2q + ωhsq + ω2

s2q + 2ωhsq + ω2 + ω2
h

(33)

By defining ρ = sq, the average linearized models of λ and
λ∗ for FOESC can be described as

λ̃ (ρ)

λ∗ (ρ)
=

ρ
(
ρ2+2ωhρ+ω2

h+ω
2
)

ρ3+
(
2ωh+kd2

)
ρ2+

(
ω2
h+ω

2+kd2ωh
)
ρ+kd2ω2

(34)

The GL formula calculates the fractional differential of
a given signal more accurately, but this type of algorithm
has great limitations in the study of control systems. Such
an algorithm needs to calculate the sampled value of the
signal in advance. The value of the function is unknown in
the simulation of the control system, so the Oustaloup filter
algorithm is used to approximate the fractional differential
value [30]. Assuming that the selected fitting frequency band
is (wb,wt), the transfer function model of the continuous
filter is be constructed as

Gf (s) = K
N∏

k=−N

s+ w′k
s+ wk

(35)

The zero, pole and gain of the filter are directly obtained
from the following formulas:

w′k = wb

(
wt
wb

)K+N+ 1
2 (1−γ )

2N+1

,

wk =
(
wt
wb

)K+N+ 1
2 (1+γ )

2N+1

, K = wγt .

where γ is the fractional order; 2N + 1 is the order of
the filter; and wb and wt are the lower and upper limits of
the fitting frequency, respectively. Generally, the fractional
differential operator is fitted well in this region, while the
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TABLE 1. Simulation parameters.

other regions are very different from the differential operator.
The presented algorithm avoids the limitations of wbwh = 1
with two arbitrary frequency.

V. SIMULATION RESULTS
To verify the effectiveness of the integrated control of NPC
enhanced by FOESC, the ABS simulation and comparison
analysis of NPC enhanced by FOESC and IOESC, which are
hereafter referred to as FOESC and IOESC, were performed
on a single road and a changing road. Based on whether
the bandwidth of the actuator is considered, the ABS sim-
ulation performance of the two control methods is studied.
The expression for the braking torque without considering the
actuator bandwidth is

Tb = Tideal (36)

The brake torque expression considering the actuator band-
width is [31], [32]

Tb =
Tideal
1+ τb

(37)

The simulation parameters are shown in Table 1 [11], [29].
Different road adhesion coefficients result in different tire
mechanical properties. First, the relationship between the slip
rate and braking torque is simulated for a high adhesion road,
medium adhesion road, and low adhesion road. The adhesion
coefficients u of the high, medium, and low adhesion roads
were selected as 0.8, 0.5, and 0.3, respectively. Fig. 4 shows
that the optimal slip rates on high, medium, and low adhesion
pavements are 0.11, 0.088, and 0.068, respectively. In the fol-
lowing simulations, the tire characteristics shown in Fig. 4 are
all used for simulation analysis.

Fig. 5 (a) and Fig. 5 (b) compare the braking torque of
FOESC and IOESC with the ideal actuator and the available
bandwidth actuator, respectively, on the high adhesion road.
When using the ideal controller, FOESC has a 1709 N·mpeak
torque in the early stage of braking. This behavior allows the
tire to reach the target slip rate faster. The IOESC braking
torque peak is 555 N·m at the initial stage of braking. The slip
rate reaches the optimal slip rate near 0.11 without overshoot.
When using the available bandwidth actuator, the IOESC

FIGURE 4. Wheel slip rate versus the longitudinal tire force on the
different roads.

FIGURE 5. Braking torque curve on the high adhesion road. Comparison
between the braking torque dynamic characteristics of FOESC and IOESC
with (a) the ideal actuator and (b) the available bandwidth actuator.

braking torque has a 0.58s phase lag when searching for the
optimal slip rate. The IOESC response time is 0.11 s, although
893 N·m torque overshoots still occur.

Fig. 6 (a) and Fig. 6 (b) compare the slip rate dynamic
characteristics of FOESC and IOESC with the ideal actuator
and the available bandwidth actuator, respectively, on the
high adhesion road. Under the ideal conditions of the actuator,
the slip rate of IOESC transitions quickly to the optimal slip
rate of 0.11 in 0.27 s without overshoot. The slip rate of
FOESC transitions quickly to the optimal slip rate of 0.11 in
0.03 s. The response speed of FOESC is better than IOESC.
Corresponding to the braking torque, the slip rate also
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FIGURE 6. Slip rate curve on the high adhesion road. Comparison
between the slip rate dynamic characteristics of FOESC and IOESC with
(a) the ideal actuator and (b) the available bandwidth actuator.

produces overshoot with a peak value of 0.42. When the
available bandwidth actuator is used, the convergence speed
to the optimal slip rate of IOESC decreases. The slip rate
overshoot peak of FOESC decreases to 0.28, but FOESC
converges to the optimal slip rate in 0.4 s, which is faster than
the convergence speed of IOESC.

Fig. 7 (a) and Fig. 7 (b) compare the braking deceleration
dynamic characteristics of FOESC and IOESC with the ideal
actuator and the available bandwidth actuator, respectively,
on the high adhesion road. ESC brake deceleration quickly
and smoothly transitions to the maximum braking speed
in 0.10 s, which corresponds to the braking torque and slip
rate. When the available bandwidth actuator is used, IOESC
reaches the maximum braking deceleration in only 1.5 s,
whereas FOESC converges to the maximum braking deceler-
ation in 0.5 s. Moreover, the maximum braking deceleration
obtained by FOESC, 6.04 m/s2, is higher than that of IOESC,
5.71 m/s2.
Comparing Fig. 5, Fig. 6 and Fig. 7 shows that the over-

shoot of the braking torque of FOESC makes the tire slip
rate reach the optimal slip rate within a limited time. Because
the vehicle needs to reach the optimal slip rate within a
limited time, the actuator must provide the overshoot of the
braking torque to get the optimal slip rate. If the tire slip
rate remains optimal, the vehicle will attain the maximum
braking deceleration. In a word, the overshoot of the braking
torque creates the transient behavior of the vehicle, and the

FIGURE 7. Braking deceleration on the high adhesion road. Comparison
between the braking deceleration dynamic characteristics of FOESC and
IOESC with (a) the ideal actuator and (b) the available bandwidth
actuator.

braking deceleration of the vehicle reaches the maximum
rapidly. The braking deceleration of FOESC is greater than
that of IOESC at the initial moment. The fractional theory
analysis verifies that the fractional order improves the system
lag caused by the integer order. Another reason is that the
optimal slip rate estimated by FOESC has overshoot at the
initial moment, which also leads to overshoot of the braking
torque. Although the transient characteristics have overshoot,
the braking deceleration obtained by FOESC is still better
than that of IOESC. Of course, the increase in longitudinal
acceleration inevitably leads to a decrease in ride comfort.
However, for emergency braking, braking safety should be
prioritized over ride comfort. Notably, the slip rate obtained
by FOESC before 0.4 seconds is greater than the optimal
value. This result leads to a slight decrease in the braking
deceleration of the vehicle at the same time, which is con-
sistent with the vehicle dynamics.

Fig. 8 (a) and Fig. 8 (b) compare the braking distance
dynamic characteristics of FOESC and IOESC with the ideal
actuator and the available bandwidth actuator, respectively,
on the high adhesion road. Under the ideal actuator condi-
tions, comparing the braking distance and vehicle speed of
IOESC and FOESC shows that the braking distances of the
two methods are almost 73.31 m. This result is determined
by the nonlinear characteristics of the tire, and the friction
torque provided by the ground near 0.1 and 0.4 fluctuates
less. Thus, under the ideal conditions of brake actuators,
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FIGURE 8. Braking distance on the high adhesion road. Comparison
between the braking distance dynamic characteristics of FOESC and IOESC
with (a) the ideal actuator and (b) the available bandwidth actuator.

FIGURE 9. Braking torque on the low adhesion road. Comparison
between the braking torque dynamic characteristics of FOESC and IOESC
with (a) the ideal actuator and (b) the available bandwidth actuator.

on high-adhesion driving roads, both control methods achieve
a good anti-lock braking performance. However, when the
available bandwidth actuator is used, during the braking pro-
cess from 30 m/s to 5 m/s, the braking distance of FOESC is
74.07m and that of IOESC is 84.43m, indicating that FOESC
has better robustness than IOESC.

FIGURE 10. Slip rate on the low adhesion road. Comparison between the
slip rate dynamic characteristics of FOESC and IOESC with (a) the ideal
actuator and (b) the available bandwidth actuator.

FIGURE 11. Braking deceleration on the low adhesion road. Comparison
between the braking deceleration dynamic characteristics of FOESC and
IOESC with (a) the ideal actuator and (b) the available bandwidth
actuator.

Figs. 9-12 compare the braking performances of the two
ABS control methods with the ideal actuator and the available
bandwidth actuator on the low adhesion road. Consistent
with the braking on the high adhesion road, both controllers
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FIGURE 12. Braking distance on the low adhesion road. Comparison
between the braking distance dynamic characteristics of FOESC and IOESC
with (a) the ideal actuator and (b) the available bandwidth actuator.

achieve better braking effects without considering the actu-
ator bandwidth. Neither the brake torque nor the slip rate
amplitude of IOESC undergo overshoot. However, the brak-
ing torque of FOESC reaches 200 N·m in 0.06 s, and that
of IOESC reaches 200 N·m in 0.42 s; FOESC has a faster
braking torque response. When the actuator is limited by the
bandwidth, compared with FOESC, the slip rate obtained
by IOESC increases slowly and converges to the optimal
slip rate of 0.68 in 4.2 s. The FOESC search slip rate con-
verges to the optimal slip rate in 1.58 s. The braking decel-
eration controlled by FOESC reaches 2.57 m/s2 in 0.06 s,
and that controlled by IOESC reaches 2.49 m/s2 in 0.42 s.
The convergence speed of IOESC’s search for the optimal
slip rate and the response speed of reaching the maximum
deceleration are low. During the braking process when the
braking speed is reduced from 30 m/s to 5 m/s, the brak-
ing distance of the two controllers is approximately 158 m
during the braking process with the ideal actuator, whereas
the braking distance of FOESC is 158.8 m, while that of
IOESC is 162.6 m, when the available bandwidth actuator is
used.

To further analyze the control effect of the FOESC con-
troller, simulations were performed on the road surface where
the adhesion coefficient increased from 0.3 to 0.8, as shown
in Fig. 13.

Fig. 14 (a) and Fig. 14 (b) compare the braking torque
dynamic characteristics of FOESC and IOESC with the ideal

FIGURE 13. Adhesion coefficient curve with time.

FIGURE 14. Tire braking torque on the changing road. Comparison
between the braking torque dynamic characteristics of FOESC and IOESC
with (a) the ideal actuator and (b) the available bandwidth actuator.

actuator and the available bandwidth actuator, respectively,
on the changing road. Fig. 14 shows that when the actuator is
not limited by the bandwidth, the braking torques of the two
types of controls basically match. Only in the initial braking
phase and on the road step changes does the FOESC braking
torque have a peak torque, 720 N.m. When the actuator is
limited by the bandwidth, the braking torque of IOESC has
a 0.42 s hysteresis at the initial moment of braking, and the
braking torque of IOESC has a 0.11 s hysteresis. The braking
torque response speed of FOESC has also not been greatly
affected.

Fig. 15 (a) and Fig. 15 (b) compare the slip rate dynamic
characteristics of FOESC and IOESC with the ideal actuator
and the available bandwidth actuator, respectively, on the
changing road. When the actuator is not limited by the band-
width, IOESC quickly transitions to the optimal slip rate
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FIGURE 15. Slip rate on the changing road. Comparison between the slip
rate dynamic characteristics of FOESC and IOESC with (a) the ideal
actuator and (b) the available bandwidth actuator.

near 0.668 without overshoot. At 2 s, IOESC searched again
quickly and without overshoot to obtain an optimal slip rate
of 0.111. The slip rate controlled by FOESC produces a
certain overshoot at the beginning of braking and at 2 s;
when the available bandwidth actuator is used, the slip rates
obtained by IOESC on the changing road are 0.03 and 0.06,
respectively, which are not the optimal slip rate. FOESC
searched for slip rates of 0.068 and 0.11 at 0.82 s and 3.2 s,
respectively, on the changing road. The convergence speed of
FOESC’s search for an optimal slip rate is barely affected.

Fig. 16 (a) and Fig. 16 (b) compare the braking deceleration
dynamic characteristics of FOESC and IOESC with the ideal
actuator and the available bandwidth actuator, respectively,
on the changing road. The acceleration controlled by the two
controllers approximately transitioned from 2.6 m/s2 to 6.0
m/s2 under the condition that the actuator is not limited by the
bandwidth. However, when the available bandwidth actuator
is used, FOESC and IOESC attain the maximum braking
deceleration of 2.5 m/s2 in 0.1 s and 2.4 m/s2 in 0.5 s, respec-
tively. When the road changes in 2 s, FOESC and IOESC
attain the maximum braking deceleration of 6.0 m/s2 in 2.08 s
and 5.8 m/s2 in 2.20 s, respectively. Compared with FOESC,
the IOESC process generates maximum braking deceleration
slowly and to a smaller extent when the available bandwidth
actuator is used.

Fig. 17 (a) and Fig. 17 (b) compare the braking distance
dynamic characteristics of FOESC and IOESC with the ideal

FIGURE 16. Braking deceleration on the changing road. Comparison
between the braking deceleration dynamic characteristics of FOESC and
IOESC with (a) the ideal actuator and (b) the available bandwidth
actuator.

actuator and the available bandwidth actuator, respectively,
on the changing road. During the braking process, when the
braking speed is reduced from 30 m/s to 5 m/s, the braking
distance of the two controllers is approximately 104.5 m
under the condition that the actuator is not limited by the
bandwidth. However, the braking distance of FOESC is
105.1 m and that of IOESC is 108.5 m when the available
bandwidth actuator is used.

To demonstrate the advanced performance of FOESC, its
braking distance is comprehensively compared to that of
IOESC during the braking process when the vehicle speed
is reduced from 30 m/s to 5 m/s, as shown in Table 2.
Superscripts 1 and 2 indicates an ideal actuator without and
with the bandwidth limitations, respectively.

Table 2 shows that, without considering the actuator band-
width, the braking distance of FOESC in the ABS operation
is almost identical to that of IOESC. Compared to IOESC,
the largest performance reduction of FOESC is on the high
adhesion road surface and is only 0.43%. However, after
considering the actuator bandwidth, the braking distance
of FOESC has been greatly improved compared to that of
IOESC. When the ABS emergency braking is used on high-
adhesion roads and low-adhesion roads, the braking distance
of FOESC is 11% and 2.3% shorter than that of IOESC,
respectively. Furthermore, the braking distance of FOESC
was decreased by 3.1% compared with that of IOESC when
the ABS braking was performed on the road step condition.
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FIGURE 17. Braking distance on the changing road. Comparison between
the braking distance dynamic characteristics of FOESC and IOESC with
(a) the ideal actuator and (b) the available bandwidth actuator.

TABLE 2. Emergency braking distance.

To investigate the effectiveness of FOESC, a comparison
between the robust predictive control (RPC) and the FOESC
is made regarding the changing road. The objective of the
RPC is to track the wheel slip constant, which is 0.15.

Fig. 18 shows the braking torque dynamic characteristics
of FOESC and RPC. Figure 18 shows that, at the initial
moment, the peak braking torque of FOESC is 508 N·m,
whereas that of RPC is 331 N·m. When the road changes,
the peak braking torque of FOESC is 637 N·m, whereas that
of RPC of 366 N·m. More importantly, the peak braking
torque time of FOESC is 0.10 s and 2.08 s, while that of
RPC is 0.12 s and 2.2 s, respectively. The braking torque of
RPC is relatively gentle, while that of FOESC always has a
sinusoidal periodic disturbance. This is because the nature of
FOESC is caused by the nature of searching for the optimal
value through a sinusoidal disturbance.

FIGURE 18. Comparison between the braking torque dynamic
characteristics of RPC and FOESC with the available bandwidth actuator.

FIGURE 19. Comparison between the slip rate dynamic characteristics of
FOESC and RPC with the available bandwidth actuator.

FIGURE 20. Comparison between the braking deceleration dynamic
characteristics of FOESC and RPC with the available bandwidth actuator.

Fig. 19 shows that, at the initial moment of braking,
the wheel slip rate is controlled by the RPC method and
the FOESCmethod to 0.15 and 0.068, respectively. When the
friction coefficient of the road changes, the wheel slip rate
remains controlled by the RPC method at 0.15, while that
controlled by the FOESC method is 0.11. This result shows
that FOESC can obtain the optimal wheel slip rate according
to different road surfaces, while the target wheel slip rate of
RPC is not the optimal value.

Fig. 20 shows that, at the initial moment of braking, the
braking deceleration controlled by the RPC method and
the FOESC method is 2.45 m/s2 and 2.57 m/s2, respec-
tively. At 2 s, the road friction coefficient changes, and the
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FIGURE 21. Comparison between the braking distance dynamic
characteristics of FOESC and RPC with the available bandwidth actuator.

braking deceleration controlled by the RPC method and
FOESC method is 5.86 m/s2 and 6.04 m/s2, respectively.
This result shows that FOESC can obtain greater braking
deceleration than RPC on different roads.

Fig. 21 shows that the braking distance of the car con-
trolled by the FOESC method and the RPC method is
105.1 m and 106.6 m, respectively. FOESC decreases the
braking distance of the car by 1.41% compared with that
of the RPC method. This result shows that FOESC fur-
ther improves the braking performance compared with the
RPC method.

In terms of the computational effort and the possibility for
implementation in a production of the ABS ECU, FOESC
is an enhancement of ESC by fractional order operators.
The fractional operator only needs to design an integer order
continuous filter to fit the filter of the fractional action. These
technologies are existing and mature, and the computational
effort is not large. Introducing FOESC into the ECU of the
ABS is technically possible. Furthermore, FOESC further
improves the braking performance.

VI. CONCLUSION
In this research, an improved NPC enhanced by FOESC
is proposed for the ABS considering the available actuator
bandwidth. The key idea of the proposed controller is to
use FOESC to improve the optimal slip rate search speed,
which is limited by the bandwidth of the actuator. At the
same time, the NPC is developed to predict the slip rate from
the nonlinear vehicle model and control the optimal slip rate.
The simulation results show that the IOESC and FOESC can
search for the optimal slip rate regardless of the limitations of
the actuator bandwidth. IOSEC is limited by the bandwidth
of the actuator, and the convergence rate of the optimal slip
rate becomes slower. FOESC is not greatly affected by the
bandwidth of the actuator and can still quickly search for the
slip rate. Comparedwith the traditional IOESC, the integrated
controller of FOESC effectively obtains the optimal slip rate
and implements effective tracking control under considera-
tion of the actuator bandwidth. On the high adhesion road,
the braking distance performance of FOESC is decreased by
11% compared with that of IOESC. In future works, it will be
interesting to implement and analyze the proposed method on

an actual vehicle considering the actuator time delay and the
uncertainty of the test vehicle.
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