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ABSTRACT The Bernoulli filter is a general, Bayes-optimal solution for tracking a single disappearing and
reappearing target, using a sensor whose observations are corrupted by missed detections and a general,
known clutter process. Like virtually all target-tracking algorithms it presumes restrictive independence
assumptions, namely a hidden Markov model (HMM) structure on the sensor and target. That is, the current
state of the target depends only on its previous state, and the measurement collected from it depends
only on its current state. Pieczynski’s pairwise Markov model (PMM) relaxes these restrictions. In it,
the current target state can additionally depend on the previous measurement; and the current measurement
can additionally depend on the previous measurement and previous target state. In this paper we show how
to correctly generalize the PMM to the multitarget (MPMM) case; and use the MPMM to derive a “PMM
Bernoulli filter” that obeys PMM rather than restrictive HMM sensor/target statistics.

INDEX TERMS Target tracking, random finite set, finite-set statistics, recursive Bayes filter, Bernoulli filter,

hidden Markov model, pairwise Markov model.

I. INTRODUCTION
The Bernoulli filter was independently and contemporane-
ously devised by Vo [1] and Mahler [2, Sec. 14.7]. It is a
general and Bayes-optimal solution for tracking a single dis-
appearing and reappearing target, using a sensor whose obser-
vations are corrupted by missed detections and a general,
known clutter process. It propagates a probability hypothesis
density (PHD) D via time-update and measurement-update
steps D(Xk—1|Z1:k—1) = D(Xg|Z1:k—1) and D(xg|Z1:x—1) —
D(Xx|Z1.k), where Z1. : Z1,. .., Z is the time-sequence of col-
lected measurement-sets. See Section VI-A for more detail.
Like virtually all target-tracking algorithms, the Bernoulli
filter presumes restrictive independence assumptions, namely
a hidden Markov model (HMM) structure on the sensor and
target. That is, at time #; the target’s state X; depends only
on its previous state xx_; with Markov transition density
f(Xr|Xk—1); and the measurement y; that the sensor col-
lects from it depends only on x; with measurement den-
sity f(yk|Xx). Pieczynski’s pairwise Markov model (PMM)
[3]-[7] relaxes these restrictions.

A. THE PAIRWISE MARKOV MODEL (PMM)

The PMM generalizes the HMM by treating the target and
sensor as a joint dynamical system with joint state (Xg, Yx),
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which is governed by a Markov transition density

Sk, YelXk—1, Ye—1)
= f Xk |Xk—1, Ye—1) - f Vi [Xks Xe—1, Ye—1) (1)

where the factorization on the right is due to Bayes’ rule.
In the PMM, the current target state can additionally depend
on the previous measurement (as described by f(Xx|Xg—1,
Yk—1) (i.e., the target can be non-Markovian); and in that the
current measurement can additionally depend on the previous
measurement and the previous target state as described by
JF(Yk|Xk, Xk—1, Yk—1) (and thus measurement noise can be
colored or correlated with plant noise [7, p. 4487]). See
Section III for more detail.

Pieczynski and Desbouvries [6] have described practical
Kalman filter-based implementations of PMMs to single-
target tracking. Petetin and Desbouvries [7] proposed a PMM
generalization of the probability hypothesis density (PHD)
filter of [2, Sec. 16.3]; described concrete practical appli-
cations and implementations; and demonstrated that their
PMM-PHD filter has better tracking performance than the
classical HMM-PHD filter under non-HMM conditions. This
work has been extended to nonlinear models [8].

B. THE MULTITARGET PMM (MPMM)

Let X; be the state-set of a multitarget system at time #;
and Y; the multitarget measurement-set generated by both
targets and clutter. In [9] Mahler generalized the PMM to
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the multitarget PMM (MPMM); and also proposed a con-
crete formula—see (51,53) below—for the MPMM transi-
tion density f(Xk, Yix|Xx—1, Yk—1), based on the “‘standard”
multitarget Markov density f(Xi|Xx—1) [2, Eq. 14.273], [10
Eq. 5.94]; and the “‘standard” multitarget measurement den-
sity f(Yx|Xx) [2, Eq. 14.290], [10, Eq. 5.104].

Remark 1: The MPMM transition model (51,53) turns out
to be erroneous—see Section V-C. It will be replaced by the
corrected, theoretically rigorous model in (60,61 ).

We shall see that the evolution f(Xx—1, Yi—1|Z1:k—2) —
f Xk, Yr|Z1:k—1) of an MPMM is described in terms of
“MPMM densities” f(Xk, Yi|Z1:xk—1), which describe not
only X; and Y but also the statistical correlation between
them (Section IV). In this paper we will we consider the
evolution of “Bernoulli MPMM’s” (X}, Y} )—i.e., those such
that |[Xz| < 1 for all k > 1 (where |X| denotes the
number of elements in X). In such an MPMM the follow-
ing dynamical transitions are possible: ({Xx—1}, Yx—1) —
({xx }, Yr) (target survives); ({Xx—1}, Yr—1) — (@, Yz) (target
disappears); or (@, Yi—1) — ({X}, Yi) (target appears or
reappears).

Since f(Xg, Yx|Z1:k—1) = O identically if [Xz| > 1,
the state of a Bernoulli MPMM at time # is completely
described by f(@, Yx|Z1:x—1) and f({xx}, Yk|Z1k—1); and
its evolution from time #;_; to time #; is described by
the update f(@D, Yi—11Z1k—2), f({xk-1}, Yic1lZik—2) —
@D, Yi|Zik—1), f({Xr}, Yi|Z1:k—1). The ultimate result is a
Bayes-optimal “PMM Bernoulli filter”” in which the sensor
can have correlated-noise statistics and the target can have
non-Markovian dynamics.

C. SUMMARY OF MAIN RESULTS
These are as follows:

1. The corrected MPMM transition model, (60,61).

2. Evolution models for the ‘“‘elementary” MPMM pairs
Xk, Yr)—i.e., those with |Xi|, |Yx| < 1 (Sections V-D
through V-H).

3. The “Bernoulli MPMM filter,” which recursively prop-
agates Bernoulli MPMM densities f (X, Yx|Z1:k—1) with
|Xx| < 1 (Section VI-D).

4. The “PMM Bernoulli filter,” which, like the usual
HMM Bernoulli filter, recursively propagates PHD’s
D(x|Z1:x) (see (10)).

The PMM Bernoullii filter can be summarized as follows. Let
us be given: (i) kx(Yx) (the multi-object probability density
function of the clutter process); (ii) ps(Xx—1) (the probability
that the target will not disappear at time #;_1); (iii) qf (the
probability that the target will reappear at time #;_ after hav-
ing disappeared); (iv) sf (x) (the target’s spatial density after
reappearance); (V) pp(Xx) (the target’s probability of detec-
tion); (vi) f (Xk, Y« |Xx—1, Yx—1) (the PMM transition density);
(vii) f (Xk Xk —1, Yk—1) (the marginal of f (X, Yk |Xk—1, Ye—1);
(viii) My, (Xx—1) = f(Xk|xxk—1) (Markov density associated
with transition ({xx_1}}, @) — ({x¢}, @), see (76); and
(ix) Ly,(xx) = f(yx|xx) (measurement density associated
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with (@, @) — ({x¢ },{yx}), see (89). Define

Ly, () =1— pp(x)+Pp(Xk) Y Ly, (X¢) -
Vi €Yk

k(Y —{yx})
Kk (Yr)

@)
where by convention the summation vanishes if ¥; = @.
Also, if f(Xg|Xk—1, Yx—1) is the marginal of f(Xx, Yr|Xk—1,
Yi—1),

ng,Yk71 (Xk |Xk—1)
_ 1=pp(x0)

Vel > FOIxk—1, ¥ao1)

Yi—1€Yk—1

L Yo F ok ykIxk—1, Y1)

Y
| k-l Yi—1€Yk—1 Yk €Yk
(Ve — {yi})

3)
Kk (Vi)
if Yy_1 # @ (and where by convention the second summation

vanishes if Y; = @); whereas if Y;_; = O,

Ly, @ X |Xk—1) =Ly, (Xp) - f (X |Xpk—1) =Ly, (Xk) - Mx, (X —1).

@4
Abbreviate
Dy jj—1(Xx) = D(X¢ | Z1:k—1), Diji k) =D Xk | Z1:1)  (5)
EYk,kal,Xk(kal) = ng,kal(Xk|Xk71)' (6)
Define

KYk,Yk_l (Xk—l)

1
= Y| 2

Yi—1€Yk—1

Z Z ke (Ye — {Yk})
Yi—1€Yk—1 Yk €Yk Kk(Yk)

X /PD(Xk)f(Xk» Yie|Xk—1, Ye—1)d X @)

if Yi_1 # @ whereas if Y;_;
notation defined in (47)),

ZYk,(Z)(Xk—l) = /ﬁYk(Xk) My, (Xp—1)dXy = My (Xg—1).
8)

Also, if f(x) is a density function and 0 < A(x) < 1 a unitless
function, define

f (I = pp(Xk)) - f Xk [Xk—1, Yi—1)dX

|Yk 1l

= @ (and employing the

7th = [ ) -fax ©)
Given this, the PMM Bernoulli filter is given by the following

single-step recursive update, (10), as shown at the bottom of
the next page. This equation is derived in Appendix B.
If the PMM is actually an HMM, then

S X, Y lXe—1, Ye—1) = f(Vielxie) - f K[ xe—1), (1)

(see (36)) from which it follows that
Ly v (X[ Xpe—1) = Ly, (Xp) - f (Xe[Xe—1) (12)

in which case, as will be shown in (200), (10) reduces to the
single-step HMM Bernoulli filter as given in (111).
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D. ORGANIZATION OF THE PAPER

The remainder of the paper is organized as follows: A brief
summary of the mathematical theory required to under-
stand the paper (Section II); the PMM (Section III); the
MPMM (Section IV); the corrected MPMM transition den-
sity (Section V); and the Bernoulli MPMM filter (Section VI).
Conclusions can be found in Section VII, and the Bernoulli
MPMM and PMM Bernoulli filters are derived in Appen-
dices A and B, respectively. The following notation will be
employed hereafter: A : = B means “A is defined to be B”’;
and A != B means “A is an abbreviation of B.”

Il. OVERVIEW OF FINITE-SET STATISTICS (FISST)

This section summarizes the theory necessary to understand
the remainder of the paper. Greater detail can be found in
books [2], [10]-[12], tutorials [13]-[15], and a short survey
of advances c. 2015 [16]. Also, systematic investigations of
FISST vs. “point processes” can be found in [17], [18] and
of FISST vs. measurement-to-track approaches in [19].

Significant recent advances can be found in [20], [21].
Specifically, [20] describes an implementation of the gener-
alized labeled multi-Bernoulli (GLMB) filter that is capable
of simultaneously tracking over a million 2D targets in signif-
icant clutter in real time using off-the-shelf computing equip-
ment, as well as a theoretically rigorous, large-scale track
quality measure, “OSPA®@”; and [21] describes a multiscan
extension of the GLMB filter.

The section is organized as follows: random finite sets
(Section II-A); multitarget calculus (Section II-B); Bernoulli
RFSs (Section II-C); and the multitarget recursive Bayes filter
(Section II-D).

A. RANDOM FINITE SETS (RFSs)

Let J be a single-target state-space with x € J, and let R
be the sensor measurement space with z € N. Then the
state of a multitarget system is represented as a finite subset
X = {X1,..., X;} € I withX = @ for n = 0. The number
of elements in X is denoted as |X|. In a Bayesian approach,
unknown states are random variables. Thus an unknown mul-
titarget state is a random finite set (RFS) E C 3.

B. MULTITARGET CALCULUS

A multitarget density function is a function f(X) > 0 of the
finite-set variable X C 3J such that the unit of measurement of
fX)is Lglx‘, where (5 is the unit of measurement of J. The

where f,(X1,..., X,) : = f({X1,..., x,})/n! for distinct
X1,..., Xy and f;(X1,..., X,) : = 0 otherwise. Every random
finite state-set E has a multitarget probability distribution
fe(X) with [ fz(X)éX = 1.

An MPMM density function is a function f(X,Y) > 0
of the finite-set variables X € J, Y C 9N such that the
unit of measurement of f(X, Y) is t;‘\xuﬂ—“\n where 1y is the
unit of measurement of :. An MPMM density function is a
joint probability density if [f(X,Y)sX8Y = 1.If E C I
and ¥ C 9 are RFSs then E, ¥ have an MPMM probability
density fz (X, Y) that describes the statistical correlation
between them.

The probability generating functional (p.g.fl.) of E is, for
unitless “test functions” 0 < hA(x) < 1,

Galh = / I f2X)8X (14)

where hX = 1if X = @ and ¥ = Ixexh(x) otherwise. The
simplest nontrivial p.g.fl.’s are

s[h] = fh(x)-s(x)dx (15)

where s(x) > 0 is a probability density function on <.
If 0 < g(z) < 1 for z € N then the joint p.g.fl. of E, T is

Gz x[h, gl ::/hx-gY-fE,z(X, Y)SX8Y.  (16)

The intuitive definition of the Volterra functional deriva-
tive of Gglh] is:
8Gg [h] = lim, _ o Gzlh+ ¢ - 8] — Gglh] a7
8x &
where x(y) is the Dirac delta function concentrated at x.
(For a rigorous definition see [14].) If X = {xi,..., X, } with
|X| = n then the iterated functional derivative is

8Gg "Gy § s lGg
= [h] = = [hi=——"= [h] (@18
SX[] 8x1~--8xn[] 8xn8x1~~6xn,1[] (18)

if |X| > 1 and = Ggl[h] if otherwise. There is an extensive
“toolbox” of ‘“‘turn-the-crank™ rules for set integrals and
functional derivatives [2, pp. 383-389], [10, pp. 69-80].

The joint functional derivatives of Gg x[h, g] are:

8Ggy . 8 9

(SX'SY[h] = &ﬁGE,E[hvg] (19)
where the ““®” notation indicates that §/6X is taken with
respect to the variable & and §/6Y with respect to the
variable g. When ¥ = @ or X = @ we have:

set integral of f(X) is 8Gzg ¥ S
—~[h,g]l: = —Gz x[h, gl,
5T [h, gl e g,xlh, gl
= . Gz )
/f(X)5X f©) + Z/fn(Xu oo Xp)dxy - -dx,  (13) X, ¢ = Gz xlh gl. (20)
n>1 *5Y sY
O7,(x) - @PsB(x) - (1 — Di—1p—1[1D) + Dx—1k—11Ps 8z 21 .xi )
Dk|k(Xk) _ % k k - o | | ol Xl (10)
((1 — qse T agsi ez D - (A — Dkllkl[l]))
+Dj—11k—1[1 — ps + pstz. z._,]
VOLUME 8, 2020 168231
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The p.g.fl. and distibution of an RFS are related by:

6Gg
58X

f=2X) = [0]. 1)

Likewise, the bivariate p.g.fl. and bivariate multitarget disti-
bution of RFSs E, ¥ are related by:

Gz x
x(X,Y) = =
fexX. V)= vy

[0, O]. (22)

C. THE BERNOULLI RFS

An RFS of special importance for this paper, the Bernoulli
RFS, is most easily described using its p.g.fl.: Gg[h] = 1— g+
q - s[h] where 0 < ¢ < 1 and the probability density s(x) are,
respectively, the existence probability and spatial distribution
of a single target.

D. MULTITARGET RECURSIVE BAYES FILTER
Given a time-sequence Zjx:Zi,...,7Z
measurement-sets from a sensor, this is:

of collected

= X1 Zik—1) = Xkl Zik—1) = fFXlZig) — - ..

where

fXklZik—1) = /f(Xk|Xk71, Zyg—1) - f Ki—11Z1:k—1)8Xk—1
(23)
S Xkl Z1a) o f(Zi| Xk, Zi:k—1) - fF Xkl Z1:k—1); (24)

and where f(Xg|Xk—1,Z1:k—1) is the multitarget state-
transition density and f(Zg|Xk,Z1.k—1) is the sensor
multitarget measurement density. It is assumed that
F X\ X1, Z1:4—1) = f(Xy|Xk—1) (Markov assumption) and
FZi Xk, Zik—1) = f(Zi| Xi).

In this paper we will be concerned with f(Xy|X;—1) and
f(Zk|Xy) for only the “standard” multitarget motion and
measurement models, respectively—see Section V-A.

Ill. THE PAIRWISE MARKOV MODEL (PMM)

The section is organized as follows: single-target recursive
Bayes filter (Section III-A); the PMM (Section III-B); and
single-target tracking using PMMs (Section III-C).

A. SINGLE-TARGET RECURSIVE BAYES FILTER

The PMM concept is most easily explained via the single-
target recursive Bayes filter. Let x € § denote a single-target
state and z € N a single-target measurement. In the Bayesian
approach, the unknown state at time #; is a random variable
Xy |k € S and the measurement process at time # is a random
variable Z; € N. Let us be given:

1. the distribution f(xp) of the initial state Xgo;

2. the sequence z1; : Zi,..., Zx of measurements collected
from the target at times #1,.. ., f;

3. the transition density f (X |Xx—1, Z1:k—1), Which describes
the evolution of Xj;_qx—; at time #_; to Xgx—1 at
time f;; and
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4. the measurement density f(zy|Xx, Z1:k—1) at time fg,
which characterizes the statistics of Z; if x; is a real-
ization of Xy k1.

Given this, the recursive Bayes filter is defined by the time-
and measurement-update equations

SXilzix—1) = ff(XkIXk—l, Zig—1) - f(Xk—1|Z1:k—1)dXk—1

(25)

S Xk |z1x) = f(zk|Xk’;‘(;<]:|lz)h'kfi(l’;k|llzk71) 06)
f@i|z14-1) = /f(lk|Xk,lek_1) P 211Xk 1.

(27)

It is usually assumed that f(Xg|Xp—1, Z1:k—1) = f (X |Xk—1)
and f(z Xk, Z1:k—1) = f (2 |Xk).

B. THE PAIRWISE MARKOV MODEL

Now let the state space be the Cartesian product I x 9 rather
than 3. In this case, the unknown quantity at time #; is the
joint state of the joint target-measurement system, and is
represented as the random pair (Xgk, Yi) € S x R, What
is unknown is not only Xy and Y but also their statisti-
cal correlation, as described by the posterior PMM density
f Xk, Yr|Z1:k—1)- Let us be given

1. a PMM transition density

S Xk, YelXk—1, Ye—1) = f Xk |Xk—1, Ye—1)
SVkIXes Xe—1, ye—1) (28)

that describes the evolution of the PMM system;

2. the measurement density f(zx|Xx, yx) = Jy,(2x) of the
PMM system, in which case it follows that the mea-
surement equation is zy = 1(Xk, yx) with measurement
function n(x, y) : = y—i.e., if the joint system has
state (X, y) then y is the only measurement that can be
collected from it.

Given this, f (X, Yk|Z1:x—1) can be recursively derived from
f(Xk—1, Ye—112Z1:k—2) as (29)—(31), shown at the bottom of the
next page. Here, (29) is the Bayes’ filter time-update step for
the PMM; (30) incorporates the Bayes’ filter measurement-
update step for the PMM; and (31) follows from the fact
that f(zx|Xx, yx) = &y, (zx). The initial PMM distribution
for the recursion is f(x1, y1) = f(yi1lx1) - f(x1) where
f(x1) is an initial target distribution and f(y;|x) is an initial
measurement density.

Remark 2: Since Zr, = Yy, in the PMM literature the
distinction between zj(a collected measurement) and yj(a
realization of the unknown random variable Y;) is notation-
ally suppressed:

F &k, Yelyre—1)
Sk Yk Xk—1, Ye—1) - f (k—1, Ye—11Y 1k —2)d X1
JFXk—1, Ye—11Y1:k—2)dXk—1 '

(32)

VOLUME 8, 2020



R. Mahler: Pairwise-Markov Bernoulli Filter

IEEE Access

The estimated measurement density at time #; can be deter-
mined from f (Xk, Yk |Z1:xk—1) via
Sk Yelyre—1) Rk Yelyie—1)

F&elyra—1) [ F &k Yelyix—Ddye
(33)

SrIXe, k-1 =

Likewise, if f (X |Xx—1, Yk—1) is the marginal of f (X, Yx |Xx—1,
Yx—1) then the estimated Markov density at time #; is

J (X |Xe—1, Y1:6—-2)
S eIt yr—1) - f k=1, Ye— 11y 16—2)dyi—1
S Xe—1ly1:x-2) '

(34)
A PMM reduces to an HMM if, for k > 1,
J Yk IXks Xk—1, Ye—1) = f(¥kIXi0), f Kk [Xk—1, Yk—1)
= f (X |Xk—1) (35
in which case (28) reduces to:

Sk, YrlXi—1, Ye—1) = F X |Xk—1) - f(yxIxk).  (36)

Thus PMMs significantly weaken HMM’s to encompass
non-Markov targets and correlated sensor noise [7, p. 4487].

C. SINGLE-TARGET TRACKING USING PMMs
The single-target posterior distribution f(Xx|y1:x) can be
recursively propagated as follows [7, Eq. 12]:

S Xilyix)
S f Xk, YilXk—1, Ye—1) - f Kk—11¥ 1:6—1)d Xk —1

[k Yk Xk—1, Ye—1) - f k1 [Y 1:k—1)dXe—1dXx
(37)

Note that f (Xx|y1:x) is related to f (Xk, Yk |Y1:k—1) as follows:

J ks Yelyre—1) — f Gk YelYik—1)

FOrlyra—) [k yelyrk—Ddxi’
(38)

FXelyrw) =

so that

X = argsupy o~ f Xk, Yalyix—1) (39)

is the MAP estimate of the target state given yj.x. The pre-
dicted target distribution is

IV. MULTITARGET PMM (MPMM)

This is a direct generalization of the single-target PMM.
Let Fin(I) denote the set of multitarget states (i.e., the
finite subsets X of J) and let Fin(R) denote the set of
multitarget measurements (i.e., the finite subsets Z of N).
Then the unknown multitarget state at time #; is an RFS
Ekix € S and the multitarget measurement process is an RFS
Y C .

Now let the state space be Fin(I)xFin(9t). Then the
unknown state at time #; is that of the joint multitarget, multi-
measurement system, as represented by the random pair
(Eklk, k) € Fin(I)x Fin(R). What is unknown is not only
Bk and Xy but also their statistical correlation, as described
by the posterior MPMM density f (X, Yx|Y1.k—1). Let us be
given:

1. an MPMM transition density

X, YilXe—1, Y1) = f Xl Xk—1, Ye—1)
f (Y| Xk, Xi—1, Y1) (41)

describing the evolution of the MPMM system;
2. the MPMM measurement density f(Zg|Xg, Yr) =
8y, (Zy) of the MPMM system.
Then as with the single-target case, the recursions for the
MPMM density f(Xk, Yr|Y1:x—1) and the multitarget poste-
rior f (Xi|Y1.x) are, respectively,

&k, YielYig—1)
Xk Yl Xe—1, Y 1f X1, Y1 1Y 1:6-2)8X5—1
[ f X1, Ye—11Y1:k—2)8Xk—1

(42)
F X Y14)
S f X, Yl Xe—1, Y1) - f Ke—11Y1:k—1)8 Xk —1

B [ f X, YeelXi—1, Ye—1) - f X—11Y1:%—1)8Xk—18 X
(43)

From (42) we see that the p.g.fl. of f (X, Yx|Y1:x—1) is
Glhe, gklY1:x-1]

= / e - g - f (X, Yel Yi—1)8Xk8Y (44)
[ Glhi, gkl Xik—1, Ye—11 - f Xi—1, Yi—11Y1:%-2)8 X -1

FXelyik—1) = /f(Xk, YelY1k—1)dyk. (40) Jf K-t Yie1]V1-2)8 X 45)
F&i, yilzig—1) = /f(Xk, YiIXe—1, Ye—1) - f Kk—1, Ye—11Z1:k—1)dXg —1d Yk —1 (29)
f<f(xk»Yk|Xk—lek—l)'f(Zk—l|Xk—laYk—l)>dxk Y
S (Xk—1, Ye—11Z1:6—2) R 30)
S f @1 1Xk—1, Yi—1) - f Ric—1, Yi—112Z1:k—2)dXk—1d Y1
_ S Xk, Ye X1, Zk—1) - f (Rk—1, Zk—11Z1:k—2)dXp—1 31)
[ fXk—1, Zk—1|21:k—2)dXp—1 ’
VOLUME 8, 2020 168233
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where the p.g.fl. of f(Xk, Yi|Xk—1, Yk—1) is

Glhk, 8k Xk—1, Yi—1]
= / WM f (X, Vil Xi—1, Yo 1)8Xi Yy, (46)

Thus f (Xk, Yk |Xk—1, Yx—1) can be specified by providing a
formula for G[hy, gr|Xk—1, Yk—1] as in the next section.

V. MPMM TRANSITION DENSITIES

The section is organized as follows: the “‘standard” multitar-
get motion and measurement models (Section V-A); the orig-
inal MPMM transition model (Section V-B); the corrected
MPMM transition model (Section V-C); and the evolution
of the MPMM pair ({xx—1},{yx—1}) according to this model
(Section V-D). The remaining subsections address exten-
sions of this basic evolution model: the general evolution of
({xx—1},{yx—1}) (Section V-E); the evolution of ({x;_1}, @)
(Section V-F); the evolution of (@, @) (Section V-G); and the
evolution of (@,{yx—_1}) (Section V-H).

A. THE “STANDARD” MULTITARGET MOTION AND
MEASUREMENT MODELS

What is f(Xx, Y |Xk—1, Yx—1)? This question was addressed
in [9] by endeavoring to infer the form of its p.g.fl.
Glhi, gk | Xk—1, Yk—1] from the p.g.fl’s G[hi|Xx—1] and
Glgk|Xk] of, respectively, the *“standard’ multitarget motion
and measurement models.

The “‘standard” multitarget motion model [2, Eq. 14.273],
[10, Eq. 5.94], presumes that: (a) individual target motions
are statistically independent; (b) the probability that a target
with state x;_1 attime #;_ will survive to time # is ps(Xx—1);
(c)if so, then f (X |Xx—1) is the probability (density) that it will
transition to a target with state x;; and (d) f2(X;) is the mul-
titarget density of newly-appearing targets, with correspond-
ing p.g.fl. GB[;]. This motion model is used to construct
the “standard” multitarget Markov density f (X |Xx—1), with
corresponding p.g.fl.

Glhi|Xx-1] = GPlhe] - (1 — ps + psMp )1,
My, (Xk—1) : = fhk(xk) f (X X —1)d X . “47)

The “‘standard” multitarget measurement model
[2, Eq. 14.290], [10, Eq. 5.104] presumes that: (e) all
measurements are generated independently of each other;
(f) the probability that a target with state x; at time #; will
generate a measurement is pp(Xx); (g) if so, then f (yx [Xx) is
the probability (density) that the measurement is y; and (h)
f“(Zy) is the multi-object density of the clutter process, with
corresponding p.g.fl. G“[gx]. This model is used to construct
the standard multitarget measurement density f (Y |Xy), with
corresponding p.g.fl.

Glgr|Xk] = G*[gk] - (1 — pp + ppLg, Yk,
Lo, (x¢) 1 = fgk(Yk) f Yk IXK)dyk. (48)
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B. THE ORIGINAL MPMM TRANSITION MODEL
The multitarget analog of (36) is

S, Yl X1, YVi—) = f X Xpe—1) - f (Y| X). (49)

Given this, it was shown in [9, Sec. 2.4] via substitution that
the p.g.fl. of f (Xk, Yi|Xk—1, Yk—1) 18

Glhk, gk|Xk—1, Yi—1]

= fhfkg;fk f X, Y| Xg—1, Yi—1)0X8Y (50
= G*[gk] - GPlhk(1 — pp + ppLg )] - GEThie, gk Xi—1]
(51)

where G“[gx] characterizes the clutter process; GB[hk]
characterizes the target-appearance process; and where the
evolution model is

GE [, gi|Xk—11=(1 _pS+pSth(lfp1)+p[)Lgk))Xk_l . (52)

From this, in [9, Sec. 2.4] it was proposed that if
Xi—1 # @ and Yy_; # O then a plausible generalization of
GE[hy, gi|Xk—1]to GE[h, g1 Xe—1, Yk—1]is

G [, gi|Xi—1, Yi—1]

- Tl

(Xk—1,Yk—1)EXk—1 X Y1

GE lhi, gk l{Xe—1}, (yx—1}] (53)

where the evolution of the PMM pair ({xx—1},{yx—1}) is
described by the p.g.fl.
G" lhi, gil{xe—1}, (ye-1}]
= M\ —ps+pshi(1—pp+ppgi) Xk—1, Yk—1) (54)
_ / <(1 —Ps(Xk1)+Ps(Xk1)~hk(Xk)>
' {1 — pp(Xk) + pp(Xk) - 8k (Yi)})
X f(Xks Yk [Xk—1, Yk—1)dXkd Yk (55)
Equation (53) thus presumes that the elementary pairs

({xk—1},{yx—1}) evolve independently of each other.

C. THE CORRECTED MPMM TRANSITION MODEL
In retrospect, (53) cannot be correct for at least two reasons.
First, when the underlying PMM is an HMM—i.e., when

S Xy Y[ Xk—15 Ye—1) = f Kk [Xk—1) - f (Yk | Xk )—then
lepsﬂ?shk(l7pn+pngk)(xk71, Yi—1)
= M1 —ps+pshi(1—pp+ppLg ) (Xk—1)-  (56)
Thus from (52-54) we see that
GElhi, gk | Xk—1, Yi—1]
X [Yk—1l
= ((1 — DS +pSM1—]]D+p1_)Lgk) )
= G* [, gi|Xp—1]"e"! (57)

rather than, as should be the case, GZ [h, gk |Xk—1, Yi_1] =
GE [, gilXk—11.!

Second, suppose that the scenario contains at most a single
target obscured by clutter. Then the multi-object system will

! The MPMM-CPHD filter proposed in [9] therefore cannot be correct.
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always be described by an MPMM pair (Xj, Y) with |Xi|
< 1. In this case the evolution of the system must consist
of transitions ... - (Xz—1, Ys—1) > Xk, Yx) — ... where
|Xx—1l, IXx| < 1. Such an evolution is impossible if it is given
as (53) since

GE . gelfxi—i}. Ve l= [ | GFlhw. gilixi—1}. {yk—1}]
Yi-1€Yk—1

(58)

describes a system that has as many as |Yj_| targets.
Accordingly, a corrected model is required, as follows.
If |Yi—1] > O or |Yr—1| = O define, respectively,

M1 —ps+pshi(1—pp+ppg) Xk—1> Yi—1)
1

7

Z Mi—ps+pshi(1—pp+pper) Xk—15 Yi—1)
Yi—1€Yk—1

M; —ps+pshi(l *PD+ngk)(Xk7] s @)
1= Mi—pg+pshe(1—pp+ppLe, ) Xk—1)- (59)

Then replace (53) with

GE [hy, gk |Xk—1, Yi—1]

D= 1_[ M —ps-+pshi 1 —pptppgi) Xk—15 Yi—1). (60)
Xi—1€Xk—1

In this case
Glhe, gkl Xk—1, Yi—1]

=G"[gk] - GBlh(1—pp+ppLe )] - GEThi, gic|Xi—1, Yi—1]
(61)

does properly reduce to (51). Thus the incorrect (58) is
replaced with

GE lhie, gl {Xe—1}, Yi—1]
= M1 —ps+pshe(l—pp+ppge) Xk—1, Ye—1).  (62)

Equation (62) has a physical interpretation. Suppose that
ps = 1 (the target does not disappear) and pp = 1 (the target
is detected) and |Y;_1| > 0. Then (62) reduces to

GE[hy, gil(Xe—1}, Yi—1]

1
~ | 2

Yi—1€Yk—1

of Xk, Yi|Xk—1, Ye—1)dXdy. (63)

The corresponding distribution is:  fE(Xi, Yi|{xXk_1},
Yix—1) = O unless | Xy | = |Yx| = 1, in which case

FEAx) i xe—1}, Ye—1)
1
> f Va1 ko). (64)

7
Y 1|Yk—1€Yk—l

f he(0) - g1 (30)

That is, the transition from ({Xx—1}, Yr—1) to ({x¢ }.{yx}) is
the average transition from ({xx—1},{yx—1}) to ({xx},{yx}),
taken over all yx_1 € Yx—1.
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D. EVOLUTION OF THE MPMM PAIR (X_1} ¥k-1))
It was shown in [9, Sec. 2.4] that GE [h, gi | {Xk—1}.{¥k—1}]
in (54) is the p.g.fl. of the bivariate multitarget probability
distribution f (X, Yi|{Xk—1},{yx—1}) that characterizes the
following intuitive dynamics model for |Xx|, |Yx| < 1:

1. If x;_1 evolves to x; and measurement yy is collected
from x; then the probability (density) that this event will
occur is:

FAxid Ay {xe—1}, {yk—1D)
= ps(Xk—1) - pp(Xk) - f (X, Ye|Xe—1, Ye—1)-  (65)
2. Ifx;_1 evolves to x; but X, is not detected, then the prob-
ability (density) that this event will occur is, if f (Xg [Xg—1,
Yk—1) is the marginal of the PMM density f (Xk, Y |Xk—1,
Yi—1):

F Xk}, Ol{xk—1}, {yx-1})
= ps(Xg—1) - (1 — pp(Xk)) - f Xg|Xg—1, Ye—1)-  (66)
3. If x¢—1 does not survive to time #; then no (nonempty)

measurement can be collected from it and so the proba-
bility that this event will occur is:

D, Ol{xx—1}, {yr—1}) = 1 — ps(Xx—1). (67)

4. If xx_1 does not survive to time #; and yet measurement
¥« is collected from it, this is an impossibility and so the
probability that this event will occur is:

FO, {y {xk—1}, {yk—1}) = 0. (68)

Subsections V-E through V-H will address generalizations
and extensions of this basic evolution model.

E. GENERAL EVOLUTION OF ({xy_1}{yk-1Y

The dynamics model f(Xy, Yr|{Xx—1},{¥x—1}) of the previ-
ous section is a special case of a more general model, deduced
from an arbitrary MPMM density f(Xi, Yi|{Xr—1},{yx-1})
assuming only that |Xg|, |Yx] < 1. Since a nonexistent
target cannot generate a nonempty measurement, we may
assume that f(@D,{yiH{Xk-1}.,{¥x-1}) = O identically.
Define

DPs(Xk—1, Yi—1)
t= /f({Xk}, Yil{xk—1}, {Yk—1D0Yrdxy (69)

PD(Xk |Xk—1, Yi—1)

S Fxeh iy {xk—1}, {yk—1)dyr

CT TR0, Vel e )oY 70
S ks Y[ Xk—15 Ye—1)
_ SO v -1} {ye—1D)
J A (v {xe—1}, {yx—1)dyx
S Yiel{xe—1}, {ya—1)8Yx 1)

A Yl (X1} {yx—1 D Vedxy
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Abbreviate ps(xg—1)! = ps(Xk—1,¥k—1) and pp(xp)! =
Pp(Xk|Xk—1, Yk—1)- Then it is easily shown that

FAxich Ay {xe—1} {ye—1})

= ps(Xk—1) - Pp(X) - f (Xic, Yie|Xk—1, Yi—1) (72)
FUxi}, Olxe—1}, {ye—1D)

= ps(xk—1) - (1 = pp(Xp)) - f Xk [Xpe—1, Y1)~ (73)
F @, Olxk—1}, {yk—1}) = 1 — ps(Xk—1). (74)

This reduces to the model of Section V-D if ps(Xx—1, Yk—1) =
Ps(Xk—1) and pp(Xk|Xk—1, Yk—1) = pp(X).

Remark 3: To simplify notation, this is what will be
assumed later in Section VI-C (though this assumption is not
a necessity).

F. EVOLUTION OF ({Xy_;} 9)
Now consider f(Xx, Yi|{Xx—1}, @). It can be presumed that
F@Ayi}{xk-1}, @}) = 0. Define:

ps(Xk—1,9) : = /f({Xk}, Yil{xk—1}, D)8Yrdxi (75)

[ fUxk}, Yel{xp—1}, D)8 Yk
1, L= 76
f ki1, 9) JFUxe}, Yil{xe—1}, @) Yidxk (76)

[ FAxi} Ay {xe—1}, D)dyk
— .= 77
PD%E %1, ) Sk}, Yel{xp—1}, D)8 Yk (70

FAxeh Ayit{xk-1}, 9)
[ FAxi} Ay {xe—1}, D)dyk

where we abbreviate pg(xx_1)! = ps(xx—1,D) and
Sk [Xk—1)! = f Xk X1, D) and pp(xx)! = pp(Xk|Xk—1, D)
and f(yx[xx)! = f (Yk [Xk» Xk—1, D).

Remark 4: To simplify notation, it will be assumed in
Section VI-C that pp(Xy|Xx—1, @) does not depend on Xy _1
and that f (yi|Xy, Xk —1, @) does not depend on xi_1 or @; in
which case pp(X¢|Xk—1, D) = pp(Xk), f (Yk|Xk, Xk—1,9D) =
I YkIx).

Then it is easily shown that

F(ylxe, Xg—1,0) : = (78)

FUxe} {yeHH{xk—1}, 9)
= ps(Xk—1) - pp(xi) - F Ok |xk—1) - F(yeIxk)  (79)
fUxk}, Ol{xk—1}, Q)

= ps(Xk—1) - (1 — Pp(xk)) - f (Xpc[Xp—1) (80)
f(D, Dl{xx—1}, D)
= 1—ps(Xk-1). (81)

For future reference, the p.g.fl. of f (X, Yi|{xx—1}, @) is

G* i, geltxe-1}, @]
= 1 —ps(Xk—1) + ps(Xk—1) -th(l_I;DJr,;ngk)(Xk—l)

(82)
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where My, (Xe—1) = [ hie(xk) - f Xk [Xk—1)dx  and
Lo (xk—1) := [ gk (yx) - f (yk X )dy . For,

GE lhi, gkl{xk—1}, @1

= /hfk 'é{k f X, Yil{xk—1}, D)5X 8 Y (83)
= (D, Ol{xx-1}, D) (84)

+ / i) (xe ), D131}, D)dx
+/gk(Yk)'f(®s {yiH{xk—1}, D)y«

+ fhk(xk) =gk (yi)-f (i}, {yidH{xk—1}, D)dxidyy
=1—ps(Xx-1)
+I3S(Xk—1)/hk(xk)~(1 — Pp(X%)) - f Xk X1 )l X

+ﬁs(Xk—1)/hk(Xk)'ﬁD(Xk) (/ gk(Yk)f(YkIXk)dYk>

o Xk Xk —1)dX. (85)

G. EVOLUTION OF (9, ©)

Consider the MPMM transition f(Xy, Yx|D, D) where,
as usual, f(D,{yr}|9, @) = 0. The evolutions (@, @) —
({xx }.{yr }) or (@, @) — ({xx}, D) describe the target’s first
appearance or its subsequent reappearance. Define

@D, 0): = /f({Xk},YkI@, D)sYrdxy  (86)

B L U, YilD, §)sYy
10, 0): = TF(xc), Ye |9, )8 Yidxy (87)

_ [rdxid, (v 19, D)dyk
JFUxk}, Y19, D)8Y;
F{xk}, {ye}19, ©)

5.8 = 89
F(yelxe. 9. D) JF(xe}, (v} 19, D)dyk )

where we abbreviate §¥! = ¢5(@, ) andﬁf("kﬂ =
sP(x|@, @) and pp(xp)! = pp(xk|@, @) and f(yx|xe)! =
fykIxk, @, D).

Remark 5: To simplify notation, it will later be assumed in
Section VI-C that q¥(@, @) = ¢¥ and s8(x |0, @) = sB(x¢)
and pp(x¢|D, @) = pp(Xx) and f (yk Xk, @, @) = f (yk|xx).

Then it is easily shown that

pD(Xk |®? Q) :

FUx), )19, @) = G757 (%) - po(xe) - F (yxIxe) (90)

fxi}, OND, @) = G757 (i) - (1 — pp(xp)) 9n

1D, 0)9,0) =1-3°. (92)

Here, (}f is the “birth” probability—i.e., the nonexistent

target @ at time #;_ transitions to a target with state x; at
time fy—and sf (xy) is its spatial distribution.

Remark 6: The obvious choice for qf sf (Xx) is the multiob-

Jject version of (40):

BB x) = F (%) | Vi 1) = / FUxeD Yl YiaoD8Ye.  (93)
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This might seem theoretically questionable since from (86,87)
it would seem to imply that f({x¢}, Yi|D, @) depends on
Y1.k—1. However, the choice of qfsf(xk) is arbitrary and so
we can choose (93) as we please.

For future reference, the p.g.fl. of f (Xx, Yx|@, @) is

GElhk, gD, Bl = 1 — g + qpsi (1 — pp + ppLg,)]

(94)
where Ly, (x¢) = [ gk(yx) - f (Vi [X0)dyx.. For,
GE . 8x19. 01
= f B gl f Xk, YilB, B)8Xi8Y 95)

— £, 010, Ox (96)
+ / h) - F(xe ). Y10, B)dxe

+ fgk()’k)-f(@, {yx}19. D)dyx

+ / h(xe) - k) - F(xe) ()19, D)dxedys

=1 —q% + PP — pp)) + ¢BsBlppLy, 1 (97)
=1—q% + PPl — pp + ppLgy)]. (98)

H. EVOLUTION OF (,{yx_1})

Consider the MPMM transition f (X, Y |D,{yx—1}) where,
as usual, f(D,{yr}D.{yx—1}) = 0. As in Section V-G,
the transitions (@,{yx—1}) — ({xx},{yx}) or (D.{yx—1}) —
({xx}, @) describe the target’s first appearance or its reap-
pearance after having disappeared. Thus the reasoning in this
section is the same as in Section V-G. Define

Qf(@, Yi—1): = /f({Xk}, YilD, {yk—1)8Yrdxi (99)
[k}, YelD, {ye—11)8Yk

B .
SO0 Y1)t = TG wepeeaxe. (00
s 9. [y 1Dy
e AT AT
FYl%e. B ye 1) ¢ FAxi}, {ye 1D, {yk—1}) (102)

ff({Xk} {yi 19D, {yk—1Ddyx

where we abbreviate qk. = q 3@, Yx—1) and sf(xk)! =
p(k|D, ye—1) and pp(xe)! = pp(xk|@, yx—1) and
F e x)! = f (Ve Xk, D, Y1)

Remark 7: To simplify notation, it will later be assumed in
Section VI-C that qf(@, Yi—1) = qf and sf(xk|®, Yi—1) =
sp(xx) and pp(Xk|@, yi—1) = pp(Xx) and f(yi|xx. D,
Yi—1) = f (Vi IXk).

As in Section V-G it follows that

FAxe), 19, (v ) = 858 xe) - pox) - F(ye Ixx)
(103)
FUxh, OND, {yk—1}) = G258 (xk) - (1 — pp(xx)) (104)

f@, B0, {yk—1) =1— (105)
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and that the corresponding p.g.fl. is

GE e, gkD, (yi—1)1=1 — gf +qP selhk(1—pp+ppLe,)]

(106)
from which we conclude that

GE e, 81D, Yie11=1 — gE +q2sB (1 —pp+ppLg)].
(107)

VI. THE BERNOULLI MPMM FILTER

The section is organized as follows: the Bernoulli filter
(Section VI-A); the Bernoulli MPMM filter (Section VI-B);
transition p.g.fl’s for the Bernoulli MPMM filter
(Section VI-C); summary of the Bernoulli MPMM filter
(Section VI-D); derivation of the Bernoulli MPMM fil-
ter update when Y;_; = @ (Section VI-E); and derivation
of the Bernoulli MPMM filter update when Y;_; # O
(Section VI-F).

A. THE BERNOULLI FILTER
The Bernoulli filter [1], [2, Sec. 14.7] is the special case of
the multitarget Bayes filter

= X1l Zik—1) = Xkl Zik—1) = fXk|Zig) — - ..

when at most a single target is present—i.e., when
|Xx—11], | Xk| < 1forall k > 1. Since
f@IZyj—1) =1— /‘f({Xk}lzlqu)ka,
1@z =1~ [ fsiziods. 08

the Bernoulli filter is mathematically equivalent to a filter
that propagates the PHD’s Dyjx—1(xx) '= D(X¢|Z1:k—1) =
FUXiHZ1k—1) and Dy (x) '= DXk |Z1:1) '= f({Xx }Z1:1).
The time-update equation and measurement-update equation
are, respectively,

Dyt (x¢) = gp sp(x¢) - (1 — Dyt [+ D1t [Ps M, |

(109)
Lz, (X)) - Dyjre—1(Xx) ' (110)
1 = Dgj—1[1] + Dy jr—1[€z]
where £z, was defined in (2).

Note that, as presented in [2, Sec. 14.7], the Bernoulli
filter propagates two items, not one: the probability of target
existence prx = J f({Xx}|Z1.4)dX; and the target spatial
distribution fix(xx) = f({Xx }|Z1:1)/pr k. But it is clear that
the filter in (109,110) differs from that in [2, Sec. 14.7] only
by a change of notation (although the former is significantly
simpler in form). A tutorial on the (original) Bernoulli filter
can be found in [22].

State estimation using Dy is as in [2]. The target exists if
Pk > T for some threshold T > 1/2; and if it exists, its state
is the MAP estimate argsupyx Dy x (X).

Egs. (109,110) can be consolidated by substitution into the
single-step update equation, (111), as shown at the bottom of
the next page, where Mgzk (X _1) was defined in (8).

Dy (x¢) =
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B. THE BERNOULLI MPMM FILTER
This is a special case of the MPMM filter

coo = X1, Yo Yi—2) = f Xk YelZig—1) — ...

when |Xiz—1],|Xx] < 1 for all k > 1. Section V-G
described a simplified target-appearance model. This model
will allow us to avoid the factor G5 in (61) by assuming that
GB[h] = 1 identically.

Remark 8: Note that this simplified target-appearance
model would not be acceptable in the multitarget case, since
then the number of targets could never increase.

Given that GB[h] = 1, the p.g.fl. (61) of the MPMM
transition density reduces to:

Glhk, gk|Xi—1, Yio1] = G*[gil - GZlhi, gk |Xe—1, Y11
(112)
where either X; | = @orX;_| = {x4_1} forallk > 1. From
(44), the p.g.fl. update for the Bernoulli MPMM filter is
Glhi, gk1Y1:k—1]
S Glhy, gl X—1, Yim1] - f Kk—1, Yie11Y14-2)8Xk—1
S fXi—1, Ye—11Y1:k—2)8 X1

(113)
where the numerator is
fG[hk7 8iclXi—1, Yi—11 - f X—1, Yie—11Y1:6-2)8 Xk —1
= G"[g]- G"lhi, 81D, Yie1] - (B, Yie11Y1:—2)
+GK[gk]/C~;E[hk,gk|{Xk—1}, Yi—1]
SUXk=1}, Yi—11Y1:—2)d Xk -1

and the denominator is

/f(kal, Yi1|Y1%-2)8X—1 = f (D, Yi—1|Y1:4-2)

(114)

+ff({Xk—1}, Vi 1[Yrx—2)dxp—1. (115)

C. STATE-TRANSITION P.G.FLs FOR THE

BERNOULLI MPMM FILTER

We therefore need formulas for GE [Ar, gk|Xk—1, Yk—1] in the
following four cases:

1. Xp—1 =@ and Y1 = @: By (94),

GE e, gk19D, B1=1 — qf + 4 splhk 1 —pp+ppLg,)]
(116)

where (see (86-89)): pp(xx)! = pp(x¢|@, D) and
FOrlx)! = fyelxe, @, 9) and L, (x¢) = [ gi(yi)-
f(yk|xk)dyi. To simplify notation, in what follows
we will:

a. further abbreviate pp(xx) !'= pp(xk|@, D) and

f Xk Xp—1) = f Xk [k 1, D, D).
2. Xp—1 = {X¢—1 } and Yy = @: By (82),

GE lhi, gicl{xe—1}, @] = 1 — ps(Xk—1) + ps(Xe—1)

'th (1—pp+ppLg; )(Xk -1
(117)

where (see (75-78): ps(xk—1)! = ps(Xk—19),
F&Xelxp)! = fxklxk, D), pp(x)! = pp(Xk[Xk—1, D),
et = f(yelXe, Xe—1, D), My (xk—1) = [ huc () -
F&iXe—D)dxk, Lo (xk) = [ ge(yx) - f (Vi [Xe)dyr-
To simplify notation, in what follows we will:

a. further abbreviate ps(xx_1) != ps(Xx—_1, @) and

fXk|xk—1) = f Xk X1, D); and

b. assume that pp(Xi|x¢_1, D) = pp(xx|D,B) =
pp(X) and f(yi Xk, Xk—1, D) = f(Xk|Xk—1, D, D) =
f X lxk—1).

3. Xj_1 =@and Y;_; # @: By (107),
GE e, gkD. Yi—11 = 1 — gF + ¢PsBlh(1 — pp

+ppLg,)]- (118)
4. Xy—1 = {x¢—1 } and Y1 # @: By (62),
G [hi, gil{xk—1}. Yi—1]
= M1 _psipshi(1—pptppgr) Xk—1, Ye1) - (119)
where (see (69-71): ps(xx—1)! = ps(Xx—1,Yk—1)

and pp(xx)! =  pp(Xk|Xk—1,¥x—1) and where
M1 _pstpshi(l—pp+pper)Xk—1, Yk—1) was defined in (59).
To simplify notation we will:

a. assume that ps(X¢—1, Yi-1) = ps(X-1.9) =
ps(Xx—1) and pp(Xg [Xk—1, Yk—1) = pp(Xk [Xk—1, D) =
Pp(Xk|D, @) = pp(xx).

D. SUMMARY OF THE BERNOULLI MPMM FILTER

We are given f (@, Yi_11Z1.4-2), f({xk—1}, Yi—1|Z1:k—2) and

that

Ky,_:=f @, Yi1|Zyx—2)+ | fUXk—1}, Yeo11Z1k—2)dXp—1.
(120)

Then the updates f (D, Yi|Z1x—1) and f({xx }, Yx|Z1.xk—1) are
given by the following two recursive formulas:

1. If Z;_1 = @ is collected then:

fD, Y| Z1k-1)
= Ay, D) -f(D, DI Z1:4-2)

+ / By, (k1) - f (X1}, D1 Zig_2)dxi (121)

Lz, - (qBsE(xp) - (1 = Dg—1jg—1[11) + Di—1jk—1[psMy,])

Dy (X)) =

((1 —gBsB+qPsBlez D) - (1 —Dk_uk_l[l]))

(111)

Hr—1k—1[1 = ps+psMyy ]

168238

VOLUME 8, 2020



R. Mahler: Pairwise-Markov Bernoulli Filter

IEEE Access

Sk}, YelZi—1)
= Ay, (x¢) - f(D, D\ Z1:4—2)

+ f By, (xa 1%—1) - £ (X1}, B1Z1 4 —2)d %

(122)
where

Ay, @) = Ky ke (V) - (1 — gf) (123)

By, (x¢—1) = K5 'k (Vi) - (1 = ps(x¢—1))  (124)

Ay (x0) = K ke (Vi) - Ly, (k) - qRse(xe)  (125)
By, (x¢[xk—1) = K 'k (V) - €y, (%) - ps(Xe—1)

f (X [Xk—1) (126)
Ly, (Xx) = 1 — pp(Xx) + pp(Xx)
ke (Y — {yx})
XY Ly (xp) - ——
o k Kk (Yr)
(127)

2. If Zy_1 # @D is collected then:

@, Yi|Zik-1)
= K7 k(Y- (1 = gf) - f(D. Zi—1|Y1-2)
+K; ' ki (Ye)

~/(1 —ps(Xk—1)) - fUXk=1}, Zi—11Z1:x—2)d X1

(128)
SUxe} YelZig—1)
=K, (Vi) - £y, (x¢)
GRS %) - D, Zi—1|Y1x-2)
+K; ' k(Y
'/PS(Xk—l)'Kyk,zk,l(XkIXk—l)
fUXk—1}, Zk—11Z1x—2)dXg—1 (129)

These equations are derived in Appendix A.

Remark 9: In regard to (129), consider the following spe-
cial case: kr(Yy) = 0 identically (no clutter); ps(xXx—1) = 1
(target never disappears); and pp(Xx) = 1 (perfect detec-
tion); in which case |Xi| = |Yr| = 1 for all k > 1. Then Eq.
(129) should reduce to (31)—which is indeed the case.

VII. CONCLUSION
The Bernoulli filter is a general solution for tracking a
single disappearing and reappearing target, using a sensor
whose observations are corrupted by missed detections and
a general, known clutter process. The Bernoulli filter pre-
sumes restrictive independence assumptions, namely a hid-
den Markov model (HMM) structure. That is, the current
target state depends only on the previous target state; and
the measurement that it generates depends only on its current
state.

Pieczynski’s pairwise Markov model (PMM) relaxes these
restrictions. In it, the current target state can additionally
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depend on the previous measurement; and the current mea-
surement can additionally depend on the previous measure-
ment and the previous target state.

In this paper we: (i) generalized PMMs to the multitarget
case (MPMM); (ii) devised a theoretically rigorous formula
for the “‘standard” MPMM transition density (see (60,61));
(iii) derived transition models for the elementary MPMM
pairs (Xi, Yr) with |Xg|, |[Yx| < 1 (Sections V-D through
V-H); (iv) used them to derive the Bernoulli MPMM filter
(an MPMM generalization of the Bernoulli filter, Section VI);
and then used it to derive the PMM Bernoulli filter (a gener-
alization of the Bernoulli filter that obeys PMM rather than
HMM sensor and target statistics.

Future work will be devoted to generalization of the PMM
Bernoulli filter to multiple correlated sensors.

APPENDIX A
DERIVATION OF THE BERNOULLI MPMM FILTER
The derivation has two parts: when Y;_ = 0

(Appendix A.1) and when when Y;_; # @ (Appendix A.2).

1) DERIVATION OF THE BERNOULLI MPMM FILTER

UPDATE WHEN Y_; = @

Let us turn to the derivation of the Bernoulli MPMM filter
update when Y;_; = @. Let

K= / F X1, DI Y14-2)8Xe1

= f(D,D|Y14-2) + /f({Xk—l}, O|Y15—2)dXp_1.

(130)
Then from (114), (116), and (117),
K - Glhi, gk1Y1:k-1]
= G*[gx]- G"lIn, g9, O] - (D, B|Y14-2)
+6%1) [ ¥l gl 1), 01 (1xe)
Y14 —2)dX—1 (131)

e (1—gP )
= G*[g] <+qgsf[hk(1 —pp +pplg,)]
f(@, @'Yl:k—Z)

i 1 — ps(Xk—1)
O s / <+PS(Xk—1) : th(l—po-i-pDLgk)(Xk—]))
fUxk-1}, OIY1:k—2)dXp—1. (132)

For fixed hy, abbreviate

Ligelt = (1= af + fsf Uil = pp + poL)1)
f(D, D|Y1:k-2)

+/ 1 — ps(Xx—1)
+ps(Xi—1) - My (1—pp+ppLg ) Xk—1)

SUxk—1}, DY 1k—2)dXg—1 (133)

in which case
K - Glhi, gk|Y1x—1]1 = G*[gk] - Llgk]. (134)
168239
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For W C Y, note that

5 Llgl, iff W=0
W[gk] =3IUy), if W={y} (135)
0, if (W] >1

where
IW)! = gisiThppLy)] - f (@, B Y1x-2)
+ /PS(Xk—l) My ppry(Xe—1) - f ({(Xe—1},
DY 1:x—2)dXp 1 (136)

and where Ly(x) != f(y|x). Thus from the product rule for
functional derivatives [2, p. 389],

G
(e, 8l Y1:k—1]

*5Yy
= Z < [gk])-S—L[gk] (137)
(Vi — SW
_y ( [ng> L e (138)
wer 14
- Z 2 e Sl (139)
= 3(Y, — W) 8k W 8k
wcy W<t
= —[gk]'l(Yk)
Veere (Y — {yx})
(140)
T {Yk}) Lgx] - 1(yw)
= A Llgd+ D
ykEYk (SYk [g ]
(141)
and so substituting gy = 0 and using the fact that
5G* 8G*
0] = kx(Yx), ———[0] = xx (Y —

(SYk[ | = kx(Yi) 7 —{y})[ | = k(Y — {yh

(142)
we get

LI01+ > I(y)

K- 28 e, 0¥ is 1] = ke(o)
vy, e Okt ] = (Y

Yk €Yy
K (Y — {Yk})) (143)
ke (Yr)

where

L101 = (1 = af + gfsf il = po)l) - (@, OIY14-2)

+/<1_PS(Xk—1) )
+ps(Xk—1) - Mp(1—pp)(Xi—1)

f ({(Xe—1}, OIY1:k—2)dXp—1 (144)
and
I(y) = q2sBhppLy)] - f(D, B|Y14-2)
+/PS(X1<—1) “Mpppry (Xk—1)
f{xk—1}, OIY1k—2)dXp—1. (145)
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Thus after substitution and collection of like terms we get:
8G

Y (A, O1Y1:k—1]
= Ap, - f(D, B|Y1:k-2)
+ /Bhk(xk—l)'f({xk—l}»@u/l:k—z)dxk—l (146)
where
Ap,
= K*lxk(Yk)
1 — g2+ ¢PsBlh(1 — pp)]
. e e ) a4
+Yyiev, deStUppLy, ] - AR
B, (Xx—-1)
= K 'k (Yp)
1 — ps(xk—1)

+p5s(Xi—1) - Mp(1—pp)(Xk—1)

Y, —
+ps(Xk-1) Ly, e, MinpoLy, (Xk—l)]’ck(k—{yw

ke (Yy)

(148)
Consequently, and as claimed,
f@, Yi|Zi k1)
= Ay, (D) - f(D, B|Z1.k-2)
+/BYk(Xk71)‘f({xk71}3®|zlzk72)dxk71 (149)
fUx}, YelZii—1)
= Ay, (x¢) - (D, D\ Z1.4—2)
+ /BYk(Xk|Xk—l) fxk=1}, Ol Z1.k—2)dxr—1 (150)
where
Ay, @) = K ke (Yi) - (1 — gf) (151)
By, (xk—1) = Kk (Vi) - (1 = ps(x¢-1)) (152)
Av,(x0) = K~ ki (Ye) - Ly (X0) - g sE (%) (153)

By, (X¢|xk—1) = K"k (Yg) - Ly, (Xi) - ps(Xe—1) - My (Xk—1)

(154)
and
Y, —
Ly, (xk)=1—pp(Xx) + pp(Xs) Z Ly, (x;) - Kk(#ygk})
Yi €Y,
o (155)

2) DERIVATION OF THE BERNOULLI MPMM

FILTER UPDATE WHEN Y,_; # @

Now turn to the derivation of the Bernoulli MPMM filter
update when Y1 # @. From (114), (119), and (59) we have
the following:

K - Glh, gl Y1:k—-1]

= G"[gk]- GElhi, gk 1D, Yi11-f(D, Yi—1|Y14-2)
G*[gx]
|Yi—1]

X/ Z M1 ps+pshi(1—pp+ppgi) Xk—15 Yk—1)
Yi—1€Yi—1

SXk—1}, Ye—1 Y1k —2)dXp -1 (156)
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with normalization factor 5 .
X / > 5x M1=pstoshi(1—portopgi) k=1 Yk—1)
= ff(Xk—la Yi—11Y1:x-2)8Xk—1 =f (D, Yi—1|Y1.%-2) k-1€¥io1 K
(163)
+ ./f({xk—l}y Yi1Y1x—2)dXp 1 (157) F{Xk=1}, Yi—11Y1:6—2)dXp—1
and where, by (118), GE[hk, gk|@, kal] = 1 — qf + Y[gk] Z Mpsﬁxk(lprerng)(xk*l’ykfl)
aBsBU(1 — pp + ppLg,)]. Thus BT W
SUxk—1}, Ye—1Y1:k—2)d Xy 1 (164)

K - Glhi, grlY1:4-1]
= G“[gk] - (1 — g + qfsplh(1 — pp + ppLg)D)
f(D, Yi—11Y1:4-2) 5G
K- 3—.[0, 8klY1:k—1]
X

K - Glhi, g1 Y1411
= G*[at]- (1 — ¢ + g sgtha(1 — pp + ppLg)])

and so

= G*[gk] - qs818x, (1 — pp + ppLe )] - f(D, Yi—1|Y14—2)

f(D, Yi_11Y1:k-2). (158) «
+M/ > Mygsy 0—pptopg) k-1, Y1)
First note that, setting i, = 0, [Yi—1] = bSO TPDTPDSK '
K - GO, gk|Y1ik—1] f (X1}, Yi—11Y1:—2)dXg—1. (165)
=G"[gk]- (1 — gB) - (D, Yi_11Y14—2) Thus
G*[ gl .. 3G
K - 0, Yia—
Y| Z My _ps(Xk—1, Yk—1) 5x,;8Yk[ 8kl Yik—1]
Yi—1€Yk—1 5
S{Xk—1}s Ye—11Y1k—2)dXp—1 (159) = <8Y (GK[gk] q2sB18y, (1 — pp +pDLgk)]))
where f(9, Yk 11Y1:6-2)
Mi_ 1, Vi
1—ps (Xk—1, Yk—1) |Yk 1|Yk 126; I/SYk
= [ (A = psXx—1):f K, Y |Xk—1, Ye—1)dXrdyx
I/ i) 160) x (Gk[gk] - Mgy, (1-pptpogo) (Xk—1 Yk—l))
= — X/ —
s S 1), i1V ix_a)dxi 1. (166)
and so ) o
For the first term in this sum, note that
K - G[0, gk|Y1x-1] s
= G lgel - (1 — ) - f(©, Ye1|Y1x-2) A (6*1811- 5L 0351 = p -+ oL )
§G*
-G lg] / (1 = ps(xe1) - F({xe_1). _ <_ )
W;y S =]

Yi—11Y1k—2)dXg—1. (161) 5
X <8qu5k [6x, (1 — pp +pDLgk)]>

Z f3Yk

Yi—1€Yk—1

x (G161 Mpgi, (1-potppgo (k1. ¥i-1))

Taking 6/8Y; of both sides with respect to g and then setting
gk = 0 we get:

K- f@, YelY1-1) IYk 1

= Kk (Yy)
(I —qp) - f@D, Yi—1|Y1:4—2) )
<+f(1—PS(Xk D) - f{Xk—1}, Yio1|Y1k—2)dXg—1 f%th Vi1l Yia-2)dxi— (167)
(162) where, for W C Yy,
Now note that )
S qk Sk [(SXk(l PbD +pDLgk)]
w
a2 s818x,(1 — pp +pplg)), if W=0
_ ) BB . .
= G*[gi] - gEsE[8x. (1 — pp + ppLg) - f (B, Yio1|Y1%—2) =\ %Sk [Oxpply,]. if W=yl
G*[gr] 0, if otherwise
[Yi—1l (168)
168241
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and so
) K B _B
[ﬁ (6“L8x1 - afsf165.(1 = po +pDLgk)])Lk:O
= G*[gk] - g5 8185, (1 — pp)]
+ Y k(e — (i) af s [8x ppLy, ] (169)
Yk €Yk
where
gBsB18x, (1 — pp)l = (1 — pp(xk)) - gEsE(xk) (170)

@BsP8x,ppLy,] = pp(xk) - Ly, (k) - BsB(xi)  (171)

and so

8
[E (6*181) - af'sE18w.(1 = po +pDLgk)])}

= kx(Y)

8k=0

ke (Ye — {ye )

1 — pp(xx) + pp(Xk) Z Ly (%) - ke (Ye)

yre€Yk
(172)
(173)

B sB(xy)
= K (Yg) - Ly, (Xp) - gisB (xp).

For the second term in (166), note that

1) .
— (GK [gk] - Mpgs,, (1—pp+ppgi) Xk—1, kal))
§Yx k

B 5G~ )
=y (—S(Yk_w)[gk]

WYy

5 .
X (mMpsaxk(l—pD+ngk)(Xk—1,Yk—1)> (174)

and where for W C Y,

5 .
s Mpsss, 0—pp+pogo) Kk—1. Yi—1)
MPs5xk(1—pD+ngk)(Xk—1»Yk—1)7 if W=090
=\ Mpssx ppsy, Xi—1, Yk—1), if W ={y}
0, if otherwise.
(175)
Thus

) .
— (GK [gr] - Mpgs,, 1—pp+ppgi) Xk—1, kal))
8Yr k

8§G* ..
= (8k] - Mpgsy, (1—pp+ppgi) Xk—1, Yk—1)
8§G* .
+ ————8k] - Mpgs,, ppsy, Xk—1, Yk—1)
2 8k — {yk})) PSRN
Yk €Yk
(176)
§ [ o
— (G [gk] - Mpssy, (1-pp+ppen) k-1, Yk—1)>
8 gk=0

= Kkp(Yy) - Mpséxk(l—pD)(Xk—l» Yi—1)
+ ) kY= {ykD) - Mpgs ppsy, k-1, ¥x—1) (177)
Y €Yk

where

MPSSX,‘,(lpr)(Xk—l, Yi—1)

= /PS(Xk—l) < Ox; (u) - (1 — pp(ug))
f (g, Vi |Xk—1, Ye—1)dugd vy (178)
= ps(Xk—1) - (1 — pp(Xx)) - f Xk [Xp—1, Ye—1) (179)

FUXEY, YelYig—1) = ke (Yi) - Ly, (Xe) - gEsBxe) - £ (D, Y11 Yik—2) +

K~ Y (Ye)
|Yi—1]

ps(Xi—1) - (1 — pp(Xp)) - f (X [Xpe—1, Yi—1)

(f(Xk, YilXk—1, Yi—1) )
Z + Y Ps(Xk—1) - pp(Xk) - Kk (Y — {yx})

(183)

Yi—1€Yk—1
Ye€Yk

ek (Yi)

FUXk—1}, Vi1 1V1k—2)dXe—1. = kx (Vi) - Ly, (%) - qEsE(xX) - (D, Yi—11Y14—2)

+K L (Yr) / ps(Xe—1)

1 — pp(Xk)
[Yi—1l
pp(Xx)

Yi-11 y_e¥i1 yeevi
SUXk=1}, Ye—11Y1:4—2)dXk—1

Yi—1€Yk—1

> > (X YeIXe—1, Ye—1) -

Y fXk|Xk—1, Yk—1)

ke (Y — {yx})
ki (Yk)
(184)

= Kp (Vi) - Ly, (X¢) - R sB(xp) - £(D, Yie—1|Y14—2)

+K "L (Yy) /PS(Xk—l) Ly v Xk [Xk—1)

FUKk=1}, Ye—11Y1:0—2)d Xk —1

168242
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Mpgsy, ppsy, k15 Yk—1)

= /PS(Xk—l) + 8 () - pp(ug) - 8y, (Vi)

of (g, Vi|Xk—1, Ye—1)dugdvg (180)
= ps(Xk—1) - pp(X) - f (X, YeIXk—1, yx—1)  (181)
and so
§ [ oo
A (G (8k] - Mpgsy, (1—pp+ppgi) (Xk—15 kal))
k gk=0
= kx(Yy) - ps(Xk—1)
(I = pp(Xi)) - f Xk |Xk—15 Yi—1) Feine)
' +PD(Xk)y§kf(Xk, YelXk—1, Ye—1) - g )
(182)

Thus setting gx = 01in (166) and substituting (173) and (182),
we get (129), (183)—(185), as shown at the bottom of the
previous page, where

ZkaYk—l (Xklxk—l)
_ 1 =pp(xi)

7 > FIxk—1, ¥ao1)

Yi—1€Yk—1

p(Xk)

+[|)Y—| > D kR yae)
k=1 Yi—1€Yk—1 Yk €Yk

K (Ve — {yi})
ke(Ye)

APPENDIX B
DERIVATION OF THE PMM BERNOULLI FILTER

The derivation has two parts: when Z;_; = @ (Appendix B.1)
and when Z;_; # @ (Appendix B.2).

(186)

1) DERIVATION OF THE THE PMM BERNOULLI
FILTERWHEN Y;_; = @

We are to verify (10) assuming that Z;_; = @. The multitar-
get version of (38) is

Xk, Zk\Z1k—1)

_ S Xk ZelY1a-1)
[ f Xk, Zi| Zyk—1)8 X, '

F(ZZk-1)
(187)

f Xkl Zi:x) =

For a Bernoulli filter, |X| < 1 and so the updated PHD is

Dy (X)) = f({Xk }HZ1:k)
_ S} ZelZige—1)
FD, Zk|Zik—1) + [ fUXk}, Zi| Zyk—1)dxi

Recall from (120) that

(188)

Kz, =f(, Zk—llzlzk—z)-l-/f({xk—l}, Zi11Z1k—2)dXp 1.
(189)

Thus on the one hand, (121) can be written as:
Ko - f(D,0|Z1:k—1)

o (140 F@. D1 Z10)
= o (Ye) + [ (1 = ps(xx—1)) - f({xk-1}, B Z1k—2)d Xk

(190)
— ) (1 —q8) - fDB|Z1xk-1)
= - + [ (1 = ps(xk—1)) - f({Xk—1 1 Z1:k—1)d Xk 1
(191)
PN (G AR CEATR)
= k() - + [ (1 = ps(xk—1)) - Dg—1jx—1(Xk—1)dXg—1
(192)
= (Y- ((1=gf) - (1 =Dy 1])
+Di—1jk—1[1 — psl) . (193)
On the other hand, (122) can be written as:
Kg - f({Xk}, ZklZ1:k—1)
= kx(Y) - Lz, (Xx) (194)

PsB(xi) - f(D, D|Z1.x—2)

+/ ps(Xk—1) - My, (Xk—1) - f({Xk =1}, O Z1:k—2)d Xk

BB
_ , (s i) - (1 —Dklkl[l])>
= kr(Ye) - £z, (Xk) (+Dk—1|k—1[PDMxk] .

(195)
Note that
Ko ff({Xk}»ZkIth—l)ka
= (i) - (afsf1en] - (1 = Dicao (1)
+Di—1jk—1[PpMey, ]) . (196)
Thus adding (193) and (195) we get:
Kg - f(Zk|Z1:k—1)
(1 =gy (1 = De_pe—1[1])
+Di—1jk-1[1 — ps]
= Yi) - 197
0| b Brey ) —pe ey | 397
+Di—1jk-1lppMey, ]
_ B, BB (1 _
— (V) - (I —qy +qk1sf[gzk]) (1 = Dx—1px—1[11) .
+Di—1jk-1[1 — pp + ppMey, ]

(198)

Consequently, the single-step PHD update is, (199), as shown
at the bottom of the page, which is identical to (111),

Lz, - (qBsE(xp) - (1 = Dg—1jg—1[11) + Di—1jk—1[psMy,])

(199)

Dy (X)) =

((1 —¢PsB + BsPlez ) - —Dk_uk_l[l]))

+Di—1k—1[1 = ps + psMey, ]
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© ). Z Ziet) ) Lz (XK) - R sE(xi) - f(D, Zg—1|Y1:k—2) 204
fUxel, k—1) = K,
P Kl SkIALR KAk + [ (psXi—1) - Lz, 7, Xi[Xk—1) - f({X—1}s Zi—11Z1:k—2)d Xk —1
2 (%) - qEsgxi) - f (D Zik-1)
— - koK (205)
+Dr—1k-11Ps 2 74—y xi
) Lz (x1) - gPsB(xi) - (1 — Dy—qpe—1[11) 206)
= K, .
Tk +Dk—1|k—1[PSEZk,Zk,1,xk]
Lz (xi) - (qFsB(xp) - (1 = Dr—1jk—1[1D) + Di—1—11ps€z 21 xi 1)
Dy (xx) = 5 E (210)
(1 —gBsB + PsBlez D) - (1 — Dg_1pe—1[11)
+Di—1k—1[1 = ps +pslz. z ]
the conventional Bernoulli filter single-step update. But when Thus adding (203) and (207) we get:
Zk-1 =9,
(Zi|Zx-1)
eZIqu—l,Xk(Xk—l) s (1 B) (1-D (1
—q) -0 = Dig—1k-1
=Lz 7 Xi|Xp—1) = £z, (Xx) - Mx, (Xg—1),
s * Xk +Di—1jk—1[1 — ps]
Lz 71 Xk—1) = xp(Ye) - (208)

= Mg, (Xi-1) (200)

and thus (10) reduces to (119) when Z;_{ = @.
2) DERIVATION OF THE PMM BERNOULLI
FITERWHEN Y, ; # @

We are to verify (10) assuming that Z;_; # @. On the one
hand, (138) can be written as:

Kz, | -f@, Zk|Z1:k-1)
=« (Yr)
(1 —q})-f(D. Zi1|Y14-2)
N+ A = pse—1)) - FUXk—1}, Ze—11Z1:x—2)dXk—1
(201)
= xx(Yr)
1 —qp) - fD|Z1:x-1)
’ (+f(1 — ps(Xk—1)) - Dk—1|k—1(xk—1)dxk—1) (202)
= (o) - (1 = g+ (1 = Dicpa 1)
+ Di—1j—1[1 — ps]) . (203)
On the other hand, (139) can be written as (204)—(206), shown
at the top of the page, and so

ff({Xk},Zklzl:k—l)ka

gy ((BSER) Q= DicipalD)
= KX - +Di—1jk—11pslz 7,1 - 0D
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+q2sPlez ] (1 — Dg—1k—1[1])
+D—1p-1lpslz. 7,1

. (1— g2+ 4PsPlez]) - (1 = Di—y—1[1D)
K . ~ .
KTk +Dg1k—1[1 — ps + pstz. z._,]

(209)

Thus the single-step PHD update does result in (10), (210),
as shown at the top of the page.
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