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ABSTRACT In this paper, the performance of networked systems with two-channel noise and bandwidth
constraints is investigated. The given plant with non-minimum phase zero and unstable pole are considered
in the system. Considering the white noise constraint in two channels (forward and feedback channels) and
the bandwidth constraint in the feedback channel, the expression of performance limitations is obtained by
using spectral decomposition technique and selecting the optimal single parameter. The obtained results
demonstrate that the performance of networked systems depends on the intrinsic properties of the given
plant (such as non-minimum phase zeros and unstable poles), and the network parameters (such as white
noise, bandwidth and codec). Furthermore, the results also show the impacts of two-channel noise and the
bandwidth constraints on the performance of networked systems. Finally, a classical example is presented

to illustrate the theoretical results.

INDEX TERMS Networked systems, performance limitation, white noise, bandwidth constraint.

I. INTRODUCTION

With the rapid development of the Internet and com-
munication technologies, it has become difficult for the
traditional control systems to meet the requirements of
the users, and the network has inextricably linked with
the users. Therefore, the use of networks for traditional
control systems is a development trend. The networked
systems [1]-[7] have emerged as promising solution with
advantages of strong flexibility, low cost, simple installation
and maintenance, light weight, and low power consumption.
The signal is converted between analog signal and digital
signal in the network by encode-decode, so the design of
encode-decode will inevitably affect the performance of the
networked systems. However, due to the introduction of the
network, constraints such as delay and noise are generated,
which seriously affect the stability and performance of the
networked systems.

In recent years, extensive research has been conducted on
the stability analysis of networked systems with communi-
cation constraints, such as quantization, delay, bandwidth,
and packet dropout. The stability of networked systems based
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on communication delay and bandwidth constraints has been
studied in [8]. The stability of networked systems based on
packet dropout and quantification has been explored in [9].
The stability of networked systems under the conditions of
transmission delay and data packet dropout has been studied
in [10]. The stability analysis of networked systems with
the conditions of random packet dropout and network delay
changes has been performed in [11].

However, studying only the stability of networked systems
is not enough, meanwhile these also have many problems
in terms of performance. Currently, several scholars have
studied the performance of networked systems [12]—[20]. The
optimal performance of networked control systems with the
packet dropouts and channel noise has been explored in [21].
The optimal tracking performance of networked systems with
bandwidth and network-induced delay constraints has been
studied in [22]. The performance of networked systems with
bandwidth constraints has been explored in [23]. The effect
of the channel noise on the tracking performance of the
networked system has been studied in [24]. The performance
limitation problem in the multi-variable discrete networked
system has been investigated in [25]. Recently, some scholars
have also studied the performance of discrete-time systems
with limited signal-to-noise ratio (SNR) [26] and LTI systems
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with limited power [27]. Most of the above-mentioned studies
have considered the effect of one-way channel, while the
problems of considering the effects of two-channel noise and
bandwidth constraints have rarely been discussed. However,
in networked systems, constraints such as delay, codec, white
noise and bandwidth often appear simultaneously. These
constraints will cause the performance of the system to
decline or even make the system unstable. Therefore, it is
essential to study the performance of networked systems with
the constraints of two-channel noise and bandwidth.

In this paper, the performance of networked systems
is analyzed based on two-channel noise and bandwidth
constraints. Firstly, a networked system model based on
two-channel noise and bandwidth constraints is proposed,
that is, white noise exist in both the forward and the
feedback channels, and bandwidth constraint in the feedback
channel. Therefore, one contribution of this paper is to
combine the performance of networked control systems
under new constraints such as bandwidth, and obtain the
expression of network system performance limitation through
factor decomposition and spectral decomposition technology,
which is the main difference from [28]. On the other
hand, we quantitatively reveal how two-channel noise and
bandwidth constraints affect the performance limitations of
network systems. The above results have certain reference
value for the optimization design of network communication
control system and communication channel design.

The remainder of this paper is organized as follows.
In Section II, the problem statement is briefly introduced.
A theorem is proposed to characterize the performance
limitation with two-channel noise and bandwidth constraints
in Section III. The simulations are provided in section IV, and
the conclusions are presented in Section V.

Il. PROBLEM STATEMENT

A networked system is established as depicted in Fig.1,
where the objective is to investigate the performance limi-
tation of the system with two-channel noise and bandwidth
constraints.
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]

FIGURE 1. The networked system with two-channel noise constraints.

In Fig.1, r is the input signal, G and K represent the
controlled plant and one-parameter compensator, whose
transfer functions are G(s) and K (s), respectively. n; and ny
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represent the additive white Gaussian noise in the feedback
and the forward channels, respectively. <p§ and w% denote
the power spectral densities of n; and ny, respectively. The
reference signal r is considered a random signal, and the
variance of the random process is (plz.

According to Fig.1, following can be obtained:

y = ¢ “KGr — e " KFGy — ¢ KGnj + ne”*GA™! (1)

Furthermore:
_ e KGr e UmKG e TnyGA™!
YT 15 e ™KFG 1+ e ©KFG ' 1+ ¢ “KFG
The tracking error of the system is:
e=r—y=MAr+ An; —Azny 2)
where
1 e KG
)'1 = T e~ )\'2 e ————
1+ e KFG 1+ e KFG
e_”GA_l
M= 3
1+ e KFG

Adopting the method of coprime factorizations, the trans-
fer function G can be expressed as:

N
FG =+ (4)

where N, M € RH .
For some X, Y € Ho, and satisfy [29]:

MX + e UNY =1 5)

It is well known that the compensator K that makes the
system stable can be expressed by Youla parameters [22]:

K={K:K=(X=e"NR)"'(Y + MR), R € Hox | (6)

In the above set of compensator K, N and M are
non-minimum phase transfer functions, which can be decom-
posed into:

N = L.N,y,M = B,M,, (7

where N, and M,, are the non-minimum phase parts; L,
and B, are all-pass factors that include all non-minimum
phase zeros z; € C4+,i=1,...,n and all unstable poles
pj € Cy,j=1,..., mof the given plant, respectively. L, and
B, can be expressed as:

n
s =z
L) =[]—="
i=1 ! j=1

m

S —Ppj
Bz<s>:1"[s+ﬁ{
J

Ill. PERFORMANCE LIMITATIONS WITH TWO-CHANNEL
NOISE AND BANDWIDTH CONSTRAINTS

The performance limitation of networked system is studied
by measuring the minimum tracking error, which is defined
as:

J*=inf J 8
Kek ®
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where J =: e{lle 3} = e{ly(s) —r )3}, it is the
tracking performance index.

It is assumed that there is no mutual interference between
the input signal » and Gaussian white noise n| with nj, then
the tracking error J of the system can be expressed as:

J = 121507 + 1220593 + 12315 93 ©)

According to Egs. (2),(3),(4),(8) and (9), following can be
obtained:

2

= inf {lox = enrom |5 67

2
+ H(Y + MRNe T F~! H2 o3
1 1 2 2
+ He—”N(X — e UNRFIA™ H2¢3} (10)

Theorem 1: Assuming that the networked system
shown in Fig.1, has multiple non-minimum phase zeros
zi € C4,i=1,...,n, and multiple unstable poles p; € Cy,
j = 1,...,m. The performance limitation of networked
system with two-channel noise and bandwidth constraints can
be written as follow:

n
J* > > 2Re(z)¢}
i=1
_ _ H
)3 4Re(pj)Re(p)) (1 — L' (pi))(1 — L7 (pj)) 2
() + pipipi bibje™ TPt :

j,ieN
iy 4Re(pj) Re(p;) L;1<p,-gL;_ ! (p;):j*l(z,-)w%
fo e+ poppi bibje"PitPy)
s 4Re(zi) Re(z) Nm(zl-)Nm<z]->Fj‘ (z)A™! (z,-)w%
G+ M (z))M (z)llje it

jiieN
1552, 1) = [] &2
ey PP jen Gt
i#] i#j
Proof: See Appendix.

Comment 1: It can be obtained from Theorem 1 that
networked control systems are affected by inherent character-
istics such as unstable poles, non-minimum phase zeros, and
channel constraints such as two-channel noise, bandwidth,
delay, and encode-decode. Therefore, communication con-
straints are also an important factor in performance.

where b;(s) =

IV. ILLUSTRATIVE SIMULATION
The influence of different conditions on the performance of
the networked system is analyzed, with an example. The
given object model is considered as follows:
G sk 11
(s)_s(s—Z)(s+3) (in

In this model, it can be seen that the non-minimum phase
zero and the unstable pole are located at z; = k and p; = 2,
respectively.

Firstly, the influence of bandwidth on the performance of
networked system is analyzed. A first order low-pass filter
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is applied to establish the model of bandwidth F (s), with
given three different cut-off frequency values of 10 and 1,
respectively, then:

10 1

Fi=—, —
p+10

2=p+1

It is assumed that the values of several correlated
quantities are: (p12 = <p§ = (p% =1, and T = 0.2. According to
Theorem 1, J1* and J,*, which represent the performance
limitation with bandwidth constraints of F| and F5, respec-
tively, can be expressed as:

—2k \? 2+k\?
N =2k 4+ ) +12"% —
1 +e <2—k) + 1.2e Tk

+2.4k 04k
—2k \? 2+ k\?
I =2k + e°-8<—) + 3e0~8<—>
2—k 2—k
+6ke 4k (12)

The performance limitations of networked system based on
the influence of different bandwidths are shown in Fig.2.

1500

1000

500

Optimal performance limitation J :

1 . . . . .
0 0.5 1 15 2 25 3 35 4
non-minimum phase zeros k

FIGURE 2. Performance limitations with different bandwidth constraints.

It can be seen from Fig. 2 that, the different values of
bandwidth affect the performance of the networked system.
The larger the bandwidth value, the better the performance
and vice versa. It can also be seen that when the unstable
pole is close to the non-minimum phase zero, the performance
tends to infinity.

Then, based on the bandwidth constraints, the influence
of codec on the performance of the networked system is
analyzed. The encoding transfer function is given as:

s+2
s—5

It is assumed that the cut-off frequency value of the model
of bandwidth F (s) is 10. Based on Eq. (12), we can get the
performance limitation with codec, J3* can be obtained as:

2k \? 24+ k\?
J; =2k +€O'8 (m) + 1.260'8<%>

k-5
2.4k | Z—=
teake k12
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Under the same bandwidth constraint, the performance
limitations with and without codec are shown in Fig.3.

1500

—o— J1" without codec
—+— J3" with codec

1000

500+

Optimal performance limitation J :

0 0.5 1 15 2 25 3 35 4
non-minimum phase zeros k

FIGURE 3. Performance limitations with and without codec.

It can be seen from Fig. 3 that the codec improves the
performance of the networked system.

It is also assumed that the value of bandwidth F (s) is
10, comparing with [28], which considers the impact of
time-delay and codec constraints. As shown in Fig. 5, We can
get the constraints of communication parameters increase,
the performance of the system decreases.

Finally, the influence of noise in the two channels on the
performance of the networked system is analyzed. Based on
Eq. (11), assuming the values of several correlated quantities
are: k =1, (p% =1,and T =0.2.

According to Theorem 1, J4*, representing the perfor-
mance limitation with noise in the two channels, can be
expressed as:

J4*=2+460.8+9eo.8(p§+260.4¢%

The performance limitation of networked system based on
the influence of two-channel noise is shown in Fig.4.

1500

‘\‘ —6— J1" Theorem 1
—*— Jr Reference [27]

1000

500

Optimal tracking performance limitation J )

- L L L L L
0 0.5 1 15 2 25 3 35 4
non-minimum phase zero k

FIGURE 4. Performance limitations with different communication
parameters.

It can be seen from Fig.5 that the noise of the forward
and the feedback channels affect the performance limitations
of the networked system, the larger the two-channel noise,
the worse the performance.
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FIGURE 5. Performance limitations with two-channel noise.
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FIGURE 6. Performance limitations with different delay values.

When ¢ = 0.1, ¢ = 0.2 and t = 0.3 are respectively
taken as different values. According to Theorem 1, we can
get the influence of different delays on the performance
limitations of the system. It can be seen from Fig. 6 that the
performance limitations is worse when the delay is larger;
when the delay tends to infinity, the system is unstable and
there is no corresponding controller.

V. CONCLUSION

The performance of the networked systems with two-channel
noise and bandwidth constraints is discussed in this paper.
Specifically, white noise and codec in the forward channel;
and white noise and bandwidth constraints in the feedback
channel are considered. The H> norm and the spectral
decomposition techniques are used to obtain the perfor-
mance limitation value, which is mainly affected by the
network parameters (such as white noise, bandwidth and
codec), when the intrinsic properties of the given plant
(such as non-minimum phase zeros and unstable poles) are
determined. The obtained results quantitatively reveal the
relationship between the system performance and the network
parameters with intrinsic properties.

In the future, we will conduct in-depth research on how
the tracking performance of the system changes according
to the different locations of the encode-decode (forward
channel or feedback channel). The work presented in this
paper, can provide theoretical guidance for the research of
the performance limitations of networked systems. Moreover,
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some parameter estimation approaches [30]-[35] can be com-
bined with the method proposed in this article for network
time-delay systems [36]-[42] with unknown parameters.

APPENDIX A
PROOF OF THEOREM 1
According to Egs. (6) and (10), following can be obtained:

. — 2
s= it [l = em=nrm |3 o2

2
+ | + MRNe TR H2 o2
—Ts —Tsp—14—1 2 2
n H(X—e NR)Ne ™F~'A H2(p3 (13)
Combining Eq. (7), we can get:

7= int {00 — LN, REM, | 6}

ReH o
2
2
@3
2

2
J* = inf {H(L;lMX — e—”NmRBZMm)quaf

2
2
%)

YL.N,, + L,N,,RB.M,,
+
eTSF 2
L.NyX — e "L .NyL,NyuR
e"SFA

Because L, is an all-pass factor, then:

ReH
YNy, + NuRBuM,, |
+ eTSF 5 ¥2
2
LN, X — e "N,,N,,R
7 m miVm 2
¢S FA e 14)

According to Egs. (5) and (7), a simple calculation will
provide,

L7'MX — L' = —e "N, (15)

Substituting Eq. (15) into (14),

2

2

@1
2

N,Y NmRBZMm)

eTS e‘L’S

J* = inf H'(L;l
ReH oo

2

2

¥
2

YN,, + NywRB.M,,
eF

2

2
@3

2

(L;lzv,,,x — e "Ny NyR
e FA

2
2
1

— inf 1-L, n e — N, Y B NuRB M,
ReHoo L, evs ers

2

2

2

V2
2

YN, + NyuRB M,
+ eF

2
~IN, X — e ™SN,,N,,R

Z 2
eSFA

?3
2

L
+|(
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Furthermore:

2
7= fast = o6t

+ inf {
ReH oo
YNy + NuRB My,
etsF

2
2
9?1

2

e —N,Y  NuRBM,

e'L'S e'L’S

2

2

%)
2

2

o

2

(L;leX — € " NyuNuR
e FA

Because B, with ¢*° is the all-pass factor part, following
can be obtained:

2
ool

™ — NpY :
+ inf —— — NuRM,
ReHo H B, . 1
YN LI s
=+ |( + Ny RM,,)F ¥y
BZ 2
NuXe™ 2
NN RFTIAT g2 16
LZ 2
According to partial factorization,
e — Ny Y s+ p; € — N(p))Y (07)
— =) S ta 4D
B, jen S TP g
YN, s+ pi Y(pj))Nu(p;
m o _ Z Pj (Pj) n(P]) +o (18)
BZ jeN S — pj bj
Nmzfe"‘ _yo it Nm<zz~>X<z,->F-l.<zi>A—1(a)@”" +3
< ien ST !
(19)

m
and  by(s) = ] 552,
ieN T

i#]

where  £1(s), £2(5), £3(s) € RH o,

m
lits) = [] =2
J jeN Zitz
i#
According to Eq. (7): M (p;) = B,(pj))M,, = 0, then:
Y (p))Nu(pj) = LI (e’
Nn(z)X (z) = N(z)M ™' (23)

Combining Eqgs. (17),(18) and (19),

e —Nu¥ _ Zsﬂaj P - L p)

4
B, jeN S —Dj bj
YN, s+ p; L7 (pj)ePi
mo_ Z Pj L, (pj +o
BZ jeN S —Ppj bj
NaXe™ oo 5 Na@F @A e |
L, P M (z)l;
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Therefore, Eq. (16) can be expressed as:

J*

2
e H 24 inf
H( z ) 91 +Rér71-too
2
s+]_7jLz(pj)—l o 2
( ——— "I + {1 — NpuRM) | @
2
5\ L1(p)e™
+]O S L0 N RME | 2
jon SR b
2
s+2z; \ Np(zp)e™ NuRNy, 2
+ -
(§<s—zi) M (z)l; 3 A )2%
2
-
H( < ) 2<p1
5. e™Pi(1 — L *1
+ Z<P1+S 1) ( (P])) (p%
jen \Pi TS
2
-1 Tp;
HD(E2 ) )
jen NS TP
2
+ Z <S+Zl _ 1) Nm(Zi)e‘[Zi (0?2’
S\s—z M (z)l;s 5 X
. ePi(1 — L7 (pj)
+ inf (§1+—Z(p]—NmRMm) <p%
ReH bj )
2
. L] (ppe™
0 (6 T NaRMy) | 93
. Nu(z)e™  NuRNy | 5
f - 20
+Rér71{oo (s + M (z))l; A )2«)3 20

Because N,, and M, both are the non-minimum phase
parts, by choosing the appropriate R, following is obtained:

ei(1 — L7\ (p))
@+ S = NuRMy) | 9} =0
J 2
Lil(p')etpf 2
(€2 + ==, + NuRMy)| g3 =0
J 2
Nu(@)e™  NuRNy | 5
&+ - )| ¢3=0
M@, A 0,7

Therefore, the above three equations cannot be true at the
same time, and combining Eq. (20), we will provide

ol
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2
s+ pj ePi(1 — L7 (pj)
+Z< p’_—l) b_z(p’ o
jen NP * >
1 1 2
s+ pj L7\ (pj)e™iF~
+ Z( pj 1) . () <P§
N\ D bjs
JeN 2
S\s—2z M(z;)l;s )

According to [28],
2 n
L—1—1H 2 — Y72 Re(z)¢?
[t = 4 3 2ReCv]
Then:

n
J* > " 2Re(z)g}

i=1
_ _ H
s 4Re(pj) Re(p)) (1L (pi))(1 — L7 (pj)) 0
fon PitpipPpi bibje~"Witp) !
s 4Re(pj) Re(p;) L;1<p,~>L;1<pi>F—1(z,-)¢2
fo i poppi bibje~WitP) :
L 3 4Re()Re(z) Ni(@)Nm(zZ)F ~1(z)A™ (@) 2
S Gtu M@MEle @) T
where bj(s) = + H 4 +Zf
Np P jeN Zi 3
L i#j

The proof is completed.
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