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ABSTRACT Autonomous parking techniques can be used to tackle the lacking problem of parking spaces.
In this paper, a sampling-based motion planner consisting of optimizing bidirectional rapidly-exploring
random trees∗ (Bi-RRT∗) and parking-oriented model predictive control (MPC) is proposed to properly
deal with various parking scenarios. The optimal Bi-RRT∗ approach aims to improve the common defects
of traditional sampling-based motion planners, such as uncertainties of path quality and consistency, and
exploring inefficiency in narrow spaces. For this reason, the proposed motion planner is able to overcome
strict environments with obstacles and narrow spaces. The parking-oriented MPC is then designed for
steering and speed controls simultaneously for accurately and smoothly tracking parking paths. Furthermore,
the proposed controller is dedicated to work under the practical scenarios, such as vehicle considerations,
real-time control, and signal delay. To verify the effects of the proposed autonomous parking system,
extensive simulations and experiments are conducted in common and strict parking scenarios, such as
perpendicular parking, parallel parking. The simulation results not only verify the effects of each technical
element, but also show the capability to deal with the various parking scenarios. Furthermore, various on-car
experiments sufficiently demonstrate that the proposed system can be actually implemented in everyday life.

INDEX TERMS Autonomous parking system, sampling-based motion planning, parking-oriented vehicle
control, bidirectional rapidly-exploring random trees∗ (Bi-RRT∗), model predictive control (MPC), perpen-
dicular parking, parallel parking.

I. INTRODUCTION
Autonomous vehicles aim to provide convenience and com-
fort for people. Numerous advanced driver assistance sys-
tems (ADAS) are actually applied in daily transportation
vehicles. However, only a few fully autonomous driving
applications are implemented due to safety and law consid-
erations. Therefore, because of the relatively low risks and
well-known environments, autonomous parking may be the
first fully autonomous application in the near future.

In addition, parking becomes one of the major challenges
in metropolitan cities recently because of the increment of
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vehicle numbers. Also, the size of parking slot and garage
space can be decreased without human factor consideration.
Therefore, autonomous parking is regarded as one of the
autonomous vehicle major benefits [1].

In advance, regarding to the functions of autonomous
techniques, autonomous vehicles are categorized into four
research issues, localization, perception, design logic, and
motion planning and control according to [2]–[4]. Except
motion planning and vehicle control, most of the research
domains already have the existing methods to deal with
autonomous parking issues. When it comes to motion plan-
ning and vehicle control techniques, there are still more strict
requirements in parking scenarios that should be properly
overcome. Therefore, this paper is dedicated to developing
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a parking system combining a motion planner and a vehicle
controller to work around the autonomous parking scenarios,
namely, for the common perpendicular and parallel parking
scenarios, and also the strict ones with obstacles.

The rest of the paper is organized as follows. Section II
discusses the related literature survey. Section III formu-
lates the problem studied in this paper. Sections IV and V
present the methodology about motion planning and vehicle
control, respectively. Section VI describes simulation study
and detailed analysis to show the properties for autonomous
parking. Section VII presents experimental tests of various
parking scenarios in real-road considerations and settings.
Section VIII summarizes this paper.

II. LITERATURE SURVEY
To deal with autonomous parking issues, motion planning
and vehicle control techniques should be developed for cor-
responding requirements and challenges additionally but not
implemented the existing methods from other scenarios.

For motion planning, several related methods are proposed
to deal with parking issues. However, they still have some
limitations and difficulties. Among the existing motion plan-
ning techniques, sampling-based planners are widely used in
parking scenarios.

An RRT planner with only forward motion combining
with solution templates for parking scenarios is implemented
to deal with the common parking issues [5]. Nonetheless,
the lack of backward kinematics and fixed template limit the
motion directional changes. A kinematic Bi-RRT is imple-
mented to grow two RRT trees from start and goal configu-
rations simultaneously to find solutions more efficiently [6].
Bi-RRT∗ with hybrid curvature steer and cost function design
is implemented to explore environments based on two RRT∗

trees to generate a solution with continuous curvature and
the desired pattern [7]. Also, the desired orientation RRT
(DO-RRT) is proposed to overcome the exploring ineffi-
ciency in narrow spaces [8]. Nevertheless, the uncertainty
of path quality is still not solved and the method in [8]
is limited to some template of goal configuration. Further-
more, a two-stage RRT planner is proposed in [9]. The first
stage explores environments with Bi-RRT with the Reeds-
Shepp curve, and the second stage utilizes the waypoint-
guided RRT (WG-RRT) to connect both RRT trees to result
in a solution for advanced smooth process. Unfortunately, the
tree connection and smooth process are limited to the result
of the first stage.

By considering the above-mentioned limitations and prob-
lems, the smooth-feedback Bi-RRT∗ is proposed to gener-
ate feasible and human-like parking paths with high quality
and consistency efficiently [10]. Nevertheless, the optimiza-
tion and exploring efficiency in narrow spaces are not good
enough. Therefore, the proposed motion planner aims to
improve both of them.

On the other hand, related vehicle control techniques
are reviewed in [11]. Traditionally, vehicle controllers are
classified into three categories, path stabilization, trajectory

tracking control, and predictive control approaches. Most of
vehicle controllers are implemented for on-road driving.

Path stabilization methods focus on local exponential sta-
bility of the predefined path and control the vehicle to follow
the path, such as pure pursuit [12], rear wheel position-based
feedback [13], and front wheel position-based feedback.

Trajectory tracking controllers are dedicated to main-
tain the local exponential stability of the predefined trajec-
tory which is time-variant, such as control Lyapunov based
design [14] and output feedback linearization [15].

Predictive control approaches use state-space model to
describe the kinematics for multiple dimensions. There-
fore, this approach can deal with the complex kinematics
for autonomous vehicles. An unconstrained linear MPC is
proposed to conduct steering control for autonomous vehi-
cles [16]. However, the constraints of speed, steering angle,
and steering speed are not considered due to the limitation
of the proposed optimizer in MPC. A constrained linear
MPC with steering dynamics model aims to work around the
steering practical problems to provide accurate and smooth
steering control for autonomous vehicles [17]. Also,
a multiple-constrained linear MPC takes not only steering
control limitation but also road boundaries as the MPC con-
straints to conduct steering control [18]. Unfortunately, they
do not concern about speed control because they focus on the
lateral control at constant speed in on-road scenarios. A non-
linear MPC with tire dynamics is proposed to conduct active
steering control and the real-time requirements are achieved
by online model linearization [19] and [20]. In addition,
a model predictive controller with switched tracking error
is proposed to reduce lateral tracking deviation and maintain
vehicle stability even for high-speed condition [21]. Although
the heavy computational load of nonlinear MPC is reduced
by online model linearization, the parameter requirements of
nonlinear tire dynamics make the model not friendly to var-
ious vehicles. Furthermore, a tube model predictive control
and time delay motion prediction are combined to deal with
signal delay in practice [22]. The concept can be taken as a
reference for some delay compensation requirements.

In this paper, a parking-oriented MPC is proposed to
real-time generate steering and speed control for directional
motion changes in autonomous parking scenarios. Also, since
the linear model of the proposed controller is general, so the
proposed controller is friendly to various vehicles. Moreover,
signal delay in practice [22] is able to be solved in the
proposed vehicle controller.

When it comes to existing autonomous parking systems,
there are still some defects in motion planning and vehi-
cle control. Some of them consider only one motion direc-
tion [23]–[27]. A path planner combing saturated control
is proposed to work around perpendicular parking [28].
Nonetheless, the planning method is merely designed for
perpendicular parking and the vehicle controller lacks of
speed control. A path generation algorithm is proposed to
enter parking slots using curves with minimum turning radius
for autonomous parking [29]. A model predictive parking
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control using time-state control form is proposed to deal
with perpendicular parking [30]. However, both methods
do not consider the conditions that obstacles locate around
parking slots. An automatic parking system based on scene
recognition is proposed to recognize a perpendicular parking
scenario and have potential to complete parking mission
by developed motion planner and vehicle controller [31].
Unfortunately, the vehicle controller is not simulated to track
a perpendicular parking path. That is, the motion planner
and vehicle controller have not been combined to deal with
perpendicular parking scenario in [31].

In this paper, the proposed motion planner aims to improve
the inefficient exploration in narrow spaces in [10]. Also,
parking-oriented MPC is proposed to track the resulting
parking path accurately and smoothly for real-time require-
ments. Moreover, the proposed autonomous parking system
is applied to deal with the real-world parking issues.

III. PROBLEM FORMULATION
A. VEHICLE MODEL
The vehicle model and the definition of related parameters
used in this paper are presented in Figure 1. The commonly
used bicycle model is applied to represent the kinematics
of four wheels. The modeling details are discussed in [32]
and [33]. Moreover, because the vehicle system is assumed
to operate at low speed, the Ackermann steering geometry is
utilized. As a result, the vehicle position, (x, y), in the world
coordinate corresponds to the rear centroid of the vehicle.
The heading angle, θ , is defined as the angle between the
heading orientation of vehicle and the x-axis of the world
coordinate. The vehicle speed, v, is defined as the scalar
alone the vehicle axis. When it comes to steering kinematics,
the steering angle, δ, is defined as the angle between the
heading orientation of vehicle and the orientation of the front
wheel. The turning radius, Rturn, is determined based on the
dimensions of vehicle. In addition, the length of wheelbase,

FIGURE 1. The vehicle model.

WB, is the distance between the axis of front wheels and that
of rear wheels.

B. MPC PERIODS
When it comes to the periods of MPC, there are three kinds
of periods in the proposed vehicle controller, namely, control
period, T , prediction horizon, Tp, and control horizon, Tc. The
control period, T, indicates that the control commands are sent
to the plant in periods of T (sec).

The definition of prediction horizon, Tp, is described as
follows:

Tp = NpT , when Np ∈ Z+. (1)

The prediction horizon, Tp, indicates that each MPC execu-
tion predicts the vehicle states and control commands up to
prediction horizon of next Np periods.
On the other hand, the definition of control horizon, Tc,

is described as follows:

Tc = NcT , when Nc ∈ Z+. (2)

The control horizon, Tc, indicates that the first Nc control
commands among the prediction horizon are taken. In other
words, the control horizon also represents the re-plan period
ofMPC. Usually, a control horizon of lengthNc is determined
based on the predictive uncertainties.

C. LINEAR STEERING AND SPEED KINEMATIC MODEL
The proposed vehicle controller aims to control steering and
speed simultaneously, so the linear steering and speed kine-
matic model in [34] and [33] is implemented as reference.
The detail is presented as follows:

zk+1 = Azk + Buk + C, (3)

where the vehicle state, zk , and the control input, uk , are
defined as follows:

zk =


xk
yk
vk
θk

 , uk =
[
ak
δk

]
, (4)

and the state space matrices A, B, and C, are described as
follows:

A =


1 0 cos

(
θ̄
)
dt −v̄sin

(
θ̄
)
dt

0 1 sin
(
θ̄
)
dt v̄cos

(
θ̄
)
dt

0 0 1 0

0 0
tan(δ̄)
L

1

 , (5)

B =


0 0
0 0
dt 0

0
v̄

L cos2(δ̄)
dt

 , (6)
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C =


v̄ sin

(
θ̄
)
θ̄dt

−v̄ cos
(
θ̄
)
θ̄dt

0
v̄ ∗ δ̄

L cos2(δ̄)

 . (7)

This linear state space model aims to utilize acceleration, a,
and steering angle, δ, as control input to control the vehicle
state like position, (x, y), speed, v, and heading, θ . Moreover,
the state space matrices A, B, and C , are determined by the
prediction state and control input in discrete-time format.
Therefore, the implemented linear state space model is a
discrete-time model and control for autonomous vehicles.

IV. OPTIMAL FEEDBACK BIDIRECTIONAL RRT∗ WITH
REEDS-SHEPP CURVE
A motion planner using smooth-feedback Bi-RRT∗ is
utilized to plan parking paths in high path quality and
consistency for various parking scenarios [10]. Moreover,
the proposed motion planner revises the original framework
to improve exploration and optimization. Also, two additional
samplers using Gaussian distribution and uniform distribu-
tion to enhance exploration in narrow spaces. The proposed
framework is described in the following and illustrated in
Algorithm 1.

A. COLLISION-AVOIDABLE SAMPLER
The collision-avoidable sampler is proposed to make the
resulting nodes avoid obstacles and boundaries efficiently
(Lines 1 & 2). The collision-avoidable sampler aims to
locate sampling nodes near the occupancy grid with a certain
distance based on the collision checking radius, Rcollision.
Furthermore, the heading of the sampling nodes should
be perpendicular to the vector from the occupancy grid to
the sampling node. Therefore, the sampling nodes of the
collision-avoidable sampler are able to help RRT∗ trees avoid
obstacles and boundaries. An example of the desired random
state distribution of Staterand is shown in Figure 2.

FIGURE 2. The desired distribution results of collision-avoidable sampler.
(a) The desired position distribution (x, y) based on collision checking
radius Rcollision. (b) The desired heading θ when Stateocc equals to
(0, 0, π/2).

To achieve this goal, the collision-avoidable sampler is
defined as follows. For a starter, an occupied grid is picked
up from the contour of obstacles and boundaries in map
randomly as the reference point Stateocc = (xocc, yocc, θocc).
Then, the polar coordinates of the new random nodes

Algorithm 1 Optimize-Feedback Bi-RRT∗ With RS Curve
1: MixedSamplerstart ← Samplerfree, Sampleravoid
2: MixedSamplergoal ← Samplerradial , Samplerfree,

Sampleravoid
3: Tree Treestart ← Setup(Start_point,MixedSamplerstart )
4: Tree Treeggoal ← Setup((Gaol_point,

MixedSamplergoal)
5: LoopNum← 0
6: while ExecutionTime < LimitedTime. do
7: if LoopNum%2 == 0 then
8: Nodestart ← Treestart .iteraterand ()
9: Nodegoal ← Treegoal .iterateconnect (Nodestart .State)
10: else
11: Nodegoal ← Treegoal .iteraterand ()
12: Nodestart←Treestart .iterateconnect (Nodegoal .State)
13: end if
14: if Nodestart .State == Nodegoal .State then
15: Solconnected ← Connect(Nodestart , Nodegoal)
16: Solinterpolated ← Interpolate(Solconnected

Resinterpolate)
17: Tree Treeoptimize← Setup(Start_point)
18: Soloptimal ← Treeoptimize Optimize(Solinterpolated )
19: if Soloptimal = NULL then
20: continue
21: end if
22: if Soloptimal .cost() < Solbest .cost() then
23: OptimizeFeedback( Soloptimal , Treestart ,

Treegoal)
24: Solbest ← Sampling(Soloptimal , Ressample)
25: StateSpaceConvergence(Solbest )
26: end if
27: end if
28: LoopNum ++
29: end while
30: return Solbest

(ρrand , ϕrand ) with Stateocc as the center should be derived.
The polar radius ρrand can be obtained based on normal
distribution as follows:

ρrand = N
(
2 ∗ Rcollision, (0.5 ∗ Rcollision)2

)
,when

ρrand ≥ Rcollision. (8)

On the other hand, the polar angle ϕrand is calculated based
on the uniform distribution as follows:

ϕrand = U (−π, π) . (9)

According to (8) and (9), most of the random polar coor-
dinates focus on the region between the circles with radius
Rcollision and 3Rcollision, respectively, as shown in Figure 2(a).

For the derivation of Staterand , xrand and yrand can be
derived based on Stateocc and the random polar coordinates
(ρrand , ϕrand ) as follows:{

xrand = xocc + ρrand ∗ cos (ϕrand )
yrand = yocc + ρrand ∗ sin (ϕrand )

(10)
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Moreover, θrand is defined as follows:

θrand =


atan2−1

xocc − xrand
yrand − yocc

, if U (−1, 1) ≥ 0

atan2−1
xocc − xrand
yrand − yocc

+ π, if U (−1, 1) < 0.
(11)

Therefore, θrand can be perpendicular to the vector from
(xocc, yocc) to (xrand , yrand ) as shown in Figure 2(b).
According to the design of the collision-avoidable sampler,

the resulting sampling nodes are able to help RRT∗ tree avoid
obstacles and boundaries, and even improve the exploration
efficiency in narrow spaces.

B. THE REVISED RADIAL SAMPLER
The proposed radial sampler is revised from [35] to make the
RRT∗ tree grow out from narrow parking slots. With vehicle
kinematic consideration, the revised radial sampler aims to
focus the sampling nodes around the goal configuration and
especially alongwith the goal heading.Moreover, the heading
of sampling nodes should distribute around the goal heading
but not lose the probabilistic property to explore the envi-
ronment near the goal. An example of desired random state
distribution of Staterand is shown in Figure 3.

FIGURE 3. The desired distribution results of the revised radial sampler.
(a) The desired position distribution. (b) The desired heading θ when
Stategoal equals to (0, 0, π/2).

To achieve this goal, the revised radial sampler is defined
as follows. First of all, the proposed radial sampler regards
the goal configuration, Stategoal = (xgoal, ygoal, θgoal), as the
reference center. Then, the polar coordinates are generated by
the uniform distribution according to reference center. The
random polar radius ρrand depending on the RRT∗ search
radius Rsearch is defined as follows:

ρrand = Rsearch ∗ U(0, 1). (12)

As a result, the distribution of the distance between sampling
nodes and goal configuration can be determined by the design
of ρdesired .
On the other hand, the polar orientation ϕrand which makes

the sampling state focus on the front and behind locations of
the goal configuration as follows:

ϕrand =

 θgoal +
π

4
N (0, 1) , if U (−1, 1) ≥ 0

θgoal +
π

4
N (0, 1)+

π

2
, if U (−1, 1) < 0

(13)

Furthermore, the x and y values of the random state can be
derived based on Stategoal and the random polar coordinates

(ρrand , ϕrand ) as follows:{
xrand = xgoal + ρrand ∗ cos (ϕrand )
yrand = ygoal + ρrand ∗ sin (ϕrand ) .

(14)

Based on (12) and (13), the random position distribution of
(xrand , yrand ) is able to perform as Figure 3(a). In addition, θ
is randomized based on θgoal as follows:

θrand = θgoal +
π

2
∗N (0, 1) . (15)

Regarding to the design of (15), the random heading angle
θrand can focus around the goal heading angle θgoal as shown
in Figure 3(b). Finally, the random state Staterand can be
derived.

Based on the revised radial sampler, the iterations of
Treegoal can focus around the goal configuration along the
heading of the goal. Moreover, the heading of the random
state also focuses around the heading of the goal. Therefore,
the low probability of feasible node generation for narrow
parking slot can be improved.

C. OPTIMAL FEEDBACK PROCESS
The proposed process aims to improve the optimization and
exploring efficiency in [10]. As shown in Figure 4, The
former two steps are to optimize the connected solutions,
interpolated by the Reeds-Shepp curve, with RRT∗ as the
original version. The original process in [10] feeds the smooth
process results back to RRT∗ trees for each found solution.
However, it may result in heavy load for the following com-
putation and fall into a local minimum easily. Compared to
the one in [10], the proposed process conducts the feedback
function only when the optimal solution is better than the best
solution (Lines 22 & 23). The most critical information can
improve the following exploration and optimization.

FIGURE 4. The flowchart of optimal feedback process.
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V. PARKING-ORIENTED MODEL PREDICTIVE CONTROL
The proposed vehicle controller aims to overcome the
autonomous parking issues and control the vehicle according
to a planned parking path. To overcome strict environments
and frequently directional changes in autonomous parking,
the proposed vehicle controller aims to control vehicle speed
and steering simultaneously to track the results of the pro-
posed motion planner accurately and smoothly. Also, the pro-
posed vehicle controller aims to work around some practical
problems, such as real-time difficulties due to simultaneous
speed and steering control, the difference between steering
command and the actual steering response of vehicle, and
even the time delay of computation. The main structure of the
proposed vehicle controller is developed based on the model
predictive speed and steer control in [34].

A. OVERVIEW OF THE PROPOSED VEHICLE CONTROLLER
The system structure of the proposed vehicle controller is
shown in Figure 5. As usual, there are three parts in an
MPC controller, namely, the state space model, the cost
function and constraints design, and the optimizer. More-
over, the simultaneous computation and control framework
is implemented in the proposed vehicle controller. Linear
state space model ẑ = [x̂, ŷ, v̂, θ̂ ]

T
is determined based

on the compensated state of vehicle zcompensated from the
simultaneous computation and control framework and the
past input command sequence û = [â, δ̂]

T
. Then, the path

tracking problem is formulated by the parking-oriented cost
function and constraints. According to the reference trajec-
tory zref = [xref , yref , vref , θref ]T , the state space model
and tracking problem formulation, the optimizer [36] solves
the optimization problem to derive a sequence of optimal
outputs. Then, the sequence of optimal outputs is smoothened
by the proposed steering command smoother to obtain the
control sequence u = [a, δ]T . In advance, the simultaneous
computation and control framework stores the resulting con-
trol sequence u = [a, δ]T , and outputs the current control
command ui = [vi, δi]T to the autonomous vehicle which
requires speed commands instead of acceleration unlike sim-
ulations. When the proposed controller requires to subscribe
the vehicle state zv = [xv, yv, vv, θv]T and uv = [δv]T ,
the simultaneous computation and control framework will
predict the state zcompensated based on the execution time

FIGURE 5. The system structure of the proposed vehicle controller.

delay and signal delay in practice by time-varying motion
prediction.

B. TRACKING STRATEGY FOR AUTONOMOUS PARKING
To take both vehicle mechanism and tracking accuracy into
account, the tracking strategy for autonomous parking should
be defined first.

1) SEGMENT BY SEGMENT TRACKING
In practice, the vehicle should stop completely and change
motion direction. However, the speed control of the MPC
controller usually does not consider this situation properly.
Therefore, the strategy of segment-by-segment tracking is
implemented in the proposed vehicle controller to track a
single motion direction each time as shown in Figure 6.

FIGURE 6. An example of tracking strategy for autonomous parking.

2) STEERING ANGLE INITIALIZATION FOR EACH SEGMENT
In addition, to overcome the strict environment, the results
of motion planner may require turning the steering angle
to opposition at cusps as shown in Figure 6. Therefore,
the steering angle initialization for each segment should be
implemented to prevent the tracking error by steering angle
difference.

Moreover, the formulation of steering angle initialization
should be defined. For a starter, the judging distance, djudge,
of the steering angle initialization should be determined.
Because the beginning waypoints are highly concerned about
the initial steering angle, the judging distance, djudge, is deter-
mined as follows:

djudge = vtarget ∗
δmax

1δmax
, (16)

where vtarget is the target velocity, δmax is the maximum
steering angle, and 1δmax is maximum steering speed.

For physical meaning, djudge indicates the distance which
the vehicle moves during the switching time of steering angle

VOLUME 8, 2020 163507



J.-H. Jhang, F.-L. Lian: Autonomous Parking System of Optimally Integrating Bi-RPT∗ and Parking-Oriented MPC

from 0 to δmax . The initialized steering is defined as follows:

δ0 =

{
sgn

(
κavg

)
∗δmax , if

∣∣κavg∣∣ ≥ 0.5 |κmax |

0, else,
(17)

where

κavg =

∑N−1
i=0 κi

N
, where N =

⌈
djudge

Ressample

⌉
. (18)

The value of κavg is determined by the judging distance,
djudge, and the sampling resolution of the proposed motion
planner, Ressample.
Therefore, as shown in (17), if the value of average cur-

vature κavg within the judging distance djudge is larger than
half of maximum curvature κmax , the initial steering angle δ0
should be set as δmax with corresponding sign.
Based on the steering angle initialization, the tracking error

due to the large curvature of the beginning waypoints can
decrease.

C. PARKING-ORIENTED COST FUNCTION AND
CONSTRAINTS
The parking-oriented cost function and constraints are
designed to overcome the large curvature in parking scenar-
ios. Most of model predictive controllers are designed for
on-road scenarios at high speed [16]–[22]. Tomaintain lateral
stability, the limitation of the max steering angle decreases as
the increment of vehicle speed [17]. Therefore, the parking-
oriented tracking problem is formulated in the paper to solve
path tracking with large curvature.

The cost function JMPC of the proposed vehicle controller
with in prediction horizon length Np is defined as follows:

JMPC = zTerr,k+fQf zerr,k+f

+

f=N p−1∑
i=0

zTerr,k+iQzerr,k+i
+uTk+iRuk+i
+uTjerk,k+iRdujerk,k+i

, (19)

where the state error is presented as zerr,i =
[
zref ,i − ẑi

]
and

the control jerk is presented as ujerk,i = [ui+1 − ui].
There are four cost terms (19), namely, the state error cost,

the final state error cost, the control energy cost, and the
control jerk cost, respectively. The state error cost and the
final state error cost aim to decrease the value of state error to
perform accuracy in path tracking. The state error weighting
matrix Q is a 4 by 4 matrix to correspond to the elements of
vehicle state z = [x, y, v, θ]T as follows:

Q = Qf = diag
(
qx , qy, qv, qθ

)
. (20)

Then, the control energy cost aims to compress the control
input energy for smooth control. The control energy weight-
ing matrix R is a 2 by 2 matrix to represent the cost weight of
control energy at straight and curve described as follows:

R =


Rstraight = diag

(
rstraight,a, rstraight,δ

)
,

if κNp−1 < 0.5κmax
Rcurve = diag

(
rcurve,a, rcurve,δ

)
,

if κNp−1 ≥ 0.5κmax

(21)

Finally, the control jerk cost is designed to prevent dra-
matic change of control input so that control smooth can be
improved. The control jerk weighting matrix Rd is a 2 by
2 matrix to represent the cost weight of control jerk at straight
and curve defined as follows:

Rd =


Rd straight = diag

(
rd straight,a, rd straight,δ

)
,

if κNp−1 < 0.5κmax
Rdcurve = diag

(
rdcurve,a, rdcurve,δ

)
,

if κNp−1 ≥ 0.5κmax

(22)

When it comes to the parking-oriented cost function design,
the considerations of state error and control smoothness
are taken into account. Moreover, different controls related
weighting matrices at curve are designed to overcome the
curves with large curvature in parking scenarios. An example
of parking-oriented cost function is presented in Figure 7.
Based on the Reeds-Shepp curve, these curve and straight
segments can be clearly classified by curvature. Therefore,
different cost functions can be implemented in straight and
curve segments, respectively.

FIGURE 7. An example of parking-oriented cost function.

Moreover, the optimization problem can be formulated
based on (19), so the optimization problem is defined as
follows:

min
u
JMPC . (23)

Subject to the state space model equation in (3), and the
constraints are defined as follows:

z0 = zv,0, (24)

|δk+1 − δk | ≤ 1δmax ∗ dt, (25)

|δ0 − δlast | ≤ 1δmax ∗ dt, (26)

|δk | ≤ δmax , (27)

|ak | ≤ amax , (28)

|vk | ≤ vmax , (29)

where δlast indicates the last steering command.
(24) indicates that the initial state of MPC should be equal

to the vehicle state for each MPC execution. (25) indicates
that the steering speed constraints. Also, the steering speed
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constraints should be obeyed between the last steering com-
mand and the first steering output in (26). (27)-(29) present
the max values of steering angle, acceleration, and speed
constraints of the proposed vehicle controller.

With the linear state space model in (19) and the tracking
problem formulation in this section, the implemented opti-
mizer can result in the optimal control sequence within the
prediction horizon Tp for vehicle control.

D. SIMULTANEOUS COMPUTATIONAL AND CONTROL
FRAMEWORK
This section is composed of two elements, multi-thread
framework and execution time compensation, to deal with
the real-time control problems. Because the MPC computa-
tional load of the simultaneous speed and steering control
is too heavy, all the process in [34] is hard to be executed
with the control period T matching real-time requirements.
In addition, for practical consideration, the longer control
period T leads to the larger control jerk so that the vehicle
actuator tracks the next desired control command with longer
delay time. For this reason, theMPC computation and control
command sending are required to be executed simultaneously
based on multi-thread framework. However, resulting exe-
cution time delay of MPC exists in this process. Therefore,
execution time compensation is implemented to deal with this
side effect.

1) MULTI-THREAD FRAMEWORK
To achieve real-time control when both steering and speed
controls are conducted, a framework with two threads is
proposed in this paper.

In [34] and [37], the original coding framework is pre-
sented in Figure 8(a). The MPC part is executed to predict
the prediction horizon Tp of control inputs and states in
periods of the control period T . Then, the process updates
the control sequence and publishes the current control input
to the autonomous vehicle in periods of the control period T .
In this kind of framework, the execution time of MPC should
be limited to the control period T . However, once the compu-
tational load is too heavy, the control period T is difficult for
real-time control.

FIGURE 8. The flowchart of the coding frameworks. (a) The original
framework. (b) Multi-thread framework.

Therefore, multi-thread framework is developed to work
around this problem. As shown in Figure 8(b), multiple
threads are implemented to conduct MPC computation and
control input sending simultaneously. Each time the MPC
finishes an execution, the resulting control input sequence
will be updated to the global control command holder. Then,
the other thread publishes the current control input in periods
of the control period T .

Based on multi-thread framework, the execution time lim-
itation of MPC can be expanded up to the control horizon Tc.
Moreover, the control inputs within the control horizon Tc
can be utilized. In other words, the control period T in the
proposed vehicle controller can be 1

Nc
times than the original

framework so that controllers with heavy computational load
can be executed for real-time control.

2) EXECUTION TIME COMPENSATION
Moreover, a side effect of multi-thread framework occurs due
to the MPC execution time. Therefore, the execution time
should be compensated for the vehicle controller. To work
around this problem, the concept of the time delay motion
prediction in [22] is taken as the reference to propose the
execution time compensation.

Figure 9 shows an example. For a starter, the control period
is set as T and the execution time of MPC is set as 3T. For
the original process in [34], at State 0, the MPC predicts the
next state and calculate the sequence of the control input and
trajectory for State 1. However, the MPC execution time may
not be within the control period T in multi-thread frame-
work. In this case, the results of the execution at State 0
will be received at State 3. Apparently, the received control
input sequence has 2-period delay by State 3. To overcome
this problem, 2-period delay should be compensated in the
proposed vehicle controller. In other words, for the MPC
execution at State 0, the proposed vehicle controller should
take State 3 as the reference state to derive the corresponding
control input sequence.

FIGURE 9. An example of execution time compensation.

To achieve execution time compensation, the time-
varying motion prediction in [34] is implemented. The state
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translations of the motion prediction are described as follows:
xk+1 = xk + vk ∗ cos (θk) ∗ T
yk+1 = yk + vk ∗ sin (θk) ∗ T
vk+1 = vk + ak ∗ T

θk+1 = θk +
vk
WB
∗ tan (δk) ∗ T ,

(30)

where (xk , yk , vk , θk ) is the current state of vehicle, (ak , δk ) is
the current control input for the MPC controller, T is control
period, and WB is the wheelbase length of vehicle. Then
the required iteration number Ncompensation for execution time
compensation is defined as follows:

Ncompensation =
⌈
texecution

T

⌉
, (31)

where texecution is the last execution time of MPC controller,
and T is the control period.
Moreover, if the signal delay tsignal in practice is consid-

ered, (31) should be revised as follows:

Ncompensation =
⌈
texecution + tsignal

T

⌉
, (32)

Based on (30) and (31), the compensated state zk+Ncompensation
can be derived for the MPC controller. Compared to the
motion prediction proposed in [22], the implemented time-
varying prediction utilizes the calculated control inputs
instead of only the current state to predict the future state.
Therefore, the prediction in this paper is more accurate so
that the performance of the controller can be better.

E. STEERING COMMAND SMOOTHER
The steering command smoother is proposed to prevent steer-
ing commands from damping in high frequency. Based on this
function, the smoothed command sequence should have the
same effect as the original andmatch the steeringmechanism.

In autonomous parking scenarios, the steering angle usu-
ally changes dramatically and frequently. Also, the optimal
solution of steering command may contain some damping to
track more accurately. In aspect of practice, these damping
commands are difficult for steering actuator to track and
even may hurt the steering actuator. Therefore, steering com-
mand smoother is proposed to cancel the damping of steering
results without the steering speed change of the original
command sequence.

Steering command smoother is detailed as follows. First of
all, to avoid huge difference with the last steering command,
the last steering angle δlast is also considered to calculate the
average steering angle δavg with the new steering sequence as
follows:

δavg =
δlast +

∑Np−1
i=0 δi

Np + 1
. (33)

Then, the new steering speed1δ′ in new steering sequence is
derived based on δavg ad δlast as follows:

1δ′ =
2 ∗

(
δavg − δlast

)
Np

. (34)

Finally, the new steering sequence δ′ is obtained as follows:

δ′i = δlast + (i+ 1) ∗1δ′, (35)

for i = 0, 1, 2 . . .Np − 1.
With the proposed steering smoother, the damping steering

control of the original sequence is solved by the constant
steering speed 1δ′. Moreover, the steering speed of the
smooth sequence is the same as the original one because
of the same average steering angle δavg. For this reason,
the effects of the smooth sequence are equal to the original
and even the smooth sequence can be followed more accu-
rately in practice.

VI. SIMULATION RESULTS AND ANALYSIS
In this section, the motion planner comparison to [10] is
simulated in parking scenarios first. In advance, the individ-
ual effects of the technical elements in the proposed vehicle
controller are discussed by simulation tests.

To make the simulation results correspond to experiments,
the parameters are identical based on Chrysler Pacifica which
is the plant in this paper. The dimension of Chrysler Pacifica
are presented in Table 1.

TABLE 1. The dimension of Chrysler Pacifica.

When it comes to the proposed motion planner, the param-
eter setups are presented in Table 2. The minimum turn-
ing radius Rturn is determined as 8.0 m. The search radius
Rsearch of Treestart and Treegoal is set as 8.0 m according to
the scenario requirements. Collision buffer Buffer which is
defined for uncertainties and collision checking resolution is
0.05 m. Collision disk radius Rcollision is derived based on the
formulation in [10]. Finally, to prevent from falling into local
minimum, state space expansion is set the same as Rsearch for
exploration.

TABLE 2. The parameters of the proposed motion planner.

The parameter setups of the proposed vehicle controller
are presented in Table 3. These parameters are designed for
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TABLE 3. The parameters of the proposed controller.

Chrysler Pacifica. For a starter, the periods of the proposed
MPC controller are defined. Also, the cost weightingmatrices
and constraints are detailed in this table. Finally, the target
speed of the speed profile is set as 1.5 km/h.

The map and configuration setups of each design parking
scenario are presented in Figure 10. The left figure represents
the common parking scenarios, and the right figure represents
the strict parking scenarios. In addition, the grid size is 1 m
by 1 m so that the relative location information can be clearly
learned. For the coordinate, the positive x-axis corresponds
to the downside of the pictures and the positive y-axis corre-
sponds to the right.

FIGURE 10. The parking scenarios for simulations. (a) Strict perpendicular
Scenario (Scenario 1). (b) Strict parallel scenario (Scenario 2).

Strict perpendicular scenario (Scenario 1) is presented
in Figure 10(a). This is a challenging scenario to test the
proposed motion planner whether can avoid obstacles and
accomplish the perpendicular parking mission. There are two
obstacles placed in this map. The first one locates at the place
in front of the start configuration, and the second one is placed
near the location of the only cusp in common perpendicular
scenario of [10]. With the above obstacles, the proposed
methods should be able to avoid the first one in the narrow
spaces, and use another path pattern to overcome the second
one for this perpendicular parking.

Strict parallel scenario (Scenario 2) is presented in
Figure 10(b). The design concept is similar to strict

perpendicular scenario (Scenario 2), the obstacles are placed
to block the start configuration and path pattern for entering
the slot respectively. The start configuration is also set at
the location with 2 m distance from the down side of the
boundary. Moreover, the distance between the obstacles are
set as the length of the parking space. As a result, the parking
path should overcome not only the challenges mentioned in
strict perpendicular scenario (Scenario 1) but also the narrow
parking space for the vehicle.

A. MOTION OLANNER COMPARISON IN PARKING
SCENARIOS
To validate the proposed motion planner can be able to deal
with the parking issues in theory, the simulations in strict
perpendicular and parallel scenarios (Scenarios 1 & 2) as [10]
were conducted for further comparisons.

The original motion planner performs not well enough for
exploration in narrow spaces. For this reason, some failure
occurs in the simulation scenarios in [10] when the minimum
turning radius increases to 8 m for Chrysler Pacifica. There-
fore, the improvement of the proposed motion planner will be
demonstrated in the following simulations.

The simulation process is shown in Figure 11. There are
four steps in the simulations of this section. Firstly, the pro-
posedmethod has to read themapwhich is plotted as a picture
previously. Then, the start and goal configurations are set
with position (x, y) and heading angle θ . Third, the proposed
method grows RRT∗ trees to explore the environment for one
result in 3 seconds each time. If no feasible path is found
in 3 seconds, the exploration is regarded as a failure one.
Finally, Step 3 is repeated 5 times, and 5 individual results
are outcome. For cost comparison, the results from best to
worst are presents in red, green, blue, black, and purple in
order. As a result, the path geometries and statistical results
can correspond to the improvements of the proposed motion
planner in aspect of path quality and consistency, and even
the exploring efficiency.

FIGURE 11. The simulation process of the proposed motion planner.
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1) PERPENDICULAR PARKING
When it comes to the perpendicular parking simulation tests,
the proposed motion planner and vehicle controller are sim-
ulated in Strict Perpendicular Scenario (Scenario 1). the five
individual path results and cost convergence profiles in both
scenarios are shown in Figure 12. Furthermore, the statisti-
cal results of cost and cost function elements are recorded
in Table 4. Strict perpendicular scenario (Scenario 1) places
two obstacles to break the resulting path pattern in com-
mon perpendicular scenario in [10]. The stricter environment
makes the original motion planner result in an exceptional
paths (purple) with 5 cusps as shown in Figure 12(a). Because
of the two proposed samplers, the resulting paths of the
proposed motion planner require 3 cusps to complete the
parking mission consistently. The detail information can be
learned from the statistics of cost number in Table 4.

FIGURE 12. The path results of the comparing motion planner (left) and
the proposed motion planner (right) in strict perpendicular scenario.
(a) and (b) The five individual results. (c) and (d) The cost convergence
profiles.

TABLE 4. The statistical results of motion planner simulations in
perpendicular parking scenarios.

2) PARALLEL PARKING
In aspect of parallel parking simulation tests, both motion
planners are conducted in strict parallel scenario (Scenario
2). Also, the five individual path results and cost convergence
profiles in both scenarios are shown in Figure 13. Further-
more, the statistical results of cost and cost function elements
are recorded in Table 5.

FIGURE 13. The path results of the comparing motion planner (left) and
the proposed motion planner (right) in strict parallel scenario. (a) and
(b) The five individual results. (c) and (d) The cost convergence profiles.

TABLE 5. The statistical results of motion planner simulations in parallel
parking scenarios.

Strict parallel scenario (Scenario 2) becomes much stricter
than common parallel scenario of [10]. The original motion
planner has difficulty to generate a feasible path. The only
resulting path of the original motion planner is presented
in Figure 13(a) and Table 5. As shown in Figure 13(c) and (d),
the cost of only resulting path is worse than each results of the
proposed motion planner. In advance, the proposed motion
planner generates the results with 5 cusps consistently corre-
sponding to the data in Table 5. This phenomenon indicates
the proposed motion planner is able to explore the narrow
spaces and make frequent motion directional changes around
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the parking slot. The simulation results in this scenario cor-
responds to the improvement of the proposed motion planner
in narrow space exploration.

B. METHOD EFFECTS OF THE PROPOSED VEHICLE
CONTROLLER
To examine the effects of each technical elements in the pro-
posed vehicle controller, all the simulations were conducted
to track the designed reference path in common perpendicular
scenario (Scenario 1). Moreover, the heading of the start
configuration is adjusted to result in more curve segments.
To confirm the reference path of simulation is identical,
the information of the reference path in Figure 14 is written
as a csv profile.

FIGURE 14. The reference path for the simulation in the section. (a) The
reference waypoints. (b) The reference path with vehicle shape models.

The simulation process of the proposed vehicle controller
in this section is shown in Figure 15. As shown in step 1,
the csv profile of the reference path is read for the comparing
and proposed vehicle controllers. For step 2, the reference
path information is regarded as the input for both controllers.
Finally, the simulation is conducted based on the reference
path, and the simulation results are utilized to show the
difference between both methods.

FIGURE 15. The simulation process of the proposed vehicle controller.

The following simulations are compared with the results of
the proposed vehicle controller in Figure 16, Figure 17 and
Table 6. As shown in Figure 16, the results of tracking
trajectory, distance and heading error are presented. Also,
acceleration and steering angle profiles as control input, and
speed and heading profiles as plant responses, are recorded
in Figure 17. In advance, the RMSE results in aspect of
distance and heading are recorded in Table 6.

1) TRACKING STRATEGY FOR AUTONOMOUS PARKING
In this case, the proposed tracking strategy is compared to
the original one in [34] for the validation in advance. The

FIGURE 16. The tracking results of the proposed vehicle controller for
effect comparison. (a) The tracking trajectory. (b) The distance error.
(c) The heading error.

FIGURE 17. The tracking profiles of the proposed vehicle controller for
effect comparison. (a) The acceleration profiles. (b) The steering angle
profiles. (c) The speed profiles. (d) The heading profile.

TABLE 6. The simulation results of the comparison for effect comparison.

simulation results are shown in, Figure 18 and Table 7.
For the original tracking strategy, a dramatic tracking error
can be learned from Figure 18(a) and Table 2. Due to lack
of steering angle initialization, the steering angles at the
start point and the cusp are much different from the desired
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FIGURE 18. The tracking results of comparison for tracking strategy for
autonomous parking. The left presents the results with the original
tracking strategy in [34]. The right presents the results with the proposed
tracking strategy. (a) and (b) The trajectory results. (c) and (d) The steering
profiles.

TABLE 7. The simulation results of the comparison for the proposed
tracking strategy.

steering angles. For this reason, the huge lateral tracking
errors are caused especially at the cusp. In advance, the
difference tracking strategies can be learned from the steering
profiles in Figure 18(c) and (d). At about 48 s, the original
tracking strategy changes the steering angle from 20◦ to
−24◦ at some speed in the beginning of the backward motion
tracking as shown in Figure 18(c). Therefore, the process of
steering angle change results in the largest lateral error up to
0.434m in the tracking simulation. On the other hand, the pro-
posed tracking strategy stops and conducts the steering angle
initialization for each segment. Starting at corresponding
steering angle succeeds to improve the tracking performance.

2) PARKING-ORIENTED COST FUNCTION AND
CONSTRAINTS
For comparison, three cases with all straight cost weight, all
curve cost weight, and the proposed cost weight design, are
presented respectively to show the requirement of the cost
function design in this paper.

The simulation results with three kinds of cost function
design are presented in Figure 19 and Table 8. As usual,
MPC controllers used at high speed should not control with

FIGURE 19. The tracking results of comparison for parking-oriented cost
function and constraint design. The left presents the results using only
cost function at straight. The middle presents the results using the
proposed cost function. The right presents the results using only cost
function at curve. (a)-(c) The trajectory results. (d)-(f) The steering profiles.

TABLE 8. The simulation results of the comparison for the proposed cost
function design.

large steering angle for lateral stability. Therefore, the control
energy weight is designed to limit the value of steering angle
for steering stability. However, the results in parking sce-
narios may contain huge lateral and heading error as shown
in Figure 19(a) because steering angle has difficulty to main-
tain maximum value as shown in Figure 19(d). On the other
hand, if the steering energy weight is set as 0 for the MPC
controller, the steering overshoot and damping will occur
when dramatic steering changes, such as the steering angle
at about 10 s and 70 s in Figure 19(f). The phenomenon may
result in the long settling time of steering control. When it
comes to practice, the long settling time may cause more
lateral error due to the delay of actuator, and even make steer-
ing angle diverge more seriously. With above considerations,
the proposed vehicle controller applies different control cost
weights for straight and curve paths to utilize the advantages
of both control cost weights.

3) SIMULTANEOUS COMPUTATION AND CONTROL
FRAMEWORK
In this comparison, simulations with longer control periods
and the control period with the proposed method were con-
ducted to discuss the importance of the proposed framework.

In actual, the control period of the original frame-
work should be 0.5 s for practical control. However,
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MPC controller fails to be executed in this control period.
Therefore, the control period of the original framework is set
as 0.2 s for this comparison. On the other hand, the control
period of the proposed framework is 0.05 s. The simulation
results are presented in Figure 20 and Table 9. From the
tracking results in Figure 20 and Table 9, the much better per-
formance of the proposed framework can be clearly observed.
Moreover, the resulting control sequences of the comparing
vehicle controller are rougher than the proposed one as shown
in Figure 20(c)-(f). For this reason, the tracking performance
of the proposed vehicle controller is much better in Table 9.

FIGURE 20. The tracking results of comparison for simultaneous
computation and control framework. The left presents the results with
the comparing control period = 0.2 s. The right presents the results with
the proposed control period = 0.05 s. (a) and (b) The trajectory results.
(c) and (d) The steering profiles. (e) and (f) The acceleration profiles.

TABLE 9. The simulation results of the comparison for simultaneous
computation and control framework.

In aspect of discrete control, the longer controller period
leads to the results with huger error. Moreover, in aspect
of practice, the longer controller period indicates the larger
gap of adjacent control command. This phenomenon results

in more delay time of actuators to track control command.
Therefore, the resulting error due to long control period in
practicemust bemore serious than simulations. Simultaneous
computation and control Framework is able to decrease the
control period for the controller with heavy computational
load so that the control can be executed for real-time control.

4) SIMULTANEOUS COMPUTATION AND CONTROL
FRAMEWORK
In this case, the simulation results with steering com-
mand smoother is compared to demonstrate the effects
aforementioned.

The simulation results are presented in Figure 21 and
Table 10. When it comes to tracking performance, there are
no big difference between bothmethods as shown in Table 10.
In aspect of the steering profiles, some damping steering
exists in Figure 21(c) to make steering control more accurate.
However, these trembles make vehicle actuator hard to track,
and even cause damages to the steering mechanism. On the
other hand, the steering profile in Figure 21(d) gets rid of
steering trembles andmaintains the maximum steering speed.
Therefore, Steering Command Smoother is able to cancel
steering trembles and maintain the tracking performance as
shown in Table 10.

FIGURE 21. The tracking results of comparison for steering
command smoother. The left presents the results without steering
command smoother. The right presents the results with
steering command smoother. (a) and (b) The trajectory results. (c) and
(d) The steering profiles.

TABLE 10. The simulation results of the comparison for steering
command smoother.
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VII. EXPERIMENTAL RESULTS AND ANALYSIS
This section details how tomake the proposedmotion planner
and vehicle controller work in practice. Moreover, the experi-
ments are conducted in various parking scenarios in everyday
life to validate that the proposed motion planner and vehicle
controller can work well in practice.

The system structure of the autonomous parking system is
presented in Figure 22. The proposedmotion planner requires
map information and start and goal configurations as input.
As a result, the proposed motion planner subscribes the car
state from the NDT localization of the autonomous vehicle,
map information from LiDAR perception, and the desired
goal configuration from the default setups. Then, the pro-
posed motion planner results in a parking path and sends it
to the proposed vehicle tracking as reference path for vehicle
path tracking. In advance, the proposed vehicle controller
subscribes the vehicle state (x, y, θ) and vehicle state (δ)
as feedbacks and publishes the speed and steering command
to control the autonomous vehicle continually. Additionally,
the signal delay is set as 3 seconds for the autonomous
vehicle.

FIGURE 22. The system structure of the experiments for autonomous
parking.

The perpendicular parking trials are composed of common
perpendicular left trial and strict perpendicular trial, as shown
in Figure 23. Threes perpendicular parking trial aims to park
in the target slot which is 2.30 m by 5.50 m.

FIGURE 23. The environment of perpendicular parking trials. (a) The
perpendicular trials. (b) The environment shown in system. (c) and (d) The
target perpendicular parking slot.

Common perpendicular left trials contain the freest spaces
for the resulting path among the three trials. The resulting
path is not limited by the walls of the hall, but the resulting
path crosses on the grass. So, the depression of the grass
boundaries should be overcome by the proposed vehicle
controller.

Strict perpendicular trials contain an obstacle blocking
around the cusp location in common perpendicular right tri-
als. Therefore, the proposed motion planner should plan a
parking path to avoid the obstacle and succeed to park in the
target slot. Moreover, the proposed vehicle controller has to
perform pretty accurate tracking to prevent the vehicle falling
into collision and accomplish the parking mission.

The parallel parking trials consist of common parallel
back-left trials and common parallel front-left trials, as shown
in Figure 24. Both of the trials are named from the relative
position of the target slot. The size of the target slot is 2.40 m
by 5.425 m. In addition, there is 0.92 m distance between the
target slot and the front slot. Both trials aim to park in the
target slot without any collision to the vehicle and the cone in
adjacent slots.

FIGURE 24. The environment of parallel parking trials. (a) The parallel
trials. (b) The environment shown in system. (c) and (d) The target parallel
parking slot.

A. SIGNAL DELAY FOR PRACTICAL CONSIDERARION
To accomplish the parking function in practice, signal
delay [22] should be considered in the proposed vehicle
controller using (32) with tsignal = 0.3 s. The following
experiments were conducted to compare the difference in
advance.

The experimental results, such as planning paths, tracking
trajectories, distance error profiles, and steering profiles, are
presented in Figure 25. In advance, the statistical results are
recorded in Table 11. From Figure 25(a) and (b), both the
planning paths in common perpendicular right trials consist
of one forward motion segment and a backward one respec-
tively. The tracking performance can be compared by vehicle

163516 VOLUME 8, 2020



J.-H. Jhang, F.-L. Lian: Autonomous Parking System of Optimally Integrating Bi-RPT∗ and Parking-Oriented MPC

FIGURE 25. The experimental results with signal time delay (Right) or not
(Left). (a) and (b) The tracking results. (c) and (d) The distance error
profiles. (e) and (f) The steering profiles.

TABLE 11. The statistical results of signal delay experiments.

trajectories. The vehicle trajectory in Figure 25(a) damps
around the reference path also corresponding to the distance
error information with sign in Figure 25(c). The reason is that
there is always signal delay in the steering control. In other
words, the response of the steering actuator is always late for
the current state. Also, the signal delay has a direct impact on
heading tracking described in (3). This impact can be clearly
learned from large heading error in Table 11. Compared to
the results without signal delay consideration, the proposed
vehicle controller takes signal delay into account to deal
with the practical problem and improve the performance of
heading error.

B. PERPENDICULAR PARKING
For perpendicular parking, there are three kinds of trials
corresponding to some difficulties individually for experi-
ments. The simulation and experimental results and analysis
in common perpendicular left trials, common perpendicular

right trials, and strict perpendicular trials, are going to be
discussed.

1) COMMON PERPENDICULAR LEFT TRIALS
The first trial is common perpendicular left trial. In this trial,
the vehicle crosses on the grass. Therefore, the proposed
methods should overcome the depression and grass texture
to complete the parking mission.

The planning path of common perpendicular left trial 1 is
presented in Figure 26. Moreover, the parking process is
presented in Figure 27. At first, the steering angle was turned
to the max right steering and the first segment was tracked
as shown in Figure 27(a)-(d). At the location around the only
cusp in Figure 27(d), the font rears of the vehicle crossed into
the depression of the cusp. For this reason, the vehicle body
became oblique so that the localization results were impacted.
The most important of all, the proposed vehicle controller
could let the vehicle escape the depression and complete the
parking mission finally as shown in Figure 27(e)-(h).

FIGURE 26. Common perpendicular left trial 1 with the planning parking
path.

FIGURE 27. The whole process of common perpendicular left trial 1.
(a) to (h) The images of the record video with equal time interval in order.

Moreover, the comparison of simulation and experimental
results, such as trajectory, distance error, and heading error,
are presented in Figure 28. The simulation was conducted in
an ideal condition. Therefore, without the impact of depres-
sion and practical factors, the tracking performance was quite
accurate. The RMSE distance error is 0.031 m and the RMSE
heading error is 0.362 degree. When it comes to the real-
world experiment trial, the performance is affected by the
aforementioned factors. The impact of the grass depression
can be observed from the cusp location in Figure 28(b).
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FIGURE 28. The simulation (left) and experimental (right) tracking results
of common perpendicular left trial 1. (a) and (b) The trajectory results.
(c) and (d) The distance error profiles. (e) and (f) The heading error
profiles.

Furthermore, the phenomenon can correspond to the 400th to
450th index in Figure 28(d) which the distance error suddenly
jumps to about -0.020 m. As the vehicle distance error shown,
the following indexes indicate that the proposed vehicle con-
trol is able to deal with the impact of the grass depression and
finish the parking mission.

Also, the steering and speed control profiles are recorded
in Figure 29. Because of the signal delay consideration,

FIGURE 29. The simulation (left) and experimental (right) tracking
profiles of common perpendicular left trial 1. (a) and (b) The steering
angle profiles. (c) and (d) The speed profiles.

the steering control command in Figure 29(b) contains
some damping to make the actual steering control get
rid of signal delay. In compared to both steering profile
in Figure 29(a) and (b), both control patterns are similar.
However, the vehicle control with steering feedback may be
affected by other system factors in practice, such as actuator
properties and controller. Therefore, the vehicle steering in
Figure 29(b) still has some difference between Figure 29(a).
On the other hand, the vehicle system is not sensitive to low
speed. For this reason, the proposed vehicle controller just
publishes the speed commands without speed feedback to the
vehicle.

Because different start configurations lead to different
planning paths, two additional trials were conducted to
demonstrate the ability of the proposed parking system for
different parking condition in this trial as shown in Figure 30.

FIGURE 30. The additional tracking trials in common perpendicular left
trial. (a) Trial 2. (b) Trial 3.

Finally, the statistical results of simulation and experimen-
tal trials in common perpendicular left trials are recorded
in Table 12. Regarding to the results of the three trials,
it denotes that the proposed parking system has a stable
performance in common perpendicular left trials.

TABLE 12. The statistical results of common perpendicular left trials.

2) STRICT PERPENDICULAR TRIALS
In strict perpendicular trials, an obstacle is placed at the cusp
location in common perpendicular right trials to correspond
to the condition of strict perpendicular scenario.

The planning path in this trial is presented in Figure 31. The
whole parking process is recorded in Figure 32. The location
of the obstacle can be learned from Figure 31. To avoid
this obstacle, the proposed motion planner generated a path
containing three motion directional changes to overcome this
trial. When it comes to the whole parking process, the vehi-
cle approached the obstacle closely two times as shown in
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FIGURE 31. Strict perpendicular trial 1 with the planning parking path.

FIGURE 32. The whole process of strict perpendicular trial 1. (a) to
(h) The images of the record video with equal time interval in order.

Figure 32(c) and (f). Apparently, the requirement of control
accuracy is stricter than common perpendicular right trials.
The proposed parking system has enough ability to deal with
the challenges of the trials.

The tracking results of the simulation and experimental
trial are presented in Figure 33. Both trajectory results in
Figure 33(a) and (b) are highly similar to the planning path.
It indicates the good tracking performance which can be
learned from Figure 33(c)-(f) in advance.

The trajectory results of another two trial are presented
in Figure 34. Also, the statistical results of the simulation and
three trials are recorded in Table 13. The stable performance
of the proposed parking system can be clearly from the
statistical results.

TABLE 13. The statistical results of strict perpendicular trials.

C. PARALLEL PARKING
For parallel parking, there are two common trials in everyday
life for experiments, common parallel back-left trials and
common parallel front-left trials. Moreover, both the adjacent

FIGURE 33. The simulation (left) and experimental (right) tracking results
of strict perpendicular trial 1. (a) and (b) The trajectory results. (c) and
(d) The distance error profiles. (e) and (f) The heading error profiles.

FIGURE 34. The additional tracking trials in strict perpendicular trial.
(a) Trial 2. (b) Trial 3.

parking slots were occupied by a vehicle and a cone so that
the autonomous vehicle should move in narrow space.

1) COMMON PARALLEL BACK-LEFT TRIALS
In common parallel back-left trials, the autonomous vehicle
started from the back-left side of the parking slot to accom-
plish the parallel parking.

The panning path of the common parallel back-left trial 1
is presented in Figure 35. The whole parking process is
presented in Figure 36. At first, the vehicle went for-
ward to the first cusp as shown in Figure 36(a)-(d). Then,
the vehicle moved backward to the parking slot as shown in
Figure 36(d)-(f). Finally, the vehicle adjusted the position to
the slot between the adjacent vehicle and the cone as shown
in Figure 36(f)-(h).
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FIGURE 35. Common Parallel Back-left Trial 1 with the planning parking
path.

FIGURE 36. The whole process of common parallel back-left trial 1. (a) to
(h) The images of the record video with equal time interval in order.

In advance, the tracking results of the simulation and
the experiments are presented in Figure 37. The con-
trol profiles are presented in Figure 38. For simulation,
the accurate tracking performance can be learned from the

FIGURE 37. The simulation (left) and experimental (right) tracking results
of common parallel back-left trial 1. (a) and (b) The trajectory results.
(c) and (d) The distance error profiles. (e) and (f) The heading error
profiles.

FIGURE 38. The simulation (left) and experimental (right) tracking
profiles of common parallel back-left trial 1. (a) and (b) The steering
angle profiles. (c) and (d) The speed profiles.

Figure 37(a), (c), and (e). Moreover, the three motion direc-
tional changes occurred around 32, 56, and 62 s which can
be observed from Figure 38(a) and (c). On the other hand,
four motion directional changes occurred in this experimental
trial as shown in Figure 38(d). This phenomenon indicates
that the vehicle went over the destination when tracking the
third segment. As a result, the proposed vehicle controller
adjusted the position by additional forward motion at about
73 s as shown in Figure 38(d). Due to lack of speed feedback,
the distance error may be accumulated by short movements
in the narrow parking space after about the 1200th index
in Figure 37(d).

Moreover, the two additional trials are presented in
Figure 39. Also, the statistical results of the simulation and
trials are recorded in Table 14. The tracking performance of
the proposed parking system are still good enough to work
around this kind of parallel parking trial.

FIGURE 39. The additional tracking trials in common parallel back-left
trial. (a) Trial 2. (b) Trial 3.

2) COMMON PARALLEL FRONT-LEFT TRIALS
In common parallel front-left trials, the autonomous vehicle
started from the front-left side of the parking slot to achieve
the parallel parking mission.

The planning path of common parallel front-left trial 1 is
presented in Figure 40. The whole parking process us pre-
sented in Figure 41. The autonomous vehicle started with
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TABLE 14. The statistical results of common parallel back-left trials.

FIGURE 40. Common parallel front-left trial 1 with the planning parking
path.

FIGURE 41. The whole process of common parallel front-left trial 1. (a) to
(h) The images of the record video with equal time interval in order.

backward motion to the parking slot in this trial as shown
in Figure 41(a)-(e). Finally, the vehicle adjusted the position
and heading in the narrow spaces around the slot as shown
in Figure 41(f)-(h).

Moreover, the simulation and experimental tracking results
are presented in Figure 42. The tracking path consists of
three path segments, two backward motion and one forward
motion. In this trial, the vehicle conducted the same motion
directional changes as simulation. However, as shown in
Figure 42(d), the distance error is still accumulated in the
narrow spaces around the parking slot as common parallel
front-left trial 1.

In addition, the trajectory results of the two more trials are
presented in Figure 43. The statistical results of the simulation
and three trials are presented in Table 15. In this kind of
trials, there may be two possible planning path patterns.
Because the start configuration of the trials 2 and 3 are in
back of trial 1, the first segments of trials 2 and 3 are forward
segments to adjust heading angle. The following process are
similar to trial 1. The tracking performance of the proposed

FIGURE 42. The simulation (left) and experimental (right) tracking results
of common parallel front-left trial 1. (a) and (b) The trajectory results.
(c) and (d) The distance error profiles. (e) and (f) The heading error
profiles.

FIGURE 43. The additional tracking trials in common parallel front-left
trial. (a) Trial 2. (b) Trial 3.

TABLE 15. The statistical results of common parallel front-left trials.

vehicle controller is still good enough to overcome this kind
of parallel parking mission.

VIII. CONCLUSION
Recently, the market attention of autonomous vehicles arises
and autonomous parking has the potential to be the first
fully autonomous driving function. Therefore, the paper
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proposes an autonomous parking system consisting of a
sampling-based motion planner and a parking-oriented vehi-
cle controller to work around the autonomous parking issues.

On one hand, the proposedmotion planner aims to generate
a human-like and collision-free path efficiently with any fea-
sible start and goal configurations in parking scenarios, such
as perpendicular parking, parallel parking. Also, the proposed
motion planner can improve the common disadvantages of
RRT-related methods, such as uncertainties of path quality
and inefficient exploration in narrow spaces. Without any
template setups, the usage of the proposed motion planner
is not limited to well-known environments but scenarios in
everyday life.

On the other hand, the proposed vehicle controller is able
to track accurately and control smoothly for autonomous
parking. Not only the steering control but also speed control
are implemented simultaneously to deal with motion direc-
tion changes. In advance, the MPC computation and vehicle
control are conducted simultaneously in the proposed con-
troller to deal with the side effects of combining both steering
and speed controls. Moreover, to implement the proposed
method in practice, some practical knowledge about vehicle
driving should be considered. Most importantly, the pro-
posed controller is general and friendly to various vehicles
because of the simple linear state space model with vehicle
kinematics.

Additionally, various and strict simulations have been
extensively conducted to fully examine not only the effects
of each technique in the methodology but also the abilities
for common and strict parking scenarios. The excellent per-
formance in simulations indicates that the proposed parking
system has potential to deal with autonomous parking issues.
In advance, the performance from experimental tests indi-
cates that the proposed methods can be implemented on real
autonomous vehicle to provide autonomous parking services
in everyday life.
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