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ABSTRACT In this article, the stabilization issues for probabilistic Boolean Networks (PBNs) with time
delays are discussed. This article’s objective is designing an efficient algorithm to choose suitable nodes to
be pinning controlled for PBNs with time delays. By using the semi-tensor product (STP) of matrices, a PBN
with time delays can be converted into a discrete-time linear system, and the transition matrix also can be
obtained. Then, the necessary and sufficient conditions in the form of algebraic expression are given for the
existence and solvability of the pinning feedback controllers with minimum pinning nodes for PBNs with
time delays. Besides, three algorithms are proposed for designing and solving minimum pinning controllers.

INDEX TERMS Probabilistic Boolean networks, pinning control, time delays, semi-tensor product.

I. INTRODUCTION

Boolean Networks (BNs), which were first proposed by
Kauffman in 1969 [1], are a kind of logical dynamical models
to describe gene regulatory networks (GRNs) [2]. As we
all know, in a gene regulatory network, each gene can be
expressed (1) or not expressed (0), which corresponds to
binary state variables. A BN is a deterministic model to
simulate the evolution of binary state variables. What’s more,
Boolean Networks have been widely studied in state esti-
mation [3], logical networks [4], neural networks [5], etc.
Recently, the STP of matrices was introduced by Cheng’s
team. With the help of STP, a BN can be transformed into a
discrete-time linear system. Moreover, a logic function can be
represented by an algebraic form with STP. This new matrix
product was introduced to the study of BNs in many fields,
such as the controllability, event-triggered control, ect., which
have been studied in [6]-[11].

To better handle of biological system uncertainty, Shmule-
vich etc. in [12] generalized the concept of BNs for applica-
tion to probabilistic Boolean Networks (PBNs). In general,
the PBNs can be seen as a kind of randomly switched BN’
in given sets of BNs. Every BN is chosen with an definite
probability. Many interesting results have been obtained for
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PBNss and probabilistic Boolean control networks (PBCNs),
such as stability and stabilization [13], optimal control [4],
controllability [14], and pinning control [15], etc.

Stability and stabilization are two important problems in
BNs. For example, the apoptotic pathway can be activated
to allow an organism to clear damaged or unwanted cells by
combining with tumor necrosis factor (TNF) to death receptor
tumor necrosis factor receptor 1 (TNFR1) [16]. Without TNF,
cells can be bistable in two different states: survival and initi-
ation of apoptosis [17]. However, the decision on one state or
the other mainly depends on the initial conditions of random
variation in each cell, and it can be seen as a stability problem
in PBNs. Meanwhile, time delays are unavoidable in many
real world systems, such as biological, physiological systems,
and economic, and so on [18]-[20]. For GRNs, the direction
of gene evolution is uncertain due to the possibility of gene
mutation. Hence, PBNs with time delays can be better to
simulate the real biological systems and GRNs in some cases.
Thus, in this article, we will discuss the stabilization of PBNs
with time delays.

In [21], BNs realize stabilization via state feedback control.
Different from feedback control, only a small part of nodes
are selected to be pinning controlled, which reduce the cost of
the control effectively. A natural question in pinning control
is how to select the nodes to be pinned. In [22], an algo-
rithm is proposed to solve the minimum number of pinning
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controllers. Recently, minimizing controlled nodes to realize
stabilization of BNs has been investigated deeply in [23].
Moreover, the stochastic networks can realize stabilization
via minimum pinning controlled nodes, which has been stud-
ied in [24]. In [25], BNs with time delays realize stabilization
via the pinning control. Thus, for a PBNs with time delays,
how to stabilize via the pinning control and how to solve
the minimum number pinning nodes to stabilize system are
worth considering. Inspired by above works, the stabilization
of PBNs with time delays via pinning control is investigated
in this article.

The difficulties of this article are mainly two folds. 1) How
to select pinning nodes for a PBN with time delays? Since
a PBN with time delays is a dynamics system with random
variables and multiple time delays, which make the pinning
control problem for PBNs with time delays more complicated
and challenging than that of BNs. 2) How to solve the min-
imum number of pinned nodes for a PBN with time delays
through the algebraic method? In [22] and [26], the stabi-
lization issue of BNs via minimum pinned nodes is solved
through the graph theory method, rather than the algebraic
method. Thus, itis a challenge to obtain corresponding results
via the algebraic method. To overcome these difficult prob-
lems, inspired by the work of [24] and [25], we will take three
steps to solve these difficulties. (i) Changing columns of the
structure matrix to obtain the desired structure matrix. Thus,
we propose a new algorithm to obtain the desired structure
matrix. (ii) Selecting the pinning nodes via the columns of
new structure matrix directly. The existence of the pinning
feedback controllers for PBNs with time delays is considered,
and the corresponding necessary and sufficient conditions
in the form of algebraic expression are given. (iii) Choos-
ing the minimal number pinning nodes by an efficient way.
Moreover, an effective algorithm is proposed to calculate the
minimum number of pinning controllers.

Notations: A, := {8} | 1 < k < h}, where &} is the
kth column of the identity matrix . D := {1,0}. 1, and
0, denote the column vector of length n, where all of the
elements are equal to 1 and O respectively. M, stands for
the set of all » x h matrices and MrkX , stands for the set of
matrix A where A;; = (al,az,...,ak)T, 1 <i < rand
1 < j < h. We denote Rowy(W)(Coly(W)) stands for the fth
row(column) of matrix W, and Row(W)(Col(W)) is the set
of rows(columns) of matrix W, . A matrix W € M,y is
called a logical matrix if its columns Col(W) C A,. More-
over, we define the set of r x h logical matrices as L, x;. W =
[sk1 8% .. 8% is denoted by W := 8[ki, ka, ..., knl.
p=(k,ko,..., kh)T is called a h-dimensional probabilistic
vector if k, > 0, r = 1,2,...,hand 3"_ k, = 1. we
define the set of h-dimensional probabilistic vectors as Pj,.
For a probabilistic vector p = (k, ks, . .., k;)T, we denote a
operator (p) = {6; | k, > 0, r = 1,2,..., h}. For a matrix
W € M, .y, if its columns Col(W) C P,, then this matrix is
called a probabilistic matrix. Moreover, we define the set of
r X h probabilistic matrices as Py .
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Il. PRELIMINARIES
A. STP OF MATRICES

Definition 1: [27] For matrices W € M, «j and Q € My;.
Then, the STP of W and Q is

WxO0=Weg Iq/h)(Q ® Iq/s)-

Here ® is the Kronecker product of matrices and g is the least
common multiple of & and s (¢ = lcm{h, s}).

Remark 1: Since STP is a generalization of the general
matrix products, this notation X can be omitted in the fol-
lowing discussion if no confusion arises.

Lemma 1: [27]

1) Let X € R’ be a row vector and a matrix A € Mz,

wehave A X X =X X (I; ® A);
2) LetX € R’ be acolumn vector and amatrix A € My,
wehave X X A= (I,  A) X X.

Definition 2: [27] Define a matrix:

Oy =8mll,r+1,...,(h—Dr+1,
2,r+2,....,(h—Dr+2,

r,2r,...,rh] € Lopxrn. )]

then for column vectors @ € R” and b € R", we have Q] X
bxa=axhb.
Lemma 2: [27] Define a logical matrix

@, = diag(83s, 83, -+, 830) = Sl 1,2" +2,..., 2],
andlet X € Apn. Then, X x X = ¢,X.

B. ALGEBRAIC REPRESENTATIONS OF PROBABILISTIC
BOOLEAN NETWORKS WITH TIME DELAYS
Letting True = 1 ~ 8%, False = 0 ~ 8%. Then we can express
the logical function by using STP of matrices.

Lemma 3: [27] A logical function h(Ly, ..., L,) with
logical arguments L;,...,L, € Aj can be expressed in a
multi-linear form as

h(Ly,...,L,)=Mul1L>...L,,

where My, € Lor is unique. Moreover, we define the matrix
Mj, as the structure matrix of 4.
A PBN with time delays is described as

xp(t 4+ 1) = fr(x1(@), ..., x.@), x1( = 1), ..., x.(t — 1),
Louxit=1), .., x(t—=1)), h=1,...,r,

@)

where x;(t) € D is the state of node s at time t, h =
1,2,...,r,and 7 is a positive integer.

In system (2), fj, is randomly selected from a given finite
set of Boolean functions Q = {fhl, fhz, R fhk"}, and f,f :
DD s D s=1,2,..., k.
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We suppose that P(f;, = f})) = p;, s =1,2, ..., ky, where
Zf“zlpz = 1, and x(t) = X} _,x,(t). Then, system (2) can
be converted into an algebraic form as

xp(t + 1) = Mpx(t)x(t — 1)...x(t — 1),

where M), € L,,5ra+1 is selected from a matrices’ set
{M}E,Mf, ... ,M;]fh} and M, are logical matrices of f;|, s =
1,2,..., kn, respectively. Then, P(M, = MZ) = pi, s =
1,2,..., k.

Based on the above discussion, the evolution of the state
expectation can be obtained as follows

Elxp(t + 1)]
= E[E[xp(t + 1) | My]]
= E[E[Mpx(t)...x(t — 1) | Mp]]
kp,
= ZE[th(t) cox(t— 1) | My = ME1P(My, = M;)

s=1

kn
= Y EM;x(t)...x(t — Dlpj,

s=1

kn
= ZM;,p;E[x(t) Cx(t—1)]
s=1

= MRE[x(t)...xt—1)], h=1,2,...,r, 3)

where M), = le‘hzl M;p; € Py, ore+1. As a result, the fol-
lowing eauqtion holds

Ex(t+ D] =ME[x(®)...x(t — 1)], (@)

where M = M * ... % M, € Pyryorie+1) and # is Khatri-Rao
product.

Definition 3: A probabilistic Boolean networks with time
delays is globally stable with probability one to a state
X = 8;1, (1 < g < 2"), for any sequence of initial states
X0, X_1, ..., X_7 € Ay, if there exists a positive integer T’ €
Zy,suchthat P(x(¢) = x | x(0) = xp, ..., x(—-7) =x_7) =1
forallt > T.

Based on the discussion of remark 1 of [28], for obtaining
the condition of the globally stable to a state with probability
one of PBNs (2), we only need to study the globally stable of
system (4).

llIl. MAIN RESULTS
In this section, the stabilization of PBCNs with time delays
is considered by designing pinning controllers. We need to
design a algorithm to get some suitable controlled nodes.
In the end, we discuss how to stabilize system (2) to a given
state 8;’, by minimum pinned nodes.

Suppose that the first / nodes are pinned and state feedback
controllers are as follows,

us(t) = @s(x1(@), ..., x. (1), x1(t = 1), ..., x:(t = 1), ...,
xit—1),..., x5 —1)), s=1,2,...,1(=<r).
Q)
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Then system (2) with controllers becomes the following
system

Xs(t + 1) = Fs(ug(0), fs(x1(2), ..., x,(2), x1(t — 1),
X (=1, ., x1t—1),...,x(t — 1)),
s=1,2,...,1,

x(t+ 1) =f,1@), ..., x @), x1(6 — 1), ...,
x(t=1),....,x1(t — 1), ..., x:(t — 1)),
v=Il+1,14+2,...,r,

(6)

where F is a logical function of variables u(¢) and f;, uy(t)
is the state feedback controller of x(¢),...,x(t — 1), s =
1,2...,1

According to Lemma 3, there exists a matrix Hy; €
Ly o+, where us(t) = Hgx(t)...x(t — 7). Furthermore,
since Fj is a logical function of variables u(¢) and f;, there
exists a logical matrix Ly € Ljx4, where xs(t + 1) =
LiHx(t)...x(t — ©)Mx(t)...x(t — v) = LiH(Ipra+) @
Mg)®(r41)x(t) ... x(t — T), where P(M; = M{) = PL
From (3), the following formula can be obtained

Elxy(t + 1)]

= E[E[xs(t + 1) | M,]]
k

= Y E[LH(Iy+y @ MO®, o 11x(1) ... x(t — T)]p?
g=1
ks

= Y PILH Iy ® MO)®pr 4 1)Elx(1) ... x(t — T)]
g=1

= LH(Iyre+1) ® M) ® e+ 1) E[x(1) ... x(t — T)]
= ME[x(1)...x(t — 1)), s=12,...,1 (7)
Hence, systems (6) can be transformed to be
Elx,(t + 1)] = MyE[x(t) ... x(t — 7)]
s=1,2,...,1.
Elxs(t + D] = M(E[x(1) .. .x(t — 7)]
s=1+1,1+2,...,r.

®)

Therefore, we can get the following results
Ex(t + 1)] = ME[x(t) ... x(t — )], )
where M :1\71 *Mg*...*l\?r,and

~
~ M;,

s=1,...,1,
Ms:

]\_45, s=I14+1,...,r.

A. THE PINNED NODES OF PBNS WITH DELAYS
Definition 4: For two probabilistic vectors ¥, w € P,

where ¥ = (Y1, V2, ..., ¥ and w = (w1, w2, ..., ).
Then,
Rows(f o) =Ys ®aws, s=1,...,r,
where
1, Yoo, >0
Ws @D ws = ‘[/S N
0, else.
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Let x =
7+1

Sg, be the pinning objective state and

83 % 8% % ... x 83, =68l . First, we define a sequence
of set {E; | k =1,2,...} as follows

d1(82r(r+l)) = {8;,"(T+1) | MS;r(r+l)7 s = 1’ AR 2r(‘[ )}

— h y
Dk+1(52r(r+|)) = {agr(z-m [T o (lzr(r+l>

- X

812r(r+|)) = Opre+),

‘Sér(r+l>55k(3;’r(z+1))
F=Y, XY x...xY, s=1,...,2"+Dy
(10)
T+1
where Y| = M82r(r+l)’ Yi=MY_. Ylagrl . 5‘21rr+2—i’ i =

2T+ 1 and 8, = =65

RemarkZ Notice that there are finite state totally and
uk(82r(, ) € Eiy 1(82,(, +1y)- Therefore, there exists a pos-
itive integer T such that uT+1(82r<r+1)) uT((Sz,(T+l)) Then,
the set uT+1(62r(T +1y) can not be larger any more and we can
obtain a finial set ._4(82,<,+1)) = uT(SZr(T+l))

Now we can give an algorithm to obtain the desired new
structure matrix M.

Algorithm 1 Obtain the Desired Structure Matrix M
Input: g, M

Output: M

1: Initialize M = 0

2: If COl(q_l)zrr+(q_1)2r(rfl)+__,+q(M) 7& (Sgr

3:  then change Col(,_1yre i (g—1yprc-D4. +qM)

to 8;1,.

4: end if

S:fors=1,2...,2"@*D do

6: Calculate ES(SQ‘,(HU).

7: end for

8: Caleulate £, ,,)) = U2 "8y ,.)).
9:fors=1,2...,2'@+D do

10: i 85,11y € Agresn \ BB i)

11: then change the sth column of M to 8‘27,
12:  endif

13: end for

14:M =M

15: return M

Theorem 1: Suppose that the structure matrix of (4) is M,
and M is changed to M by the above algorithm. Then,
the PBN with delays is globally stabilized to 6;, with probail-

ity one.
Proof:  For all initial states x;___x; = 2,(T o
Azr(r+l), # h, using the above algorithm, such that 82,(, 4 €

u((SZr(T +n)- The result implies that there exist T € Z, such

0 _81 c

that 82,.(T+1) € uT((sZr(r+1)). Next, we will prove that 82,(T+U
can reach 82’,(1 4y in T steps by mathematical induction.

VOLUME 8, 2020

ForT =1, 82,(”1) € u1(82,(,+1)) then M(Szr(r+l) = 82,,
where M is the new structure matrix form M.

Assuming that when T = ¢t — 1,z > 2, the Theo-
rem 1 holds. For T = ¢, assuming 6]2,(,+1) € Et(ég,(r+l)), then

T o Ly — >

= (sh
& re a1y €E1-1083 1)

N
82r(r+1)) = 02r(r+1) s

where I' is a 2*+D_dimensional probabilistic vector and
Lyren — D ogs S ey €5 1(52“”1))62,(,“) is a column vector
with all elements are belonging to D. Thus, I' can be a linear
combination of 8;,” 4 € E,_l(Bé',(r +n)- Thus, there exists
rs € {0, 1} such that

>

6;r(f+l) [SIOPEs] (5

A
rY82r(r+l) )
2r(r+1))

where =1.
Zarr(r+l)eu, 10

Then, it holds that

ar=ic Y

5;r(r+l)€"‘f 1(5

- ¥

=) h
5;r(t+l) €81 (Szr(r+l))

= ) DD
S = Y/ i = h
6;r(r+l)ea1_1(821r(r+l)) 812r(r+l)€:‘t_2(82r(r+1))
7 sl

piMazr(erl) ( § :

(Slzr(r+1)€"‘f 2(82r(1+1))

=X o)

8 (er1) €820 & r(e+1) €E1-1(8

2r(r+1))

s
rsazr(r+l))
2r(r+l))

N
rSM(Szr(r+l)

pi=1)

2r(r+|)) 2r(t+1))

A7 si
rSMgzr(rH)

> pil > ry)

) z " - "
ety €E1-208, 1)) 5;@+|>E~r—1(52r<z+1)>
7 sl

M‘Szr(rﬂ)

—i Y

) - ]
812r(1.'+]) € “t’Z(SZZr(‘[+1))

Pibbyeiny» (11)

which implies that I € Et—1(5£’,(r+l))- That is to say, F can
reach 6;’,(,“) in t — 1 steps. From (10), it holds that 5’2,(r+1)
can reach 6£’m 41y IN 2 steps. [ ]

B. THE DESIGN OF PINNING FEEDBACK CONTROLLERS
From (6), we can get the following expressions:

M] =LiH1(Ipyra+) @ M1)¢r(r+l)

Mz = LyHy(Ipra+1) ® M2)¢r(r+l) (12)

M, = LiH (L1 @ M)®y(r41)-

Thus, if we can solve L;, H;, i = 1,2,...,1[ from (12),
then the logical functions F;, i = 1,2, ..., and feedback
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controllers u;(¢), i = 1, 2, ..., [ can be solved. Consequently,
system (6) can be globally stabilized with probability one to
the desired state 83, by Theorem 1.

Theorem 2: System of equation (12) is solvable if and only
if the columns of M; (i = 1,2,...,1) belong to two sets of
Wy, Uy, W3, Wy at most, where Wi, W,, W3, Wy as follows

Wy = {Coli(M;) | Coli(M;) = Col(M;) # (0, 1)T or
(1,0)"},
W = {Coli(My) | Coly(My) = (1, 1) — Colj(My),
W3 = {Coli(M;) | Colj(M;) = (0, DT},
Wy = {Colj(M;) | Coly(M;) = (1,0)"}.
Proof: (Necessity) Assume that

Li=1, jlm 1 jznz 1 23173 1 24774]’
H; = [1 3191 1 2292 1 222;(1;1) '
M; = [ ilh | izkz 1 izi(;]:m ’
M; = [1 l_“/“ 1 522 1 I_Lz,;(;l;n ’

where 1,0, € D = (0,1}, s = 1,2,3,4, q =
1,....,270t D and A, us € [0, 17, s =1, ..., 2"C+D Then,
LHy(Iyriw+1) @ M) ®(r41)
= Ly(H; ® D)(Lre 1) @ M) @y 41)
= Ly(Hlyrcin) @ LMg)® o 11
= Ly(H; ® Ms)q)r(r-ﬁ—l)

_[ m m n3 n4
l—n 1—-m 1-n3 1-—mp

0111 2%
01(1 —xy) 02(1 — A2)
(I —=0Dr 1 =022

(I =6 —21)
92r(r+|))&2r(r+l)
Orr+1 (1 — Aprz+1))
(1 = Oprz+1)Apr+1)
(1 = Opre+0)(1 — Agre+1y)

_ M1 12%) Mor(z+1)
l—pp 1—uo 1 — poresy |
s=1,...,1L (13)

Thus, we have

n101A1 +n201(1 — A1) +n3(1 — 01\
+n4(1 — 01)(1 — A1) = g

6242 +1n202(1 — A2) + n3(1 — 62)A2
+n4(1 — 02)(1 — A2) = 2

(I =62)(1 = 22)

(14)

N1Orat Agren + 1205r@ (1 — Apretn)
+13(1 = Oyr+1)Apra+1y + Na(l — Oyre+1)
(1 — )»2r(t+1)) = Upr(z+1)
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Then, these 2"* 1 equations can be classified into 3 parts:
(D: s = Ag

@ pns=1—A4

Q) : us#FAsand ug # 1 — Ay

s=1,2,...,2"@+D

15)

For (1), if 6 = 0, then n3 = 1,94 = 0. If 6, = 1, then
n=1,n=0.

For (2), if 6, = 0, then 13
n =0,m =1

For (3), if 6y, = 0, then n3A; + na(1 — Ay) = u,. If 65 =
1, then n1Ag + n2(1 — Ay) = us. Thus, we can obtain the
following results:

0,74 = 1.If 6, = 1, then

pus =0, n3 =ns =0,
us =1, ;3 =mn4 =1,
ms =0, 11 =m =0,
us=1, m=m=1

0, =0

0, =1

If s satisfies three conditions, a counter example can be
given as follows: let g = Ay, wj = 1, ug = 0, there’s no
intersection for the solutions in this case, thus 11, 72, 13, 4
can’t be solved.

If uy satisfies two conditions, uy = Ay and @; = 1, when
0s = 0and 6; = 1 respectively,thenny =m =n3 =1,74 =
0. Therefore, s satisfies two conditions at most.

(Sufficiency) If (i, 1 — )T, i=1,2,...,2"@+D belong
to one of {W, Wy, W3, Wy}, according to the above deriva-
tion, it is obvious that Equations (12) can be solved.

If (ui, 1 — i)', i = 1,2,...,2"@+D belong to two of
{1, Wy, W3, W4}, they can be classified into 6 parts:

(i, 1 — )’ € vy, 6i=0,  Im=0 m=1
(s L=t €Wo, =1, " |m=1 n=0
(i, 1 —up)? e Wy, 6, =0, _m= 0, m=0,
(i, 1 —upt e w3, 6 =1, m=1 n=0,
(i, 1 —u)? e Wy, 6, =0, - m =1, m=1,
(wjs 1 =)’ € Wg, 6 =1, m=1n=0,
(i, 1 —u)? € W, 6, =0, m= 0, m=1,
(s 1= eWs, =1, " |n=0, ny=0,
(wjs 1 =)’ € Vg, =1, m=1 m=1
(i 1 — )" € W3, 6, =0, L m=1 m=1
(wjs 1 =)’ € Wa, 6 =1, m=0, n=0,
(16)

where the solutions may have many combinations under the
above conditions. For example, when (11;, 1 — ;)T € Wy and
(j, 1 — up? € Wy, if; = 1and §; = 0, then n; = 0, 2 =
m=1n=0 _ B

In conclusion, My = LyH(Ir+1) @M;) Pz 4+1) is solvable,
s=1,2,...,1L [ |

VOLUME 8, 2020



P. Liu et al.: Pinning Stabilization of PBNs With Time Delays

IEEE Access

Remark 3: The above Theorem 2 provides a sufficient
and necessary condition for the solvability of the pinning
feedback controllers for PBNs with time delays, which gen-
eralizes the results of [25]. In other words, if the transition
matrix is a determined matrix, Theorem 2 is degenerated to
be Proposition 3.2 of [25]. Once the system of equation (12)
is solvable, then Ly and Hy, s = 1,2, ..., [, can be obtained
according to the proof of Theorem 2.

The above results can be summed up as the Algorithm 2 to
design pinning controllers for a PBN with time delays.

Algorithm 2 Design Pinning Controllers

Input: g, M

Output: Fj, ¢;, i=1,...,1

1: Using Algorithm 1 to change M to the desired
structure matrix M.

2:fori=1,...,1do

3:  Calculate L;, H; from (12) by using Theorem 2.
4: end for

S:fori=1,...,1do

6: Reconstruct the PBN with time delays from its
structural matrices L; and H; to its logical expressions
F; and ¢; by using the methods in [7].

7: end for

8 return Fy, ¢;, i=1,...,1

C. MINIMUM NUMBER OF PINNING NODES

Based on the above discussion, the elements of set E((Sé’,.(r o)
can be steered to the desired state 8;1,. However, we want
to get the minimum number nodes to be pinned. Sup-
pose that = (32,(H1)) = Ayt \ E(5§r<1+1>) =
{82,(I+,),812‘f<,+]),.. 8’2{,(”1)} Next we will stabilize ele-
ments in & (82,(I +1) by finding minimum number pinning
nodes. Then, we can get a new matrix from M as follows

rr 1 B r 2 A B r(z+1) 7]
akIl a, ) a, e
r(t+
_1—ak1_ _1_ak1_ l_akl
(a1 [ a2 ] PASRY
kzl k22 ko (e+1)
- - ran
c=|L1 a, | L1 a, | _1 a, 11
1 - — 2 r(t+1)
% % “ (t+1)
,
| Ll=a, | [1—a ] |1 —a |

where Coli(M) = [><r(t+1)(
2
ki, ].cz, ..., kj,and C € Rlxr(r+l)
mations are based on matrix C. ) B
For the transition matrix M = My *...x M, of system (4),
where Colj(M) = r(TH)( 1— a]’.)T, we define two matrix
sets thatM* = M7 * *M* and M** = M ... x M}™,
where My, M}* € 732><r(r+1), s =1,...,r(t +1). Then,
these matrix sets can be expressed as follows

O[Coli(C)] = {M"}, (I

N ;o
l—a]’-),a]’- e [0,1],] =

The following transfor-
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where if ag,(m) € (AL )), then Coli(M*) = Coli(M).
If 8,11y € ES(AL 1)), then Coli(M}) € As.

O[Coli(C)] = {M*}, (13)
where if Col(M}") belongs to two of Wy, W3, Wy, then M™* =

M*. If ColyM}) = &), then Coli(M}) € Wi, and if
Coli(M}) ¢ Wy, then Colj(M**) = Col-(M*)

Lemma 4: If ! ( ) (1 o) ]"ij(I_a)

can be steered to u(82,<r+1)) where o; € (0,1) C R, then
r(t+1)

= >><< )><,,+1 () o wiz (Y o

) can also be steered to __‘(82“, )

0 (+1)
Q) ]”:+1 (G

. : i-1, 4 o b "D a;
Proof:  Since szl(l_aj) X (1_ ) X =it (l—a)
can be steered to E((Sg‘r(fﬂ)), then (; (l—a/) X

1 aj -
G2 S (20 € B G
Then it holds that
1 aj
(i, o) X ¢ )x,’“,il)(l_fa_»

cni-l¢ Uiy @t o G

S imi( 2 G ISR G P

- E((ngﬂ)),
and

1 aj
(i, o) % ¢ )x,’“,i])(l_fa_»

co(ni-l¢ Y Uiy @t o G

S R L R L L SR

S B an)-

|

Theorem 3: System (4) can be stabilized via only one
pinning node if and only if there existj € {1,...,r(r + 1)}
and a transition matrix B, such that B C ©[Col;(C)] where

T+1

B! 11) = Ay and 8%, x 85, x ... x 8% =8 .
Proof: (Necessity)

Suppose system (4) can be stabilized by pinning one
node j. According to Algorithm 1, we can get the set A =
{Colj(M),j = ki, ka, ..., ki}, the elements of which need to
be changed. By changing the columns in set A, system (4) is
changed into x(t + 1) = 1\71x(t) ...x(t — 7) and can realize
globally stable.

Note: that M = My % ... x M, and M = M % . i *
.% M,. Fori = ky, kz, ..., k;, it holds that Col( ) =
retly | al
X [1 Zan i| Hence, Col;(M) = [1 —a" i|
o, re+) | a j
[ 2 ! 1 .
|:1 - O[{ X it 1 | _ a;.” , where a; € [0, 1].
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Thus, it holds that A/;[j, as shown at the bottom of the next
page. ‘

Forall o, i € {ki, ko, ...,
7 parts as follows
(@al =0, i=ki k... ki,
(b)O[l{ =1,i=ki, k... k,
© o, ¢D={0,1}, i=ki, ka,... ki,

(d) some o/ =0, someo/ =1,

(e) some o/ =0, some O[ ¢ D=1{0,1},

) someo:f =1, someod ¢ D =1{0,1)},

(g) some o} = 0, some o} = 1, some or' ¢ D = {0, 1}.

Suppose there is a new matrix B; € P,,,r+1. The ele-
ments in B; not mentioned in the following discussion are the
same as the corresponding elements in matrix M;.

For (a), (b) and (c), let B; = M,;.

For (d),ifi € {1,2,..., 2"t DY\ {ky, ko, ...

= {0, 1}, then let a{ = 1 in matrix B;.

For (e), if o, ¢ D = {0, 1}, then let o, = 0 in matrix B.

For (f), ifaf ¢ D = {0, 1}, then let orf = 1 in matrix B;.

For (g), if o/l ¢ D = {0, 1}, then let otf = 1 in matrix
Bi.dfi e {1,2,....27"* D\ {ky k... ki}and @, ¢ D =
{0, 1}, then let @, = 1 in matrix B;.

Thus, according to Lemma 4, B = My % ... x Bj ... M,
can steer all initial states to the desire state 83,.. It also holds
that B C ©[Col;(C)].

(Sufficiency)

Let the transition matrix B C @[Colj(C)] and E(Sé’,.(, ) =
Ayrt1), where B = My % ... % B; * ...M,. Then, Col(B;)
belongs to two of Wy, W3, Wy at most. Thus, there exists a
state feedback control u(t) = Hx(t)...x(t — t) satisfying
B = Hlyz+1 @ 1\7Ij)d>r. Therefore, the one pinned node is
Jj and the pinning controller with delays can be solved from
(12) by using Theorem 2. [ ]

Next, the above results can be further generalized as
follows

k;}, they can be classified into

Ja}and d] ¢

O[Coliy iy,...i; (O] = {M*}, 19)

where the matrix M* satisfies the following conditions: if
8’2,(,+1) € E(Agmﬂ)), then Col;(M*) = Col;(M), and if

82r(r+1) €& (AZWH)) then Coli( M}, « M} ... xM}) € Ay,
j=12,...,r(t+1).
é[COIil,iz ..... lt(C)] = {M**}v (20)

where the matrix M™** satisfies the conditions: if Col(M})
belongs to two of {W;, W3, Wy} at most and M} €

Algorithm 3 Calculate the Minimal Number of Pinning Con-
trollers

Input: g, M,M

Output: (N, Q)

1: Initialize P = @

2:fori=1,2,...,r(t +1)do

3:  Calculate ®[Col;(C)] for the elements in this

setas M, M?, ..., MI.ZC

4: forj=1,2,...,2°do _
5: if E(ﬁg,(,Jrl)) = Ayr+1y When matrix M{ is
transition matrix then

6: return (1, {i})

7 end if

8: end for

9: end for

10:fort =2,3,...,r(t +1)do

11: choose t nodes: ij, ip, ..., i; as a set
Mo={i1, i, ... 0}, k=1,2,3,.. Cﬁrfrl)
12: forj=1,2,....,Cl\y) = % do

13: Calculate @[Col”,2 ,,(C)] for the elements
in this setale M2 M,

1

14: forl =1, 2 2’+" do

15: if E(5§,<,+1)) = Ay when matrix M/ is

transition matrix then

16: return X(t, {i1, iz, ..., it})

17: end if

18: end for

19: end for

20:end for

it holds that
st if Coly(M?) € ¥y,

ColiMr) = 1% if Coly(M) € Wy

Coly(M}), if Coli(M}) ¢ V.

Then, the above theorem can be further generalized as
follows.
Theorem 4: System (4) achieves stability via ¢ pinning

nodes if and only if there exists iy, ..., iy € {l,...,r(r + 1)}

and a transition matrix M such that M € O[Coll1 i, iy (A1,
T+1

vs;here B i) = Aycsn and 85, x 8%, x ... x 8%, =

82r(r+l)'

Proof: Using Algorithm 1, the structure matrix M can
be changed to M, and these matrices can be decomposed
toM = A//\Ilﬂz ...1\71, and M = MM, ...M,. Comparing
Mi with M;, i = 1,2, ..., r, we can know thatﬂj and% are
different for j = 51, 52, ..., 5,. Forj € {s1,52,..., 5}, M; are

O[Col;) jy,...;,(O)], then M}* = M}, and when i € changed by using Theorem 3. The rest of proof is similar to
{it,i2,....0yandj € {1,2,...,2"CF DY\ (ky, ko, ..., Ky}, Theorem 3, and it is omitted here. [ |
Bl A, A e ]
1-d| I —ap l—a, ... 1=d,,
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From Theorem 3 and 4, the existence of minimum pinning
nodes are discussed, and the necessary and sufficient condi-
tions are obtained about exact number of pinning controllers.
Next, the following Algorithm 3 is given to stabilize sys-
tem (4) to the objective state 83, via minimum pinning
controllers, which is based on these two theorems, and
the minimum number of pinning controllers is solved by
traversal.

In the following Algorithm 3, we denote the set (N, €2),
where N stands for the minimum number and €2 stands for the
set of pinning controllers. And ¢ of i; stands for the number
of pinning controllers. Since there are finite nodes totally, if #
adds to r, then the corresponding results will be returned.

IV. EXAMPLES
Example 1: Consider the following PBNs with time
delays

p1t + 1) = fi(p1(8), p2(1), p1(t — 1), pa(t — 1)),

M} = MM, (1T ® 1)

= 616l1,2,1,2,1,2,2,2,1,2,1,2,1,2,2,2],
My = MoMy(L ® 13)

= 616l2,1,2,1,2,1,2,1,2,1,1,2,2,1,1, 2],
M3 = MM (1} ® 1)

= 616[2,1,2,1,2,1,1,2,2,1,2,1,2,1, 1, 2].

Hence, we have M 1, ]\712, and M, as shown at the bottom of
the page.

Next, we use Algorithm 1 to design the pinning feedback
controllers to steer the PBNs (23) to the objective state 82 in
probability 1, and 83 x &3 = 8]].

Firstly, since Coljj(M) = (%,
Col11(M) to §3.

Secondly, calculate E(S}é) = U}61 Ei((S}é). We find that

%, % %)T, we change

= olly _ gs2 o4 <6 o1l 14 <15
E1(816) = {816 816 S16> 16+ 016> S16) and

21) gty omoeslly ogsl 92 93 g4 o5 o6 o9 <10
pat + 1) = fa(or(0), 020, o1t — Do pat — 1y, O Eallg) = E3(316) = (8. 856, 8. 8T, 8. 8%, 81, 316
8ig- 81 Blg- Sla)-
where fi € {f.f2} £ e (A2} and P(i = f) =
%, P(fi=fD) = %,P(fz == % Pl =1 = % Hence, it holds that
These boolean functions are as follows
meslly _ sl s2 §3 o4 5 ¢6 9 <10 ¢l
Fl=p1O)V pr(t = 1) A palt — 1) E(15) = {316 516+ 816> 816 016 016> 516+ S16- 016>
13 514 (15
fE=pOV pit = 1) A palt = 1) 316> 916+ S5}
L _
fz2 =,V pit = DVt = 1) Thirdly, change the 7th, 8th, 12th, 16th columns to 83,
s = p0) vV p1(t = DVpa(t — 1), Then, M is changed into M as follows
Then, we can obtain Thus, we have M, M1, and M, as shown at the top of the
) - next page. ) _ .
My = M\My(12® 13) Since M| # M7 and M, # M>, there exist F'| and F; such
= d6l1,2,1,2,1,2,1,2,1,2,2,2,1,2,2,2], that p1(z + 1) = F1(u1(2), f1) and p2(7 + 1) = F2(u2(2), f2).
Y Lo, 1o
M1:§M1+§M1
1 1
1P 0101 06 - 0T1TO0O <= 01U0UO00O0
_ 2 2
1 1 ’
o101 01 - 1 01 - 1 01 11
2 2
Y 2,00, Lo
My = M| + M
r 1 2 2 1 ]
o1o01o0o1 - - 01=- - 01120
- SRR
1 1 ’
1 01010 - - 10 - - 12001
L 303 303 .
M = M| xM,
- | | -
0 0 00 0 O 3 0 0 O 3 0 0 0 0 O
1 1
1 01 0 1 0 3 0 1 0 3 0O 1 0 0 O
B 01 0 1 0 1 L2 0 1 L1 0O 1 1 0
6 3 3 3
0 0 00 0 O L1 0 0 L1 0 0 0 1
L 3 3 6 3 .
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M = My x M

000 0O0OOUOOUOOUOO0UO0O0 0 0]
]+ 0101 00O0T1O0O0O0OT1TTO0O0O
~]/0 10 1.0 1 1 1 01 1 10110

o0 0 00 O0O0O0OO0OCO0OO0OO0TO0TO0O0 1
M_lOlOlOOOlOOOlOOO-
"“fo1 0101110111011 1]
M_0101011101110111—
2“1t 01 01 0001 00UO0T1O0TO0 O]/

Then, according to the proof of Theorem 2, L1 = [5S] M. Hassoun, N. Intrator, S. McKay, and W. Christian, “Fundamentals of
52 [2 2.1 2] and L2 — 82[1 1.1 2]. Hence. the log- artificial neural networks,” Comput. Phys., vol. 10, no. 2, p. 137, 1996.
ical lati hio b . d u fi P — 1.2 [6] F. Liand]J. Sun, “Controllability of Boolean control networks with time
ical relationship between f; and u; for j = 1,2 are delays in states,” Automatica, vol. 47, no. 3, pp. 603607, Mar. 2011.

F = U AN f] and F 2 = Uy Vv fz. Furthermore, [7]1 D. Cheng and H. Qi, ““Controllability and observability of Boolean control
H = 6[2,2,2,2,2,2,1,2,2,2,1,2,2,2,2.2] and H, = networks,” Automatica, vol. 45, no. 7, pp. 1659-1667, Jul. 2009.

. [8] Y.Li, B.Li, Y. Liu, J. Lu, Z. Wang, and F. E. Alsaadi, ““Set stability and
62 [2’ 2’ 2’ 2’ 2’ 2’ 1’ 1’ 2’ 2’ 1’ l’ 2’ 2’ 2’ 1] C.an be obtained. stabilization of switched Boolean networks with state-based switching,”

Thus, the feedback controllers can be designed as follows IEEE Access, vol. 6, pp. 35624-35630, 2018.

[91 Q. Zhu, Y. Liu, J. Lu, and J. Cao, “On the optimal control of Boolean

uy = [p1() A (mp2(t) A (—p1(t — 1) A p2(t — D]V control networks,” SIAM J. Control Optim., vol. 56, no. 2, pp. 1321-1341,

Jan. 2018.
[_'pl O A p2(t) A (=p1(t = D) A pa(t — 1)] [10] C. Ouyang and L. Li, “Event-based robust synchronization of Boolean

uy = [p1(®) A (mp2()) A pa(t — D]V [—p1(2) A [(p2(E)A control networks,”” IEEE Trans. Circuits Syst. II, Exp. Briefs, early access,

Aug. 30, 2019, doi: 10.1109/TCSII.2019.2938588.
p2(t = 1))V (=p2(t) A (—p1(t = D)) A (—p2(t — D) [11] Y. Li, J. Zhong, J. Lu, Z. Wang, and F. E. Alssadi, “On robust synchro-
(22) nization of drive-response Boolean control networks with disturbances,”
Math. Problems Eng., vol. 2018, pp. 1-9, Aug. 2018.
Then. we can use Algorithm 3 to calculate the minimum [12] I. Shmulevich, E. R. Dougherty, S. Kim, and W. Zhang, “Probabilistic
’ . .. Boolean networks: A rule-based uncertainty model for gene regulatory
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mum number of pinning controllers is 2 for (21). [13] R.Li, M. Yang, and T. Chu, “State feedback stabilization for probabilistic
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In this article, for PBNs with time delays, the stabilization Jan. 2014.
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