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ABSTRACT In this paper, a novel signal-space diversity (SSD) technique based multipoint-to-multipoint
cooperative scheme for a multiuser free-space optical communication system is proposed. In SSD technique,
constellation points of the transmitted signal are rotated by a certain angle and in-phase and quadrature
components of two different symbols are interleaved to obtain diversity from the signal space. In the
proposed scheme, the diversity of each cooperative user gets improved through joint encoding/decoding of
the rotated symbols using subcarrier intensity modulation (SIM). The joint encoding/decoding can be done
by connecting all the users’ transceivers by wires that ensure the availability of the information of a user to
all other users. The average symbol error rate for the proposed scheme under log-normal and gamma-gamma
channel models is evaluated analytically and corroborated through Monte Carlo simulations. It is reported
through intensive analyses and comparisons that the proposed cooperative scheme not only achieves full
diversity order but also outperforms non-cooperative and repetition coding schemes.

INDEX TERMS Average symbol error rate, collaborative scheme, free-space optical communication,
gamma-gamma channel, log-normal channel, subcarrier intensity modulation.

I. INTRODUCTION
Free-space optical (FSO) systems use very narrow laser
beams, which enhances data security, allows high reuse factor
without inducing interference, and improve robustness to
electromagnetic interference. Moreover, FSO systems are
license free, easy to deploy, and can be installed without
the cost of digging fiber optic connections. As well, FSO
systems are an efficient solution for the last mile problem
to connect the end-user and the fiber optic infrastructure
that already exist [1]. However, atmospheric turbulence (AT)
or scintillation significantly degrades the performance of
FSO systems [2], [3]. Therefore, various mitigation tech-
niques for future FSO links are developed aiming to
attain reliable high data-rate communications. Promising
solutions include multiple-input multiple-output (MIMO)
as well as distributed cooperative techniques. Most of the
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investigated cooperative diversity methods involve point-
to-point cooperative schemes. Serial relaying and parallel
relaying are the two configurations of the point-to-point
cooperative schemes. In the serial relaying configuration,
the signal from source hops from one relay to another
sequentially until it reaches destination [4], [5]. On the other
hand, parallel relaying typically comprises the two path
links, i.e., source-relays-destination and source-destination
communication links. As such, it involves source-relay and
relay-destination phases of communication. For both of
the relaying configurations, amplify-and-forward (AF) is
investigated in [6]–[10] while the decode-and-forward (DF)
is examined in [6], [11]–[14]. However, due to the high
directivity of the FSO system, schemes studied in [4]–[16] are
not so popular as compared to their RF counterpart systems
as described in [17]. Apart from point-to-point cooperative
FSO systems, multiuser diversity (MD) in FSO systems has
also been examined in [18]–[22]. The MD scheme is a
point-to-multipoint scenario and comprises a central node
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with K apertures that are employed to communicate with
one of the K users. Some scheduling schemes are proposed
in [18], where at a given time instant the central node
serves the user with the largest channel gain. The work
in [18] is extended in [19]–[21]. TheMD scheduling schemes
in [18]–[21] are based on single-input-single-output (SISO)
FSO links. This work is extended to MIMO links in [22],
where different scheduling protocols were compared over
log-normal channel model.

Existing models of point-to-point FSO system in [4]–[16]
and point-to-multipoint FSO system in [18]–[22] are similar
to RF systems [23]–[25]. However, FSO systems are
significantly different from RF systems. First, the nodes in
an RF network can be mobile whereas FSO transceivers,
in general, are static. Second, RF transmission is of broadcast
nature, which is not possible in FSO system due to the
high directivity of FSO transmitters. By exploiting these
differences, the author in [17] proposed a new multipoint-
to-multipoint FSO (M2M-FSO) specific cooperative system
for intensity modulation/direct detection (IM/DD) process,
where it is assumed that the FSO transceiver pairs are present
on two buildings. In M2M-FSO system, N FSO transceiver
pairs are placed on two buildings in order to establish
N FSO connections for N different enterprises/users. The
advantage of the scheme of [17] is that there is no
latency and any user can access the channel at any time,
which is a critical issue in the MD scheduling schemes
proposed in [18]–[22]. Besides, M2M-FSO is significantly
different from traditional MIMO techniques. In traditional
MIMO techniques, the receiver apertures are very close
to each other (order of centimeters); therefore, the signals
transmitted by a transmit aperture are detected by all receive
apertures. This does not happen in M2M-FSO scheme where
several meters of the distance exists between different FSO
transmitters/receivers. Also, in [17], a collaborative scheme is
proposedwhere the transceivers installed in the same building
are connected by means of wires. Using this connection,
users can exchange their data among each other in order
to gain some collaborative diversity. More specifically, N
users are clustered in a number of groups and all users in
a group transmit an encoded symbol simultaneously. It is
reported in [17] that the performance of the clustered-based
M2M-FSO scheme is highly dependent on the user grouping.
Due to the grouping of users, the error performance of the
users of a particular group is different than the users of other
groups. To overcome the problem of determining the optimal
grouping for different number of users and different error
performance for different users, a novel cooperative scheme
is proposed in this paper. The idea is to use signal space
diversity (SSD) technique instead of groups clustering. SSD
improves the diversity order by exploiting the modulation
signal space [26]. Thereby, the problems of finding the
optimal grouping for different number of users and the
different error performance for different users is completely
eliminated. Note that SSD is completely different from space
shift keying (SSK) [27], [28]. In SSK, only one light source

is activated at a time based on the incoming data bits while
SSD rotates the constellation points.

With reference to existing literature, themain contributions
of this paper are as follows:
• A novel SSD-based M2M-FSO specific cooperative
scheme is presented and analysed under log-normal and
gamma-gamma channel models for multiple users using
different modulation levels.

• In order to use SSD, the proposed scheme employes
subcarrier intensity modulation (SIM) technique.

• The analytical expressions of the average symbol error
rate (ASER) for the proposed scheme under the con-
sidered channel models are evaluated and substantiated
through Monte Carlo simulations.

• The optimal SSD rotation angles at which the error
performance is minimum are also investigated under
different turbulence regimes and modulation orders.

• Comparisons of the proposed collaborative set-up with
non-cooperative and repetition coding (RC) set-up are
presented.

Many useful outcomes are seen from the thorough analyses
of the proposed cooperative scheme. The foremost inference
is that the diversity order gained by each user increases
by collaborating with other users. This means that a higher
number of collaborative users will lead to better performance
for each user.

The rest of the paper is organized as follows. Section II
introduces the preliminaries of the work which includes the
system model, channel model, and the proposed strategy.
The framework to derive ASER of the proposed SSD-based
M2M-FSO system under log-normal and gamma-gamma
channel models is presented in Section III. Numerical results
are discussed in Section IV, and Section V concludes the
paper.

FIGURE 1. System model of the proposed M2M-FSO system.

II. PRELIMINARIES
A. SYSTEM MODEL AND PROPOSED COOPERATIVE
STRATEGY
The system model of the proposed M2M-FSO system for N
users is depicted in Fig. 1. There are N FSO transceivers
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mounted on building rooftops or under windows in order to
realize connectivity between two distant locations A and B.
Since FSO connections are highly directive, a distinct pair of
FSO transceivers is dedicated to each user to communicate.
However, using dedicated FSO link by a single user (which is
calledM2M non-cooperation FSO (M2M-NC-FSO) scheme)
achieves no diversity gain. Therefore, [17] proposed a new
multipoint-to-multipoint cooperative FSO (M2M-C-FSO)
scheme where, all the transceivers of the same building are
connected by wires to ensure the availability of information
of a user to all other users as shown in Fig. 1. This allows
joint encoding/decoding in the M2M-FSO scheme with
a cost-effective approach where the existing infrastructure
of M2M-NC-FSO is used. Furthermore, the channels are
uncorrelated as inter-transmitter and inter-receiver spacing
are very large as shown in Fig. 1.

The system model of the proposed scheme in this paper is
the same as that given in [17]. However, significant alterations
have been done in the existing strategy of cooperation to
improve the performance of each user and to reduce design
complexity as compared to [17]. The point-wise differences
between these two cooperative strategies are as follows:
• In [17], N users are divided into a number of groups.
All users of a given group transmit the same encoded
symbol, which comprises the information of all the users
of that group. The encoded symbols are nothing but
the higher order modulation symbols, whosemodulation
order is higher than the modulation order of the users’
symbols. In the proposed scheme, there is no need
to divide the users into a number of groups. Also,
the modulation order of the encoded symbol will be
the same as that of the modulation order of the users’
symbols irrespective of the number of users.

• Due to the grouping of users, different classes of
service have been introduced for different users in [17].
The users have been classified as gold users, silver
users, bronze users, etc. according to the diminishing
error performance. Therefore, the performance is highly
dependent on the user grouping and the search for
optimal grouping adds an extra design complexity
in [17]. In the proposed scheme, all users are gold users
and achieve the best error performance.

• In [17], the partitioning of the N users into different
groups depends on the values of the channel gains. More
specifically, information about the order of channel gain
has to be sent periodically to the transmitter side. The
transmitter uses this information to regroup the users
based on new channel states. On the other hand, since
the performance of the proposed strategy is independent
of channel states, there is no need to periodically send
channel state information which significantly reduces
overall design complexity.

• The analytical framework presented in [17] only
provides asymptotic error performance under the
gamma-gamma channel model, while the analytical
framework presented in our work gives a general error

performance which can be further used to obtain the
asymptotic error performance. In addition, our work
also provides the performance analysis of the considered
system in log-normal channel model.

• In [17], the diversity order is improved by transmitting
the jointly encoded symbols simultaneously from all the
users of the group. However, in the proposed cooperative
scheme, the diversity order will be improved by using
the concept of SSD technique.

• The transmission technique used in [17] is the inten-
sity modulation and direct detection, while this work
employs the SIM technique.

All the above points explicate that the proposed M2M-
C-FSO scheme is completely different from [17] according
to the strategic and analytical framework. This inspires a
separate investigation of the proposed scheme.

B. SSD TECHNIQUE
Before going into the details of the proposed cooperative
strategy, let us introduce the concept of SSD briefly. The SSD
is a technique of enhancing the diversity order by exploiting
the modulation signal space [26]. As an example, for a
2-dimensional signal constellation, both the in-phase and
the quadrature components of the transmitted signal should
have enough information to uniquely represent the original
signal. This can be achieved through rotating the constellation
symbols by a certain angle prior to transmission. An example
of quadrature phase shift keying (QPSK) is illustrated
in Fig. 2. It can be observed from the figure that after rotating
with θ degrees, the in-phase and the quadrature components
of each symbol individually carry enough information to
uniquely represents the symbol. Now, if in-phase and
quadrature components of the signal are transmitted through
independent paths, the overall diversity order of the system
will be improved.

FIGURE 2. Conventional QPSK constellation and Rotated QPSK
constellation.

The proposedM2M-C-FSO strategy to improve the system
performance can be understood briefly with the following
steps:
• The users first share their rotated M -ary phase shift
keying (M -PSK) symbol (which needs to be transferred
to the destination) with all other users.

• Using interleaving, the symbols from different users
are jointly encoded in some predefined manner to
form a new symbol termed as cooperative symbol.
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More specifically, the in-phase and quadrature compo-
nent of the cooperative symbol contains information
about two different users.

• The generated cooperative symbol at each transmitter
node is then transmitted through the FSO link.

• At the receiver, the symbol of a particular user is
estimated using maximum-likelihood (ML) detector by
processing of all the received cooperative symbols.

To understand the proposed strategy, we will first discuss
an elementary set-up ofM2M-C-FSO for two users in the next
subsection.

C. THE PROPOSED M2M-C-FSO SCHEME FOR TWO
USERS
Let us consider two LASER-based set-up which will be
used by two users. Under the non-cooperative scenario, both
users utilize different FSO links and a limited diversity order
of the SISO system can be achieved. On the other hand,
in the proposed cooperative scheme, the SSD technique is
used to enhance the diversity. The schematic of the two-user
M2M-C-FSO scheme is illustrated in Fig. 3. To describe the
information flow in the M2M-C-FSO system, let us consider
an example using the QPSK modulation scheme:
1) Let us consider p1 and p2 are the classical QPSK

symbols of user 1 and 2 respectively, where pi ∈
(p1i , p

2
i , p

3
i , p

4
i ), i = 1, 2, as in Fig. 2.

2) After a rotation of θ degrees, a new constellation si ∈
(s1i , s

2
i , s

3
i , s

4
i ) is created, known as rotated QPSK. The

mathematical relation between these constellation points
can be given by[

s1i s2i
s3i s4i

]
=

[
p1i p2i
p3i p4i

] [
cos(θ) − sin(θ )
sin(θ) cos(θ)

]
(1)

The SSD module shown in Fig. 3 converts the pi into si
by using (1).

3) The rotated QPSK symbol is then made available at
other transmitters by using connecting wires. Using
interleaving at the transmitter side, the rotated QPSK
signal of user 1 and user 2 are combined as follows:

c1 = <(s1)+ j=(s2), (2)

c2 = <(s2)+ j=(s1), (3)

where c1 and c2 are the cooperative symbols that contain
the signal components of both the users.

4) The symbol c1 is communicated through the first
transceiver pair, whereas c2 is transmitted through
the second transceiver pair. Since c1 and c2 are
complex signals, we have to use the subcarrier intensity
modulation (SIM) technique to transfer these symbols
through FSO links [29], [30]. For SIM-based FSO link,
the received electrical current for the receiver related to
user i can be written as

ii(t) = PRhi(1+ ξci(t))+ ni(t), (4)

where P is the average transmitter power, R is the
responsivity of the photo-detector, hi , hii is the

instantaneous channel gain of the ith FSO link, ni(t) is
the zero mean complex additive white Gaussian noise
with σ 2

n variance, ξ is the modulation index, and ci(t) is
given by [31]

ci(t) = <(ci(t)) cos(2π fct)− =(ci(t)) sin(2π fct), (5)

where <(ci(t)) =
∑

l g(t − lTs) cos(φl) is the
in-phase signal, =(ci(t)) =

∑
l g(t − lTs) sin(φl) is

the quadrature signal, φl is the l th phase symbol,
g(t) is the shaping pulse, and Ts is the symbol time.
In order to avoid non-linearity, the amplitude satisfies√
(<(ci(t)))2 + (=(ci(t)))2 ≤ 1. Also, to keep the

optical transmitter within its dynamic range and to
avoid over-modulation induced clipping, ξci(t) ≤ 1 is
considered. The received signal is then passed through
the bandpass filter followed by down conversion.
After carrier recovery and sampling at sampling rate,
the output signal yi is given as

yi = PRξhici + ni. (6)

Since ci contains the information of both users, the out-
put signal of the demodulator also has the information
of both users. For example, the in-phase and quadrature
components of the received signal y1 are

<(y1) = PRξh1<(s1)+<(n1) (7)

and

=(y1) = PRξh1=(s2)+ =(n1), (8)

respectively. Therefore, the in-phase of y1 contains the
information of user 1 whereas, its quadrature has the
information of user 2. By deinterleaving, the in-phase
and quadrature parts of the received signal yi can be
separated and processed individually.

5) Finally, the following ML detection rules are used to
estimate the transmitted symbols:

ŝ1 = argmin
s1∈S

[(
<(y1)− PRξh1<(s1)

)2
+
(
=(y2)− PRξh2=(s1)

)2]
, (9)

and

ŝ2 = argmin
s2∈S

[(
<(y2)− PRξh2<(s2)

)2
+
(
=(y1)− PRξh1=(s2)

)2]
. (10)

From the above detection rules, it is clear that the
estimation of any of the symbols requires both received
signals. Therefore, all the receiver nodes should be
connected with wires such that all received signals
are available at each receiver node. The presence of
both channel gains in the ML detection given in (9)
and (10) indicates that the considered two users system
will have double diversity order as compared to the
non-cooperative system.
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FIGURE 3. Two-user based M2M-C-FSO system.

Note that the proposed system can also employ the M -ary
PSK symbol. ForM -ary PSK, the search given in (9) and (10)
will be forM symbols.

D. INSTANTANEOUS SER
For the ith user, the upper bound SER of the proposed scheme
employing M -PSK modulation can be obtained by summing
all pair-wise error probabilities (PEPs) as

SERUi ≤
1
|S|

∑
j

∑
k 6=j

PEPs
j
i→ŝki , (11)

where sji denotes the jth, 1 ≤ j ≤ M , symbol of ith user

constellation and PEPs
j
i→ŝki is the PEP for the symbol sji when

detected as ŝki 6= sji.
Lemma 1: The PEP expression for the first user based on

ML detector given in (9) is given by

PEPs
j
1→ŝk1

= Q
(√

γ

2

[
h21
(
<(ŝk1)−<(s

j
1)
)2
+ h22

(
=(ŝk1)− =(s

j
1)
)2])

,

(12)

where γ = P2 R2ξ2/σ 2
n is the signal-to-noise (SNR) ratio per

symbol and Q(·) is the Gaussian Q-function.
Proof: Refer to Appendix A for the proof.

Similar to user 1, the SER for user 2 can be obtained
from (10), which can be expressed as

PEPs
k
2→ŝj2

= Q
(√

γ

2

[
h22
(
<(ŝk2)−<(s

j
2)
)2
+ h21

(
=(ŝk2)− =(s

j
2)
)2])

.

(13)

The upper bound SER of the overall system can then be
obtained as

SERU ≤ 1−
∏
i

(1− SERUi ). (14)

The SER expressions given in (11) and (14) are the
generalized expression and not limited to 2 users. This means
for N users, the value of i will range from 1 to N .

E. CHANNEL MODEL
In this work, two different channel models of intensity
fluctuation are considered to cover weak-to-strong turbulence
regimes. The probability density function (pdf) of these two
channel models are discussed hereinafter.

1) LOG-NORMAL CHANNEL
The log-normal pdf is given by [32]

fhi (hi) =
1

hi
√
8πσ 2

exp
(
−
(ln(hi)− 2µ)2

8σ 2

)
, (15)

where hi = exp (2X ) is the channel coefficient with X being
an independent and identically distributed (i.i.d.) Gaussian
random variable (RV) with mean µ, standard deviation σ ,
and variance σ 2. To ensure that the fading channel does
not attenuate or amplify the average power, the fading
coefficients are normalized as E[hi2] = e2(µ+σ

2)
= 1. This

model is used to characterize the weak turbulence condition.

2) GAMMA-GAMMA CHANNEL
For moderate-to-strong regime, hi is modelled as a
Gamma-Gamma distributed RV with the following pdf:

fhi (hi) =
(αβ)

α+β
2

0(α)0(β)
h
α+β
2 −1

i G2,0
0,2

(
αβhi

∣∣∣∣ ., .
α−β
2 ,

β−α
2

)
, (16)

where Gm,np,q [.] is the Meijer’s G-function [33, Eq.(9.301)],1

0(.) is the Gamma function [33, Eq. (8.310)], α and β are
the effective number of large-scale and small-scale eddies
of scattering environment, respectively, and they are related
according to Rytov variance (σ 2

l ).

1The Meijer-G function is a standard built-in function available in most
popular mathematical software packages, such as Maple and Mathematica.
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III. PROPOSED COOPERATIVE SCHEME FOR N USERS
An apparent extension of the proposed scheme according
to [17] for N users scenario, i.e., for N × N system,
is by employing N-dimensional modulation scheme. This
however entails that whenever the number of users changes,
the modulation dimension for each user should be modified
accordingly. Adjusting modulation dimension depending on
the number of active users demands significant changes in
hardware and signal processing levels at both the transmitter
and receiver units. Therefore for the sake of simplicity,
we propose a space-time layer that is easier to implement
than changing the modulation order and dimension. The
upcoming subsections explain the proposed scheme for
arbitrary number of users. More specifically, ML detection,
SER, and ASER ofN users SSD-basedM2M-C-FSO scheme
will be presented hereinafter.

A. ML DETECTION AND SER OF N USERS M2M-C-FSO
SCHEME
Using the concept of cooperative scheme for two users as
discussed in the previous section, the cooperation scheme for
N users can be established. For N users, an space time block
code (STBC) structure of N ×dN/2e size as given in (17), as
shown at the bottom of the page is proposed, which is nothing
but the combination of cooperative symbols as discussed for
2 user M2M-C-FSO system in Subsection II-C, where d·e
denotes a ceiling function. The difference in STBC structure
for odd and even number of users is given in the last column as
illustrated in (17). The ML detection for user 1 for the given

STBC is as follows:

ŝ1 = argmin
s1∈S

[ dN/2e∑
m=1

(
<(y2m−1(m))− PRξh2m−1<(s1)

)2
+
(
=(yN (1))− PRξhN=(s1)

)2
+u(N − 3)

dN/2e−1∑
m=1

(
=(y2m(m+ 1))−PRξh2m=(s1)

)2]
,

(18)

where ynr (t) is the received signal at 1 ≤ n
th
r ≤ N receiver at

1 ≤ t th ≤ dN/2e time interval, and u(n) is defined as:

u(n) ,

{
1, n ≥ 0,
0, n < 0.

(19)

Now, using a framework similar to the one employed in
Subsection III-A, the PEP between sj1 and ŝk1 for the above
ML detector can be derived and it is given in (20), as shown
at the bottom of the page, where

δ(n) ,

{
1, n = 0,
0, n 6= 0.

(21)

Since the argument of the Q-function in (20) has N number
of h2 terms, the proposed N user collaborative scheme
will have N times higher diversity order as compared to
non-collaborative scheme. For better representation, we have
modified (20) into (22), as shown at the bottom of the page,
where Akj =

(
<(ŝk1)−<(s

j
1)
)2 and Bkj = (=(ŝk1)− =(sj1))2.

Column 1 Column 2 . . . Column N/2, for even N Column dN/2e , for odd N





<(s1)+ j=(s2) <(sN−1)+ j=(sN ) . . . <(s3)+ j=(s4) <(s2)+ j=(s3)
<(s2)+ j=(s3) <(sN )+ j=(s1) . . . <(s4)+ j=(s5) <(s3)+ j=(s4)

... <(s1)+ j=(s2)
. . .

...
...

... <(s2)+ j=(s3)
. . .

...
...

...
...

. . .
...

...
...

...
. . . <(sN−1)+ j=(sN )

...
...

...
. . . <(sN )+ j=(s1) <(sN−1)+ j=(sN )

<(sN−1)+ j=(sN ) <(sN−3)+ j=(sN−2) . . . <(s1)+ j=(s2) <(sN )+ j=(s1)
<(sN )+ j=(s1) <(sN−2)+ j=(sN−1) . . . <(s2)+ j=(s3) <(s1)+ j=(s2)

(17)

PEPs
j
1→ŝk1 = Q

(√√√√γ

2

[( dN/2e∑
m=1

h22m−1
)(
<(ŝk1)−<(s

j
1)
)2
+

( bN/2c∑
m=1

[
h22m + h

2
N δ(N − (2m+ 1))

])(
=(ŝk1)− =(s

j
1)
)2])

. (20)

PEP(Akj,Bkj) = Q
(√√√√γ

2

[
Akj

dN/2e∑
m=1

h22m−1 + Bkj
( bN/2c∑

m=1

[
h22m + h

2
N δ(N − (2m+ 1))

])])
. (22)
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B. ASER EXPRESSIONS OF THE PROPOSED COOPERATIVE
SCHEME
The mathematical expression of the ASER for the proposed
scheme based on (18) is calculated under different channel
models in the following subsection.

1) LOG-NORMAL DISTRIBUTION
The APEP of (22) can be determined by solving the integral
in (23), as shown at the bottom of the page. In (23),

γk = γ h2k , 1 ≤ k ≤ N (24)

is the instantaneous SNR of the k th link and hk is distributed
according to log-normal channel distribution. After a few
algebraic manipulations, the pdf of γk can be given by

f (γk ) =
1

√
32πσ 2γk

exp

−
(
ln
(
γk
γ

)
+ 4σ 2

)2
32σ 2

 . (25)

According to [34], the moment generating function is defined
as

9(s′) ,
∫
∞

0
· · ·

∫
∞

0
f (γ1) · · · f (γN )

× exp

[
−

N∑
i=1

s′iγi

]
dγ1 · · · dγN . (26)

Substitute (25) in (26) and using the relation∫
∞

−∞

exp(−x2)g(x)dx ≈
M∑
l=1

wlg(xl), (27)

yields

9(s′) ≈
M∑
m1=1

· · ·

M∑
mN=1

[
N∏
i=1

wmi
√
π

]

× exp

− N∑
j=1

s′jγ exp
(√

32σ 2xmj − 4σ 2
) , (28)

where M is the order of approximation of the Hermite
polynomial. The values of wmi and xmj of the Mth order
Hermite polynomial are tabulated in [33, Table 25.10].
An alternative form of the Gaussian-Q function is

Q(y) =
1
√
2π

∫
∞

y
exp

(
−
x2

2

)
dx

=
1
π

∫ π
2

0
exp

(
−

y2

2 sin2 θ́

)
d θ́ . (29)

Using the alternative definition of the Q-function in (29)
on (23) and using (26) yields,

APEP(Akj,Bkj) ≈
1
π

∫ π
2

0
9

(
Akjγ I1 + Bkjγ I2

4 sin2(θ́ )

)
d θ́ , (30)

where

I1 =

dN/2e∑
j=1

exp
(√

32σ 2xm(2j−1) − 4σ 2
) (31)

and

I2 =
[ bN/2c∑

k=1

[
exp

(√
32σ 2xm(2k) − 4σ 2

)
+δ(N − (2k + 1)) exp

(√
32σ 2xm(N ) − 4σ 2

) ]]
, (32)

which is solved by (28) after few manipulations as

APEP(Akj,Bkj) ≈
M∑
m1=1

· · ·

M∑
mN=1

[
N∏
i=1

wmi
√
π

]

×Q

(√
1
2

[
Akjγ I1 + Bkjγ I2

])
. (33)

Now, by substituting (33) into (11), ASER of the overall
system can be obtained.
Example: For QPSK symbol, the SER of the proposed

scheme for the user 1 in an N users system can be obtained
by (11) as

SERU1 ≤
1
4

∑
j

∑
k 6=j

PEPs
j
1→ŝk1

=
2
4

∑
j

∑
k=j+1

PEPs
j
1→ŝk1

=
1
2

(
PEPs

1
1→ŝ21 + PEPs

1
1→ŝ31 + PEPs

1
1→ŝ41 + PEPs

2
1→ŝ31

+PEPs
2
1→ŝ41 + PEPs

3
1→ŝ41

)
, (34)

where s11 = (cos θ − sin θ )/
√
2 + j(cos θ + sin θ )/

√
2, s21 =

−(cos θ + sin θ )/
√
2 + j(cos θ − sin θ )/

√
2, s31 = (sin θ −

cos θ)/
√
2− j(cos θ + sin θ )/

√
2, s41 = (sin θ + cos θ )/

√
2−

j(sin θ − cos θ )/
√
2.

By using (20), the PEPs of the considered system can be
calculated and represented in the form of (22) as

PEPs
1
1→ŝ21 = PEPs

3
1→ŝ41 = PEP(2 cos2 θ, 2 sin2 θ )

PEPs
1
1→ŝ41 = PEPs

2
1→ŝ31 = PEP(2 sin2 θ, 2 cos2 θ )

PEPs
1
1→ŝ31 = PEP(2(cos θ − sin θ)2, 2(cos θ + sin θ)2)

PEPs
2
1→ŝ41 = PEP(2(cos θ + sin θ)2, 2(cos θ − sin θ)2) (35)

PEP(Akj,Bkj) =
∫
∞

0
..

∫
∞

0
Q
(√√√√1

2

[
Akj

dN/2e∑
m=1

γ2m−1 + Bkj

bN/2c∑
m=1

[
γ2m + γN δ(N − (2m+ 1))

]]) N∏
m=1

f (γm)
N∏
m=1

dγm. (23)
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Using (33), the average of each PEPs given in (35)
can be evaluated. Furthermore, assuming even number N ,
PEP(Akj,Bkj) = PEP(Bkj,Akj), which implies

APEPs
1
1→ŝ21 = APEPs

3
1→ŝ41 = APEPs

1
1→ŝ41

= APEPs
2
1→ŝ31 = APEP(2 cos2 θ, 2 sin2 θ ),

APEPs
1
1→ŝ31 = APEPs

2
1→ŝ41

= APEP(2(cos θ − sin θ )2, 2(cos θ + sin θ )2).

(36)

Consequently, the ASER of the considered example can be
calculated using (34) and (36) as

ASERU1 ≤ 2APEP1 + APEP2, (37)

where APEP1 = APEP(2 cos2 θ, 2 sin2 θ ) and APEP2 =
APEP(2(cos θ − sin θ )2, 2(cos θ + sin θ )2).

2) GAMMA-GAMMA CHANNEL
An alternative way to determine the APEP is by solving the
following integral:

APEP(Akj,Bkj) =
∫
∞

0
Q
(√

γ z
2

)
fZ (z)dz, (38)

where

z = Akj

dN/2e∑
m=1

h22m−1 + Bkj

bN/2c∑
m=1

(h22m+h
2
N δ(N − (2m+ 1))).

(39)

Therefore, in order to find the APEP using (38), the dis-
tribution of the RV z is needed. Since the diversity order
of any scheme depends on the number of h2 terms in the
Q-function, the removal of h2N from second summation in (39)
will not affect the diversity order since the same term is
already present in the first summation. More specifically,
the sub-optimal detector for odd number of users can be
written as

ŝ1 = argmin
s1∈S

[ dN/2e∑
m=1

(
<(y2m−1(m))− PRξh2m−1<(s1)

)2
+ u(N − 3)

dN/2e−1∑
m=1

(
=(y2m(m+ 1))− PRξh2m=(s1)

)2]
.

(40)

This will provide the same diversity order as provided by ML
given in (18). Based on (40), the APEP can be derived by
solving the following relation:

APEP(Akj,Bkj) =
∫
∞

0
Q
(√

γ z′

2

)
fZ ′ (z

′)dz′, (41)

where

z′ = Akj

dN/2e∑
m=1

h22m−1 + Bkj

bN/2c∑
m=1

h22m = wAkj + wBkj , (42)

with wAkj = Akj
∑dN/2e

m=1 h22m−1 and wAkj = Bkj
∑bN/2c

m=1 h22m. It
can be easily shown that for even number of users z′ = z.
Therefore, (41) can also be used to determine the APEP
for even number of users. Since gamma-gamma channel
distribution is quite complex, for the sake of simplicity, (41)
will be solved instead of (38). It is obvious that for odd
number of users, the ASER derived from sub optimal detector
is higher than optimal detector, but the diversity order will be
the same for both detectors. However, the difference in coding
gain between the ASERs of optical ML and sub-optimal ML
is marginal (about 1 dB). This will be discussed in details in
Section V.
Lemma 2: The pdf of the RV z′ is given by

fZ ′ (z
′) =

N1∑
m1=0

N2∑
m2=0

(
N1

m1

)(
N2

m2

)

×

∞∑
q=0

Gq(N1,N2,m1,m2,Akj,Bkj)

×
z′
q+(N1+N2−m1−m2)β+(m1+m2)α

2

0
(
q+(N1+N2−m2−m1)β+(m1+m2)α

2

) , (43)

where

Gq(N1,N2,m1,m2,Akj,Bkj)
= Eq(N1,m1,Akj) ∗ Eq(N2,m2,Bkj),

Eq(N1,m1,Akj)

= cq(N1 − m1,m1)/(A
q+(N1−m1)β+m1α

2
kj ),

cq(µ, ν)
= b(µ)q (α, β) ∗ b(ν)q (β, α),

bq(α, β)

=
aq(α, β)

2
0

(
q+ β
2

)
,

aq(α, β)

=
(αβ)β+q0(α − β)

0(α)0(β)(1+ β − α)qq!
, (44)

and N1 = dN/2e, N2 = bN/2c, and b(µ)q (α, β) denotes
bq(α, β) is convolved with µ − 1 times with itself, e.g.
b(2)q (α, β) = bq(α, β) ∗ bq(α, β). Also, b

(0)
q (α, β) = 1.

Proof: Refer to Appendix B for the proof.
On substituting (43) into (41) and using the relation [27,

Eq. (48)], the APEP can be obtained as

APEP(Akj,Bkj)

=

N1∑
m1=0

N2∑
m2=0

(
N1

m1

)(
N2

m2

)

×

∞∑
q=0

Gq(N1,N2,m1,m2,Akj,Bkj)

0
(
q+(N1+N2−m2−m1)β+(m1+m2)α

2

)
×

0
(
q+(N1+N2−m2−m1)β+(m1+m2)α+1

2

)
(q+ (N1 + N2 − m2 − m1)β + (m1 + m2)α)

×
1

√
π
(√

γ

2

)q+(N1+N2−m2−m1)β+(m1+m2)α
. (45)
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Now, by substituting (45) into (11), ASER of the overall
system can be obtained. Following the same procedure as
in (34)-(37), we can obtain the ASER of the proposed scheme
under gamma-gamma channel model forM -PSK modulation
scheme using (45).

Although the APEP expression (45) has infinite sum-
mation terms due to the use of infinite summation form
of gamma-gamma channel model (52), it can provide a
very accurate value of APEP for finite summation as seen
in [35]–[37]. The following Lemma presents the truncation
error for (45).
Lemma 3: The upper bounded of truncation error caused

by eliminating the infinite terms after the first U terms of q
in (45) is

εR(U ) ≤
(2/
√
γ )U

1− (2/
√
γ )

N1∑
m1=0

N2∑
m2=0

(
N1

m1

)(
N2

m2

)
max
q>U
{uq,r (N1,N2,m1,m2,Akj,Bkj)}. (46)

where

uq,r (N1,N2,m1,m2,Akj,Bkj)

=
Gq(N1,N2,m1,m2,Akj,Bkj)

0
(
q+(N1+N2−m2−m1)β+(m1+m2)α

2

)
×

0
(
q+(N1+N2−m2−m1)β+(m1+m2)α+1

2

)
(q+ (N1 + N2 − m2 − m1)β + (m1 + m2)α)

×
1

√
π
(√

γ

2

)(N1+N2−m2−m1)β+(m1+m2)α
. (47)

Proof: Refer to Appendix C for a proof.
It can be observed from the above equation that the

truncation error εR(U ) decreases with an increase inU and/or
γ . For illustration purposes, the truncation error of APEP for
2 users-based M2M-C-FSO system for which N1 = N2 = 1
is calculated hereinafter. It can be observed that for practical
atmospheric fluctuation scenarios of strong and moderate
turbulences, the value of U > 25 gives a truncation error in
the order of 10−7 at SNR= 10 dB. In order to have minimum
truncation error, we have usedU = 200 for calculatingASER
in the numerical section.

C. ASYMPTOTIC ANALYSIS AND DIVERSITY ORDER
Let us consider 2 users M2M-C-FSO system, for whichN1 =

N2 = 1. Therefore, using (45), the APEP can be given as

APEP(Akj,Bkj)

=

∞∑
q=0

Gq(1, 1, 0, 0,Akj,Bkj)

0
(
q+2β
2

)
×

0
(
q+2β+1

2

)
(q+ 2β)

√
π
(√

γ

2

)q+2β

+

∞∑
q=0

Gq(1, 1, 0, 1,Akj,Bkj)+ Gq(1, 1, 1, 0,Akj,Bkj)

0
(
q+2β
2

)
×

0
(
q+β+α+1

2

)
(q+ β + α)

√
π
(√

γ

2

)q+β+α
+

∞∑
q=0

Gq(1, 1, 1, 1,Akj,Bkj)

0
(
q+2α
2

) 0
(
q+2α+1

2

)
(q+ 2α)

√
π
(√

γ

2

)q+2α .
(48)

The asymptotic APEP expression can be obtained by putting
q = 0 in (48) and since (α + β) > min(α, β) the middle
term can be ignored. Thus, asymptotic APEP expression can
be compactly written as

lim
γ→∞

APEP =
∞∑
q=0

Gq(1, 1, g1, g2,Akj,Bkj)

0
(
q+2δ
2

)
×

0
(
q+2δ+1

2

)
(q+ 2δ)

√
π
(√

γ

2

)q+2δ , (49)

where δ = min(α, β) represents diversity order and
g1 = g2 = 1 if α < β otherwise g1 = g2 = 0. By observing
the SNR exponent in (49), it is revealed that the diversity
order of the proposed scheme for 2 users is min(α, β), which
is double that of non-cooperative M2M-NC-FSO system
with 2 users. Similarly for N users, the asymptotic APEP
expression has the same form as given in (49). The only
difference is that δ = (N/2)min(α, β) and g1 = N1 and
g2 = N2 when α < β, otherwise g1 = g2 = 0. Therefore,
with N cooperative users, the diversity order of the M2M-
C-FSO scheme is N time higher than the M2M-NC-FSO
scheme. Note that APEP expression for gamma-gamma
channel model is valid only for Akj 6= 0 and Bkj 6= 0. Hence,
the observed diversity order is valid only for the rotation
angles for which Akj and Bkj are not zero.

IV. NUMERICAL RESULTS
In this section, the derived analytical formulas are validated
through Monte Carlo simulation results along with detailed
discussion and comparison of the results. The values of (α, β)
are chosen as (4, 1.9) and (4.2, 1.4) for moderate and strong
AT conditions [2], respectively.

The analytical and simulation-based ASER curves for
the two user M2M-C-FSO system are compared in Fig. 4
under log-normal channel with σ = 0.2 and different
values of θ using (11) and (33) for QPSK modulation.
A perfect matching between the analytical and simulation
ASER curves corroborate the accuracy of the conducted
performance analysis and derivations. The comparison
reveals the dependency of the ASER performance on θ and
explicates that the poorest ASER performance is observed
for θ = 0, i.e., for conventional QPSK symbol. It can
be noticed from the figure that with increasing the value
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FIGURE 4. Analytical and simulation-based ASER curves of the proposed
scheme for two users with different values of θ under log-normal channel
with σ = 0.2.

of θ , i.e., θ = 10o, 15o, 300, the error performance improves.
Additionally, the slope for the curves associated with these
values of θ is higher as compared to that observed for
θ = 0. This means a small rotation in the conventional
QPSK symbols improves the diversity order of the proposed
scheme. However, for θ = 45o, the slope of the error curve
becomes identical to the slope of the error curve for θ = 0.
Furthermore, for the moderate-to-high SNR regime, it may
seem that the ASER of the scheme at θ = 45o is better than
that observed at θ = 15o and 10o, but it is not true for all
values of SNR. For a very high SNR, the error performance
of the proposed scheme at θ = 15o and 10o will become
better as compared to θ = 45o. This is because for θ = 45o,
rotated QPSK symbol cannot be represented uniquely either
from the in-phase or the quadrature component.

FIGURE 5. Analytical and simulation-based ASER curves of the proposed
M2M-C-FSO scheme for two users with different values of θ under strong
AT condition.

Similar comparison is illustrated in Fig. 5 over gamma-
gamma channel using (11) and (45). The matching of ana-
lytical and simulation results curves verifies the correctness

of the derived analytical expressions. Since the values of Akj
and Bkj cannot be 0 in the derived expression, there is no
analytical-based ASER curve for θ = 0 and θ = 45o.
Similar to the log-normal channel, the ASER performance
is highly dependent on the value of θ . Also, the worst error
performance under gamma-gamma channel is observed at
θ = 0, followed by θ = 45o. Since the diversity order under
gamma-gamma channel model is finite, the error curves of
θ = 0 and θ = 45o can be easily observed distinctly
from other error curves, which have higher diversity. The
diversity order can be determined by calculating the slope of
the error curves at high SNR. For θ = 0 and 45o, the diversity
order will be min(α, β)/2, whereas for all other values of θ ,
the diversity order will be doubled and will equal min(α, β).
The same diversity order has been observed in the asymptotic
analysis of APEP (cf. (49)). This shows that in the proposed
M2M-C-FSO scheme, the diversity order can be improved by
transmitting the rotatedQPSK constellation symbol (0 < θ <

45o) instead of transmitting the traditional QPSK symbol.
Remark 1: The concept of SSD can increase the diversity

order of the M2M-C-FSO scheme. However, for some values
of θ , the diversity order of the proposed cooperative scheme
will be similar to the diversity order observed for θ = 0.
Therefore, the choice of θ becomes an important parameter.
Since the ASER of the proposed scheme heavily depends

on θ , there must be some optimum value of θ , termed as θopt ,
at which the ASER is minimum. Under log-normal channel
model, the optimum value of θ is dependent on SNR, i.e., the
optimum value of θ is different for moderate SNR and high
SNR regimes. This can be easily observed from Fig. 4, where
for the moderate values of SNR, 45o is an optimum choice
of θ ; whereas for high SNR, θ = 30o gives the lowest
ASER. Therefore, under the log-normal channel, the θopt
depends on SNR. In order to obtain θopt for rotated QPSK
modulation symbol, the ASER of the scheme is numerically
evaluated using (11) and (33) for 0 ≤ θ ≤ 45o. After that,
the minimum value of the ASER and its corresponding θ is
determined for different values of SNR. The values of θopt
for different values of SNR and σ is provided in Table 1,
which indicates that the values of θopt depend on both the
SNR and σ . However, for gamma-gamma channels, since all
the curves are parallel in the moderate-to-high SNR regime
(cf. Fig. 5), the value of θopt is independent of SNR. In order
to find θopt , the ASER with respect to different value of θ
is illustrated in Fig. 6 for QPSK and 8-PSK constellations
at SNR = 80 dB using (11) and (45). The convex nature of
ASER with respect to θ is observed in the figure and the
minimumASER occurs at θ = 29o and θ = 30o under strong
and moderate AT conditions, respectively, while considering
QPSK modulation. This shows that the optimal value of θ
depends on the turbulence condition. Similarly, for 8PSK
modulation, the values of θopt change and it is 8o and 7o for
strong and moderate AT, respectively.
Remark 2: The value of θopt depends on SNR for

log-normal channel model whereas, it is independent of SNR
for the gamma-gamma channel model. Also, the optimum
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TABLE 1. θopt for QPSK constellation under weak AT condition.

FIGURE 6. ASER as a function of θ for different turbulence regimes and
modulation order.

FIGURE 7. Comparison of error performance of M2M-C-FSO,
M2M-NC-FSO and RC schemes at spectral efficiency of 4 bits/sec/Hz
under log-normal channel model with σ = 0.2.

value of θ depends on the considered modulation order of
PSK.

The comparison of different possible transmission schemes
in M2M-FSO system is illustrated in Figs. 7 and 8 for
two users over log-normal and gamma-gamma channel
models, respectively. The different considered schemes in
these figures are RC [38], M2M-NC-FSO [39], [40], and
the proposed M2M-C-FSO schemes. Note that the y-axis in
these figure denotes ASER of the overall system. In order to
maintain the same throughput for all the considered schemes,
M2M-NC-FSO and M2M-C-FSO employ QPSK signal
constellation whereas RC uses 16-PSK signal constellation.

FIGURE 8. Comparison of error performance of M2M-C-FSO,
M2M-NC-FSO and RC schemes at spectral efficiency of 4 bits/sec/Hz
under gamma-gamma channel model.

In this way, 4 bits are transmitted in each transmission
in all considered schemes, i.e., all the schemes shown in
these figures have spectral efficiency of 4 bits/sec/Hz. The
illustrated comparison in Fig. 7 is performed at σ = 0.2 for
two users using (11), (14), and (33). It can be observed from
this figure that under low SNR regime, the error performance
of the M2M-NC-FSO scheme outperforms M2M-C-FSO
scheme. However, with increasing SNR, the proposed M2M-
C-FSO scheme outperforms M2M-NC-FSO. This is because
the diversity order of the proposed M2M-C-FSO scheme is
twice the diversity of the M2M-NC-FSO scheme. On the
other hand,M2M-C-FSO scheme performs better than the RC
scheme for all values of SNR. A similar kind of comparison
over gamma-gamma channel model is illustrated in Fig. 8
using (11), (14), and (45). It can be noticed from the
figure that the minimum diversity order is viewed in M2M-
NC-FSO, which is equivalent to the diversity order of a
SISO link. On the other hand, the diversity order of RC
and the proposed M2M-C-FSO scheme is similar. Therefore,
there is no benefit in using M2M-NC-FSO scheme since it
gives worst ASER performance as compared to the other
two schemes. Furthermore, although M2M-C-FSO and RC
schemes attain the same diversity, the proposed scheme
outperforms RC by 5 dB in strong AT regime and by
4.5 dB in moderate AT regime. This shows that the proposed
M2M-C-FSO system provides the best possible ASER
performance in M2M-FSO set-up. Also, each user can attain
the maximum possible diversity. In Fig. 9, a comparison of
the considered schemes is displayed for a spectral efficiency
of 6 bits/sec/Hz over gamma-gamma channel model. The
M2M-C-FSO and M2M-NC-FSO schemes employ 8PSK
modulation [40], whereas RC uses 64PSK modulation [38].
In this way, it is clear that the proposed M2M-C-FSO
scheme uses a modulation order similar to the modulation
order of M2M-NC-FSO scheme. Also, the RC scheme
needs a much higher modulation order than M2M-C-FSO
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FIGURE 9. Comparison of error performance of M2M-C-FSO,
M2M-NC-FSO and RC schemes at spectral efficiency of 6 bits/sec/Hz
under gamma-gamma channel model.

and M2M-NC-FSO schemes for transmitting at the same
spectral efficiency. Furthermore, it can be observed from the
figure that contrary to 4 bits/sec/Hz scenario (cf. Fig. 8),
the error performance ofM2M-NC-FSO scheme outperforms
the error performance of RC for low-to-moderate SNR
regime at 6 bits/sec/Hz. However, due to the higher diversity
order of RC, at moderate-to-high SNR regime, the error
performance of RC outperformsM2M-NC-FSO scheme. It is
interesting to note that the proposed M2M-C-FSO scheme
outperforms RC and M2M-NC-FSO schemes for all regimes
of SNR. This implies that for higher spectral efficiency,
the RC may perform poorer than M2M-NC-FSO scheme but
the proposed M2M-C-FSO always performs better than the
other two schemes.
Remark 3: The proposed cooperative scheme has N

times higher diversity order as compared to non-cooperative
scheme and it outperforms RC scheme under all considered
channel models.
Remark 4: The proposed cooperative scheme requires the

same modulation order as that of the modulation order of the
users’ information signal.

Another way to attain optimum error performance is
to use perfect STBC given in [41]. Fig. 10 compares
the performance of the systems employing M2M-C-FSO
and perfect STBC for 2 × 2 system. As evident in the
figure, both schemes demonstrate alike error performance.
However, using the proposed M2M-C-SSD promises several
advantages over perfect STBC. First, perfect STBC performs
joint detection to decode the users’ symbols; whereas M2M-
C-SSD scheme decodes the symbols individually. As such,
the receiver computational complexity is much higher in
perfect STBC as compared to M2M-C-SSD. For instance
and considering 2 × 2 system with M modulation order,
perfect STBC requires M2 searches, while M2M-C-SSD
involves only 2M searches. Second, for a 2 × 2 system,
the proposed M2M-C-FSO enables each user to decode its

FIGURE 10. Comparison of error performance of M2M-C-FSO and Perfect
STBC for 2× 2 system under gamma-gamma channel model.

FIGURE 11. Comparison of error performance of three and four users
M2M-C-FSO scheme under different values of σ .

symbol at each time interval; while users in perfect STBC
decode their symbols only after the whole STBC is received.
In general, for N × N system, the user needs to wait for
N time intervals in the system employing perfect STBC for
decoding its symbol. Yet, the user can decode its symbols
after dN/2e time intervals in the proposed system employing
M2M-C-FSO. Third, the encoding complexity in perfect
STBC is substantially higher than that of M2M-C-FSO, since
designing a perfect STBC for an arbitrary number of users is
not straight forward. In summary, it can be concluded that
the proposed M2M-C-FSO scheme significantly reduces the
overall system complexity as compared to the perfect STBC
while maintaining identical error performance.

A comparison of the ASER for three and four users M2M-
C-FSO scheme over the log-normal channel with different
values of σ at θ = 30o is illustrated in Fig. 11. Since the
diversity order over the log-normal channel is infinite, there
is not much difference observed in the slope of the curve
between the three and four users schemes. It can be noticed
that increasing the number of users to four instead of three
causes negligible impact on the ASER performance at low
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FIGURE 12. Comparison of error performance of three and four users
M2M-C-FSO scheme under moderate (with θ = 30o) and strong AT
conditions (with θ = 29o).

values of σ . For example, at σ = 0.1, four users system
requires 0.3 dB more SNR to achieve a BER of 10−7 as
compared to three users system. However, the gap increases
with increasing the value of σ . A similar comparison over
gamma-gamma channel model is illustrated in Fig. 12. Since
the derived expression (45) provides the sub-optimal values
for odd number of users, there are two simulation-based
ASER curves corresponding to optimal (18) and sub-optimal
(40) ML detector, depicted in the figure for three users
based M2M-C-FSO scheme. It can be observed from the
figure that there is around 1 dB SNR difference between
exact and sub-optimal ML decoder based ASER curves,
which is not substantial. Thus, for odd number of users,
the derived expression provides an upper-bound expression
of the proposed scheme. However, for even number of
users, the derived expression is for optimal ML detection.
It can be easily observed from the figure that increasing
the number of users in the cooperative scheme enhances the
diversity order of each user. This implies that by sharing
the resources, each user can achieve the targeted ASER
with less power as compared to that when the users are
operating in non-cooperative manner. The diversity order
can be determined by calculating the slope of the error
curves at high SNR, which will be (N/2)min(α, β). The
diversity order of the system can be evaluated graphically by
calculating the slope of ASER over a 10 dB SNR range at
high SNR values. As an example, for 3 users-based M2M-
C-FSO system in strong turbulence condition, ABER at
SNR = 35 dB is 3.2 × 10−8, while it is 3.4 × 10−6 at
45 dB. Therefore, the diversity order will be log10((3.4 ×
10−6)/(3.2×10−9)) = 2.03. On the other hand, the analytical
diversity order is δ = (N/2)min(α, β) = 1.5min(4.2, 1.4) =
2.1. In addition, for 3 users-based system, the analytical
diversity order is 2.69 and the graphical diversity order is
2.85 in the moderate turbulence condition. In the case of 4
users-based system, the analytical diversity order is 2.78 and
3.61 whereas the graphical diversity order is 2.8 and 3.8 for
strong and moderate turbulence conditions, respectively.

These results corroborate the accuracy of the conducted
analysis for diversity order.
Remark 5: With increasing number of users in M2M-

C-FSO scheme, the error performance of each users improves
under all the considered channel models.

FIGURE 13. Comparison of error performance of different rates four users
M2M-C-FSO scheme under moderate and strong AT conditions.

A comparison of error performance for 4 users-based
M2M-C-FSO scheme having different spectral efficiency is
illustrated in Fig. 13. The considered spectral efficiencies
are 4 bits/sec/Hz and 6 bits/sec/Hz using QPSK and 8-ary
PSK modulation, respectively. It can be observed from the
figure that increasing the spectral efficiency causes degrada-
tion in error performance under both strong and moderate
turbulence conditions. This shows the trade-off between
spectral efficiency and ASER. In addition, the Fig. 13 along
with Figs. 8 and 9 shows that the proposed scheme can be
used for arbitrary modulation order and arbitrary number of
users/channels.

TABLE 2. Comparison of the proposed M2M-C-FSO and clusters-based
M2M-FSO [17] in terms of diversity order of the overall system for β < α.

The comparison of the proposed M2M-C-FSO system and
cluster-based M2M-FSO system in terms of the diversity
order of the overall system is illustrated in Table 2 for
different numbers of users N. The diversity order for
optimal grouping (given in [17, Table 1]) is considered for
the cluster-based M2M-FSO system. It can be observed from
the table that the diversity order of both schemes is the
same for N = 2 and 3. However, for a higher number
of N , the diversity order of the proposed scheme is better as
compared to that observed in [17]. This concludes that for a
higher number of users the proposed M2M-C-FSO scheme
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is more efficient as compared to clusters-based M2M-FSO
scheme.

V. CONCLUSION
A novel multi-point to multi-point cooperative FSO system
is proposed by utilizing the concept of signal space diversity.
The analytical expressions of the ASER of the proposed
scheme under log-normal and gamma-gamma channel mod-
els have been evaluated and corroborated through Monte
Carlo simulation results. It has been observed that the
proposed M2M-C-FSO scheme significantly outperforms
M2M-NC-FSO and RC schemes over wide range of system
and channel parameters. Besides, it is reported that the
diversity order attained by a particular user improves with
increasing the number of collaborative users. Furthermore,
the optimal rotation angles have been found numerically for
different turbulence regimes and modulation orders. A future
extension of this work may include the study of the proposed
schemes under MIMO configurations. The study of the effect
of pointing-error on the performance of the proposed set-up
can be seen as another interesting research problem.

APPENDIX A
PROOF OF LEMMA 1
Using (9), the PEP can be expressed as

PEPs1→ŝk1

= Pr
{[(
<(y1)− PRξh1<(ŝk1)

)2
+
(
=(y2)− PRξh2=(ŝk1)

)2]
<
[(
<(y1)− PRξh1<(s1)

)2
+
(
=(y2)−RPξh2=(s1)

)2]}
, (50)

where <(y1) = Rξh1<(s1) + <(n1), =(y2) = Rξh2=(s1) +
=(n2). After some algebraic simplification, we have

PEPs1→ŝk1 = Pr
{PRξ

2

[
h21
(
<(ŝk1)−<(s1)

)2
+h22

(
=(ŝk1)− =(s1)

)2]
< C

}
, (51)

where C =
[
<(n1)h1

(
<(ŝk1) − <(s1)

)
+ =(n2)h2

(
=(ŝk1) −

=(s1)
)]

with mean(C) = 0 and var(C) = σ 2n
2

[
h21
(
<(ŝk1) −

<(s1)
)2
+ h22

(
=(ŝk1) − =(s1)

)2]
, the PEP can be expressed

as given in (12).

APPENDIX B
PROOF OF LEMMA 2
The distribution of hi under gamma-gamma channel model
given in (16) can be represented in infinite series form as [36,
Eq. (9)]

fhi (hi) =
∞∑
q=0

aq(α, β)h
q+β−1
i +

∞∑
q=0

aq(β, α)h
q+α−1
i , (52)

where

aq(α, β) =
(αβ)β+q0(α − β)

0(α)0(β)q!(1+ β − α)q
, (53)

with (1 + β − α)q being the Pochhammer symbol. The
convergence test for the above infinite series is also provided
in [36]. All further expressions of error performance of
the proposed scheme are obtained by using the converging
integrals and series manipulations of (52), therefore, these
error performance results are also converging. After using
transformation of random variable, the pdf of yi = h2i is
obtained as

fyi (yi) =
∞∑
q=0

aq(α, β)
2

y
q+β
2 −1

i +

∞∑
q=0

aq(β, α)
2

y
q+α
2 −1

i . (54)

The MGF of yi is given by

Myi (−s) =
∞∑
q=0

bq(α, β)s−
q+β
2 +

∞∑
q=0

bq(β, α)s−
q+α
2 , (55)

where bq(α, β) =
aq(α,β)

2 0

(
q+β
2

)
. Now, the MGF of the RV

xN ′ =
∑N ′

m ym is given by

MxN ′ (−s) = (Mym (−s))
N ′

=

N ′∑
m=0

(
N ′

m

)( ∞∑
q=0

bq(α, β)s−
q+β
2

)N ′−m

×

( ∞∑
q=0

bq(β, α)s−
q+α
2

)m

=

N ′∑
m=0

(
N ′

m

) ∞∑
q

cq(N ′ − m,m)s−
q+(N ′−m)β+mα

2 ,

(56)

where cq(µ, ν) = b(µ)q (α, β)∗b(ν)q (β, α) and b(µ)q (α, β) means
that bq(α, β) is convolved µ − 1 times with itself, e.g.,
b(2)q (α, β) = bq(α, β) ∗ bq(α, β) and b

(0)
q (α, β) = 1. The pdf

of xN ′ is therefore expressed as

fXN ′ (xN ′ ) =
N ′∑
m=0

(
N ′

m

) ∞∑
q=0

cq(N ′ − m,m)

×
x
q+(N ′−m)β+mα

2 −1
N ′

0
(
q+(N ′−m)β+mα

2

) . (57)

Let wAkj = AkjxN ′ with N ′ = dN/2e, then the pdf of wAkj can
be obtained by transformation of RV as

fWAkj
(wAkj ) =

dN/2e∑
m=0

(
dN/2e
m

) ∞∑
q=0

cq(dN/2e − m,m)

0
(
q+(dN/2e−m)β+mα

2

)
×

w
q+(dN/2e−m)β+mα

2 −1
Akj

Akj
q+(dN/2e−m)β+mα

2

, (58)

where Akj 6= 0. Similarly, the pdf of wBkj can be obtained by
replacing Akj with Bkj and dN/2e by bN/2c into (58). At last,
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since z′ = wAkj + wBkj , the MGF of z can be written as

Mz′ (−s) =
[ N1∑
m1=0

(
N1

m1

) ∞∑
q=0

cq(N1 − m1,m1)

0
(
q+(N1−m1)β+m1α

2

)
×
w

q+(N1−m1)β+m1α
2 −1

1

Akj
q+(N1−m1)β+m1α

2

]

×

[ N2∑
m2=0

(
N2

m2

) ∞∑
q=0

cq(N2 − m2,m2)

0
(
q+(N2−m2)β+m2α

2

)
×
w

q+(N2−m2)β+m2α
2 −1

2

Bkj
q+(N2−m2)β+m2α

2

]
, (59)

where N1 = dN/2e and N2 = bN/2c, which can be reduced
to the following:

Mz′ (−s) =
N1∑
m1=0

N2∑
m2=0

(
N1

m1

)(
N2

m2

)

×

∞∑
q=0

Gq(N1,N2,m1,m2,Akj,Bkj)

×s−
q+(N1+N2−m1−m2)β+(m1+m2)α

2 , (60)

where Gq(N1,N2,m1,m2,Akj,Bkj) = Eq(N1,m1,Akj) ∗
Eq(N2,m2,Bkj) and Eq(N1,m1,Akj) =

cq(N1−m1,m1)

Akj
q+(N1−m1)β+m1α

2

. The

inverse Laplace transform of (60) gives the pdf of z′.

APPENDIX C
TRUNCATION ERROR
In practice, finite summation terms are used in order to obtain
approximate APEP. Let us consider that only first U terms
in the infinite series of (45) are used to obtain approximate
APEP. In this way, the truncation error caused by eliminating
the infinite terms after the first U terms of q in (45) is

εR(U ) =
N1∑

m1=0

N2∑
m2=0

(
N1

m1

)(
N2

m2

)

×

∞∑
q=U+1

uq,r (N1,N2,m1,m2,Akj,Bkj)
(√

γ

2

)q
(61)

By following the procedure given in [29] and using Taylor
series expansion of xn/(1 − x), the truncation error can be
upper bounded as (46).
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