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ABSTRACT This paper aims to realize the four-wheel differential steering function of an in-wheel
motor (IWM) driven electric vehicle (EV) with a steer-by-wire (SBW) system. The dynamic models of
four-wheel differential steering vehicle (4WDSV) and four-wheel steering vehicle (4WSV) are established,
and a front-wheel steering vehicle (2WSV) with the neutral steering characteristics and a drop filter of
the sideslip angle is employed as the reference model to provide the ideal yaw rate and sideslip angle.
According to the reference model, the decoupling and fractional PIλDµ controllers are designed for the
4WSV to obtain the standard inputs, i.e., the front and rear wheel steering angles, which is finally drawn
as the MAP. Furthermore, the sliding mode controller (SMC) and torque distributor are designed to control
the 4WDSV to have the same yaw rate as the 4WSV, whose inputs are consulted from the MAP drawn in
advance according to the vehicle speed. The simulation results of several vehicle models with/without the
controller of two working conditions (reverse and in phase steering) are presented, which indicates that the
proposed decoupling and fractional PIλDµ controller for the 4WSV is effective to obtain its standard inputs,
and the proposed SMC and torque distributor for the 4WDSV ensure that it has the same yaw rate as the
4WSV, as well as the good robustness.

INDEX TERMS Four-wheel differential steering, in-wheel motor driven, decoupling, fractional PIλDµ

control, sliding model control.

I. INTRODUCTION
In recent decades, the in-wheel motor (IWM) driven technol-
ogy of electric vehicles (EV) becomes one of the significant
breakthrough in today’s automobile industry [1]. Each IWMs
can be controlled independently and their drive information
can be obtained quickly and accurately, which makes the
design of dynamic control system more convenient and flexi-
ble, and the driving force of each wheel more rational [1], [2].
Therefore, the appearance of the four-wheel IWM driven EV
opens up the possibility of the differential steering system
(DSS), which can be easily achieved by controlling of the left
and right wheel driving torques.

Up to now, there are three functions of the DSS:
(1) Steering the vehicle without the lateral turning of the
wheel, that is, the skid steering [3], [4]; (2) Assisting the
driver to steer the vehicle and reducing the driver’s load,
i.e., the differential drive assisted steering (DDAS) [5]–[8];
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(3) Steering the vehicle in case of the failure [9]–[15] or
instead of the regular steering system [16]–[18]. Among
them, the literatures [9]–[18] are most related to this
study.

The differential steering was used as an emerging steer-
ing mechanism when the regular steering system was defec-
tive. Considering the desired front-wheel steering angle was
uncertain and hard to obtain, a robust H∞ output-feedback
controller based on the front-wheel DSS was designed to
achieve the yaw stabilization and parametric uncertainties
for the cornering stiffness and the external disturbances were
considered to guarantee the vehicle robustness. The effective-
ness of the proposed controller to guarantee the equal han-
dling and stability was verified by the simulation results [9].
A front-wheel DSS was utilized to actuate the front wheels to
achieve the path following control when the regular steering
system failed. And a multiple-disturbances observer-based
composite nonlinear feedback (CNF) approach was proposed
to improve the transient performance of the fault-tolerant
control with the DSS, and the disturbance observer was
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designed to estimate the external disturbances with unknown
bounds. The effectiveness of the proposed controller was
evaluated by the simulation results [10].

To realize the yaw control when the active front steer-
ing entirely breaks down, an integral sliding mode con-
trol (ISMC) was proposed for the IWM EV steered by
the DSS. A disturbance observer based ISMC strategy was
designed to deal with the unknown mismatched disturbances
and the composite nonlinear feedback technique was applied
to design the controller’s nominal part. The simulation results
evaluated the effectiveness of the proposed control approach
in the case of the steering failure [11]. A sliding mode
controller (SMC) based on the reference model for the
front-wheel differential steering vehicle (DSV)was presented
when the regular steering system failed. Simulation results
showed that the designed controller can not only control
the yaw rate and sideslip angle of vehicle to track those of
the reference model exactly, but also ensure the robustness
of the controlled system compared with the designed con-
troller for the skid steering vehicle (SSV) [12].

Considering a stuck fault in the active front-wheel steering,
the front-wheel DSS was used to achieve the normal steering
and the path-following task. An adaptive triple-step control
approach with the consideration of parameter uncertainties
for the cornering stiffness and external disturbances was
proposed to realize the lateral and longitudinal path follow-
ing of IWM driven autonomous ground vehicles (AGVs).
And the effectiveness of the proposed scheme was evalu-
ated [13]. With the front-wheel DSS, the stability problem
for IWM EVs was handled to avoid dangerous consequences
for vehicles when the regular steering system was in fail-
ure. To ensure the efficiency of the DSS, vehicle rollover
prevention was considered to balance the vertical load of
the two-side wheels. And the H∞observer-based feedback
control strategy was employed to handle the measurement
problem of the reference front wheel steering angle and lat-
eral velocity [14].When the active-steering motor completely
failed, the DSS generated by the differential moment between
the front wheels was used to steer the vehicle. An adaptive
multivariable super-twisting control algorithm was proposed
to achieve the lane keeping control. And the effectiveness
and robustness of the proposed approach were verified by the
simulation results [15].

A new steer-by-wire concept only using the DSS was
presented. A planar vehicle model with the DSS was derived.
At high speed, a full state feedback linear control system
based on linear quadratic regulator (LQR) principle was pro-
posed to achieve the four-wheel DSS. While at low speed,
a simple PI angle controller was developed to realize the
front-wheel DSS. Various simulation experiments demon-
strated that the steering performance of the DSS was com-
parable to that of conventional passenger cars [16]. As the
sole steering system, a DSS was investigated to generate
the effect of the conventional steering mechanism (CSM)
via the input torque of the four wheels. Based on the linear
vehicle model, the DSS which combines the forward speed

and yaw rate controllers was designed using the H∞ control
method. Simulation results showed that the DSS can real-
ize the vehicle maneuvering under different working con-
ditions by tracking the expected parameters without using
any CSM [17]. A self-steering four-wheel independent EV
was designed, which can turn around only keeping the dif-
ferent speed of the left and right wheels. Its control model
was obtained from the kinematic model and dynamic model
deducted by force analysis, which had been compared with
Ackermann-Jeantand steering model. Traditional proportion-
integration-differentiation (PID) feedback control loop was
employed to track the reference torque of four independent
wheels. The steering system was tested in the actual muddy
agriculture field and the results were verified using a proto-
type and real vehicle [18].

In summary, literatures [9]–[15] only used the DSS as the
emergency or spare steering system once the regular steering
systems failed, furthermore they utilized only front wheel as
the sole steering input. In fact, the DSS can also be served
as a unique steering system and can even be extended to the
four-wheel steering. Because the DSS is achieved by the dif-
ferential driving torque between the left and right wheels, it is
no necessary to add any dedicated steering device. However,
in literatures [16]–[18], the four-wheel DSS as the unique
steering system was realized by controlling the speed of each
wheel, and then the required driving torque of each wheel can
be obtained.

In order to make the driver have the same feeling as driving
the traditional front wheel steering vehicle when the vehi-
cle adopts the four-wheel DSS, in this paper the traditional
front-wheel steering vehicle with the neutral steering char-
acteristics and a drop filter of the sideslip angle is used as
the reference model to provide the required steering wheel
angle. Then a four-wheel steering vehicle (4WSV) model is
introduced. By the decoupling and fractional PIλDµ control,
the 4WSV can have the same response as the reference model
and provide the ideal front and rear wheel steering angles for
the distribution of the front and rear differential driving torque
of the four-wheel differential steering vehicle (4WDSV).
Finally, through the SMC, the 4WDSV can have the same
yaw rate as the reference model. This method to achieve the
four-wheel DSS is very different from the normal tracking
control of the speed of each wheel.

Therefore, the main contributions of this paper are:
1) Replacing the normal 4WSV with a more flexible
four-wheel DSS, which uses the differential driving torques
of the front and rear wheels as the control inputs. 2) For the
4WDSV, a new control method is provided, instead of track-
ing the speed of each wheel. 3) According to the reference
model, the decoupling and fractional PIλDµ controllers of the
4WSV are designed to obtain the MAP of the standard inputs
of the 4WSV. 4) The SMC and torque distributor are designed
to control the 4WDSV to have the same yaw rate as the
4WSV, whose inputs can be consulted from the MAP drawn
in advance according to the vehicle speed and the steering
angle of the steering wheel.
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The article structure is as follows: The 4WDSV, 4WSV
and reference models are presented in Section II. Section III
describes the control strategy of the 4WDSV. Section IV is
the method to acquire the MAP of the front and rear wheel
steering angles for the 4WSV, including the designs of the
decoupling and fractional PIλDµ controller. The SMC and
torque distributor for the 4WDSV are designed in Section V.
Simulation results are reported in SectionVI. Finally, the con-
clusion is summarized in Section V.

II. VEHICLE MODELS
In this section, we will first present three models, the 4WDSV
model whose inputs are the front and rear wheel differential
driving torques, 4WSV model and reference model.

A. MODEL OF 4WDSV
For the 4WDSV studied in this paper, there is no mechanical
connection between the steering wheel and four wheels of the
vehicle, in which four hub motors are installed. The driver’s
intention is provided to the electronic control unit (ECU)
through the steering wheel, which gives instructions to the
left and right hub motors of the front and rear axles and
achieves the corresponding differential steering according to
the collected signals and internal control procedures.

FIGURE 1. Steering mechanism of 4WDSV.

The two sets of the front and rear steering mechanisms are
identical and Fig. 1 shows one of the steering mechanisms,
where Tij (i = f , r , j = l, r) is the driving torque of the
front/rear left/right wheel, Fxij (i = f , r , j = l, r) is the
driving force of the front/rear left/right wheel, τdij (i = f , r ,
j = l, r) is the torque of the front/rear left/right wheel around
the kingpin generated by Fxij, τai (i = f , r) is the aligning
torque of the front/rear wheel, rσ is the scrub radius.

For either of the steering mechanisms, τdij will force the
wheel to rotate towards the longitudinal centerline of the
vehicle because of the scrub radius rσ , therefore τdil and τdir
are in the opposite directions. Due to the steering trapezium
between the left and right wheels, when the driving torque of
the left and right wheels is equal, the wheels will not produce
the steering angle; when the driving torque of the two wheels
is not equal, the steering mechanism will drive the wheels to
turn to the side with the smaller driving torque.

The forces acting on the vehicle body are shown in Fig. 2,
where δi (i = f , r) is the front/rear wheel steering angle;

FIGURE 2. Dynamic model of 4WDSV.

Fyij (i = f , r , j = l, r) is the tire lateral force of the front/rear
left/right wheel; ls is the half of the front/rear tire contact
length; β is the sideslip angle; γ is the yaw rate; ux and
uy are the longitudinal and lateral velocities at the center of
gravity (CG), respectively; lf and lr are the distances from
the center of mass to the front and rear axle, respectively.
For the 4WSVs, the front and rear wheels can rotate in the
same or opposite direction. In Fig. 2, the front wheel steering
angle is positive, and the rear wheel steering angle is negative,
the lateral and yaw motion of the 4WDSV can be expressed
as:

mux(β̇+γ )=
(
Fyfl + Fyfr

)
cos δf +

(
Fxfl + Fxfr

)
sin δf

+
(
Fyrl + Fyrr

)
cos δr + (Fxrl + Fxrr ) sin δr

IZ γ̇ =
(
lf sin δf + ls cos δf

) 1Mf
R

+
(
lf cos δf − ls sin δf

)
(Fyfl + Fyfr )

+ (lr sin δr + ls cos δr )
1Mr
R

− (lr cos δr − ls sin δr ) (Fyrl + Fyrr )
(1)

where R is the wheel radius, ki (i = f , r) is the front/rear tire
cornering stiffness, 1Mi (i = f , r) is the differential driving
torque of the front/rear axle and

1Mi = (Fxir − Fxil)R, Fyfj = kf αf , Fyrj = krαr ,

αf = β + lf γ /ux − δf , αr = β − lrγ /ux − δr .

Considering that the tire cornering stiffness always fluctu-
ates due to the change of loads and road conditions, they can
be expressed as

kf = kf 0 +1kf , kr = kr0 +1kr (2)

where kf 0 and kr0 are the nominal values of the front and rear
tire cornering stiffness, 1kf and 1kr are the corresponding
perturbation values.

Define x (t) =
[
β γ

]T , u (t) = 1M = 1Mf + 1Mr ,
f1 (t) = δf , f2 (t) = δr , (1) can be written as

ẋ = (A+1A) x + Bu+ D1f1 + D2f2 (3)
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where 1A is the perturbation matrix of A, and

A =


2
(
kf 0 + kr0

)
mux

2
(
lf kf 0 − lrkr0

)
mu2x

− 1

2
(
lf kf 0 − lrkr0

)
Iz

2
(
l2f kf 0 + l

2
r kr0

)
Izux

 ,

1A =


2(1kf +1kr )

mux

2
(
lf1kf − lr1kr

)
mu2x

2
(
lf1kf − lr1kr

)
Iz

2
(
l2f 1kf + l

2
r1kr

)
Izux

 ,

B =

 0
ls
RIz

 , D1 =

−
2kf 0
mux
−
2kf 0lf
Iz

 , D2 =

−
2kr0
mux
−
2kr0lr
Iz

 .
B. MODEL OF 4WSV
In order to obtain 1M of the 4WDSV, the 4WSV model is
introduced. To simplify the dynamic model of the 4WSV
for the controller design, only the planar motion is taken
into account without considering the pitch and roll motions.
The 4WSV is simplified as a single track model, as shown
in Fig. 3.

FIGURE 3. Dynamic model of 4WSV.

The lateral and yaw motion of the 4WSV can be expressed
as: {

mux(β̇ + γ ) = Fyf cos δf + Fyr cos δr
IZ γ̇ = lf Fyf cos δf − lrFyr cos δr

(4)

where Fyi(i= f , r) is the tire lateral force of the front/rear
wheel and Fyi = ki0αi.

When the front and rear steering angles are small, the linear
equations of (4) can be written as:

mux(β̇ + γ ) = 2(kf 0 + kr0)β +
2(lf kf 0−lr kr0)

ux
γ

− 2kf 0δf − 2kr0δr

IZ γ̇ = 2
(
lf kf 0 − lrkr0

)
β +

2
(
l2f kf 0+2l

2
r kr0

)
ux

γ

− 2lf kf 0δf + 2lrkr0δr

(5)

Define xd (t) =
[
βd γd

]T
, ud1 (t) = δf , ud2 (t) = δr ,

the state equation is expressed as:

ẋd = Adxd + Bd1ud1 + Bd2ud2 (6)

where

Ad =


2(kf 0 + kr0)

mux

2
(
lf kf 0 − lrkr0

)
mu2x

− 1

2
(
lf kf 0 − lrkr0

)
Iz

2
(
l2f kf 0 + l

2
r kr0

)
Izux


=

[
a11 a12
a21 a22

]
,

Bd1 =

 −
2kf 0
mux

−
2lf kf 0
Iz

 = [ b11b21

]
, Bd2=

−
2kr0
mux

2lrkr0
Iz

=[ b12b22

]
.

The matrix transfer function of the system with the state-
representation (6) is given by[

βd (s)
γd (s)

]
=

[
G11(s) G12(s)
G21(s) G22(s)

] [
δf (s)
δr (s)

]
(7)

where

G11(s) =
sb11 − a22b11 + a12b21

s2 − (a11 + a22) s+ a11a22 − a21a12
,

G12(s) =
sb12 − a22b12 + a12b22

s2 − (a11 + a22) s+ a11a22 − a21a12
,

G21(s) =
sb21 − a11b21 + a21b11

s2 − (a11 + a22) s+ a11a22 − a21a12
,

G22(s) =
sb22 − a11b22 + a21b12

s2 − (a11 + a22) s+ a11a22 − a21a12
.

C. REFERENCE MODEL
Up to now, there is no conclusion about the reference model.
There are usually two kinds of the reference model, one is the
first-order system with zero sideslip angles, and the other is
the front wheel steering (FWS) vehicle with neutral steering.
And it is also believed that the driver will not adapt to zero
sideslip angle. In this paper, the 2DOF FWS vehicle with a
neutral steering characteristics and a sideslip angle filter is
used as the reference model to provide the reference sideslip
angle and yaw rate.

For the reference model, it differs from the 4WSV in that
it has the neutral steering characteristics, and the rear wheels
cannot be steered. When the tire stiffness of the reference
model and 4WSV are the same, the steering characteristics of
the reference model can be easily adjusted to the neutral by
adjusting the distances from the center of mass to the front
and rear axles. Assuming that δ is the front wheel steering
angle of the reference model, lfm and lrm are the distances
of the reference model from the center of mass to the front
and rear axle, respectively, the lateral and yaw motions can
be expressed from (5) as follows when δr is set to be zero.mux(β̇ + γ )=2(kf 0+kr0)β +

2(lfmkf 0−lrmkr0)
ux

γ−2kf 0δ

IZ γ̇ =2
(
lfmkf 0−lrmkr0

)
β+

2
(
l2fmkf 0+2l

2
rmkr0

)
ux

γ−2lfmkf 0δ

(8)

Define xm (t) =
[
βm γm

]T , um1 (t) = δ, the 2DOF
2WS vehicle with the neutral steering characteristics can be
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described as,

ẋm = Amxm + Bmum1 (9)

where

Am =


2(kf 0 + kr0)

mux

2
(
lfmkf 0 − lrmkr0

)
mu2x

− 1

2
(
lfmkf 0 − lrmkr0

)
Iz

2
(
l2fmkf 0 + l

2
rmkr0

)
Izux

 ,

Bm =

 −
2kf 0
mux

−
2lfmkf 0
Iz

 .
And the drop filter of the sideslip angle is as follows,

Gd (s) =
ηω2

n

s2 +
√
2ωn + ω2

n

(10)

where η is the gain coefficient that can be used to adjust the
amplitude of the sideslip angle, ωn is the cutoff frequency,
and s is the complex variable.

III. PROBLEM FORMULATION
For the 4WDSV, its steering is achieved by the differential
driving torque between the left and right wheels of the front
and rear axles, which is very different from the normal 4WSV.
And we hope it has the same yaw rate as the reference model.
Therefore, we propose the control block diagram as shown
in Fig. 4.

FIGURE 4. Control block diagram of 4WDSV.

According to the front wheel steering angle and vehicle
speed of the reference model, the standard front and rear
wheel steering angles of the 4WSV can be consulted in the
MAP by the interpolation method firstly. Then the total dif-
ferential driving torque,1M , can be obtained by the SMC to
ensure that the 4WDSV can track the yaw rate of the 4WSV,
and the differential driving torque of the front and rear axles,
1Mf and 1Mr , can be acquired by the torque distributor.

In addition, the MAP of the front and rear wheel steering
angles is obtained in advance by the decoupling control block
diagram as shown in Fig. 5. Specifically, we decouple the
sideslip angle and yaw rate of the 4WSV by introducing two
independent input variables, u1 and u2, and get the transfer
functions of sideslip angle to u1, and yaw rate to u2. Then the
fractional PIλDµ controller is adopted to make the sideslip
angle and yaw rate track those of the reference model, and the
standard front and rear wheel angle of the 4WSV, δf and δr ,
are obtained. When the vehicle speed is fixed and the front
wheel steering angle of the reference model is changed,

FIGURE 5. Method of getting MAP.

a series of front and rear wheel angles of 4WSV, i.e., MAP,
can be obtained.

That is to say, in order to make the 4WDSV have the same
yaw rate as the reference model, a series of controllers are
needed. Firstly, the decoupling and fractional PIλDµ con-
trollers are required for the 4WSV to get the MAP of its
front and rear wheel steering angles. Then the sliding mode
controller and torque distributor for the 4WDSV are needed.

IV. ACQUISITION OF MAP
TheMAP in this paper refers to the curve of the standard front
and rear wheel steering angles, which the 4WSV should have
to obtain the same steering characteristics as the reference
model at a specific speed. Here the decoupling and fractional
PIλDµ control is used to acquire the front and rear wheel
steering angles. Then they are plotted into the MAP, and the
corresponding front and rear wheel angles of the 4WSV can
be obtained by the interpolation method.

FIGURE 6. Decoupling of 4WSV.

A. DECOUPLING OF 4WSV
From (7), we can see that the sideslip angle and yaw rate
are controlled by both of the steering angles of the front and
rear wheels. Therefore, two intermediate variables, u1 and
u2 (shown in Fig. 6), are introduced to make the following
equation hold.(

δf (s)
δr (s)

)
=

(
D11(s) D12(s)
D21(s) D22(s)

)(
u1(s)
u2(s)

)
(11)

Only when(
G11(s) G12(s)
G21(s) G22(s)

)(
D11(s) D12(s)
D21(s) D22(s)

)
=

(
G11(s) 0

0 G22(s)

)
(12)
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β and γ can be controlled by u1 and u2 respectively, and
Dij can be obtained as follows by solving (12).

D11(s) =
b2s2 + b1s+ b0
a2s2 + a1s+ a0

, D12(s) =
b5s2 + b4s+ b3
a2s2 + a1s+ a0

,

D21(s) =
b8s2 + b7s+ b6
a2s2 + a1s+ a0

, D22(s) =
b11s2 + b10s+ b9
a2s2 + a1s+ a0

.

where

a0 = (a12b21−a22b11) (a21b12−a11b22+a11b12−a12b22) ,

a1 = a21b12b11 − a11b22b11 + a11b12b21 − a12b21b12,

a2 = b11b22 − b21b12,

b0 = (a21b12 − a11b22) (a12b21 − a22b11) ,

b1 = a21b12b11 − a11b22b11 + a12b21b22 − a22b11b22,

b2 = b22b11,

b3 = (a11b12 − a12b22) (a21b12 − a11b22) ,

b4 = −a21b212 + a11b22b12 + a11b12b22 − a12b
2
22,

b5 = −b12b22,

b6 = (−a12b21 + a22b11) (a21b11 − a11b21) ,

b7 = −a12b221 + a22b11b21 − a21b
2
11 + a11b11b21,

b8 = −b11b21,

b9 = (a21b12 − a11b22) (a12b21 − a22b11) ,

b10 = a21b12b11 − a11b22b11 + a12b21b22 − a22b11b22,

b11 = b22b11.

B. DESIGN OF FRACTIONAL PIλDµ CONTROLLER
The fractional PIλDµ controller, which is not sensitive to the
system parameter uncertainty, is robust and can be designed
flexibly. Its transfer function can be expressed as [19]

Gcf (s) =
U (s)
E(s)

= KP +
KI
sλ
+ KDsµ (13)

whereKP,KI andKD are the proportional, integral and differ-
ential coefficients, respectively; λ and µ are the integral and
differential orders, respectively.

Fractional PIλDµ may be tuned by finding parameters that
satisfy the following conditions [20], where G (s) represents
G11(s) or G22(s). ∣∣Gcf (ωcg)G (ωcg)∣∣ = 0dB (14)

−π + φm = arg
[
Gcf

(
ωcg

)
G
(
ωcg

)]
(15)∣∣∣∣ Gcf (ωh)G (ωh)

1+ Gcf (ωh)G (ωh)

∣∣∣∣ < H (16)∣∣∣∣ 1
1+ Gcf (ωl)G (ωl)

∣∣∣∣ < N (17)

d
dω

arg
[
Gcf

(
ωcg

)
G
(
ωcg

)]∣∣∣∣
ω=ωcg

= 0 (18)

whereωcg and φm are the gain-crossover frequency and phase
margin, respectively; ωh and ωl are the specified frequencies,
respectively; H and N are the specified gains, respectively.
When using the minimum of

∣∣Gcf (ωcg)G (ωcg)∣∣ as the
objective function and meeting the other four constraints,

the particle swarm optimization algorithm can be used to get
these five parameters KP, KI ,KD, λand µ.

In addition, the transfer function such as (13) are not easy
to implement for computational purpose because simulations
are usually carried out with the software only prepared to deal
with integer transfer functions. Therefore, it is necessary to
find the integer order approximations of the fractional transfer
function, sv. One of the best-known approximations is due to
Oustaloup and is given by [21]

sν
[ωa ωb]

∼= K
N∏

i=−N

1+ s
/
ωi

1+ s
/
ω′i

(19)

where

K =
(
ωb

ωa

)− ν2 N∏
i=−N

ωi

ω′i
, ω′i = ωa

(
ωb

ωa

) i+N+0.5(1+ν)
2N+1

,

ωi = ωa

(
ωb

ωa

) i+N+0.5(1−ν)
2N+1

.

To use this approximation, the frequency range of [ωa, ωb]
and the number of zeros and poles N should be fixed in
advance. When the integer order approximation of fractional
transfer functions was achieved, the simulation model can be
easily built by MATLAB.

V. CONTROL OF 4WDSV
For the 4WDSV, the SMC and torque distributor are needed
to guarantee that it can have the same yaw rate of the 4WSV.
Here the 4WSV is used as the referencemodel of the 4WDSV.

A. DESIGN OF SMC
The purpose of the model reference control system is to
require the state variables of the controlled object to track
those of the reference model. The state variables of the error
system can be defined as

e = xd − x (20)

From the controlled object (3) and the 4WSV model (6),
the error model of the model reference control system can be
obtained as follows

ė = Ade+ (Ad − A) x + Bd1ud1 + Bd2ud2
−Bu− (1Ax + D1f1 + D2f2) (21)

If regard (21) as the control object of the variable struc-
ture control system, and (22) as the external disturbance
respectively,

1 = (Ad − A) x + Bd1ud1 + Bd2ud2
−Bu− (1Ax + D1f1 + D2f2) (22)

the complete model tracking condition of model reference
control system is equivalent to the invariant condition of
variable structure control system.

For (21), select the whole sliding mode switching hyper-
plane

s (e, t) = Ce (t) (23)
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where C is the sliding mode parameter matrix to be designed,
and C =

[
C1 C2

]
,C2 ∈ Rm×m is nonsingular.

If the complete model tracking condition is satisfied,
the equivalent system of sliding mode motion of the model
reference variable structure adaptive control system is:

ė =
{
I − B [CB]−1 C

}
Ade (24)

It can be seen that the closed-loop control system can
achieve the complete model tracking. The structure of the
model reference variable structure control law can be taken
as

u = um + uv = um + uL + uN (25)

where um is the matching control law of the model reference
closed-loop control system, uv is the variable structure control
law, uL is the variable structure linear control term, uN is the
variable structure nonlinear control term.

According to the model matching conditions for complete
tracking, there is a matching control law

um = Kdx + Kd1ud1 + Kd2ud2 (26)

where Kd ∈ Rm×n,Kd1 ∈ Rm×l,Kd2 ∈ Rm×l , and they
satisfy Ad − A = BKd ,Bd1 = BKd1 and Bd2 = BKd2.
Therefore, after introducing the matching control law, (21)

becomes,

ė = Ade− Buv − (1Ax + D1f1 + D2f2) (27)

Because (Ad ,−B) is a controllable matrix pair, there must
be a nonsingular linear transformation to transform (27) into
a controllable regular type according to the knowledge of
matrix theory. And the nonsingular linear transformation is
introduced,

z = Te =
[
In−m −B1B

−1
2

0 Im

]
e (28)

then

z =
[
z1
z2

]
, Ãd =

[
Ãd11 Ãd12
Ãd21 Ãd22

]
, B̃ =

[
0
B̃2

]
,

1Ã =
[

0 0
1A21 1A22

]
, D̃1 =

[
0
D1

]
, D̃2 =

[
0
D2

]
,

where z1 ∈ Rn−m, z2 ∈ Rm, Ãd11 ∈ R(n−m)×(n−m), Ãd22 ∈
Rm×m and B̃2 ∈ Rm×m.
The matching control law can be rewritten as

um = B̃−12

[
0 Im

]
T (Ad − A) x + B̃

−1
2

[
0 Im

]
× (Bd1ud1 + Bd2ud2) (29)

Assuming
∥∥1A21 1A22 ∥∥ ≤ ψσ ,

∥∥∥B−12

∥∥∥ = ϕ ≤ 1,
the final sliding mode control law of the variable structure
can be obtained as follows,

uL = B−12

[
Ãd21 Ãd22 − Ã∗d22

]
Te (30)

uN = ρ (t)
B−12 P

[
0 Im

]
T∥∥P [ 0 Im

]
T
∥∥ (31)

where Ã∗d22 is Hurwitz matrix, symmetric positive def-
inite matrixes, ρ (t) = (1− ϕ)−1 [(ψσ + ψ) ‖x‖ +
ψr1 ‖ud1‖ + ψr2 ‖ud2‖ + ψe ‖e‖ + ψd1ψf 1 + ψd2ψf 2] +
ε, ψr1 = ‖Kd1‖ , ψr2 = ‖Kd2‖ , ψ = ‖K‖ , ψe =∥∥∥B−12

[
Ãd21 Ãd22 − Ã∗d22

]
T
∥∥∥ , ψd1 = ‖D1‖ , ψd2 =

‖D2‖ , ψf 1 = ‖f1‖ , ψf 2 = ‖f2‖ , ε > 0, P and Q are the
symmetric positive definite matrixes, respectively, and satisfy
Lyapunov Equation

PÃ∗d22 +
(
Ã∗d22

)T
P = −Q (32)

B. DESIGN OF TORQUE DISTRIBUTOR
Because the MAP diagram is drawn in advance, it is not
difficult for us to get the ratio k of the front and rear wheel
angles of the 4WSV by consulting theMAP. And k is positive
when the front and rear wheel turn in the same direction,
otherwise it is negative.
Considering that the function of the front and rear differ-

ential driving torque is to produce the front and rear wheel
steering angle, respectively, and the larger the wheel steering
angle, the greater the differential driving torque required.
Therefore, it can be approximately considered that there is
the following proportional relationship.

k =
δf

δr
=
1Mf

1Mr
(33)

In addition, the front and rear differential driving torques
are also needed to meet the following condition,

1Mf +1Mr = 1M (34)

then the front and rear differential driving torques can be
described as

1Mf =
k

k + 1
1M , 1Mr =

1
k + 1

1M (35)

VI. SIMULANTION RESULTS AND ANALYSIS
The characteristics of the 4WSV is that the front and rear
wheels turn in the reverse direction at low speed, and turn in
the same direction at high speed. In this section, the reference
model, 4WSV and 4WDSV with controllers are simulated
and compared. The parameters are as follows: m = 1250 kg,
Iz = 2031.4 kg·m2, kf = −985950 N/rad, kr = −67312
N/rad, lf = 1.04 m, lr = 1.56 m, lfm = 1.0549 m, lrm =
1.5451 m, ls = 0.7405 m, R = 0.304 m.

A. REVERSE PHASE STEERING
The front wheel steering angle of the reference model at
the speed of 8.33m/s is a step input with the amplitude of
0.157rad. The reference model and 4WSV with controller
are simulated firstly, and their response curves are shown
in Figs. 7-9. And Fig. 10 is the obtained MAP of the front
and rear wheel steering angles. Then based on the MAP the
4WSV and 4WSDV with controller are simulated, and their
response curves are shown in Figs. 11-14.
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FIGURE 7. Yaw rates of different vehicles at 8.33 m/s.

FIGURE 8. Sideslip angles of different vehicles at 8.33 m/s.

FIGURE 9. Steering angles of different vehicles at 8.33 m/s.

From Figs. 7 and 8, it can be seen that the yaw rate and
sideslip angle of the 4WSV with the decoupling and frac-
tional PIλDµ controller can fully track those of the reference
model. Also from Fig. 8, we can see that the sideslip angle of

FIGURE 10. MAP diagram of 4WSV at 8.33 m/s.

FIGURE 11. Yaw rates of different vehicles at 8.33 m/s.

FIGURE 12. Sideslip angles of different vehicles at 8.33 m/s.

the normal FWS is 0.065rad, but that of the reference model
is 0.016rad because of the adoption of the drop filter of the
sideslip angle.
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FIGURE 13. Differential driving torques of 4WDSV at 8.33 m/s.

FIGURE 14. Yaw rates of 4WDSV with different parameters.

And Fig. 9 shows that the front and rear wheel steering
angles of the 4WSV with controllers are 0.1097rad and -
0.0467rad respectively, which indicates that the front and rear
wheels do rotate in reverse direction to meet the requirement
ofmaneuverability at low speed. And the required front wheel
steering angle decreases obviously because of the rear wheel
rotates in the opposite direction. Therefore, the standard front
and rear wheel steering angles of the 4WSV can be obtained
based on the different inputs of the reference model by the
decoupling and fractional PID control of 4WSV. When the
vehicle speed is fixed and the input of the reference model is
changed, a series of front and rear wheel angles of the 4WSV
can be obtained. And the MAP diagram at 8.33m/s is shown
in Fig. 10. When the driver’s steering signal is collected,
the ECU can consult the corresponding front and rear wheel
angle of the 4WSV on the MAP.

From Figs. 11-13, it can be seen that the yaw rate of
the 4WSV can be followed exactly by the 4WDSV with
controller although their sideslip angles are different with
each other. And the total, front wheel and rear wheel differ-
ential driving torques required to realize the 4WDS are 676,
1177 and −501N·m respectively, as shown in Fig. 13.

FIGURE 15. Sideslip angles of 4WDSV with different parameters.

Figs. 14 and 15 are the yaw rate and sideslip angle curves
of the 4WDSV with three groups of different parameters,
where Group 1 denotes the nominal parameters, Group 2 and
Group 3 represent the parameters in which all of the vehicle
mass, yaw moment of inertia, front and rear tire cornering
stiffness are decreased and increased by 5% respectively as
other parameters remain unchanged. And from Figs. 14-15,
it is easy to draw a conclusion that the SMC demonstrates
good robustness.

FIGURE 16. Yaw rates of different vehicles at 30 m/s.

B. IN PHASE STEERING
At the speed of 30m/s, the front wheel steering angle of
the reference model is the step input with the amplitude of
0.00174rad. The reference model and 4WSV with controller
are simulated, and Figs. 16-19 show their response curves.
The obtainedMAP of the front and rear wheel steering angles
is shown in Fig. 20. Then the simulation of the 4WSV and
4WSDV with controller are carried out, and their response
curves are shown in Figs. 21-23.

It can be drawn from Figs. 16 and 17 that both of the
yaw rate and sideslip angle of the reference model can be
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FIGURE 17. Sideslip angles of different vehicles at 30 m/s.

FIGURE 18. Steering angles of different vehicles at 30 m/s.

FIGURE 19. MAP diagram of 4WSV at 30 m/s.

completely followed by the 4WSV with the decoupling and
fractional PIλDµ controller, which indicates that the designed
controller of the 4WSV is effective. Also from Fig. 17, we can

FIGURE 20. Yaw rates of different vehicles at 30 m/s.

FIGURE 21. Sideslip angles of different vehicles at 30 m/s.

FIGURE 22. Differential driving torques of 4WDSV at 30 m/s.

see that the sideslip angle of the reference model is far less
than that of the normal FWS because the drop filter of the
sideslip angle is adopted.
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FIGURE 23. Yaw rates of 4WDSV with different parameters.

Fig. 18 shows that the standard front and rear wheel steer-
ing angles of the 4WSV having the same steering character-
istics as the reference model, are 0.00261rad and 0.00091rad
respectively, which indicates that at high speed the front
and rear wheels do rotate in the same direction to meet
the requirement of handling stability. And the required front
wheel steering angle increases obviously because of the rear
wheel rotates in the same direction. When the vehicle speed
is fixed, a series of front and rear wheel angles of the 4WSV
can be obtained with the change of the input of the reference
model. And the MAP diagram at 30m/s is shown in Fig. 19,
which can be consulted by the ECU according to the drive’s
steering signal.

It can be seen from Figs. 20-21 that the yaw rate of the
4WDSV with SMC controller has almost the same as that
of 4WSV, although their sideslip angles are different from
each other. And the required total, front wheel and rear wheel
differential driving torques are 29.2, 21.7 and 7.5N·m, respec-
tively, as shown in Fig. 22.

FIGURE 24. Sideslip angles of 4WDSV with different parameters.

Figs. 23 and 24 show the yaw rate and sideslip angle of
the 4WDSV with three groups of different parameters, which
indicates the good robustness of the SMC.

From the above analysis, we can draw a conclusion that the
decoupling and fractional PIλDµ controller for the 4WSV is
effective to obtain its standard inputs, and the SMC and torque
distributor for the 4WDSV can make its yaw rate completely
track that of the 4WSV and also demonstrate good robustness.
In conclusion, the proposed control strategy of the 4WDSV
is feasible.

VII. CONCLUSION
The control of the four-wheel differential steering is studied:

(1) Simulation results show that the decoupling and frac-
tional PIλDµ control can guarantee the 4WSV have the same
steering characteristics as the reference model, which indi-
cates that the method to obtain the MAP of the front and
rear wheel steering angles at different speed in advance is
effective.

(2) Simulation results indicate that the proposed sliding
mode controller can ensure the 4WDSV to achieve the same
yaw rate as the 4WSV at different speeds according to the
4WSV based on the MAP, which provide a new idea to the
solution.

(3) In the future researches, the vehicle roll motion, tire
nonlinearity, actuator limitations, and road adhesion coeffi-
cient can also be considered.
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