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ABSTRACT This paper presents the analytical and numerical investigation on the global synchronization
and anti-synchronization for a class of drive-response systems of fractional-order complex-valued gene
regulatory networks with time-varying delays (DFGRNs). In our design, two kinds of adaptive feedback
controllers are used to synchronize and anti-synchronize the proposed drive-response systems, and some
sufficient conditions on the global asymptotical synchronization and anti-synchronization are given with the
methods of the fractional Lyapunov-like functions and the fractional-order inequalities. In the numerical
simulations, two minimum “‘estimated time”’, 7| and 7%, are computed to achieve the synchronization and
anti-synchronization. We find that 7'y and 7> increase with the decreasing of the fractional order of DFGRNs.

INDEX TERMS Complex-valued, feedback controller, fractional-order, gene regulatory networks (GRNs),
synchronization and anti-synchronization, time-varying delays.

I. INTRODUCTION

Genetic regulatory networks (GRNs) are fundamental and
important biological networks that describe the interaction
functions in gene expressions between DNAs, RNAs, pro-
teins and small molecules in an organism [1]-[5]. Various
GRNs models, such as Boolean networks [2], Bayesian net-
works [5], Petri networks [6], differential equation mod-
els [7]-[9], have been proposed by researchers over a period
of time. And the researches on GRNs not only provide a
powerful tool for elucidating the gene regulation processes
in living organisms, but also contribute to the diagnosis of
cancers, diabetes and other complex diseases [10]-[16].

It is worthy to note that, the differential equation mod-
els involving integer-order type and fractional-order type,
where the state variables usually denote concentrations of
messenger ribonucleic acids (mRNAs), proteins and other
small molecules, is one of important GRNs model and
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widely applied to describe the gene regulatory process
[10], [11], [17]. Particularly, in [18]-[20], the authors pointed
out that fractional derivatives provide an excellent tool for
the description of memory and hereditary properties of var-
ious processes. Taking into account these facts, the incor-
poration of a memory term into a neural network model
is an extremely important improvement [21]. Subsequently,
the dynamics of the fractional-order GRNs becomes a hot
topic and some remarkable results were reported in [7], [12],
[16], [22]. Ji et al. [22] constructed fractional-order GRNs
and demonstrated that the fractional-order model has stronger
data approximation ability, which is more suitable for mod-
eling gene regulatory mechanism.

Since the pioneer work of Perora and Carroll [23], synchro-
nization and anti-synchronization as one of the most impor-
tant dynamic behaviors has attracted increasing attentions
and many significant results were derived [21], [24]-[35].
Different types of synchronization and anti-synchronization,
such as adaptive synchronization [27], adaptive anti-
synchronization [28], finite-time synchronization [33], [36],
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finite-time anti-synchronization [34], Mittag-Leffler syn-
chronization [30], [31], [37] and projective synchroniza-
tion [21], have been widely investigated. Song et al. [25]
considered the synchronization of fractional-order Lorenz
chaotic systems and Chen chaotic systems with time delay,
and designed the compensation controllers and optimal con-
trollers. Chen et al. [26] studied the synchronization of
memristor-based BAM neural networks with delays and
realized asymptotic synchronization and exponential syn-
chronization by designing two kinds of adaptive feedback
controllers, respectively. Bao et al. [27] investigated the
synchronization for fractional-order complex-valued neural
networks with constant time delay and obtained the suffi-
cient conditions of synchronization by using linear delay
feedback control. And the main methods analyzing the
synchronization and anti-synchronization of fractional-order
dynamic system include, but are not limited to, direct quater-
nion approach [37], fractional-order comparison theory [18],
fractional-order inequality [27] and fractional Lyapunov
function approach [11], [18], [31]. The fractional Lyapunov
method is a powerful tool for analyzing the synchronization
and anti-synchronization of fractional-order dynamic system,
which can be verified easily without solving the system.

In recent years, the investigation on the synchronization
of GRNs, which may be helpful to explore the biological
rhythm and internal mechanisms at the molecular and cel-
lular levels, has attracted attentions of researchers [11], [17].
Jiang et al. [17] considered the finite-time synchronization
of integer-order GRNs without time delays, and established
some sufficient conditions for finite-time stochastic synchro-
nization by designing a continuous finite-time controller. Due
to slow biochemical processes such as gene transcription,
translation and transportation, time delays are omnipresent
in GRNs [4], [9], [11], [14], [15], [38]-[40]. Qiao et al. [11]
established some sufficient conditions of finite-time synchro-
nization for fractional-order GRNs with constant time delay
by designing respectively the state feedback controller and
the adaptive controller. As time delays often change with time
and its precise measurement is difficult in the real biological
networks [41], it is therefore better practical significance to
consider the time-varying delays, rather than the constant
delays, for the GRNs [9], [40].

However, according to our knowledge, few researches have
been given to the synchronization and anti-synchronization
of fractional-order complex-valued GRNs with time-varying
delays.

From above discussions, we will focus on the global
asymptotical synchronization and anti-synchronization for a
class of complex-valued FGRNs with time-varying delays.
The rest of this paper is organized as follows. The prelimi-
naries and the model description are provided in Section II.
Section III proposes some sufficient criteria on global
asymptotical synchronization and anti-synchronization for
the DFGRNSs. Section IV gives some numerical simulations
to support our findings. And finally, Section V presents a brief
discussion and the summary around the main results.
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Il. PROBLEM DESCRIPTION AND PRELIMINARIES
In general, three definitions of the fractional-order deriva-
tives, the Grunwald-Letnikov derivative, the Riemann-
Liouville derivative and the Caputo derivative, are mentioned.
Rather than the other two definitions, the initial conditions
for the Caputo fractional derivative can be determined only
by the integer derivative, and the Laplace transform can be
performed more concisely, it is therefore widely used in dif-
ferential equation models. In particular, the Caputo fractional
derivative is more suitable for the GRNs due to its more
accurate description of the memory and hereditary character-
istics of various materials and processes [37], [42]. Therefore,
we adopt the Caputo fractional-order derivative.

Definition 1 [42]: The fractional integral of order q for a
function f (t) is defined as

1 t
O = s / (t — (),

where t > a,a € R,q > 0. The Gamma function T'(q) is
defined by the integral T'(q) = [y~ 197 e~ dt.

Definition 2 [42]: The Caputo’s fractional derivative of
order q for a function f (t) is defined by

Epif(r) =

: / P AL
F(n—q) Jg (t—7) ! ’
where t > a and n is a positive integer such that
n—1<gqg<n

The following continuous fractional-order complex-valued
GRNs with time-varying delays are considered as the drive

system:
Dim(t) = —Am(t) + WF(p(t))
+EG(p(t — 11(2))) + B+ J1(2),
Dip(t) = —Cp(t) + Dm(1)
+Hm(t — 1(2)) + J2(2),

)

where
m(t) = [my(1), - my(®)]" € C",
p(t) = [p1(1), -+ . pa®]" € C", 1 >0,
A = diaglay, --- ,a,} € R™",
C = diag{c1, -+, ¢y} € RV,
D = diag{d,, --- ,d,} € C"™",
H = diag{hy,--- , h,} € C"™",

W = Wjdnxn € C™",
E = (ejt)uxn € e,

Jit) = (@), -+, Jia) e C",

L(t) = (o), -+, Ja@)' € C",

F(p@)) = [Fi(p1(), -, Faa()] : C" — C",
B= (B, - ,B) eC”,
G(p(t — 11(1))) = [G1(p1(t — 11(1))),
o Gulpat — TiODIT s C" > ",

D1 = g D represents the Caputo’s fractional derivative, and
q € (0,1), m(t), p(t) represent the state vectors, and the
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moduli of m;(¢) and p;(t) represent respectively the mRNA
concentrations and the protein concentrations of the ith node;
The parameters a; > 0 and ¢; > O respectively represent
the decay rates of mRNA and protein; The moduli of d; and
h; mean the translation rates; Both Fj(p;(t)) and G;(p;(t —
71(2))) represent the feedback regulation of the protein on
the transcription; B; = Z bjx + Z Ejk, the moduli of by
kel; kel
and Bjk are bounded constants representing the dimensionless
transcriptional rate of transcription factor k to j at time ¢ and
t — t1(¢), and 1;, ij, respectively, represent the set of all the k
where the transcription factor k is a repressor of gene j at time
tand t —71(¢); The matrix W = Wjx)nxn, E = (€ji)nxn mean
the coupling matrix of the gene network, which are defined
as follows:

bjk (I_)jk), if k is an activator of gene j,

wik(ejx) = —b/k(—Ejk), if k is a repressor of gene j,

0, if there is no link from & to j.

The transcriptional delay t1(¢) and translational delay 7»(¢)
are bounded continuous functions on R with 0 < 71(f) < rl*
and 0 < »(r) < rz*, here tl* and 1:2* are positive constants.
J1(t) and Jo(t) represent the external input vectors.

The response system of the drive system (1) is as follows:

DIfi(t) = —Afi(t) + WE@(t)) + EGR(t — T1(1)))
+B + J1(t) + U1(2),

DIp(t) = —CPp(t) + Di(t) + Hi(t — (1))
+J2(t) + Uz (1),

@

where U (t) = (Up1(t), -+, Upn(t))T € C" and Uy(t) =
(Ua1(t), -, Upp(1))T € C" represent the control input
vectors.

Let

m(t) = r(1) + in(t), p(t) = M(t) + in0),
() = F(t) + ii(0), P(t) = (1) + i),
WK = Re(W) = Wi Luxn,

W = Im(W) = Wi luxn,

E® = Re(E) = [¢f Inxn,

E" = Im(E) = [e}1nxn,

DR = Re(D) = diag{dF, - - , df},
D' = Im(D) = diag{d!, --- , d!},
HR = Re(H) = diag(hk, --- , hf},
H' = Im(H) = diag{h}, --- , B},

VIOENAGERVION

Da(1) = J5(0) + 15 (1),

Ui1(®) = (@) + ivi(2),

Us (1) = up(t) + iva (1),
BR = Re(B) = (BY, -, BT,
B' =Im®B)= B}, - ,B),
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Fi(pj(1) = F{04(0), wi(0)) + iF] 0j0), (1)),
Gi(pj(t — 11 (1) = GRO(t — T1(®), it — 11(1)))
+iG] (Ai(t — 11 (), it — T1(1)))

where
r() = (n@), - . )",
n@6) = (@, )",
M0) = (M@, - @)
u) = (@, -, ma®)’,
F(6) = (Fi@), - Fa0)
70 = (@), - )",
) = (R, - Fa)"
i = (7@, -, ma),
IRy = (IR, -, IR @)T,
Hwo = ho, o),
IRy = (R @, IR0),
Ha = (o, o),
w(0) = (w1 (@), - ui@)”,
up(t) = (uz1 (1), - - ,uzn(t))T,
i) = (i@, - via@)’
va(t) = (va1(2), - -- ,Vzn(t))r,

FRC), Fl(), GRCo) Gito) o R = R G = 1,
2, -+, myand r(t), n(t), A(2), w(2), 7(0), 7(0), 1(0), [L(0), TR (@),
J{(@0), J3(0), J5(0), w1 (1), ua (1), vi(1), va2(1) € R

Then the drive system (1) and the response system (2) can
be expressed respectively by separating them into the real part
and the imaginary part as

Dir(t) = —Ar(t) + WRFR((1), u(@))
—W!'F (@), n())
+ERGR (Mt — T1(1)), pt — 11 (1))
—E'G' (Mt — 1 (1), 1t — 71 (1))
+BR + JR@),

Din(t) = —An(t) + WRF (), (1))
+W!FR(@), n(t))
+E'GR((t — T1(1), nt — 11(1)))
+ERG! (Mt — T1(1), nt — 11(1)))
+B + ),

DIAt) = —CA(t) + DRr(t) — D'n(@t) + JX (1)
+HRr(t — (1) — H'n(t — (1)),

Du(t) = —Cu(r) + DRn(t) + D' r(t) + JA(r)
+H'r(t — ) + HRn(t — (1),

3
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and

DIF(t) = —AF(1t) + WRFRQ(@), ()
—WIF (), i)
+ERGR((t — 1)), it — 11(1))
—E'G' (0t — 11(1)), it — 11(1)))
+BR + IR () + ui (1),

DI(1) = —AR(0) + WRF' (1), i)
+WIFRR@), fit))
+E!GR((t — 1)), it — 11(1))
+ERG! (it — (). it — 71(1)))
+B! + I (1) + i),

DY(1) = —CA(t) + DRF(t) — D'5(t)
+HF(t — 12(t) — H'5(t — 12(1))
HIR®) + ur(1),

DIi(t) = —CRi(t) + D®5j(t) + D'7(t)
+H'F(t — v (1) + HR5(t — (1))
+J3 @) + (1)

“

and

D) = a0 + Y WRFEGR(), ()
= WRFLG®, i)
D GGE G — @), Hit — T ()
=D GOkt — 1), (e — 1))
+B + T15(0) + uj(0),
D(t) = —aij(t) + Y Wi FL G (0), [l (1)
k=1
+ 3 W FEGR), Ex )
T2y, GeOECr =m0, Bkt = 1i(1)
D GGkt — ), ikt — 11 (1))
+B] + J{(1) + vi;(1),
DY) = —eihi(t) + dfF(0) — dlT0)
+hF( — () — R — 12(1))
I + (),
DATLj(t) = —¢; (1) + dj* (1) + d (1)
FHF( — T2(0)) + BTt — Ta(0))

+J3(8) 4 vai(0).
6)

The initial conditions of systems (1) and (2) are given

System (3) and (4) can also be described respectively as respectively as follows:

follows: mj(s) = ¢i(s) + ipi(s), s € [—5, 0], o
n pji(s) = aj(s) +iB;(s), s € [—17, 0],
Dri(t) = —ajri(t) + Y wh FEOw (@), ju (1) and
k=1
. ij(s) = §i(s) + iYi(s), s € [—73, 0],
— S WAL 0w, 1) + B + IR0 gf((ss))z ;j’((;) s l’éﬁg) ss:[_t? 0 ®)

k=1
+ 3 B GRO( = T (1), il — Ta(1)) where ¢;(s). ;(5). ¢(s). ¥j(s) € C=73. 01, R), (). i(s),
k=1 &](s)’ IB](S) € C([_TI*’OLR)’]= 1727 LRI (8

;o Assumption 1: Assume that the functions Fj(p;(t)) and
- Zejka()‘k(f = 11(1), uk(t — 71(1))), Gj(pj(t — 71(1))) can be expressed by separating into their

k=1 " real and imaginary parts as F(p;(t)) = FJ-R()\.l/'(l‘), (@) +
DInj(t) = —ajm;(t) + ZwﬁF,{(Ak(t), wi () iF] (1), 1)), Gi(pi(t — 11(1)) = Gt — T (1), pi(t —
k=1 1(1)) + iG;(kj(t —11(1)), 1j(t — 71(2))), respectively, and the
U L (3)  following inequalities hold:
+ > WRFROw(@), ua () + B] + () N
= [FF (1), 1)) = FFOy(0), 1)
+ 3 B GEOKE — T, palt — 11 (1) = 8 140 = 2O + 8 17Li(0) = (o),
k=1 |F (), () = F{ (00), (1)
+ 3" R GOt — 1)), et — (), < 81350 = A0l + 81 = (®,
k=1

DIAj(0) = —ei(1) + d'ry(t) = djni(0) + J55(0)
it — () — it — ©2(0)),

DAp(t) = —cjpi(t) + dinj(t) + d ri(t) + J3;(t)
+hirj(t — Ta(0)) + Bt — Ta(1)),

150558

IGR (Rt = 1i(®), (e — T1(1))
—GF it — 11 (D)), pit — 11 (1))
< &t — 1) — At — T (1))
ORIt — T1(0) — it — T (D)),
|G (it — Ti(®), it — T1(1))
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—G (Ot — T (1)), it — T (@)
< 8] At — 11 (1) = 1t — 11 (@)

+8} 17t — T1(0) — it — 1@,
where 8]].‘ > ( are Lipschitz constants, k = 1,2, ---
1,2,--,n

Lemma 1: [43] If x(t) € C([0,4+00),R) is a contin-

uously differentiable function, then the following inequality
holds almost everywhere:

78’j=

De|x(t)| < sgn(x(t))Dix(t), 0 <q < 1.

Lemma 2: [21] Suppose that g(t) is a differential and non-
decreasing function on t € [0, 4-00), then for any constant b
andt € [0, +00), there exists

DY(g(t) — b)* < 2(g(1) — b)Dg (1),
where 0 < g < 1.

Lemma 3: Let q € (0, 1) and V(t), O(t) are differential
and nonnegative functions ont € [0, +00). Suppose that for
positive constants L*, M*, the following inequalities hold.: for
allt > 0, (i) DIV(t) < —L*®(), (ii) |DID(t)| < M*. Then
lim;—, 4o ©(¢) = 0.

Proof: The proof of the Lemma 3 is similar to that of
lim;_, o U(t) = 0 in Theorem 1 [44]. O

Remark 1: Since the above Lemma 3 is not given in [44],
for the readers’ convenience, we give the proof in the
Appendix.

IIl. MAIN RESULTS
First, we consider the global synchronization of DFGRNs
based on the adaptive feedback controller

Let x;(1) = mj(t) —mj(t) = xR(t) + 1x (t) yi(®) = p,(t) —
pj(t) = y,R(t) + ly Iy G=1,2,---,n), Where

X0 = 7j(0) = rj(1), xj [ (1) = (1) — (@),
YR@) = Kj(0) = (@), ¥i (1) = L) — (o).

The adaptive feedback controllers are designed as follows:

—ay(1)x] (1)
—sgn(x (e 1xf (¢ — T2,
vij(t) = —=byj(x] (1)

—sgn(x! (1)dyj(t)|x] (t — (1)),
(1) = —an(1)yf (1)

—sgn(yF()ey(DIyf (¢ — T,
V(1) = —baj(1)y} (1)

—sgn(y! (1)di (1Y} (t — T1 (D)),
DAayj(1) = Lyjlx} @)l

uyj(t) =

€))

DIg1(1) = Lajlx}*(t — (@),
Dbyj(t) = Lyjlx] (1)1,
DAdyj(1) = Lajlx] (t — 1a(0)),
DAay(1) = Lsjlyf (1),
Dey(1) = Ljlyf(t — ()],
Dbyi(t) = Lyjly; (1),
DAdyi(t) = Ljly; (t — ri(@)),
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where Lijk = 1,2,---,8,j = 1,2,---,n) are arbitrary
positive constants, a;(t), byi(t), cj(t), dij(t) (k = 1,2,j =
1,2, -, n) are adaptive coupling strengths.

Remark 2: The state feedback control is designed in many
dynamic systems such as GRNs. The adaptive feedback con-
trol built on adaptive techniques without knowing the val-
ues of the unknown parameters in advance is more flexible
than the state feedback control, and can adjust the coupling
weights adaptively to avoid high feedback gains [11].

It is well known that when 7 — oo, the facts x{(1) — 0,
@) = 0,586 > 0.yl(1) > 0 = 1,2,---,n) mean
that the drive system (1) and the response system (2) are
synchronized.

From systems (5) and (6), we can get the following error
system:

quR(t) = —ajx} (1)

+ Z Wit IFE G (1), () — FEOw @), ux(1))]
Z wh IF{ G (0), Tl () = F{ O (1), i ()]

+ Z R GOk (t — Ta(0), fix(t — T1(1))
—Gk (Aka — 1), it = 1(®))]
Z e[GOt — T1(0)), Jla(t — T1(1)))

—Gk(kk(t —11(0), n(t — T1(0))] + u1;(0),
D‘fx.’ (t) = —ajx] (t)

+Z Wit LF{ O (0), Ta() = F{Ox (@), @)1 (10)
+ Z wh IF (D), () = FEOw (@), ()]

+ Z R [GEOk(t — Ta(0), fix(t — T1(1))
Gi (Am — 1 (@), mk(t — T @))]
+ Z R [GL Ot — 11(1)), fla(t — T1 (1))

—Gk(w — 1), pr(t = T@N)] + vij(0),
Dyf(6) = —ejyf () + dfxf (1) — df ] (1)
+thR(r — ) — h’x’(r ) (1),

DAyl(1) = —cjy (1) + dfx,’(z) +d! xR
Hh X — Ta(0)) + Bx] (1 — Ta(1)) + vy (0).

From (7) and (8), we have the initial conditions of system
(10) are as follows

xf(5) = §(s) = (). 5 € [=73. 0],
X[ (5) = Yj(s) — Yji(s), s € [-75, 0],
Yi(s) = @j(s) — aj(s), s € [, 0],

Yi(s) = Bj(s) — Bi(s), s € [, 0.

(11)
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Theorem 1: If assumption 1 holds, then the drive system
(1) and the response system (2) are globally asymptotically
synchronized based on adaptive feedback controller (9).

Proof: Suppose that (x]R(t),xj’ (t),yf(t),yjl. (t))T is an
arbitrary solution of system (10) with any initial conditions
(1.

Construct a Lyapunov-like function:
w(r) = Z ()] + Z ] ()] + Z ROl + Z yj @)
= = = =
+ Z a1y, @ - ay)’ + Z @y~ &)’
+ Z (bl,(r) by + Z —(d1,<r> dyj)°
+ Z a1 @0 ay)* + Z @)~ &y

——(boj(t) — by))? ——(dj(t) — doj)?,
+j_leL7,-( 2i(t) — bay) +j_leLg,-( Hi(t) — day)

(12)

where dyj, &, by and dij (k = 1,2,j = 1,2,---,n) are
constants which are determined later.

By applying assumption 1, Lemma 1, Lemma 2 and con-
trollers (9), and calculating the fractional-order derivatives of
W(r) along the solution of (10), we can get

DIV(t) < ngn(xR(t))quR(t) + ngn(x ()Dx] (1)

Jj=1 j=1

+ Z sen(7 (D)D) + Z sen(y} (1)Dy} (1)
j=1 =

+ Zn: Lilj(alj(f ) — aij)Dlay;(1)

+ ,21: —](cl,(t) — &1)DE1(1)

+ Z I%j(glj(t) — b1j)D7bj(1)

+ JZ}) —J(dl,(o — dy))DAd (1)

+ ]X:]j Lisj@,m — ) D (t)

= 1
+ Z g @)~ EpDTe (0

+ Z —(bz,(t) — byy)D7by(t)
j=1 Ly

150560

+ Z —(dzjm — do)D7dy (1)
j=1 Lsj

Z sgn(xf(t)){ — apxR ()

J=1

+ > WRIFRGR (), () — FROW(@), ()]

k=1

Z Wi F{ G @), Tix (1) — F{ O (0), i (1))]

+ Z R IGROw(t — T1(1)), ix(t — 71 (1))
—GFO(t = 71 (1), jui (8 — T (@)
Z e[GOt — T1(0)), Tt — T1(1)))

—GLOw(t — 11 (1)), it — T1()))]

—a(0x (1) — sgn(x (0)e1 (1) Xt — Tz(t))l}

+>  sgn(x] (z)){ — ajx] (1)

j=1

+ Z Wi LF{ G (@), Tix (1)) — F{ O (0), px(1))]

+ > WhIFEG®), ik (0) — FEOw (@), ju ()]

k=1
+ Z L GROw(t — 1)), it — T1 (1))
(mr — 1), i (t — T (@))]
+ Z RIGL Okt — 1)), Tkt — 11 (1))
—Gkuk(t — 1), it — T ()]
—byj()x] (1) — sgn(x] (1)dy;(0)]x] (1 — Tz(t))l}
+ Z sgn@f(t)){ — ey () + df (0) — di x| (1)
=
+f]zfxf(t — (1)) — hix] (1 — 12(1))
—ay(yf (1) = sen(f eIyt — 7 (r))|}
+ Z sgn(y (t)){ — ey + dfix] () + d]xF (@)

FhEF (= ©a(0) + 1 (= Ta0) = by ()
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IA

—sgn(y} ())dy()]y} (1 — T1(1)] }
+ ) a0 — alixf o)
j=1

+ Y et — ellxf (e — 1)

j=1
+ > [bij(t) = byjllxf ()]

J=1

+ ) ldij(t) = djllxf (¢ — Ta())]

j=1

+ ) la(t) — agyllyf o)l

j=1

+ Y [eaj(t) — exllyf e — m®))|

j=1

+ > [boi(t) = byjllyl (0)]
j=1

+ ) ldyi(t) — dyjllyl(t — Ti(@))]
j=1

> {—aj|xf<r>| —aylx (O] = eylx (= ra(0))]

Jj=1

+Z| whi (st + o2 01)
+Z| I(

k=1
+3 1 (s Ra—m@l+sfhie—n)

+Z| o (8 |y§§<r—n(z>>|+6,§|yi<r—n<z>>|)}

W1+ 80

+ Z {—ajle (O] =bijlx] (O] —dyjlx] (¢ — Ta())]

+Xn:I
+ZI |

+Z| o (820 = mienl + i — 1)

(3
+ZI (

| (stbfn+stion)
(

SV + 8F1 1)

SEIVR (=T ()| 48 ka(t—fl(t))l) }

VOLUME 8, 2020

+> {— cilyf (Ol =agjlyf ()| —Ealyf (¢ =71 ()]
J=1

R|,.R Iy,
+1d;"|1x; (D] + 1d; | |x; (1))

HIRRIxR G = o)) + W I — wm}

+y { — ¢y (O] =bajly} (D] = dajly] (t =71 (1))]

j=1

Ry .1 I,.R
HdRIl ) + [d |1xF )

IR R — )]+ R (o — fz(’”'}

n

> (= =+ 1+ 1d!1) 1o
j=1
( ey R+ 1) R = w20
( aj — by +1d81 +1!1) i/ )
( j o AR+ 1AL 1 6= a0
n n n
+3° {—cj —aoj+ ) IWEIS + ) Iwigls?
j=1 k=1 k=1
+Z IWils; + Z| |81} yF@)l
n n n
+> {—azj + ) 1818 + > legls]
j=1 k=1 k=1
+ Z leg;187 + Z |ekJ|57} NGO
k=1
n n n
+y {—c,- —boj+ Y IWEISE > 1w 16}
j=1 k=1 k=1
n n
e |wij|8,»2} Y @)
k=1 k=1
n n n
+y {—dzj + ) 1eR180 + D ek l6f
j=1 k=1 k=1

+ Z |€1g|56 + Z |€kj|58} it — i)

k=1
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Then we can properly choose aij, Cij, l;kj and cAikj satisfying

the following inequalities:

Let

Ly

L3

Ly

Ls

Le

Ly

150562

aj +ayj — |dff| — 1d]| > 0,
— |1f| = IKf| > 0,

aj + byj — |d| - |df| > 0,

ij — 115 = |hf| > 0,
¢j+ay — Z::1 wigls) — Z:Zl w18
o Z:ZI |W/I§j|8/3 o Z:Z
C2j = Zk 1 |ekf|85
- ZZ:] |eij|5j7 - Zk 1 |ek/|65

- ZZZI k187 > 0,

G+by = WIS =D s}
DINED S
dy— Y lef1st =Y lellet
BT ED A

¢l
. lwyild; > 0,

1q2
. |ij|8j > 0,

R ¢8
|ekj|6j > 0.

= min {g; +a1J |de| — |dj1|} > 0,

1<j=n

= min (&) = || = ||} > 0,

I<j<n

= min {g; + by; — |d] | — |d]} > 0,

1<j<n

_ Rl
= min (A — if| = A1) > 0.

= min {c]—l-az] Z| k]|8

n
I ¢3
= Iwigls;
k=1 k=1

n n
R <3 I 1
=D WIS = D w13, } >0
k=1 k=1

1<j<n

n n

) R o5 147

= min {czj— E |ekj|8j — E |ekj|5j
k=1 k=1

1<j<n

n n
I <5 R o7
‘Z leg;18; — Z le; 19 } >0,

n
= min {c,+b2, Z| 187 = i ls}
k=1

1<j<n

n n
R |4 Iq2
= D WIS = D Iwigls; } >0
k=1 k=1
n
— mi o R |6
Lg = min {dzj > ledls
- k=1
n n n
I 1¢8 I (6 R <8
= D lekls = D lels) = > |ekj|‘3/} >0
k=1 k=1 k=1
Suppose that L = min{Ly, L3, Ls, L7} and

()= IO+ D I 0+ oI+ Iyl @),
j=1 j=1 j=1 j=1

(14)
then we can get
DIW(t) < —L1 Y Ixf(®)| — Ly Y Ixf(t — 1a())]
j=1 j=1
—L3 Y Ixf(0O] = La Y |x (t — 2(0))]
j=1 j=1
—Ls Y Iyl = Le Y _ YRt — 11 ()]
j=1 j=1
—L7 Y IOl =Ly Y Iyl (t — T (@)
j=1 j=1
< —Li ) Ol =Ly Y Ixf @)l
j=1 j=1
—Ls Y ROl = L7 Y _ Iyl @)l
j=1 j=1
< —-L®() =<0, t=0. (15)

From the Definition 1, we can obtain
1 t
W(r) — W(0) = —/ (t — )~ ' DI (s)ds < 0.
I'(@) Jo

Hence
V() <), t=>0.

Combined with (12), we know that x/(1), x{ (), y{ (1), ¥} (1),
ag(t), cxj(t), bii(t) and dij(t) (k = 1,2,j = 1,2,--- ,n) are
bounded on ¢ > 0.

So, there exists a constant M > 0 satisfying

|IDI®d@) <M, t > 0. (16)

According to Lemma 3, we have hm ®d(r) = 0, that is,

the drive system (1) and the response system (2) are globally
asymptotically synchronized based on the controller (9). The
proof is completed. O

Remark 3: Since the well-known Leibniz chain rule is
invalid for fractional-order derivative [45], combining
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Lemma 2, Lyapunov-like function \V(t), which contains some
square terms of the adaptive coupling strengths, become
difficult to appear on the right side of DIV (t). Therefore,
compared with the classical Lyapunov method [45], Lemma 3
is added in the proof of Theorem 1.

Remark 4: In systems (1) and (2), if m(t), p(t), m(t), p(¢), B
are real-valued vectors, W, E, D, H are real-valued matri-

ces, F(p(1)), Gpt — t1(1)), J1(2), J2(t), U1(¥), Ua(t) are
real-valued vector-valued functions and the controller (9)
becomes

utj(t)=—ay()x;(t) — sgn(x;(0))c (1) x;(t — 2(1))l,
upj(1) = —an;(1)y;(t)— sgn(y;())ca;(1)|y;(t — T1(1))l,
Diayj(t) = Lyj|xj(1)],
Dicyj(t) = Lajlxi(t — ©2(2))],
Diayj(t) = Ls;ly;(1)],
Dcyi(t) = Lejlyj(t — t1(2))].
In this case, assumption 1 becomes:

Assumption 2: The functions Fj(p;(t)), Gj(pj(t — 71(2)))
satisfy the following inequalities

IF;i(1)) — Fi(pi(t))| < 8! [Bi(t) — p;(t)l,
IG;@i(t — T1(1)) — Gi(pj(t — 11 (1))
< &Pt — 1) — pit — @),

(7)

where 8! > 0, 8 > 0 are Lipschitz constants, j =1, --- , n.

Then we can obtain the following result:

Corollary 1: If assumption 2 holds, then the drive system
(1) and the response system (2) are globally asymptotically
synchronized based on the controller (17).

Remark 5: In Remark 4, if we take matrix W = D = 0,
vector J1(t) = Jo(t) = 0, time-varying delays t\(t) =
t(constant), t2(t) = 0, then systems (1) and (2) convert to
systems (1) and (2) in [11], respectively. The drive system (1)
and the response system (2) reach finite-time synchronization
based on feedback controller (7) in [11].

Remark 6: In Remark4, ifwe adopt E = H = 0in systems
(1) and (2), then the controller (17) becomes

u1j(t) = —ay(0)x;(t),

wj(t) = —an;j(t)y;(t),

Diayj(t) = Lyj|xj(t)l,

DAa;(t) = Lsjly;(®)l,
and assumption 2 becomes:

Assumption 3: The functions Fj(p;(t)) satisfy the following
inequalities

\Fi@ie) —FipiaD| <8} i) —pjOl,  j=1,2,---,n,

(18)

where 8]»1 > 0 are Lipschitz constants.

Then we have the following conclusion:

Corollary 2: If assumption 3 holds, then the drive sys-
tem (1) without time delay and the response system (2) are
globally asymptotically synchronized based on feedback con-
troller (18).
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Remark 7: In Remark 6, if we take g = 1, J1(t) = J2(t) =
0, 71(¢) = () = 0, then system (1) without time delay
convert into drive system (1) in [17], which exhibits the
stochastic finite-time synchronization for a class of integer-
order GRNs. For more details, see [17].

Next, we investigate the global anti-synchronization of
DFGRN s based on the other adaptive feedback controller.

Let x;(1) = j(t) 4+ mj(t) = xf (1) + ix] (1), yj(0) = pi(t) +
pi(t) = y]R(t) + iy;(t) (G=1,2,---,n), where

X[ (0) = T + ri(0), x] (1) = ) + ni(0),
YO = 4(0) + (). yj (1) = i) + ().

We choose the other adaptive feedback controllers as fol-
lows:

wij(1) = =X (t) — 2BF — 2J5(0) + S1(1)
—sgn(x (1)ey(0) Xt — @),

vij(t) = —byj(t)x] (t) — 2B} — 2J{,(t) + Sa(1)
—sgn(x! (1)dij(1)lx] (1 — T2(1))],

(1) = —ani(t)yF (1) + 2ix] (t — T2(1))
—sgn(y{())e(OIyf(t — T1(@)] — 275(1)
~2df'x(0) + 2d] x] (1) = 2h{x}' (0 — T2(1)),

vaj(t) = —boj(1)y} (1) — 2df'x] (1) — 2d] 5 (1)
—sgn(yj (0)doj(D)]yj (t = T1(e)] = 2J3(1)
=2 xf(t — Ta(1)) — 2hx] (1 — T2(0)),

DAay(t) = Lyjlxf ()],

DIgj(t) = Lojlxf'(t — (1)),

Dbyi(t) = Lyjlx] (t)],

D7d, (1) = Lyjlx] (t — 2a(0))],

DYay(t) = Lsjlyf (1),

Dey(1) = Lejlyf(t — ()],

Dby(1) = Lyjlyi (1),

DAdyi(1) = Lgjly} (t — 1i(0))],

where Lijtk = 1,2,---, S_,j = 1,2, " ,n) are arbitrary
positive constants, ai;(t), bij(t), ci(t), dii(t) (k = 1,2,
j=1,2,---,n)are adaptive coupling strengths, and

(19)

S1(1) = iwﬁ(—Ff(kk(t), 1 (1))
l::ﬁl*,f(—kk(t), — 1k (1))
_ 2": Wig(=F{ O (0), p14(1)
_;Z(l—ka, S 0))

+ ) eR (=GRt — 1)), wi(t — T1(1)))
k=1
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(@) m1(t), m1(t)

[ ‘5 1‘0 1‘5 2‘0 25 3‘0 3‘5 4‘0 4‘5 50
(b) ma(t), ma(t)
FIGURE 1. Curves of coupled DFGRNs (23) and (24) in 2-dimensional

space based on controller (9) with g = 0.98 and (a) my (t), m;(t);
(b) my(£), iy (£).

—GR (=t — T1(0)), —p(t — T1(1))))

- fjefk(—Gi(Ak(t — 1), it = 11 (1))

—;;ZE—M(: — 1), —pi(t — T(®))),
Sa(t) = Z Wi (=FR (@), i (1)

i,f(—xk(r), — k(1))

+ Z Wi (=F{ (@), i (1)

—;Z(l—xk(m — k(1))

+ ie;k<—G§(Ak(r =10, et = 71 (0)

—ézel(—)»k(t — 11(1), —px(t — 11(1))))

+ ieﬁ(—Gﬁ(xk(r — 11(1), pk(t — 11 (1))

—Ck?zz—)»k(t — 11(1), =kt — 11(1)))).

It is well known that when t — o0, the facts x]R(t) — 0,
xj’(t) - 0, y]R(t) — 0, yj!(z) - 0@ =1,2,---,n) mean

150564

that the drive system (1) and the response system (2) are anti-
synchronized.

From systems (5) and (6), we can get the following error
system:

DUxf(t) = —apef(t) + > whIFEGu (@), ()
k=1
+FROW @), 1 ()]

- Z Wi LF{ (R o), Tik(0)

+§k7<lxk<r), wi()]

+ ane;;[cf(i’k(t = T(0), fikt = 11(1))
—i—(k??(?»k(f — 11(1)), ux(t — 11(1)))]

= > lGLGit — Tt (@), it — T1(0)))

k=1
+GL Ot — T (1)), it — T1(@)]
(1) + 2J4(1) + 2Bf,

Dixf(6) = —apx] (1) + ) whIF{ (o), (1))
k=1
HFL (1), ()]
" N (20)

+ ) WRIFE (), Fx (1)

k=1

+FE O (0), (1))

+ Z elGRGr(t = 1)), it = 1 (1))

—i—é?(?»k(t — 11(1)), ux(t — 71(1)))]

+ Zn:ej;[Gi(Ik(t — (), ikt = 7i(1))
k=1

+Gp (it — T1(1)), pic(t — T1(1))]
+vijt) + 2J4;(1) + 28],

DAYR(t) = —cpyf(t) + dfxf (1) — df x] (1)
(= Ta(0) = hjx] (1 = Ta(0))
Fugi(t) + 275(1),

DAyi(1) = —cjy} () + di*x] (1) + d x (1)
Hh (= T2(0) + X (1 = T2(0)
+j(t) 4 2J3,(0).

Theorem 2: If assumption 1 holds, then the drive system
(1) and the response system (2) are globally asymptotically
anti-synchronized based on feedback controller (19).

Proof: The proof of Theorem 2 is similar to that of
Theorem 1. (|

Remark 8: In systems (1) and (2), if m(t), p(t), m(t), p(t),

B are real-valued vectors, W,E,D,H are real-valued
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() p1(t),p1(?)

FIGURE 2. Curves of coupled DFGRNs (23) and (24) in 2-dimensional
space bass.d on controller (9) with g = 0.98 and (a) m5(t), m5(t);
(b) p1(t), P1 (D).

matrices, F(p(1)), G(p(t — 11(1))), J1(1), J2(1), U1 (1), U2(2)

are real-valued vector-valued functions and the controller
(19) becomes

uyj(t) = —ayj(0)x;(t) — 2B; — 2J1;(1)
—sgn(x;j(1))c (1) |x;(t — 12(1))]
+ ) wi(—F O (0), i (1)

k=1
—Fr (= (1), — k(1))

+ ) (=GOt — 1(®), put — T (1))
k=1

=Gr(=ri(t — 11 (0), —pt — T1(1)))),  (21)
upj(t) = —anj(t)yj(t) — 2J2;(¢)

—sgn(yj())c2i()]y;(t — T1(1))|

—2dix;(t) — 2hix;(t — Ta(t)).
Dlayj(t) = Lyj|xj(1)l,
Diecyj(t) = Lyjlxi(t — ta (),
DAay(t) = Lsjly;(0)l,
Dcyj(t) = Lejlyj(t — t1(2))].

Then we can obtain the following result:

Corollary 3: If assumption 2 holds, then the drive system
(1) and the response system (2) are globally asymptotically
anti-synchronized based on controller (21).

VOLUME 8, 2020

() p2(t), p2(t)

() p3(t), p3(t)

FIGURE 3. Curves of coupled DFGRNs (23) and (24) in 2-dimensional
space basgd on controller (9) with g = 0.98 and (a) p,(t), P, (t);
(b) p3(t), p5(t)-

Remark 9: In Remark 8, ifwe adopt E = H = 0 in systems
(1) and (2), then the controller (21) becomes

u1j(t) = —ay(t)xj(t) — 2B; — 2J1;(1)

+ Z ij(—Fk()\vk (t)v Mk(t))
k=1
—Fi (=i (1), — (1)), (22)
(1) = —anj(t)yj(t) — 2J2i(t) — 2d;xi(1),
anlj(l) = L1j|xj(t)|a
Dfay(t) = Ls;ly;(1)|.

Then we have the following conclusion:

Corollary 4: If assumption 3 holds, then the drive sys-
tem (1) without time delay and the response system (2) are
globally asymptotically anti-synchronized based on feedback
controller (22).

Remark 10: All the results of our corollaries are still new.

IV. NUMERICAL EXAMPLE
In this section, we give some numerical examples to illustrate
the effectiveness of above theoretical results. We take the
step-length & = 0.1 for the improved Adams-Bashforth-
Moulton predictor-corrector scheme [46], which is avail-
able on the fractional-order differential equations with
time-varying delays.

The following fractional-order complex-valued GRNs of
three mRNA and protein nodes with time-varying delays

150565
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(b) ma(t) ma(t)

FIGURE 4. Phase plot of coupled DFGRNs (23) and (24) based on
controller (9) with g = 0.98 and (a) m, (t), m, (t); (b) my(t), m(t).

are considered:

Dim(t) = —Am(t) + WF (p(1))

+EG(p(t — 11(2))) + B+ J1(2),
Dip(t) = —Cp(t) + Dm(1)

+Hm(t — 12(t)) + J2(2),

(23)

where m(r) = (m(1), ma(1), my0), p(t) = (p1(1), p2(0),
p3)T and,A,C,D,H, W, E, Fi(pj(1)), Gj(pj(t)), J1(t), and
Ja(t), as shown at the bottom of the next page. The response
system of the drive system (23) is as follows:

Dim(t) = —Am(t) + WFP(t)) + B + Ji(t)
+EG(p(t — 71(1))) + U1 (1),
Dp(t) = —Cp(t) + Din(t) + Ja(t)
+Hm(t — 12(2)) + Ua(2),

where m(t) = (m1(1), ma(t), ma)', p6) = @1(1), pa(2),
P3O, Ui(0) = (uii(0), uin(0), ui3())', Ua(t) = (ua1(1),
u22 (1), uz3(0)’ .

Let g = 098, 71(r) = m0() , the initial
conditions (m(s), ma(s), m3(s), p1(s), p2(s), p3(s)’" = [1 —
6i,3 —2i,0.5 4 2i,0.3 +0.9i, =5 + 2i, —1.5 + 1.5{]" and
(1 (s), o (s), m3(s), P1(s), Pa(s), pa(s)’ = [1 —2i,1.3 —
0.2i,0.8 + 0.2i,0.7 + 1.9i, —1.5 + 2i, —1.2 + 0.5i]", s €
[—1,0]. From the selected Fj(-), G;(-) functions, we have
81 =65 = 05,80 =83 =8¢ = 67 = 0,84 = g = 0.25.
Hence assumption 1 is satisfied. Now we will discuss system
(24) in two cases:

(24)

| cost|+1
2

150566

0z o4 0 o1 02 03 04 05 06 07 08
w0 1)

(a) m3 (t), ms (t)

(®) p1(t),p1(t)

FIGURE 5. Phase plot of coupled DFGRNs (23) and (24) based on
controller (9) with ¢ = 0.98 and (a) ms(t), m5(t); (b) p; (t), Pq (t).

E3 -4 -3 -2 -1 o 1

(a) p2(t),p2(t)

s = 05 [ 05
POF)

(b) p3(t), p3(t)

FIGURE 6. Phase plot of coupled DFGRNs (23) and (24) based on
controller (9) with g = 0.98 and (a) p,(t), p»(t); (b) p5(t), p3(t)-

(i) Use the synchronization controller in the response
system (24). Let aii(s) = cii(s) = byi(s) = dii(s) =
01k = L,2,j = 1,2,3),s € [-1,0], Lij = 0.1
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(b) 2 (1), By (), 22, (1), da; (1), 5 = 1,2,3
FIGURE 7. Time response of the control gains in controller (9) with
q=0.98 and (a) @y (t), byj (), €;(8), dyj(e).f = 1,2, 3; (b) @y (t), by (1),
&j ), dyj(0),j = 1,2,3.

*k = 1,2,---,8,j = 1,2,3) in controller (9). We take
g = &y = by = dy = 1k = 1,2,j = 1,2,3), then
wehave Ly = 3,L, = 0.7, L3 = 3, L4 = 0.7, Ls = 2.5952,
Le = 0.4025, L7 = 3.0857, Lg = 0.7013. So the inequalities
(13) hold.

According to Theorem 1, the response system (24) will
synchronize with the drive system (23) under controller (9).
The 2-dimensional synchronization diagrams are shown
in Figures 1 — 3, where the X-axis represents the time 7 and
the Y-axis represents the real(imaginary) part of the state
variables. The phase trajectories are shown in Figures 4 — 6,
where the X and Y-axes represent the real and imaginary
parts of the state variables, respectively. In Figures 1 — 6,
the drive-response systems (23) and (24) achieve synchro-
nization under controller (9). Figure 7, where the X-axis
represents the time ¢ and the Y-axis represents the adaptive
gains, shows the adaptive gains ay;(t), cxj(?), l_)k](t) and c_z'k](t)
in controller (9) respectlvely converge to the corresponding
positive constants akl, Ck/, bk] and dk/ k=1,2,j=1,2,3).
Also, the synchronization phenomena exists for arbitrary
initial conditions and ¢g € (0, 1).

(ii)) Use the anti-synchronization controller in the
response system (24). In controller (19), we take the same
parameters and initial conditions with case (i). According
to Theorem 2, the response system (24) will anti-synchronize
with the drive system (23) under controller (19). The
2-dimensional anti-synchronization diagrams are shown
in Figures 8 — 10, where the X-axis represents the time ¢
and the Y-axis represents the real(imaginary) part of the
state variables. The phase trajectories are shown in Fig-
ures 11 — 13, where the X and Y-axes represent the real
and imaginary parts of the state variables, respectively.
In Figures 8 — 13, the drive-response systems (23) and
(24) achieve anti-synchronization under controller (19). Fig-
ure 14, where the X-axis represents the time ¢ and the Y-
axis represents the adaptive gains, shows the adaptive gains
akj(t), Txi(t), byj(t) and dy;(t) in controller (19) respectively
converge to the corresponding positive constants ay;, Cx;j, lAka

30 0 3.5 0 0
0o 0 3 0 0 3.5
1 0 O 0.3 0 0
D=10 1 O}],H=| 0 0.3 0],
0 0 1 0 0 0.3
0.8147 — 0.6948i —0.9134 + 0.0344i 0.2785 + 0.7655i
W =1 0.9058 +0.3171i 0.6324 — 0.4387i —0.5469 + 0.7952i |,
—0.1270 — 0.9502i 0.0975 + 0.3816i 0.9575 + 0.1869i
0.2895 + 0.1469i 0.2872 — 0.2128i —0.0426 + 0.2039i
E =1 0.0473 —0.1337i —0.1456 + 0.2264i 0.1265 + 0.1965i |,
—0.2912 + 0.1939i 0.2401 + 0.0828i 0.2747 — 0.0488i
_ =) . ‘
Fioi0) = 1= i 0= 1.2.3),
| —ew® 1 )
Gj(pj(t)) = 1 + e_ﬂ'j(t) + ll + e_)\]_(,) 0 = 1’ 23 3)7

J1(t) = [sin(t) — 2i cos(r), 3 cos(t + 1) + isin(r — 1), cos(¢) — i cos(t)]”,
Jo(t) = [sin(t) + 2icos(t), 2 cos(t) — i cos(t), sin(t) — 3icos(t)]T.

VOLUME 8, 2020

150567



IEEE Access

Z.\Wu et al.: Global Synchronization and Anti-Synchronization of Fractional-Order Complex-Valued Gene Regulatory Networks

(b) ma(t), m2(t)

FIGURE 8. Curves of coupled DFGRNs (23) and (24) in 2-dimensional
space based on controller (19) with g = 0.98 and (a) m, (t), m, (t);
(b) my(t), my(t).

and cAlkj (k=1,2,j=1,2,3). Also, the anti-synchronization
phenomena exists for arbitrary initial conditions and g €
O, 1).

In order to investigate the effects of the fractional-order g
on synchronization and anti-synchronization of systems (23)

3 3
1 R I
and (24), let error e*(t) = E(Z lx; ()] + 21: lx; (D]+
i=

i=1

3 3
PIAGIESS |y,’.(t)|>, T = min{t : ¢*(t) < &}, where & is
i=1 i=1
the error limit. We get “estimated time”” 7’1 and T3 to achieve
synchronization and anti-synchronization by calculating 7,
respectively. For different fractional-order ¢, the values T
and 7T, are seen in Table 1 with € = 0.1, and the trajectories
of the errors for synchronization and anti-synchronization are
shown in Figure 15. In Figure 15, the X -axis of represents the
time ¢ and the Y-axis represents the errors of synchroniza-
tion or anti-synchronization.

From Table 1, we find that the minimum ‘‘estimated
time” 77 and T, increase with the decreasing of the
fractional-order g, which means that the fractional-order ¢
can effect the synchronization and anti-synchronization of
DFGRN:E.
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PROGHD)

{OGH0)

P

() p1(t),p1(?)

FIGURE 9. Curves of coupled DFGRNs (23) and (24) in 2-dimensional
space based on controller (19) with g = 0.98 and (a) m5(t), m5(t);
(b) p1(t), P1 (D).

OGO

POGO)

(b) p3(t), p3(t)

FIGURE 10. Curves of coupled DFGRNs (23) and (24) in 2-dimensional
space based on controller (19) with g = 0.98 and (a) p,(t), p, (t);
(b) p3(t), p3(t).

Remark 11: From (1), (2) and synchronization controller
(9) ( or anti-synchronization controller (19)), when the GRNs
consists of n mRNAs and n proteins, we need to solve

VOLUME 8, 2020



Z. Wu et al.: Global Synchronization and Anti-Synchronization of Fractional-Order Complex-Valued Gene Regulatory Networks

IEEE Access

| -7
u D
o

(b) ma(t), ma(t)

FIGURE 11. Phase plot of coupled DFGRNSs (23) and (24) based on
controller (19) with g = 0.98 and (a) my (t), m; (t); (b) m,(t), M (t)-

(a) ms (t) ,ms3 (t)

O E)

=06 -04 -02 0 02 04 06 08
pROGT)

(®) p1(t),p1(t)

FIGURE 12. Phase plot of coupled DFGRNs (23) and (24) based on
controller (19) with g = 0.98 and (a) m5(t), ms(t); (b) p; (), Py ()-

a system that contains 12n fractional-order differential equa-
tions. When the time range is [0, 50] and step-length h = 0.1,
the numerical result is a 12n x 500 matrix. This means that the

VOLUME 8, 2020

% -4 -3 E) E] o 1
PEO@EH®)

(a) p2(t), p2(t)

05
POFEE)

(b) p3(t),p3(t)

FIGURE 13. Phase plot of coupled DFGRNs (23) and (24) based on
controller (19) with g = 0.98 and (a) p, (t), P, (t); (b) p3(t), Px(t)-

1,2,3

(), 51, (0), 21, (0), o, (0), 5

0

(b) a2;(t), b2;(t), 25 (1), d2;(1),5 = 1,2,3
FIGURE 14. Time response of the control gains in controller (19) with
q=0.98 and () @y (2), by; (t), &1j(t), dyj(2).j = 1,2,3; (b) @ (t). by (t),
Ezi(t), dzi (t),j=1,2,3.

time complexity and space complexity of our calculation are
O(n), that is, the running time and storage space are linear
functions of n.
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TABLE 1. The minimum “estimated time” T; and T, with different
fractional order q.

g 098 090 085 080 075 0.70 0.65 0.60 0.55
Ty 290 350 5.10 6.80 9.50 13.6 20.1 31.0 50.3
T 1.10 1.10 1.10 1.10 1.30 3.70 5.30 7.40 109

(a) errors for synchronization

(b) errors for anti-synchronization

FIGURE 15. The errors of synchronization and anti-synchronization with
different fractional order q and (a) errors for synchronization; (b) errors
for anti-synchronization.

V. CONCLUSION

By designing two kinds of adaptive feedback controllers
respectively, this paper deals with the global asymptotical
synchronization and anti-synchronization for a class of drive-
response system of fractional-order complex-valued GRNs
with time-varying delays. And by combining fractional-
order Lyapunov-like function method with the fractional-
order inequality techniques, some sufficient criteria for global
asymptotical synchronization and anti-synchronization are
derived.

Compared with the other synchronization conditions
for GRNs, which expressed via linear matrix inequality
(LMI) [17], our sufficient conditions of synchronization and
anti-synchronization are simpler and need not to be calculated
by the MATLAB LMI toolbox in the simulation part, which
avoids the computational complexity caused by high dimen-
sion matrix.

In Table 1, we give the minimum “‘estimated time” T
and T to achieve synchronization and anti-synchronization,
respectively. And we find that the values of 7| and T»
increase with the decreasing of the fractional-order g of
DFGRN:E.

150570

In the future, we will pay more attention to dynamic
behaviors of FGRNs with leakage delay, structured
uncertainties or stochastic disturbance, such as finite-time
synchronization, finite-time stability, Hopf bifurcation, and
explore their corresponding practical application.

APPENDIX
Proof of Lemma 3

Proof: Using the contradiction method. Otherwise,
there is a constant ¢ > 0 and the time series {sx} satisfying

O0<s1 <8< - <S8k < Sky1 < ---and lim s = o0
k—o00

such that
O(sp)>e, k=1,2,---. (25)
1
Denote T = W ¢ 0. When s < t < sp +
T,k = 1,2,---, according to inequality (ii) and (25),
we have
1 t
(1) — B(s) = —— / (t — 99~ DI (s)ds
I'(q) Js
_M* t
> / (t — )7 ds
I'(q) Jy
_ * _ * &
- (—s)l > ———T9=—C,
g+ 1) I'(g+ 1) 2

which shows that ®(z) > ®(s;) — % > %,sk <t <s+
T,k=1,2,---.

Whensy — T <t <s¢,k=1,2,---, from inequality (ii)
and (25), we get

1 Sk 1
D(sp) — P(r) = @ / (sx — 8)7 ' DId(s)ds
t
M* Sk 1
< r@ / (sx —s) 'ds
t
M* * £
= F(—(sk )< —T9=—_,
g+1) I'ig+1 2

which implies that ®(t) > ®(sx) — 5 > 5,50 — T <t <
Sk k=1,2,---.
Therefore,

Q(I)Zg,sk—TSISSIH—T, k=1,2--. (26)

Without losing generality, we assume that these interval
disjoint and sy — T > O, then for any k¥ = 1,2,---,
we get

Sk—1+T <spg =T <spg +T <sp+1—T. 27

When s — T <t < s + T, from inequality (i) and (26),
we get

*

L
D) < 5

Then for any k = 1,2, - - -, we can obtain
Wisy +T)— Wik —T)
1 sk+T

= — sk + T — )7 ' DIW(s)ds
F(CI) sg—T
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—L*e sk+T

=
ZF(‘]) sg—T
-1
=_2‘1 L*qu
I'g+1)

From the Definition 1, we can get

sk + T — )7 \ds

(28)

Wik =T) — W(sk—1 +T)
1 sg—T

sk = T — )47 'DIW(s)ds, (29)

- F(CI) Sk—1+T

and

1 s1—T
V(s —T)—V(0)= m / (s51—T — s)qleq‘-I/(s)ds.
q) Jo
(30)
From inequality (i), (27), (29) and (30), we can obtain

\IJ(S](—1+T)Z\IJ(S](_T)7 k=1727”' ) (31)

and W(0) > W(s; — 7).
From (28) and (31), we have
Wisk +T)— W) = [W(sk +T) — Wisk—1 + T)]
HW(sk—1+T) — V(sk—2 + T)]
+ V(2 +T)— V(s +T)]
+HW(s1 +7)— ¥(0)]

< [Wisk+T)— Wise —T)]
HW(sk—1+T) — Y(sk—1 — T)]
+o [V +T) — V(2 — T)]
HW(s1 +T) = W51 = T)]
29~ 1%
< —— T, (32)
F(g+ 1)
From (32), we have W(sy + T) < W(0) — %m.
It reveals that W(sy + T) — —oo when k — +00, which
contradict with W(z) > 0. So tlim o(r) = 0. O
—00
ACKNOWLEDGMENT

The authors would like to thank the referees for their valuable
comments.

REFERENCES

[1] L.Chenand K. Aihara, “Stability of genetic regulatory networks with time
delay,” IEEE Trans. Circuits Syst. I, Fundam. Theory Appl., vol. 49, no. 5,
pp. 602-608, May 2002.

[2] H. de Jong, “Modeling and simulation of genetic regulatory systems:
A literature review,” J. Comput. Biol., vol. 9, no. 1, pp. 67-103, Jul. 2002.

[3] M.B.Elowitzand S. Leibler, “A synthetic oscillatory network of transcrip-
tional regulators,” Nature, vol. 403, no. 6767, pp. 335-338, Jan. 2000.

[4] X. Fan, Y. Xue, X. Zhang, and J. Ma, “Finite-time state observer for
delayed reaction-diffusion genetic regulatory networks,” Neurocomputing,
vol. 227, pp. 18-28, Mar. 2017.

[5] N. Friedman, M. Linial, I. Nachman, and D. Pe’er, “Using Bayesian
networks to analyze expression data,” J. Comput. Biol., vol. 7, nos. 3—4,
pp. 601-620, Aug. 2000.

[6] C. Chaouiya, E. Remy, and D. Thieffry, “‘Petri net modelling of biological
regulatory networks,” J. Discrete Algorithms, vol. 6, no. 2, pp. 165-177,
Jun. 2008.

VOLUME 8, 2020

[7]

[8]

[9]

(10]

(11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

(19]

(20]

[21]

[22]

(23]

(24]

[25]

[26]

(27]

(28]

[29]

(30]

B. Tao, M. Xiao, Q. Sun, and J. Cao, “Hopf bifurcation analysis of a
delayed fractional-order genetic regulatory network model,” Neurocom-
puting, vol. 275, pp. 677-686, Jan. 2018.

T. Yu, X. Zhang, G. Zhang, and B. Niu, “Hopf bifurcation analysis for
genetic regulatory networks with two delays,” Neurocomputing, vol. 164,
pp. 190-200, Sep. 2015.

Z. Zhang, J. Zhang, and Z. Ai, “A novel stability criterion of the time-
lag fractional-order gene regulatory network system for stability analysis,”
Commun. Nonlinear Sci. Numer. Simul., vol. 66, pp. 96-108, Jan. 2019.
P.Liand J. Lam, “Synchronization in networks of genetic oscillators with
delayed coupling,” Asian J. Control, vol. 13,n0. 5, pp. 713-725, Feb. 2011.
Y. Qiao, H. Yan, L. Duan, and J. Miao, “Finite-time synchronization of
fractional-order gene regulatory networks with time delay,” Neural Netw.,
vol. 126, pp. 1-10, Jun. 2020.

F. Ren, F. Cao, and J. Cao, “Mittag—Leffler stability and generalized
Mittag—Leffler stability of fractional-order gene regulatory networks,”
Neurocomputing, vol. 160, pp. 185-190, Jul. 2015.

L. Wu, K. Liu, J. Lii, and H. Gu, “Finite-time adaptive stability of
gene regulatory networks,” Neurocomputing, vol. 338, pp.222-232,
Apr. 2019.

M. Xiao, W. X. Zheng, G. Jiang, and J. Cao, *Stability and bifurcation anal-
ysis of arbitrarily high-dimensional genetic regulatory networks with hub
structure and bidirectional coupling,” IEEE Trans. Circuits Syst. I, Reg.
Papers, vol. 63, no. 8, pp. 1243-1254, Aug. 2016.

D. Yue, Z.-H. Guan, J. Li, F. Liu, J.-W. Xiao, and G. Ling, “Stability
and bifurcation of delay-coupled genetic regulatory networks with hub
structure,” J. Franklin Inst., vol. 356, no. 5, pp. 2847-2869, Mar. 2019.
Y. Zhang, Y. Pu, H. Zhang, Y. Cong, and J. Zhou, “An extended fractional
Kalman filter for inferring gene regulatory networks using time-series
data,” Chemometric Intell. Lab. Syst., vol. 138, pp. 57-63, Nov. 2014.

N. Jiang, X. Liu, W. Yu, and J. Shen, “Finite-time stochastic synchro-
nization of genetic regulatory networks,” Neurocomputing, vol. 167,
pp. 314-321, Nov. 2015.

J. Zhang, J. Wu, H. Bao, and J. Cao, “Synchronization analysis of
fractional-order three-neuron BAM neural networks with multiple time
delays,” Appl. Math. Comput., vol. 339, pp. 441-450, Dec. 2018.

Y.-J. Zhang, S. Liu, R. Yang, Y.-Y. Tan, and X. Li, ““Global synchroniza-
tion of fractional coupled networks with discrete and distributed delays,”
Phys. A, Stat. Mech. Appl., vol. 514, pp. 830-837, Jan. 2019.

1. Petras, “A note on the fractional-order cellular neural networks,”” in Proc.
IEEE Int. Joint Conf. Neural Netw., Vancouver, BC, Canada, Jul. 2006,
pp. 1021-1024.

J. Yu, C. Hu, H. Jiang, and X. Fan, “Projective synchronization for frac-
tional neural networks,” Neural Netw., vol. 49, pp. 87-95, Jan. 2014.
R.Ji, L. Ding, X. Yan, and M. Xin, “Modelling gene regulatory network by
fractional order differential equations,” in Proc. IEEE 5th Int. Conf. Bio-
Inspired Comput., Theories Appl. (BIC-TA), Changsha, China, Sep. 2010,
pp. 431-434.

L. M. Pecoraand T. L. Carroll, ““Synchronization in chaotic system,” Phys.
Rev. Lett., vol. 64, no. 8, pp. 821-824, Feb. 1990.

B. Kaviarasan, O. M. Kwon, M. J. Park, and R. Sakthivel, “Composite
synchronization control for delayed coupling complex dynamical networks
via a disturbance observer-based method,” Nonlinear Dyn., vol. 99, no. 2,
pp. 1601-1619, Jan. 2020.

X. Song, S. Song, and B. Li, “Adaptive synchronization of two time-
delayed fractional-order chaotic systems with different structure and dif-
ferent order,” Optik, vol. 127, no. 24, pp. 11860-11870, Dec. 2016.

C. Chen, L. Li, H. Peng, and Y. Yang, “Adaptive synchronization of
memristor-based BAM neural networks with mixed delays,” Appl. Math.
Comput., vol. 322, pp. 100-110, Apr. 2018.

H. Bao, J. H. Park, and J. Cao, “Synchronization of fractional-order
complex-valued neural networks with time delay,” Neural Netw., vol. 81,
pp. 16-28, Sep. 2016.

W. Xu, S. Zhu, X. Fang, and W. Wang, “Adaptive anti-synchronization
of memristor-based complex-valued neural networks with time delays,”
Phys. A, Stat. Mech. Appl., vol. 535, Dec. 2019, Art. no. 122427.

S. Yamaguchi, H. Isejima, T. Matsuo, R. Okura, K. Yagita,
M. Kobayashi, and H. Okamura, “Synchronization of cellular clocks in
the suprachiasmatic nucleus,” Science, vol. 302, no. 5649, pp. 1408-1412,
Nov. 2003.

I. Stamova, ““Global Mittag—Leffler stability and synchronization of impul-
sive fractional-order neural networks with time-varying delays,” Nonlinear
Dyn., vol. 77, no. 4, pp. 1251-1260, Apr. 2014.

150571



IEEE Access

Z.\Wu et al.: Global Synchronization and Anti-Synchronization of Fractional-Order Complex-Valued Gene Regulatory Networks

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

I. Stamova and G. Stamov, “Mittag—Leffler synchronization of fractional
neural networks with time-varying delays and reaction—diffusion terms
using impulsive and linear controllers,” Neural Netw., vol. 96, pp. 22-32,
Dec. 2017.

M. M. Al-Sawalha and A. Al-Sawalha, “Anti-synchronization of fractional
order chaotic and hyperchaotic systems with fully unknown parameters
using modified adaptive control,” Open Phys., vol. 14, no. 1, pp. 304-313,
Aug. 2016.

Z. Zhang, A. Li, and S. Yu, “Finite-time synchronization for delayed
complex-valued neural networks via integrating inequality method,” Neu-
rocomputing, vol. 318, pp. 248-260, Nov. 2018.

M. Yuan, W. Wang, X. Luo, L. Liu, and W. Zhao, “Finite-time anti-
synchronization of memristive stochastic BAM neural networks with
probabilistic time-varying delays,” Chaos, Solitons Fractals, vol. 113,
pp. 244-260, Aug. 2018.

B. Kaviarasan, O.-M. Kwon, M. J. Park, and R. Sakthivel, “Integrated
synchronization and anti-disturbance control design for fuzzy model-based
multiweighted complex network,” IEEE Trans. Syst., Man, Cybern., Syst.,
early access, Jan. 8, 2020, doi: 10.1109/TSMC.2019.2960803.

H. Li, J. Cao, H. Jiang, and A. Alsaedi, “Finite-time synchronization of
fractional-order complex networks via hybrid feedback control,” Neuro-
computing, vol. 320, pp. 69-75, Dec. 2018.

H.-L. Li, L. Zhang, C. Hu, H. Jiang, and J. Cao, ““Global Mittag—Leffler
synchronization of fractional-order delayed quaternion-valued neural net-
works: Direct quaternion approach,” Appl. Math. Comput., vol. 373,
May 2020, Art. no. 125020.

Z.Wu, Z. Wang, and T. Zhou, “Global stability analysis of fractional-order
gene regulatory networks with time delay,” Int. J. Biomath., vol. 12, no. 6,
Aug. 2019, Art. no. 1950067.

H. Zang, T. Zhang, and Y. Zhang, “Bifurcation analysis of a mathematical
model for genetic regulatory network with time delays,” Appl. Math.
Comput., vol. 260, pp. 204-226, Jun. 2015.

F. Ren and J. Cao, “Asymptotic and robust stability of genetic regulatory
networks with time-varying delays,” Neurocomputing, vol. 71, nos. 4-6,
pp. 834-842, Jan. 2008.

M. Syed Ali, P. Balasubramaniam, and Q. Zhu, “Stability of stochas-
tic fuzzy BAM neural networks with discrete and distributed time-
varying delays,” Int. J. Mach. Learn. Cybern., vol. 8, no. 1, pp. 263-273,
Feb. 2017.

1. Podlubny, Fractional Differential Equations. San Diego, CA, USA:
Academic, 1999.

S. Zhang, Y. Yu, and W. Hu, “Robust stability analysis of fractional-order
Hopfield neural networks with parameter uncertainties,” Math. Problems
Eng., vol. 2014, Apr. 2014, Art. no. 302702.

H. Bao, J. H. Park, and J. Cao, “Adaptive synchronization of fractional-
order memristor-based neural networks with time delay,” Nonlinear Dyn.,
vol. 82, no. 3, pp. 1343-1354, Jul. 2015.

B.-B. He, H.-C. Zhou, C.-H. Kou, and Y. Chen, “New integral inequalities
and asymptotic stability of fractional-order systems with unbounded time
delay,” Nonlinear Dyn., vol. 94, no. 2, pp. 1523-1534, Jun. 2018.

K. Diethelm, N. J. Ford, and A. D. Freed, “A predictor-corrector approach
for the numerical solution of fractional differential equations,” Nonlinear
Dyn., vol. 29, nos. 1-4, pp. 3-22, Jul. 2002.

150572

ZHAOHUA WU received the B.S. and M.S.
degrees in mathematics from Hunan Normal Uni-
versity, Changsha, China, in 2002 and 2005,
respectively, and the Ph.D. degree in bioin-
formatics from Hunan Agricultural University,
Changsha, in 2019. Since 2005, she has been a
Lecturer with the College of Information and Intel-
ligence Science, Hunan Agricultural University.
Her research interests include differential equa-
tions and dynamical systems.

ZHIMING WANG received the B.S. degree in
applied mathematics from Hunan Normal Univer-
sity, Changsha, China, in 2000, the M.S. degree
in computer science and technology from the
Changsha University of Science and Technol-
ogy, Changsha, in 2006, and the Ph.D. degree
in agriculture from Hunan Agriculture University,
Changsha, in 2013. He is currently an Associate
Professor with the College of Information and
Intelligence Science, Hunan Agricultural Univer-

sity. His current research interests include differential equations and artificial

TIEJUN ZHOU received the M.Sc. degree in
applied mathematics from the University of
Hunan, Changsha, China, in 2003, and the Ph.D.
degree in mathematics from Center South Univer-
sity, Changsha, China, in 2007. He is currently
a Professor with the College of Information and
Intelligence Science, Hunan Agricultural Univer-
sity, Changsha. His research interests focus on
the theory of differential and difference equa-
tions, neural networks, and population dynamical
systems.

SIQIAO TAN received the M.S. and Ph.D. degrees
in agriculture from Hunan Agricultural University,
Changsha, China, in 2004 and 2008, respectively.
He is currently a Professor with the College
of Information and Intelligence Science, Hunan
Agricultural University. His research interests
focus on biological data analysis.

VOLUME 8, 2020


http://dx.doi.org/10.1109/TSMC.2019.2960803

