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ABSTRACT In this article, we consider a dual-hop full-duplex (FD), amplify-and-forward, orthogonal
frequency division multiplexing (OFDM) relaying network, where the relay operates based on a
time-switching architecture to harvest energy from radio frequency signals. We use a polarization-enabled
digital self-interference cancellation (PDC) scheme to cancel the self-interference signal at the relay in order
to achieve FD communications. The paper provides a comprehensive analysis of the system performances
in terms of outage probability and throughput over multipath Rayleigh fading channels. Furthermore,
the optimal time split between the duration of energy harvesting and signal transmission to maximize the
system throughput is numerically calculated. We also derive the asymptotic lines to simplify the expressions
of outage probability and throughput at high transmit signal-to-noise ratios (SNR). Our analysis and
simulation results show that the proposed FD relaying system by utilizing a proper time split fraction can
boost the system throughput significantly over an appreciable range of transmitting SNR values, compared
to half-duplex (HD) relaying systems.

INDEX TERMS Dual-hop systems, full-duplex relaying, energy harvesting, throughput, outage probability,
OFDM.

I. INTRODUCTION
The conventional energy-constrainedwireless networks, such
as wireless sensor networks, have a limited lifetime. For the
energy-limited sensors, recharging or replacing batteries is
periodically performed to sustain network operations, which
is costly, time-consuming, and sometimes infeasible due to
some physical limitations, such as hazardous environments.
Wireless energy harvesting (EH) techniques provide a solu-
tion to realize the long-term operation of the sensors in this
kind of scenario. Some preliminary works [1]–[3] rely on nat-
ural energy sources, such as solar, wind, and thermoelectric
effects to provide EH. However, these sources cannot be con-
trolled and the harvesting requires peripheral EH equipment.
Recently, EH techniques using radio frequency (RF) signals
and electromagnetic (EM) induction to achieve energy trans-
fer have attracted significant interest because the man-made
RF signal and EM induction can steadily deliver energy to
the destination to provide a reliable energy supply. In [4],
the authors consider a system with a single transmit antenna
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andmultiple receive antennas, where the energy is transferred
to the destination through RF signals. The diversity combin-
ing technique is used to improve the EH performance. The
works in [5]–[7] propose methods that use the EM induction
mechanism to achieve EH, where the EM energy conversion
is based on Faraday’s law.Wireless EH from an EM induction
requires the designing of EM power-generators and usually
works in a short distance while RF signals can readily carry
both energy and information at the same time to the receiver
at distance. Thus, the EH fromRF signals can cost-effectively
prolong the lifetime of wireless communications systems.

The cooperative communication is widely adopted to
improve the system performances and extend the coverage of
wireless networks. In [8], a source transmitting information
to destination through either the direct source-to-destination
link or the assistance of K relays is researched. The use
of the direct link can provide spatial diversity and increase
the spectral efficiency of the relaying system. However,
the direct link is not always available in practice. Therefore,
numerous works, such as [9]–[11], have researched relaying
systems without a direct link between the source and the
destination, which is applicable to the situation when the
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distance between the source and the destination is large so
that the destination is not within the coverage area of the
source and when the direct link is in heavy shadowing due
to obstructions. In the cooperative communication, the two
most commonly used relaying protocols include the amplify-
and-forward (AF) protocol and the decode-and-forward (DF)
protocol. In the AF protocol, the relay node amplifies the
received signal from the source and then forwards to the
destination [8], [10], [12]–[15] while the DF protocol decodes
the received signal at the relay before forwarding [8], [9],
[14], [16], [17]. Combining relaying systems with EH has
also seen an upsurge of research interests recently. In [12],
the authors consider a HD system in which the relay transmits
and receives information in different time slots over Rayleigh
flat-fading channels. They derive the analytical expression of
the outage probability and the ergodic capacity to determine
the throughput performance and investigate the effect of var-
ious system parameters on the performance of wireless EH
relaying systems. In [9], a relay selection protocol for EH
systems with no direct link between the source and destina-
tion is proposed, where the highest energy signal is chosen
by the relay for harvesting energy. The system performance
in terms of outage probability is researched over Rayleigh
fading channels. Later in [13], the average throughput is
analyzed for the EH cooperative system by considering both
continuous-time and discrete-time EH protocols over Rician
fading channels. In [15], the non-linear energy harvester at
the relay is studied over Nakagami-m fading channels. The
work in [16] considers the N th best-relay selection scheme in
EH systems, where the destination selects the relay based on
the N th-order channel gains. The authors evaluate the exact
outage probabilities of time switching-based relaying (TSR)
protocol and power splitting-based relaying (PSR) proto-
col. In [11], the authors investigate the achievable information
rate in the MIMO-OFDM networks with a wireless power
relay. However, it is worth pointing out that all these works
are limited to the HD mechanism, i.e., the relay node cannot
receive and transmit information simultaneously in the same
frequency band.

The HD relaying architecture is widely used in
conventional wireless networks due to its simpler system
design. However, HD transmission leads to a loss of spectrum
efficiency. To overcome this problem, the FD architecture is
proposed to achieve concurrent transmission and reception
in the same band. In [14], the throughput performance and
the optimal time splitting in the FD relaying system with
wireless power transfer for single-carrier communication are
studied. In [8], a partial relay selection scheme is proposed
to implement FD transmission, where the relay having the
best-receiving information signal is selected. However, these
works neither consider multipath frequency-selective fading
channels nor any specific self-interference cancellation (SIC)
method. The work in [18] simulates the throughput and BER
performances of a FDEH relaying system in comparisonwith
those of a HD EH relaying system. However, [18] does not
derive the analytical expressions of outage probability and

throughput and only considers flat-fading channels with a
single carrier system.

To the best of the authors’ knowledge, for the first time,
the OFDM technique and the oblique projection method
are adopted in this work to achieve a FD transmission in
EH relaying systems. This work (i) provides a comprehen-
sive analysis of the system performances in terms of outage
probability and throughput; (ii) considers frequency-selective
fading with the application of OFDM; and (iii) derives the
optimal time splitting factor between the duration of energy
harvesting and that of signal transmission to maximize the
system throughput.

The main target of our research is to focus on a dual-hop
scenario where the direct link from the source to destina-
tion is not available due to obstructions or a large distance.
An intermediary relay is deployed, which is powered by the
wireless RF signal in the first phase and implements simulta-
neous transmission and reception at the same frequency band
in the second phase. This system model can be potentially
applied in various energy-constrained scenarios. For exam-
ple, in wireless sensor networks, a node with a fixed power
supply wants to send information to a sensor. The direct link
between them is interrupted by obstacles. So, the node needs
an intermediary sensor to assist its information transmission.
To prolong the lifetime of the intermediary sensor, the EH
sensor is used instead of a battery-limited sensor. Another
example is that, a source station wants to transmit data to
a destination station which is far away from the source.
A relay node with a fixed energy supply is unavailable due
to the rugged environment. In this scenario, deploying an
EH relay is a more convenient solution to help information
transmission from the source to the destination. As for the
SIC, we consider the combination of antenna polarization
and oblique projection, i.e., the polarization-enabled digi-
tal self-interference cancellation scheme, to eliminate the
self-interference (SI) at the relay. In order to demonstrate the
outage probability and throughput of our proposed system,
the performance of the HD EH relaying system in [12] is used
as a benchmark.

The main contributions of the paper includes:
• We present analytical expressions for the outage
probability and the system throughput. Specifically,
the expressions of the outage probability are derived
using two methods. Our findings show that, the method
that considers the product distribution of the source-relay
channel and relay-destination channel is more accurate
at low SNRs, both methods are accurate at high SNRs.

• The optimal time split between the EH and information
exchange phases is calculated numerically to maximize
the system throughput. The outage probability decreases
along with the increase of the EH duration.

• A PDC scheme is used at the relay to cancel the SI
signal. The results show that, with this cancellation tech-
nique, the throughput of our FD relaying system can
be nearly doubled, compared to that of the HD relaying
system.
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FIGURE 1. System model with multipath propagation.

• By comparing the FD and HD relaying architectures,
the paper demonstrates that FD relaying can boost the
system throughput with a proper time split and transmit
SNR. Although HD relaying outperforms the FD relay-
ing in terms of outage probability, the performance gap
gradually diminishes when the time split factor is large.

• At a high transmit SNR, we simplify the expressions
for the outage probability and the system throughput to
obtain the corresponding asymptotic lines.

The rest of this article is organized as follows. Section II
introduces the system model of our FD EH relaying system
and the theory of using oblique projection to cancel the SI
signals at the relay. Section III models EH and information
transmission processes and illustrates the analytical expres-
sions of the outage probability, throughput, and optimal time
splitting. Section IV illustrates numerical results to vali-
date the theoretical analyses and provides comparisons with
a existing solution in the literature to demonstrate system
performances.

II. FD RELAYING
A. SYSTEM DESCRIPTION
We consider a dual-hop AF relaying system with FD
transmission and wireless power transfer, as shown
in Fig. 1, in which the source (S) communicates with the
destination (D) with the help of the relay (R) as the direct
link does not exist. The source and destination are equipped
with one orthogonal dual-polarized antenna while the relay is
equipped with two orthogonal dual-polarized antennas [19],
i.e., one for transmission and one for reception during the
information transmission phase [20], [21]. The source node
has a fixed energy supply while the relay only has a limited
power supply and relies on EH from the source transmitting
signals [12]. The EH model at the relay is assumed as
a linear RF model [10], [12], which is applicable to the
scenario when the input RF power is high [22], [23]. Besides,
we adopt the OFDM technique that divides the total system
bandwidth B into M sub-bands, which effectively produce
M frequency-flat fading channels. At the relay, we adopt the
PDC scheme to remove the SI signals in our FD system.

Let d1 and d2 be distance from S to R and from R to D.
We use the model λ1 = d−β1 and λ2 = d−β2 to
take into account path loss, where β denotes the path
loss exponent. The channel coefficient vector of S−R is
hsr = [hsr,1, . . . , hsr,L], R−D is hrd = [hrd,1, . . . , hrd,L],
and the loop-back interference channel of the relay is

FIGURE 2. Time-switching EH architecture in a FD system.

FIGURE 3. Time-switching EH architecture in a HD system.

TABLE 1. A summary of common notations.

hsi = [hsi,1, . . . , hsi,L], where L is the number of multipath
channels.

To enable FD communication in our system, we adopt the
FD time switching-based relaying (TSR) protocol in [14],
[18], hence the whole communication process includes two
phases as shown in Fig. 2. We define T (seconds) as the
whole block time, and 0 < α < 1 as the time splitting
factor, then the first duration αT is used for the relay to
harvest energy. The remaining block time (1−α)T is used for
information transmission. In particular, during this phase, the
transmissions between the source and relay as well as
the transmission between the relay and destination occur at
the same time and in the same frequency band to increase
spectral efficiency. For comparison, we also consider the HD
EH relaying systemwith the TSR protocol as shown in Fig. 3,
where the whole process is divided into three phases. The αT
duration is used for EH, the first (1 − α)T/2 time is used
for information transmission from the source to the relay,
and the remaining (1 − α)T/2 time is used for information
transmission from the relay to the destination.

B. PDC SCHEME
In this section, we introduce the theory of using the PDC
scheme at the relay to eliminate the loop-back SI. The
common notations are summarized in Table 1. The PDC
scheme [19], [24] in our system requires the orthogonal
dual-polarized antennas at the three nodes as well as the
adoption of the oblique projection at the relay node.

We first introduce the Jones vector J = [JH JV ]T =
[cos(ε) sin(ε) exp(jδ)]T to express the signal polarization,
where JH represents the horizontal component, JV represents
the vertical component of the transmitted signal, ε ∈ [0, π/2]
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FIGURE 4. Three-way resolution of Euclidean space.

represents the polarization angle and δ ∈ [0, 2π ] repre-
sents the phase difference between the vertical and horizon-
tal components. The polarization states (PSs) of the desired
information signal and the SI signal are denoted as S and I
respectively.

S =
[
S1 S2

]T
=
[
cos(εs) sin(εs) exp(jδs)

]T
I =

[
I1 I2

]T
=
[
cos(εi) sin(εi) exp(jδi)

]T
. (1)

where εi, εs ∈ [0, π/2] and δi, δs ∈ [0, 2π ]. In this
article, we use dual-polarized antennas in communication.
In the source-to-relay link, the PS S is used, while, in the
relay-to-destination link, the PS I is used. It is worth noting
that the re-transmitted signals from the relay to destination
and the SI signal at the relay have the same PS I.
Then, we introduce the vector V as the received signal

at the relay, which includes both desired information signal
received from the source node and its SI signal. In order to
preserve the information signal and cancel the SI signal at
the same time, the oblique projection is applied. As shown
in Fig. 4, the orthogonal projection in the space 〈A,S,S⊥〉
is denoted as P with subscripts, which includes two com-
ponents, PSI and PA projections. The oblique projection is
denoted as E with the subscripts indicating the respective
ranges. The well-known formula of an orthogonal projection
with some range 〈B〉 isPB = B(BHB)−1BH , thus the signalV
after the orthogonal projection onto the linear subspace 〈S I〉
is given by [24]

PSI =
[
S I

] [SHS SHI
IHS IHI

]−1 [SH
IH

]
, (2)

where the sub-spaces 〈S〉 and 〈I〉 are non-overlapping or
disjoint. This orthogonal projection can be decomposed as

PSI = ES + EI, (3)

where ES and EI are two oblique projections with the respec-
tive ranges 〈S〉 and 〈I〉 and the respective null spaces 〈I〉 and
〈S〉, which are given by

ES =
[
S 0

] [SHS SHI
IHS IHI

]−1 [SH
IH

]
EI =

[
0 I

] [SHS SHI
IHS IHI

]−1 [SH
IH

]
, (4)

where 0 represents a zero vector. We choose QSI = ES to be
the oblique projection operator of the PDC scheme as we aim

to maintain the desired signal with the PS S while cancelling
the SI signal with the PS I [19].

QSI =
[
S 0

] [SHS SHI
IHS IHI

]−1 [SH
IH

]
= S

[
SHI⊥S

]−1SHI⊥, (5)

where I⊥ = (E−I IH) withE =
[
1 0
0 1

]
. I⊥ has the properties:

I⊥I = 0 and I⊥S = S. This means I⊥ is a null-steering
operator because it nulls everything in the interference space
〈I〉whilemaintaining the signal space 〈S〉. In addition, the PSs
have the property of SHS = 1 and IHI = 1. As a result,
the operator QSI has the following properties:

QSIS = S
[
SHI⊥S

]−1SHI⊥S = S

QSII = S
[
SHI⊥S

]−1SHI⊥I = 0. (6)

The property QSI[S I] = [S 0] is the key to cancelling
SI in the PDC scheme. Although the incoming signal Yin of
the PDC scheme consists of the desired signal and the SI
signal, the product of the matrix SHQSI and Yin can effec-
tively preserve the desired signal, and cancel the SI signal
at the same time. The detailed analyses will be presented in
Section III. The PDC scheme at the relay node may consume
some power. In this work, we assume that the power used
by the PDC cancellation scheme is negligible compared to
the power used for signal transmission. This assumption is
reasonable because the power consumed by the PDC scheme
is mainly for multiplying the incoming signal Yin with the
matrix SHQSI as shown in (17).

III. SIGNAL MODELING
A. RELAY-ASSISTED TRANSMISSION
In this article, we assume the channel coefficients |hsr,l |2

and |hrd,l |2 are independent and identically distributed
(i.i.d.) exponential random variables. We have the following
theorem.
Theorem 1: If hsr = [hsr,1, hsr,2, . . . , hsr,L] where hsr,l ∼

CN (0, �) (i.e. |hsr,l | ∼ Rayleigh(�), l = 1, . . . ,L), and
Hsr = [Hsr,1, . . . ,Hsr,M ] = fft(hsr ), where M is the
number of sub-bands in the OFDM system, then Hsr,m,
where m = 1, . . . ,M , are also Rayleigh random variables
|Hsr,m| ∼ Rayleigh(L�/M ) if M > L [25].

Proof: A Rayleigh random variable hsr,l ∼ CN (0, �)
with E{|hsr,l |2} = 1 can be considered as a Nakagami-m
random variable, i.e., hsr,l ∼ Nakagami-m(1, �). It is
known that |Hsr,m| follows Nakagami-m(k ′, �′), where
k ′ = L/(L− 1+ 1) = 1 and�′ = (1/M )

∑L−1
l=1 � = L�/M

[26]. Thus, |Hsr,m| ∼ Rayleigh(L�/M ) [25].
From Theorem 1, it is clear that X = |Hsr,m|2 and

Y = |Hrd,m|2 are exponentially distributed random variables.
We set the mean values of X and Y are λs and λd respec-
tively. The probability density function (PDF) fX (x) of X ,
the cumulative distribution function (CDF) FY (y) of Y and
the cumulative distribution function FZ (z) of Z = XY can be
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expressed as [9], [14]

fX (x) = f|Hsr,m|2 (x) =
1
λs
e−

x
λs , (7)

FY (y) = Pr(Y < y) = 1− e−
y
λd , (8)

FZ (z) = 1− 2
√

z
λsλd

K1

(
2
√

z
λsλd

)
, (9)

where K1(·) is the first-order modified Bessel function of
the second kind [27]. In this article, we consider the nor-
malised channels for fair comparisons, thus λs = 1 and
λd = 1.

Let us begin with the EH phase. Define Xe =

[Xe,1, . . . ,Xe,M ] as the original transmitted vector in the
frequency domain which contains modulated energy symbols
and e = [e1, . . . , eM ] as the transmitted symbol vector used
to deliver energy from the source to the relay before cyclic
prefix (CP) is added. The received base-band energy signal
after CP removal at the relay is expressed as

ye =
√
Pa(e⊕ hsr )+ ne

=

√
Pa
[
ifft(fft(e) . ∗ fft(hsr ))

]
+ ne, (10)

where Pa =
Ps
dβ1

and Ps represents the transmission power

at the source, ⊕ represents cyclic convolution, .∗ repre-
sents element-wise multiplication, ne represents the white
Gaussian noise (AWGN) at the relay with the variance of
N0, fft represents fast Fourier transform and ifft represents
inverse fast Fourier transform. Then, the received signal in
the frequency domain is

Ye = fft(ye) =
√
Pa(Xe. ∗Hsr )+ Ne, (11)

where Xe = fft(e), Hsr = fft(hsr ) and Ne = fft(ne). Using
(11), the harvested energy Eh,m for the m-th sub-carrier at the
relay during αT time is given by [28]

Eh,m =
ηPs|Hsr,m|2

dβ1
αT , (12)

where m = 1, . . . ,M and 0 < η < 1 is the energy
conversion efficiency. The relay transmitting power for the
m-th sub-carrier is

Pr,m =
Eh,m

(1− α)T
=

ηαPsX

(1− α)dβ1
. (13)

Now, we consider the FD information transmission phase.
Denote x = [x1, . . . , xM ] as the transmitted information
signal at the source before adding CP with the assumption
of E{|xm|2} = 1. Denote z = [z1, . . . , zM ] as the SI signal,
which is the delayed version of x caused by the processing
time of the relay. In the system with multipath transmissions,
the desired received signal from the source transmitter and
received SI signal from the local transmitter at the relay are
denoted by ycp1 and ycp2 respectively. As a result, the over-
all received signal at the relay in the conventional system,
i.e., without polarization, is given by

yr = ycp1 + ycp2 + nr , (14)

where nr is the white Gaussian noise (AWGN) at the relay
with the variance of N0.

As opposed to the conventional system, our system uses
the dual-polarized antennas for transmission and reception.
In particular, xcp is polarized by the PS of the information
signal S, and zcp is polarized by the PS of the SI signal I. Thus,
the desired received signal and SI signal have both horizontal
and vertical components. The overall received signal at the
relay in our system is represented as

yr = S ycp1 + I ycp2 + nr

=

[
y1H
y1V

]
+

[
y2H
y2V

]
+

[
nH
nV

]
, (15)

where y1H , y2H and nH represent the horizontal components
and y1V , y2V and nV represent the vertical components. After
applying FFT to yr , the received OFDM symbol at the relay
in the frequency domain is
Yin = fft(yr )

=

[
S1
√
Pa X . ∗Hsr

S2
√
Pa X . ∗Hsr

]
+

[
I1
(√

Pi . ∗ Z
)
. ∗Hsi

I2
(√

Pi . ∗ Z
)
. ∗Hsi

]
+ Nr

= S(
√
Pa X . ∗Hsr )+ I(

√
Pi . ∗ Z . ∗Hsi)+ Nr , (16)

where X = fft(x), Hsr = fft(hsr ), Z = fft(z), Hsi = fft(hsi)

and Nr =

[
fft(nH )
fft(nV )

]
. Pi is the power of the SI signal at

the relay. Pi is assumed to be smaller than the transmitted
power (by the relay) by 25 dB, where Pi = [Pi,1, . . . ,Pi,M ],
due to the difference in polarisation schemes as well as
some passive SI cancellation techniques, such as absorptive
shielding, circulator and directional isolation [29]. Then, Yin
is processed by the PDC scheme, which includes two main
operations. Firstly, we use the oblique projection operatorQSI
to maintain the desired signal and cancel the SI signal of Yin,
i.e.,QSI[S I] = [S 0]. Secondly, we use SH to de-polarize
the desired signal, i.e., SHS = 1. Thus, the output signal Yout
of the PDC scheme is given by

Yout = SHQSIYin

= SHQSI S(
√
Pa X . ∗Hsr )

+SHQSI I(
√
Pi . ∗ Z . ∗Hsi)+ SHQSI Nr

=

√
Pa(X . ∗Hsr )+Nr , (17)

where Nr = SHQSI Nr is the additional noise component
caused by the PDC scheme, which has a variance of MN0

2 .
After applying equalization to the signal Yout , we obtain Yr

Yr =
√
PaX+Nr ./Hsr . (18)

With the AF protocol, the power of the input signal for the

m-th sub-carrier will be amplified at the relay by a factor ξ
1
2
m

which is given by

ξm =
Pr,m

Ps
dβ1
+

N0
2

1
X

, (19)

where the denominator Ps
dβ1
+

N0
2X is the power constraint factor,

i.e., the power of the received signal per sub-carrier at the
relay using (18). Substitute (13) into (19), we obtain

ξm =
2αηPsX2

(1− α)(2PsX + N0d
β

1 )
. (20)
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Thus, the polarized received OFDM symbol at the destination
after FFT is

Yp =

√
d−β2 I

(
ξξξ

1
2 . ∗ Yr . ∗Hrd

)
+ Nd , (21)

where ξξξ = [ξ1, . . . , ξM ], Hrd = fft(hrd ) and Nd =[
fft(ndH )
fft(ndV )

]
is the AWGN at the destination with variance

of N0, where ndH represents the horizontal component and
ndV represents the vertical component. The signal Yp then
is de-polarized by IH. The received OFDM symbol at the
destination after de-polarization and equalization is

Yd =

[√
d−β2 IHI

(
ξξξ

1
2 . ∗ Yr . ∗Hrd

)
+ Nd

]
./Hrd

=

√
d−β2

[
ξξξ

1
2 . ∗

(√
PaX+Nr ./Hsr

)]
+ Nd ./Hrd

=

√
Psξξξ

dβ1 d
β

2

. ∗ X︸ ︷︷ ︸
signal

+

√
ξξξ

dβ2
. ∗Nr ./Hsr + Nd ./Hrd︸ ︷︷ ︸

noise

, (22)

In theory, as illustrated in (6) and (17), the oblique projection
operator of the PDC scheme is able to completely cancel the
SI signal. However, as a side effect, the cancellation scheme
changes the power of the noise at the relay as shown in (17),
whichwill impact the outage probability and throughput. As a
result, the impact of the cancellation scheme is considered in

the new noise term, indicated as
√

ξξξ

dβ2
. ∗ Nr ./Hsr in (22).

Thus, the instantaneous SNR of m-th sub-carrier at the des-
tination is considered, which is denoted as γD =

signal power
noise power .

The expression of γD is represented as (23), as shown at the
bottom of the page, where X = |Hsr,m|2 and Y = |Hrd,m|2.

B. OUTAGE PROBABILITY
In our system, the outage probability Pout is defined as the
instantaneous system SNR γD in a sub-carrier being smaller
than a threshold SNR γth, where γth = 2Rth − 1 and Rth is
the threshold transmission rate in bits/sec/Hz. Using (23),
the outage probability is given by

Pout = Pr{γD < γth}

= Pr
{ b1X2Y
b2X + c1 + c2XY

< 1
}
, (24)

where

b1 = 2αηP2s ,

b2 = γth2PsN0d
β

1 d
β

2 (1− α),

c1 = γthN 2
0 (d

β

1 )
2dβ2 (1− α),

c2 = γthαηN0d
β

1 Ps. (25)

The outage probability of our FD EH relaying system is
calculated by two methods, which is then compared with
that in the HD EH relaying system proposed in [12].
The corresponding time-switching architectures are shown
in Fig. 3. The aim of deriving two different methods to
compute the outage probability is to show a trade-off between
accuracy, especially at low SNRs, and the computational
simplicity of the two methods. Theoretically, Method 1 con-
siders the distributions of the exponential random vari-
ables X and Y independently. This method is simpler than
Method 2, i.e., Method 1 only involves a Bessel function,
while Method 2 involves the integral of a Bessel function.
However, Method 2 considers the product distribution of the
independent random variables X and Y, which we believe is
a better model for relaying systems as the outage probability
of the source-relay link affects the outage probability of the
relay-destination link in practice. The detailed expressions
and analyses are elaborated as follows.

1) METHOD 1
This method directly employs the PDF of the exponential
random variable X in (7) and the CDF of the exponential
random variable Y in (8). Thus, the outage probability in
Method 1 is

Pout1 = Pr
{ b1X2Y
b2X + c1 + c2XY

< 1
}

= Pr
{(
b1 X2

− c2X
)
Y < b2 X + c1

}
=


Pr
{
Y <

b2X + c1
b1X2 − c2X

}
, X >

c2
b1

1, X 6
c2
b1

=

∫
∞

c2
b1

Pr
(
Y <

c1 + b2x
b1x2 − c2x

)
fX (x)dx +

∫ c2
b1

0
fX (x)dx

=

∫
∞

c2
b1

[
1− e

−
b2x+c1

λd (b1x
2−c2x)

]
fX (x)dx +

∫ c2
b1

0
fX (x)dx

= 1−
1
λs

∫
∞

c2
b1

e
−

(
b2x+c1

λd (b1x
2−c2x)

+
x
λs

)
dx. (26)

The third equality in (26) follows from the fact that if
X 6 c2

b1
, then b1 X2

− c2X will be a negative number
and the probability of Y being greater than a negative num-
ber is always 1. Equation (26) involves the integral of an
exponential function in terms of the computational com-
plexity. To obtain the closed-form analytical result of the
outage probability, we simplify (26) at high transmit SNRs.
The factor c1 = γthN 2

0 (d
β

1 )
2 dβ2 (1 − α) ≈ 0 at a high

SNR because the noise variance terms N 2
0 is negligible.

γD =

Psξm
dβ1 d

β
2

ξmN0

2dβ2 X
+

N0
Y

=
2αηP2sX

2Y

2PsN0d
β

1 d
β

2 (1− α)X + N
2
0 (d

β

1 )
2dβ2 (1− α)+ αηN0d

β

1 PsXY
. (23)
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Using
∫
∞

0 e−
β
4x−γ xdx =

√
β
γ
K1(
√
βγ ) [27, §3.324.1],

we obtain the approximated outage of Method 1 at high
transmit SNRs as below

P̃out1 ≈ 1−
1
λs

∫
∞

c2
b1

e
−

(
b2

λd (b1x−c2)
+

x
λs

)
dx. (27)

We define a new variable z , b1x − c2.

P̃out1 ≈ 1−
1
λs

∫
∞

0
e
−

(
b2
zλd
+
z+c2
b1λs

)
dz

= 1−
e−

c2
b1λs

b1λs

∫
∞

0
e
−

(
b2
zλd
+

z
b1λs

)
dz

= 1− e−
c2
b1λs uK1(u), (28)

where u =
√

4 b2
b1λsλd

and K1(·) is the first-order modified
Bessel function of the second kind [27]. Thus, we obtain
the closed-form expression of the approximated outage
probability of Method 1.

In (28), the expression involves the Bessel function.
Although (28) is relatively simple to compute numerically by
common mathematical software packages such as MATLAB
and MAPLE, it can be simplified further in high trans-
mit SNRs using the series expansion of uK1(u) at u = 0
to approximate the Bessel function by a polynomial.
The derived asymptotic line of the outage probability of
Method 1 against the transmit SNR values can be represented
as

P∞ = 1− e−
c2
b1λs

(
lim

SNR→∞
uK1(u)

)
= 1− e−

c2
b1λs

(
1+

1
4
u2(2 log(u)+ 2γ − 1− log(4))

+
1
64
u4(4 log(u)+ 4γ−5−4 log(2))+ O(u6)

)
, (29)

where γ is the Euler-Mascheroni constant [30] and O is the
Big-O notation [31].

2) METHOD 2
This method considers the product distribution of the
independent random variables X and Y in (9). The outage
probability in this approach is represented as

Pout2 = Pr
{ b1X2Y
b2X + c1+ c2XY

< 1
}

=


Pr
{
XY <

c1 + b2X
b1X − c2

}
, X >

c2
b1

1, X 6
c2
b1

= 1−
1
λs

∫
∞

c2
b1

e−
x
λs

[
vK1(v)

]
dx, (30)

where v = 2
√

c1+b2 x
λsλd (b1 x−c2)

. The derivation of (30) is illus-
trated in Appendix A. The expression of the outage probabil-
ity involves the integral of a product of an exponential func-
tion and a Bessel function. Finding a closed-form solution of
the outage probability in this case is thus very challenging.

C. THROUGHPUT AND OPTIMIZATION
In the FD EH system with the AF protocol, the instantaneous
throughput is defined as

RAF (α) = (1− PAFout )(1− α)Rth. (31)

Using (28), if SNR → ∞, uK1(u) → 1 we have the upper
bound of the throughput

Rup(α) = e−
c2
b1λs (1− α)Rth. (32)

The optimal α could be obtained by solving the equation
dRAF (α)
dα = 0. The first derivative DAF of the throughput is

given in (33), as shown at the bottom of the page, where

σ1 =

√
N0 d

β
1 d

β
2 γth(1−α)

λsλdPsαη
. Thus, optimal α could be obtained

by solving the following optimization problem

σ1K0(2σ1) = αK1(2σ1)

subject to 0 < α < 1. (34)

However, because the Bessel function is involved in the
analytical expression, finding a closed-form solution of α
is difficult. Therefore, the optimal α will be numerically
evaluated using the build-in function ‘‘solve’’ based on the
given system parameters, including, source power Ps, energy
harvesting efficiency η, source to relay distance d1, relay to
destination distance d2, path loss exponent β, noise variance
N0, threshold SNR γth, mean value λs of the variable X and
mean value λd of the variable Y .

IV. NUMERICAL RESULTS
In this section, we present simulation results to validate our
previous analytical expression and investigate the influence
of key system parameters, including the optimal time splitting
factor α in the TSR protocol and the SNR in the transmit-
ter, on the outage probability and throughput of the system.
The optimal α is numerically obtained, which results in the
maximum system throughput. The channels are Rayleigh
fading channels which contain random values drawn from
the standard normal distribution. The 1024-point FFT is used
in the OFDM system. Ns OFDM symbols are transmitted in
total. The instantaneous SNR of a sub-carrier at the desti-
nation is calculated and compared with the threshold SNR
γth. The outage probability in the simulation is calculated
as the number of times when the instantaneous SNR of a
sub-carrier is smaller than the threshold SNR γth divided

DAF =
dRAF (α)
dα

=
2N0Rthd

β

1 d
β

2 γthe
−
N0d

β
1 γth

2λsPs (1− α)(σ1K0(2σ1)− αK1(2σ1))

λsλdPsα2ησ1
. (33)

150156 VOLUME 8, 2020



J. Li et al.: Outage Probability and Throughput Analyses in FD Relaying Systems With Energy Transfer

FIGURE 5. Outage probability vs. transmit SNR. Three analytical results
compared with simulation in a FD system.

by the total numbers of transmitting symbols Ns. Unless
otherwise stated, we set the targeted source transmission rate
as Rth = 3 bps/Hz [9], [12], hence the outage SNR threshold
is γth = 2Rth − 1 = 7. The EH efficiency is set to η = 0.9.
The path loss exponent is set to β = 3, which typically
represents a path loss exponent in a wireless sensor network
environment [32]. The mean values λs and λd are assumed
to be one. We consider a small sensor network, where the
direct link between the source and the destination is not avail-
able, for example, due to the obstructions. Therefore, a relay
is deployed to assist their communications. For illustration,
the source-to-relay and the relay-to-destination distances are
set to d1 = d2 = 1.2m, except in Fig. 11where distances vary
up to 4 meters. It is worth noting that the analyses, mentioned
in this article, work for any distance values.

Figs. 5 and 6 show the outage probability with respect
to the transmit SNR. The derived analytical expressions
of Method 1 and its approximation (defined in figure as
‘‘A.M1’’ and ‘‘A. M̃1’’) are shown in (26) and (28) respec-
tively. The analytical expression ofMethod 2 in (30) is shown
in Figs. 5 and 6 as ‘‘A.M2’’. The simulation result of the FD
system defined in figures as ‘‘S. L = 50’’ and the analytical
result of the HD system defined as ‘‘A. HD’’.

Fig. 5 shows that the closed-form approximation result
of Method 1 is accurate enough for calculating the sys-
tem outage probability as it very close to the exact analyt-
ical results. Besides, Fig. 5 also shows that analytically the
outage probability of Method 2 is slightly higher than the
Method 1 when the transmit SNR is smaller than 30 dB
especially in the large α (α = 0.6) case. The similarity of
these twomethods is that the variablesX and Y are considered
to be independent since there are Rayleigh fading channels in
our system. However, the difference is that the Method 1 con-
siders the PDF and CDF of the variables separately,
i.e., Pr{Y < c1+b2 X

b1 X2−c2X
}, while Method 2 constructs

the product of two independent random variables to model
the relaying system, i.e., Pr{XY < c1+b2 X

b1 X−c2
}. By comparing

FIGURE 6. Outage probability vs. transmit SNR. The analytical result of
Method 2 compared with analytical result in a HD system.

the analytical results with the simulation results, we find that
Method 2 is more accurate than Method 1, i.e., the simulation
result is much closer to Method 2, in the lower range of
SNRs, while computationally more complex. Both methods
have similar accuracy at high SNRs. This result means that
in the relaying system, the theoretical expression of outage
probability is more accurate if we consider the product distri-
bution of X and Y , rather than the PDF and CDF of X and Y
respectively.

Fig. 6 compares the outage probabilities in our FD EH
relaying system and the HD EH relaying system in [12].
As shown in Figs. 2 and 3, if FD systems spend the same
amount of time on EH as in HD systems, theoretically double
amount of information can be transmitted in the former sys-
tems. This means the energy used to re-transmit each infor-
mation symbol will be half than that in the HD counterpart.
Thus, in Fig. 6, for a fair comparison, the transmitted power
per OFDM symbol in FD systems at the relay is intentionally
set to half of that in the HD systems. Fig. 6 shows that
in 40 dB SNR, the outage probabilities of FD are 0.043 and
0.010 while those of HD are 0.026 and 0.007 respectively.
The performance difference of the FD system and the HD
system becomes smaller with an increase of α.
Fig. 7 plots the outage probability of analytical results and

simulation results in the FD system for different values of α
with the transmit SNR = 30 dB. The HD system is also plot-
ted as the reference. The results show that with the increase
of the number of multipath L, the system outage probability
also increases. Besides, the simulation resultsmatch verywell
our theoretical results. In addition, the outage probability of
the FD system is about 1.5 times higher than the HD system.
Similar with Fig. 6, the reason for the HD communication
being better than the FD communication in terms of the
outage probability is that the HD consumes the same amount
of harvested energy at the relay to transmit half the amount of
information to the destination, compared with the FD. Note
that although the HD system has a better outage probability,
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FIGURE 7. Outage probability vs. α for transmit SNR = 30 dB.

FIGURE 8. Throughput vs. α for transmit SNR = 30 dB.

its spectral efficiency and throughput are significantly lower
than those in the FD system as detailed below.

Fig. 8 illustrates the throughput comparison between
the HD scenario and the FD scenario with the transmit
SNR = 30 dB. Fig. 7 shows that for both FD and HD
systems, throughput increase as α increases from 0 to the
optimal α (0.2 for FD case and 0.16 for HD case) but later
decreases from its optimal value. This is because less energy
is harvested before the optimal α which results in a larger
outage probability (cf. in (31)). On the other hand, more time
is wasted on EH and less time is available for information
transmission when α is greater than the optimal value. Thus,
smaller values of throughput are observed when α is away
from the optimal α value. In addition, when both the FD
system andHD system choose their optimal α, the throughput
of the former is 1.85 times than the latter even though the
same amount of time is spent on EH. This figure also shows
that the analytical result agrees with the simulation results.
This verifies the analytical expression presented in (31).

FIGURE 9. The first derivative of the throughput vs. α for the transmit SNR
of 20, 30 and 40 dB.

FIGURE 10. Throughput vs. transmit SNR for α = 0.2.

Fig. 9 plots the first derivative of the FD system throughput
(cf. in (33)) within the range 0 < α < 1. As shown in the
figure, whenDAF = 0, we obtain the optimal α values, which
are 0.41, 0.19, and 0.08 for transmit SNR values of 20 dB,
30 dB, and 40 dB respectively. This result shows that the
optimal value decreases with the increase of the transmit
SNR. Besides, the optimal value we obtained from the first
derivative for the transmit SNR = 30 dB is consistent with
the optimal alpha obtained in Fig. 8. Thus, it is clear that
the optimal α can be numerically calculated by giving system
parameters as shown in (34).

Fig. 10 illustrates the throughput performances of three
analytical results for the FD system with the analytical
throughput of the HD system serving as a benchmark. The
derived analytical expressions of Method 1 in (26) and its
approximation in (28) are denoted in this figure as ‘‘A.M1’’
and ‘‘A. M̃1’’ respectively. The expression of Method 2 in
(30) is defined as ‘‘A.M2’’. This figure also shows the
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FIGURE 11. Maximum throughput vs. d1 and d2 for transmit
SNR = 40 dB.

simulated throughput of our FD system for L = 300.
Referring to Figs. 5 and 10, Method 2 is seen to be a more
accurate approach than Method 1 for both the outage proba-
bility and throughput when transmit SNR is less than 30 dB.
When above 30 dB, all the theoretical results match the sim-
ulation results closely, so either approach would be accurate
at high SNRs. From (13), it is clear that the relay transmitting
power, i.e., the SI signal power, increases with the increase of
transmit SNR.However, the superiority of the FD system over
the HD counterpart is more significant when transmit SNR
increases. In particular, the throughput gains of the FD system
over the HD are 1.2, 1.85, and 1.95 at SNR values of 20,
30, and 50 dB, respectively. This result shows that, in FD
systems, the PDC scheme can effectively cancel the loopback
SI evenwhen the power of the SI signal is high, which ensures
the high system throughput. Besides, increasing the transmit
SNR can improve more significantly the system through-
put than in HD systems. Thus, it is important to research
the throughput performance of FD systems in a high SNR
regime.

Fig. 11 plots the system performances of the maximum
throughput when considering different distances where d1 is
the source-to-relay distance and d2 is the relay-to-destination
distance. The maximum throughput is obtained when the
optimal α is calculated by using (34). Fig. 11 shows
that when d1 is fixed the maximum throughput expo-
nentially decreases with the increase of d2 due to the
impact of the path loss between the relay and destination.
Besides, the difference between the two lines increases from
0.16 bps/Hz when d2 equals to 0.6 m to a maximum value
of 0.61 bps/Hz when d2 equals to 4 m. Then, the gap narrows
to 0.18 bps/Hz when d2 equals to 12 m. The reason is that
the increase of distance d1 increases the path loss from the
source to relay and decreases the harvested energy at the
relay. Thus, the decrease of the maximum throughput is more
significant for d1 = 2 m than that of d1 = 1.2 m when d2 is
relatively small, i.e., d2 is less than 4 m. However, with the

FIGURE 12. Validation of high SNR assumption. Outage probability for
different α.

FIGURE 13. Validation of high SNR assumption. Throughput for
different α.

increase of d2 so that the difference between d1 = 1.2 m and
d1 = 2 m is negligible to d2, the maximum throughput is
mainly affected by the path loss from the relay to destination.
Thus, the difference of the maximum throughput reduces in
a large distance of d2.
Figs. 12 and 13 illustrate the impact of α on the outage

probability and the system throughput as well as validating
the high SNRs assumption. The derived analytical expres-
sions of the approximation of Method 1 and the asymp-
totic line of outage probability against the transmit SNR,
are denoted as ‘‘A.M1’’ and ‘‘P∞’’ respectively. Fig. 12
shows that the increase of the EH duration always improves
the outage probability. Also, when SNRs are higher than
40 dB, the asymptotic line which uses the series expansion at
u = 0 matches the approximation of Method 1. According
to Figs. 5 and 12, we can conclude that, at high SNRs,
the outage probability of the FD EH relaying system can be
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accurately modeled using any of the theoretical Method 1,
Method 1 approximation, series expansion, and Method 2.
(cf. in (26), (28), (29) and (30), respectively). However,
the theoretical Method 2 is preferred since it also matches the
practice better at low SNRs. As shown in Fig. 13, the asymp-
totic line of throughput with a high transmit SNR assumption
is defined in the figure as ‘‘Rup’’, which is the upper-bound of
the system throughput. Note that the SNR in Figs. 10 and 13
is the transmit SNR, which is proportional to the transmit
power, thus a high SNR regime is a reasonable range to be
considered. Fig. 13 also shows that an increase of the EH
duration slightly improves system throughput if SNRs are
low. However, at high SNRs, the system throughput for the
case α = 0.2 outperforms the case α = 0.6 since relay
harvests enough energy from the transmitted signal and more
time is spent on information transmission.

V. CONCLUSION
This article investigates an OFDM FD relaying system with
no direct link from the source to the destination. A FD time
switching-based relaying protocol is used to implement EH
from the RF signals in the first phase as well as simul-
taneously receive and amplify-and-forward information in
the second phase at the relay node. The performances of out-
age probability and throughput are evaluated for our FD sys-
tem, in which the multipath propagated SI signals at the relay
are eliminated by the PDC scheme. Specifically, the analyti-
cal expressions of the outage probability are derived in two
different approaches over the Rayleigh frequency-selective
fading channels, in which the approach considers product
distribution of the source-relay channel and relay-destination
channel is more accurate. Based on the mathematical expres-
sion of the system throughput, the optimal time split has also
been derived to obtain the largest system throughput. In addi-
tion, comparing FD with HD relaying systems, the results
show that the throughput of the former is nearly doubled
than the latter at high transmit SNRs. For simplification,
the asymptotic lines of outage probability and throughput are
researched and validated at high SNRs.

The future work would be the extension of our proposed
system to the case of multiple antennas [33], multiple
users [34], and multiple relays [8]. We might also consider
non-linear RF EH models [22], [23] and examine other SI
cancellation techniques, such as the analog least mean square
loops [35]–[38], to cancel the SI at the relay.

APPENDIX A
DERIVATION OF (30)
Using the definition of outage probability in (24), we have

Pout = Pr{γD < γth}. (35)

Substituting the instantaneous SNR in (23), the outage
probability is

Pout = Pr
{ b1X2Y
b2X + c1+ c2XY

< 1
}

= Pr
{(
b1X − c2

)
XY < b2X + c1

}
(36)

where X = |Hsr,m|2 and Y = |Hrd,m|2. Utilizing the
expression in (7) and (9), the system outage probability can
be derived by Method 2

Pout2

=


Pr
{
XY <

c1 + b2X
b1X − c2

}
, X >

c2
b1

1, X 6
c2
b1

=

∫
∞

c2
b1

Pr
(
Z <

c1 + b2x
b1x − c2

)
fX (x)dx +

∫ c2
b1

0
fX (x)dx (37)

Using conditional probability, (37) can be rewritten as

Pout2 =
∫
∞

c2
b1

FZ
(c1 + b2x
b1x − c2

)
fX (x)dx +

∫ c2
b1

0
fX (x)dx

=

∫
∞

c2
b1

[
1− vK1

(
v
)]
fX (x)dx +

∫ c2
b1

0
fX (x)dx

= 1−
1
λs

∫
∞

c2
b1

e−
x
λs

[
vK1(v)

]
dx, (38)

where v = 2
√

c1+b2 x
λsλd (b1 x−c2)

. This ends the derivation of (30).
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