
Received July 30, 2020, accepted August 6, 2020, date of publication August 11, 2020, date of current version October 12, 2020.

Digital Object Identifier 10.1109/ACCESS.2020.3015850

Research on the Damping Effect Mechanism and
Optimization of Super-High-Speed Electric Air
Compressors for Fuel Cell Vehicles Under the
Stiffness Softening Effect
DONGHAI HU 1, JING WANG1, LELI HU1, JIAMING ZHOU2, AND JIE LIU3
1School of Automotive and Traffic Engineering, Jiangsu University, Zhenjiang 212013, China
2School of Mechanical Engineering, Beijing Institute of Technology, Beijing 100000, China
3School of Automotive Engineering, Shandong Jiaotong University, Jinan 250300, China

Corresponding author: Donghai Hu (1000004735@ujs.edu.cn)

This work was supported in part by the National Key Research and Development Program-supported key project ‘‘Manufacturing basic
technology and key components’’ under Grant 2018YFB2000704, and in part by the National Natural Science Foundation of China under
Grant 51705208.

ABSTRACT As a typical electromechanically coupled system, the super-high-speed permanent magnet
synchronous motor (PMSM)-driven compressor always exhibits complex dynamic behavior, affecting the
comprehensive performance of the fuel cell system. Based on this, this paper takes electromagnetic and
load excitations into account and establishes a mathematical model of the super-high-speed PMSM-driven
compressor. Then, the corresponding simulation is carried out, revealing that according to different causes
andmanifestations, the system gradually exhibits amplitude instability and frequency instability. Considering
the stiffness softening effect, the effect of the torsional stiffness and damping coefficient on the dynamic
characteristics under different forms of instability is obtained. Using the Routh-Hurwitz criterion and
Melnikov theory, a damping optimization methodology is given. The results show that under the condition
of amplitude instability, damping reduction and stiffness softening lead to a greater resonant amplitude and
a wider resonance region. Under the condition of frequency instability, the system becomes chaotic via
periodic-doubling bifurcation with the decrease of damping, and the decrease of torsional stiffness increases
the damping required to maintain the stability.

INDEX TERMS Super-high-speed permanent magnet synchronous motor, fuel cell system, stiffness
softening, damping Optimization.

I. INTRODUCTION
As a core unit for fuel cell systems, the operation stability of
the super-high-speed PMSM-driven compressor influences
the comprehensive performance of the fuel cell system signif-
icantly, especially the operation efficiency [1], [2]. Generally,
a super-high-speed PMSM-driven compressor consists of
electric and mechanical domains and is typically considered
to be an electromechanically coupled system [3], [4]. Influ-
enced by working conditions and electromechanical coupling
effects [5], the super-high-speed PMSM-driven compressor
may produce a variety of dynamic behaviors during the
operation, reducing the NVH performance and affecting the
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stability and safety of the super-high-speed PMSM-driven
compressor. Therefore, it is important to analyze the instabil-
ity mechanism during the operation of the super-high-speed
PMSM-driven compressor, which has important theoretical
significance for the design and operation efficiency optimiza-
tion of fuel cell systems.

Due to the electromechanical coupling, the super-high-
speed motor-driven system will produce complex dynamic
phenomena that usually cause serious damage to the mechan-
ical and electrical parts of the system [6]. Numerous
scholars have conducted extensive research in this field.
Chen [7]–[9] established a torsional vibration model of
a powertrain to study the effects of electromechanical
parameters on primary resonance characteristics. Bifurcation
characteristics of the external excitation amplitude and
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damping on the system were investigated by applying the
Melnikov method. Shi [10], [11] established a mathematical
model of the super-high-speed-driven system of a rolling
mill by taking internal and external excitations into account.
In this study, the multiscale method was used to study the
amplitude-frequency response characteristics of the system,
and the bifurcation conditions were given. In addition, pri-
mary resonance effects due to the damping coefficient and
nonlinear stiffness of the system were discussed. Aiming at
the problem of the instability phenomenon for a wind turbine
drive system, Zhao [12] established a nonlinear dynamic
model. The mechanism of vibration evolution of the drive
system with changes in parameters, such as the force ratio
and time-varying mesh stiffness, was revealed. Liu [13], [14]
derived a mathematical model of a super-high-speed relative
rotation system taking into consideration the magnetic field
energy of an AC motor. The effect of the electromagnetic
stiffness on the bifurcation characteristics was studied, and
the corresponding conditions of Hopf bifurcation were given.
By introducing the Silnikovmethod, the variationmechanism
of system parameters for chaotic motion was studied strictly.
Bai [15] proposed a lateral-torsional coupled dynamicsmodel
of a super-high-speed motor-driven system, and it was found
that additional and severe gear vibrations would be induced
under the effect of electromechanical coupling. For super-
high-speed motors, long-term super-high-speed operation
may cause the shafting stiffness to soften, causing additional
instability phenomena. In this event, the dynamic response
will be more complicated, and the operation efficiency will
be further affected. However, the previous studies neglected
the influence of the stiffness softening effect when analyzing
the instability behavior of the super-high-speed motor-driven
system, and the research object was mainly an induction
motor or electrical excitation-based hydroelectric generators.
Therefore, investigating the instability mechanism and opti-
mizing the design parameters under the stiffness softening
effect are of theoretical and practical significance for super-
high-speed PMSM-driven systems.

The rest of this article is structured as follows. Tak-
ing electromagnetic and load excitations into consideration,
a nonlinear dynamic model of a compressor powered by a
super-high-speed PMSM is established in Section 2. The
dynamic characteristics and the instability types of the sys-
tem are revealed and defined under different excitation fre-
quencies by carrying out detailed simulations in Section 3.
In Section 4, the multiscale method is employed to derive
the amplitude-frequency response characteristic under the
condition of amplitude instability. Considering the stiffness
softening effect of the super-high-speed PMSM-driven com-
pressor, the effect of torsional stiffness and damping on the
dynamic behavior is studied through numerical simulations.
Moreover, damping optimization methods are also given.
In Section 5, the dynamic characteristics of the super-high-
speed PMSM-driven compressor under frequency instabil-
ity are analyzed. The influencing factors are studied, and a
damping optimization method is given. Section 6 compares

FIGURE 1. Two-mass model of the super-high-speed PMSM-driven
compressor.

results of our approach and others regarding the dynamic
characteristics of the super-high-speed motor-driven system.
In Section 7, the final remarks of this paper are presented.
Additionally, the contributions of this work are given below:

1. This paper establishes a dynamic model of a compressor
powered by a super-high-speed PMSM, and the instability
type of the system is determined according to the different
causes and manifestations.

2. Considering the stiffness softening effect, the effects of
torsional stiffness and damping on the destabilizing behavior
of the super-high-speed PMSM-driven compressor are dis-
cussed.

3. As an important factor in the super-high-speed
PMSM-driven compressor, the damping in different instabil-
ity conditions is optimized by applying the Routh-Hurwitz
criterion and Melnikov method in this paper.

II. MATHEMATICAL MODEL OF A COMPRESSOR
POWERED BY A SUPER-HIGH-SPEED PMSM
The compressor powered by the super-high-speed PMSM of
a fuel cell system is selected as the research object in this
paper, and Figure 1 illustrates that the system obviously can
be equivalent to a two-mass model based on the operation
principle. Moreover, under the action of the centrifugal force
and gyroscopicmoment of the rolling element, it can be found
that the stiffness of the drive shaft decreases with increasing
rotational speed.

In this section, we use the generalized Lagrange equation
to establish the dynamic equation of the super-high-speed
PMSM-driven compressor.The total kinetic energy of the
system is

T =
2∑
i=1

1
2
Ji

.

φ2i =
1
2
Ji

.

φ21 +
1
2
Ji

.

φ22 (1)

The potential energy of the system is

V =
1
2
K (φ1 − φ2)2 (2)

where φ1 and φ2 are the rotation angles.
.

φ1 and
.

φ2 are the
rotational speed of the motor rotor and load, respectively.
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J1 and J2 are the rotor inertia and the load inertia, respectively.
K is the torsional stiffness.

Taking the magnetic field energy of the super-high-speed
PMSM into consideration, the Lagrangian function L and
dissipation function F are given by

L = T − V =
1
2
Ji

.

φ21 +
1
2
Ji

.

φ22 −
1
2
K (φ1 − φ2)2 (3)

F =
1
2
C(

.

φ1 −
.

φ2)2 +
1
2
Ce

.

φ21 (4)

where C and Ce are the shaft damping coefficient and the
electromagnetic damping coefficient, respectively. The mag-
netic energy in the air-gap field of the super-high-speed
PMSM is

W =
Rle
2

∫ 2pπ

0
3F2(α, t)dα (5)

where R and le are the inner radius and the effective length
of the rotor, respectively, 3 is the air-gap magnetic conduc-
tivity of the PMSM, and 3 = µ0

kµδ0
. µ0 and kµ are the

air magnetic permeability and magnetic saturation coeffi-
cient, respectively. The fundamental synthetic magnetomo-
tive force (MMF) of the super-high-speed PMSM is

F(α, t) = Fsm cos(ωt − α)

+Frm cos
[
ωt − α + (pϕ1 + ψ +

π

2
)
]

(6)

where Fsm and Frm are the amplitude of theMMF of the stator
and rotor, respectively, which are shown below.

Fs(α, t) = Fsm cos(ωt − α)

= 1.35
NIrkN
p

cos(ωt − α) (7)

Fr (α, t) = Frm cos(ωt − α)

=
4Brhm
πµ0

sin(
αpπ

2
) cos(ωt − α) (8)

where p represents the pole pairs; N is the number of series
windings of each phase; Ir is the rated current; hm, Br and αp
are the thickness, magnetic remanence and pole arc coeffi-
cient, respectively; and kN and ω are the winding coefficient
and the electric angular frequency, respectively. The electro-
magnetic torque can be obtained as

Te =
dW

d(pϕ1)
(9)

Substituting Eqs.(5) - (8) into Eq.(9), the electromagnetic
torque expression of the super-high-speed PMSM can be
derived as follows:

Te = k0 + k1ϕ1 − k1ϕ21 − k3ϕ
3
1 (10)

where Fm = pπRl30FsmFrm, k0 = Fm cosψ , k1 =
pFm sinψ , k2 = p2k0/2, and k3 = p2k1/6.
Introducing the dissipation Lagrange equation

d
dt

(
∂L

∂
.
qi

)
−
∂L
∂qi
+
∂F

∂
.
qi
= Qi(i = 1, 2) (11)

and substituting the Lagrangian function Eq.3 into Eq.11,
the dynamic equations of the super-high-speed PMSM-driven
compressor are expressed as{

J1
..

φ1 + C(
.

φ1 −
.

φ2)+ K (φ1 − φ2) = Te
J2
..

φ2 − C(
.

φ1 −
.

φ2)− K (φ1 − φ2) = −TL
(12)

where Te and TL are the electromagnetic torque and load
torque, respectively. Considering the load excitation, we can
obtain {

Te = Te0 +1Te
TL = TL0 +1TL

(13)

where Te0 and TL0 are the constant parts of the torque. 1Te
and 1TL are the disturbance parts.

In this work, φ10 and φ20 are the torsional angles of the
motor end and load end, respectively, and ϕ1 and ϕ2 are the
torsional vibration angles caused by the disturbance torque
of the motor and load. Then, the relationship between the
rotation angles can be obtained as{

φ1 = φ10 + ϕ1, φ2 = φ20 + ϕ2
.

φ10 =
.

φ20,
..

φ10 =
..

φ20 = 0
(14)

The following dynamic equation can be obtained:{
J1
..
ϕ1 + C(

.
ϕ1 −

.
ϕ2)+ K (ϕ1 − ϕ2) = 1Te

J2
..
ϕ2 − C(

.
ϕ1 −

.
ϕ2)− K (ϕ1 − ϕ2)) = −1TL

(15)

According to reference [8], it can be assumed that the
disturbance part of the load torque is in the form of 1TL =
F cos(ωt). According to Eq.(10), we can obtain the electro-
magnetic disturbance 1Te = k1ϕ1 − k1ϕ21 − k3ϕ

3
1 . Let x =

φ1 − φ2, and substitute these into Eq.(5). The dimensionless
form of the nonlinear dynamic equation for the compressor
powered by the super-high-speed PMSM can be obtained:

..
x + η2x + µ

.
x + βx2 + γ x3 = f cosωt (16)

where

η2 = ω2
0 − κ, µ =

(
1
J1
+

1
J2

)
C

κ =
k1r
J1
, β =

k2r
J1
, γ =

k3r3

J1
, ν =

J1
J2

f =
F
J2
, r =

1
1+ ν

, ω0 =

√(
1
J1
+

1
J2

)
K

III. DETERMINATION OF THE MOTION STATE
Serious problems associated with the complex dynamic
behavior in super-high-speed PMSM-driven compressors
are obvious under load and electromagnetic excitations.
To explore the dynamic behavior expressions of the super-
high-speed PMSM-driven compressor under different condi-
tions, numerical simulations are carried out.

According to super-high-speed PMSM-driven compressor
parameters and related equations, we can obtain η = 3, β =
9, and γ = 3. We take x = 0, and y = 0 as the initial
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TABLE 1. Main parameters used in this research.

FIGURE 2. Bifurcation diagrams using µ as the control parameter:
(a) ω = 1; (b) ω = 3.

conditions and the excitation frequency ω = 1 and ω = 3
separately. Damping values of µ = 0.4, 1, and 2, are taken
and the corresponding time histories are attached to the cor-
responding bifurcation diagram, which is shown in Figure 2.
It can be found in Figure 2(a) that when the damping is 0.4,
the time history shows disordered vibration, and the system
is chaotic. The system exhibits an irregular movement, and
the oscillation frequency changes and loses stability with
the amplitude unchanged over time, which indicates that the
system becomes chaotic. In this case, Figure 2(b) exhibits
totally different characteristics compared to Figure 2(a). The
oscillation amplitude of the system jumps at this time, and
the system loses stability and generates resonance. When
the damping is 1, Figure 2(a) illustrates that the system
is in quasi-periodic motion and gradually becomes stable.
However, Figure 2(b) shows that the oscillation amplitude
varies continuously with the frequency unchanged, and the
system is still in a resonant state. As the damping further
increases, when the damping is 2, it is easy to find from the

corresponding time history diagram that the system instabil-
ity is suppressed at this time, and the system exhibits a stable
periodic motion. From this finding, we can conclude that in
addition to stable motion, we can define the motion state of
the system as resonance and chaos according to the difference
in the amplitude and frequency instability.

IV. DAMPING OPTIMIZATION BASED ON AMPLITUDE
INSTABILITY
A. DYNAMIC CHARACTERISTICS ANALYSIS
To analyze the evolution of the dynamics of the system when
the amplitude exhibits instability, we introduced a multiscale
method to solve equation Eq.(16). The first-mode approxima-
tion is considered in this paper, and it is employed to derive
the response equation of the system. The damping term and
the electromagnetic parameter term are restricted by ε. The
external excitation frequency ω is expressed as

ω = ω0 + εσ (17)

where σ , the frequency offset parameter, is used to indicate
the proximity of the external excitation frequency ω and
the inherent frequency ω0. Therefore, to study the primary
resonance, Eq.(16) must be rearranged as follows:

..
x + ω2

0x = −ε(µ
.
x + βx2 + γ x3)+ εf cosωt (18)

Based on the conventional multiscale method, the form of
the solution is assumed as

x(t) = x0(T0,T1)+ εx1(T0,T1) (19)

where Tr = εr t . By defining Dr = d/dTr , the derivative
operator can be expressed as

d
dt
=

+∞∑
r=0

εrDr = D+εD+ε2D2 + · · ·

d2

dt2
=

+∞∑
r=0

εrDr (
+∞∑
s=0

εsDs)

= D2
0 + 2εD0D1 + ε

2(d21 + 2D0D2)+ · · · (20)

Substituting Eq.(19) into Eq.(18), the following partial
differential equations can be obtained:

ε0 : D2
0x0 + ω

2
0x0 = 0

ε1 : D2
0x1 + ω

2
0x1 = −2D0D1x0 − µD0x0 − βx20

− γ x30 + f cos (ω0T0 + σT1) (21)

Then, the general solution associated with ε0 in Eq.(21)
can be expressed as

x(t) = a(T1) cos [ω0T0 + β(T1)] = A(T1)ejω0T0 + cc (22)

where cc denotes the conjugate of the preceding term. A can
be defined in polar form as

A(T1) =
1
2
a(T1)ejζ (T1) (23)

where α and ζ are both functions of T1.
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Substituting Eq.(22) into the second equation in Eq.(21),
the following equation is obtained:

D2
0x1 + ω

2
0x1 = −jω0(2D1A+ µA)ejω0T0

−β(A2e2jω0T0 + A
−

A)

− γ (A3e3jω1T0 + 3A2
−

Aejω0T0 )

+
1
2
fej(ω0T0+σT1) + cc (24)

Eliminating secular terms, we can obtain

jω0(2D1A+ µA)+ 3γA2
−

A−
1
2
fejσT1 = 0 (25)

Introducing ϕ = σT1− ζ , the imaginary and real parts can
be respectively expressed as

D1a = −
1
2
µa+

f
2ω0

sinϕ

aD1ϕ = σa−
3γ
8ω0

a3 +
f

2ω0
cosϕ

(26)

The energy is conserved at the equilibrium point. The
amplitude and phase remain unchanged, and the relative
system exhibits steady motion. Due to this, steady-state
responses occur when D1a = D1ϕ = 0. The
amplitude-frequency response equation of the system can be
correspondingly obtained,[(

1
2
εµ

)2

+

(
ω−ω0−

3εγ
8ω0

a2
)2
]
a2=

(
εf
2ω0

)2

(27)

Solving Eq.(27), the expression of the excitation frequency
ω associated with amplitude a can be obtained,

ω = ω0 +
3εγ
8ω0

a2 ±

√(
εf

2ω0a

)2

−

(εµ
2

)2
(28)

The amplitude-frequency response curve of the primary
resonance can be obtained by Eq.(28), which is shown in Fig-
ure 3. It can be found that the number of the solution changes
with ω. The stability of solutions is marked in Figure 3,
in which the solid line and dotted line represent the stable set
and unstable set, respectively. Additionally, as the excitation
frequency ω changes, a jumping phenomenon is generated,
affected by the unstable solutions. The trajectorymoves along
the curveABC with increasingω until the amplitude a reaches
its maximum value. The jump phenomenon occurs with the
further increase inω at pointC , and the amplitude jumps from
point C to point D. At this time, the trajectory moves along
the curve DEF with decreasing ω until it reaches the critical
saddle point F . The jump phenomenon is generated again
with a further decrease in ω. The generation of the saddle
node bifurcation and jump phenomenon makes it easier to
cause fatigue damage to drive the shaft, affecting the stable
operation of the system.

After analysis, the maximum amplitude of the primary
resonance of the super-high-speed PMSM-driven compressor
can be expressed as

amax =
f
ω0µ

(29)

FIGURE 3. Amplitude-frequency response characteristics.

The excitation frequency ω at which the maximum ampli-
tude occurs can be correspondingly obtained,

ω = ω0 +
3εγ
8ω0

a2max (30)

Generally, the curve determined by Eq.(30) is called the
skeleton line of primary resonance, which dominates the
shape of the amplitude-frequency response curve for primary
resonance. It can be found that the maximum amplitude
amax and the corresponding frequency ω are related to the
damping µ.
µ = 1, 3, or 5 is taken to analyze the effect of damping

on the amplitude-frequency response. Figure 4 presents the
response curves with different dampings when the torsional
stiffness K = 2 × 105. It can be seen that the damping will
affect the amplitude of the system and the bending degree of
the curve. The skeleton line shifts to the left and the amplitude
decreases with enlargement of damping µ. The displacement
of the skeleton line makes the resonance area of the system
decrease (as the dashed line in Figure 4(a) shows), implying
that the stable operation range of the system increases as
the damping enlarges. When µ = 2, the left shift range
has reached almost 90 percent, greatly increasing the stable
operating boundary and reducing the resonance possibility.
Therefore, the damping change of the transmission system
should be controlled within a reasonable range, which is
conducive to the stable operation of the transmission system.

However, in the case of high speed operation, the torsional
stiffness of the drive shaft may rapidly decrease as the motor
speed is raised. The corresponding amplitude-frequency
responses are shown in Figures 4(b) - 4(d). It can be obviously
found that in the case of the same damping, the skeleton line
bends to the right as the torsional stiffness decreases. For
instance, when µ = 5, as the torsional stiffness K drops from
2×105 to 1×105, the resonance area covered by the skeleton
line almost increases by 5 times, which greatly increases the
instability probability of the system. In addition, it can also be
found that the amplitude of the primary resonance increases
with the change in stiffness. This phenomenon shows that for
super-high-speed transmission systems, the stiffness soften-
ing likely induces a transition into the resonance state during
the operation. Therefore, it is necessary to design the damping
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FIGURE 4. Amplitude-frequency response characteristics for
K = 2× 105,1.5× 105,1.2× 105, and 1× 105.

based on the stiffness corresponding to the maximum speed
so that stable operation can be guaranteed.

B. DAMPING OPTIMIZATION METHODOLOGY
According to the above analysis, under the condition of
amplitude instability, changes in the damping and stiffness
may have a significant impact on the dynamic characteristics.
Therefore, it is essential to optimize the damping in the design
stage.

Here, we rewrite Eq.(26). Linearizing Eq.(26) at (a, ϕ),
an autonomous differential equation involving 1a and 1ϕ
is formed,

D11a = −
1
2
µ1a+

f
2ω0

cosϕ1ϕ

aD11ϕ = σ1a−
9γ
8ω0

a21a−
f

2ω0
sinϕ1ϕ

(31)

Based on the Routh-Hurwitz criterion, the following eigen-
value equation can be obtained:∣∣∣∣∣∣∣∣

−
1
2
µ− λ −a

(
σ −

3γ
8ω0

a2
)

1
a

(
σ −

9γ
8ω0

a2
)

−
1
2
µ− λ

∣∣∣∣∣∣∣∣ = 0 (32)

where λ represents the eigenvalues of the Jacobian matrix.
Expanding this determinant,

λ2+µλ+
1
4
µ2
+

(
σ−

3γ
8ω0

a2
)(

σ−
9γ
8ω0

a2
)
=0 (33)

According to the Routh-Hurwitz criterion, we can obtain
the damping range that keeps the system stable:

µ > 2

√
−

(
σ −

3γ
8ω0

a2
)(

σ −
9γ
8ω0

a2
)

(34)

V. DAMPING OPTIMIZATION BASED ON FREQUENCY
INSTABILITY
A. DYNAMIC CHARACTERISTICS ANALYSIS
Before studying the dynamic characteristics under frequency
instability, the excitation term and damping term of the sys-
tem are regarded as small perturbations, and Eq.(16) is rewrit-
ten. The rewritten dynamic equation is as follows:{

.
x = y
.
y = −ω2

0x − βx
2
− γ x3 − µ1x + f1 cosωt

(35)

where µ1 = εµ, f1 = εf . ε is a small parameter, and
generally, ε � 1.

Detailed simulations have been performed to ana-
lyze the instability behavior concerning damping and
to obtain the chaotic behavior for Eq.(35). In addition,
the default of the torsional stiffness is K = 2 × 105

at this time. Taking µ1(µ1 = εµ) as a bifurcation
parameter, the bifurcation diagram of the super-high-speed
PMSM-driven compressor is presented in Figure 5. The
findings indicate that the super-high-speed PMSM-driven
compressor generates very rich nonlinear phenomena with
the change in µ1. It can be found that the super-high-speed
PMSM-driven compressor exhibits a 1T-periodic response
when µ1 > 0.9. However, as µ1 drops to 0.4, a quasi-
periodic motion replaces the 1T-periodic motion. With a
further decrease of the control parameter µ1, chaotic motion
is generated in the system after period-doubling bifurcations.
Finally, periodic and chaotic motion occur alternately.

To provide a clearer illustration, three values (µ1 = 0.2,
µ1 = 0.4 and µ1 = 0.9) are chosen to carry out numerical
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FIGURE 5. Bifurcation characteristics when K = 2× 105.

FIGURE 6. Bifurcation characteristics when K = 1.5× 105.

simulations to show the transformation of chaos. The cor-
responding phase portrait and Poincare map are attached to
the bifurcation diagram. According to Figure 5, µ1 = 0.9 is
related to the 1T-periodic motion. The simulations are devel-
oped for this value, and the results validate the above analysis.
As µ1 decreases and crosses the critical value (µ1 = 0.9),
the system gradually exhibits chaotic behavior. Simulations
are performed on the parameters related to µ1 = 0.4. From
the phase portrait and Poincare map, chaotic behavior is
clearly visible. As mentioned above, with µ1 further decreas-
ing, periodic and chaotic motion occur alternately. Numerical
analysis is performed on the parameters related to µ1 = 0.2.
The phase portrait and Poincare map corresponding to the
quasi-periodic motion are presented.

However, considering the stiffness softening effect exist-
ing in the transmission system during high-speed operation,
we take torsional stiffness K = 1.5 × 105 and 1.2 × 105.
Figure 6 and Figure 7, respectively, show the bifurcation char-
acteristics under these conditions. Comparing these bifurca-
tion diagrams, it is obvious that although the overall trend
of the change is similar, the damping required to maintain the
stability of the system increases significantly with decreasing
stiffness. When torsional stiffness K = 2 × 105, the crit-
ical value of damping is 0.9. However, when the torsional
stiffness drops to 1.5 × 105 and 1.2 × 105, the critical value
correspondingly changes to 1.4 and 1.7. A series of numerical
simulations are performed to verify the analysis. For Figure 6,
three values (µ1 = 0.4, µ1 = 0.9 and µ1 = 1.4) are

FIGURE 7. Bifurcation characteristics when K = 1.2× 105.

chosen, and the phase portrait and Poincare map are attached
to Figure 6. It can be seen that for µ1 = 0.4, the system
exhibits chaotic motion, similar to that of Figure 5. In terms
of µ1 = 0.9, this is the critical value for Figure 5, and
the system is in a stable state. However, with the torsional
stiffness decreasing toK = 1.5×105, the 2T-periodic motion
replaces the 1T-periodic motion, and the system begins to
lose stability. According to the phase portrait and Poincare
map, it is easy to find that in this case, the system enters
a stable state only when the damping µ1 reaches the criti-
cal value 1.4. As the torsional stiffness further decreases to
K = 1.2 × 105, numerical simulations are performed on the
parameters related to µ1 = 0.9, µ1 = 1.4 and µ1 = 1.4.
As mentioned above, µ1 = 0.9 and µ1 = 1.4 are the
critical values of the damping for the system in the case of
K = 2 × 105 and K = 1.5 × 105, respectively. From the
corresponding phase portraits and Poincare maps in Figure 7,
it can be seen that under these two sets of values, the system
is in a state of instability. Furthermore, the system enters a
stable state only when the damping µ1 reaches the critical
value of 1.7, which confirms the above analysis.

B. DAMPING OPTIMIZATION METHODOLOGY
In this section, the Melnikov method is employed to calculate
the critical value of damping and analyze the homoclinic
bifurcation of the model. The transformed vector form of
Eq.(35) is {

.
x = p1(x, y)+ εq1(x, y, τ )
.
y = p2(x, y)+ εq2(x, y, τ )

(36)

where p1(x, y) = y, q1(x, y, τ ) = 0, p2(x, y) = −ω2
0x −

βx2 − γ x3, and q2(x, y, τ ) = −µ1x + f1 cosωt .
According to the Melnikov theorem, the Melnikov equa-

tion can be written as

M (τ0) =
∫
+∞

−∞

p(Xh(τ )) ∧ q(Xh(τ ), τ + τ0)dτ (37)

where Xh(τ ) = (xh, yh) represents homoclinic orbits, and p∧
q = p1q2 − p2q1. τ0 is the the initial time of the forcing
term. The Melnikov integral can be expressed as follows by
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substituting Eq.(36) into Eq.(37):

M (τ0) =
∫
+∞

−∞

[−µ1yh(τ + f1cosω(τ + τ0))] yh(τ )dτ

= −µ1I1 + f1I2sinωτ0 (38)

where the component integrals I1 and I2 are

I1 =
∫
+∞

−∞

yh(τ )dτ

I2 = −
∫
+∞

−∞

yhsin(ωτ )dτ

The conditions for the cross-section of the stable and unsta-
ble manifold areM (τ0) = 0 and dM (τ0)/dτ0 6= 0. Therefore,
the threshold for parameter stability can be obtained,

µ > f

∣∣∣∣ I2I1
∣∣∣∣ (39)

VI. DISCUSSION
For the super-high-speed PMSM-driven compressor, a long-
time duration in the high-speed state may induce shaft stiff-
ness softening, and complex dynamic phenomena will be
generated that cause substantial damage to the transmission
components, affecting the operational stability of the super-
high-speed PMSM-driven compressor. Based on the stiffness
softening effect, the instability mechanism and an optimiza-
tion design methodology are investigated in this paper. It can
be found that the system mainly manifests resonance and
chaos according to the different factors and manifestations.
The specific forms of instability can be divided into ampli-
tude instability and frequency instability.When the amplitude
loses stability, an increase in damping decreases the resonant
region and resonant amplitude. Moreover, stiffness soften-
ing makes the system more likely to resonate. In addition,
by analyzing the frequency instability of the system, it can
be found that a reduction in damping may result in the sys-
tem becoming chaotic through periodic-doubling bifurcation.
The stiffness softening effect would increase the damping
required to maintain the stability of the system.

In previous studies, although references [8], [12]–[18]
have studied the dynamic behaviors of the super-high-speed
motor-driven system, the research object was mainly an
induction motor or electrical excitation-based hydroelectric
generators. Moreover, they generally ignored the stiffness
softening effect and its impact on system design and dynamic
analysis. The research in this paper shows that the stiffness
softening effect is crucial for the dynamic analysis of super-
high-speed motor drive systems, and it also has theoretical
guiding significance for the system design.

VII. CONCLUSION
A mathematical model of a super-high-speed PMSM-driven
compressor for a fuel cell system under multiple excitations
is established in this paper, and the influence factors of the
dynamic characteristics are investigated by taking the stiff-
ness softening effect into consideration. The following results
are obtained:

1. According to the different causes and manifestations,
the system gradually exhibits amplitude instability and fre-
quency instability with changes in the excitation frequency
and parameters.

2. Through the study of the amplitude instability, it can be
found that changes in the damping and torsional stiffness will
lead to an amplitude jump phenomenon. Moreover, smaller
damping and stiffness may lead to a greater resonant ampli-
tude, a wider resonance region, and a larger unstable region.

3. Through the study of frequency instability, it is found
that with decreasing damping, the system becomes chaotic
via periodic-doubling bifurcation. In addition, due to the
stiffness softening, a decrease in the torsional stiffness would
increase the damping required to maintain stability.

4. Considering the effect of stiffness softening, the Routh-
Hurwitz criterion and the Melnikov method are introduced to
optimize the damping to ensure operational stability of the
super-high-speed PMSM-driven compressor for the fuel cell
system.

The results of this paper provide a theoretical reference for
future research work regarding the design and operation opti-
mization of the super-high-speed PMSM-driven compressor
for fuel cell systems.
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