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ABSTRACT With the increasing energy shortages and environmental degradation, electric logistics vehicle
(ELVs) with energy conservation and environmental protection has become a research hotspot. The design of
machine is the key to develop ELVs.Magnetic field analysis is themost critical issue since its accuracy affects
the calculation of motor torque, loss, and other characteristics. To provide a calculation method for the field
and performance analysis of the machine for ELVs, this paper presents an analytical model of air-gap field
for hybrid excitation and interior permanent magnet machine. In the proposed model, it is taken into account
for the shape of the stator and rotor teeth. The flux density on the rotor side is derived by equivalent magnetic
circuit (EMC) with leakage magnetic flux. Taking the calculated flux density as one of the second boundary
conditions, the air-gap field distribution is calculated bymagnetic potential model with the eccentricity of the
rotor. To verify the analytical method, we adopted the finite element method. The simulation results of the
air-gap flux, back electromotive force, and cogging torque are in good agreement with the analytical results.
Besides, applying the analytical model, the machine can be optimized for obtaining the optimal air-gap flux
density distribution. The hybrid excitation machine with salient pole and interior magnets can provide a good
flux density waveform. The study offers a helpful analytical method for design and optimization of the type
of machine for ELVs.

INDEX TERMS Analytical method, hybrid excitation and interior permanent magnet machine, equivalent
magnetic circuit (EMC), the eccentricity of the rotor.

I. INTRODUCTION
With the rapid development of e-commerce and express
delivery, the challenges facing logistics vehicles are increas-
ing [1], [2]. According to the European Commission,
by 2030, the transportation of goods in central cities should
produce no emissions at all. However, it accounts for 25% of
urban carbon dioxide emissions, and the number of logistics
vehicles is also increasing rapidly. A lot of research have been
done on vehicle safety and comfort [3]–[6]. In the context of
energy shortages and environmental degradation, the devel-
opment of electric logistics vehicles (ELVs) is an effec-
tive solution to solve the problems and achieve sustainable
development [7]–[9]. As the key component of the ELVs,
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hybrid excitation synchronous machines (HESMs) have the
advantages of high power density of permanent magnet
motor and controllable magnetic field of electric excitation
motor, which can improve the efficiency of ELVs [10]–[12].
To improve the high efficiency of electric vehicles, the brak-
ing energy recovery and motor topology have always been
the focus of many researchers [13]. Among various HESMs,
parallel hybrid excitation synchronous machines (PHESMs)
have some advantages over series hybrid excitation syn-
chronous machines (SHESMs). The magnetic flux generated
by the excitation windings does not pass through perma-
nent magnets (PMs), reducing the magnetic resistance of the
magnetic circuit and improving the machine efficiency [14].
The magnetomotive force (MMF) created by the armature
windings forms a loop through the rotor core, avoiding the
risk of PM demagnetization. By adjusting the excitation

VOLUME 8, 2020 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/ 148237

https://orcid.org/0000-0002-7819-930X
https://orcid.org/0000-0003-1547-5503


W. Hu et al.: Analytical Model of Air-Gap Field in Hybrid Excitation and Interior PM Machine

current, and changing the value of the synthetic magnetic
field in the air-gap, the machine can operate under different
working conditions [15]–[17].

The no-load air-gap magnetic field distribution is the basis
of the design performance index of HESMs, such as back
electric motive force (back-EMF), torque-speed and other
performance. For design and optimization, the finite element
method (FEM) and analytical method are often used to cal-
culate the magnetic field [18]–[21]. However, no author has
applied the analytical model to calculate the magnetic field of
hybrid excitation and interior magnets machine considering
the shape of stator and rotor teeth and the leakage magnetic
flux. The FEM can analyze the magnetic field of various
types of machines considering the effects of saturation and
nonlinearity on the magnetic field distribution [22], [23], but
it takes lots of time and computer source, its application in
machine optimization and performance analysis is limited to
some extent [24]–[26]. In [27], an analytical method for cal-
culating the air-gap field distribution of SHESM is described
in detail. It shows a structure in which two excitation sources
are located in the rotor, each PM is placed on the surface of the
salient pole. In [28], based on subdomain model, it presents
an analytical method to predict of magnetic field distribu-
tion of parallel hybrid excitation and spoke-type tangential
magnets motor with considering the tooth tips and shape of
polar pieces. Each PM is placed on between two adjacent
salient poles respectively. References [30], [31] provide other
topologies of HESMs with complicated geometric structure,
in which the studies are only done by the FEM.

The interior permanent magnets machines have the
advantages of high power density and high efficiency, and
have been widely used. Especially multisegment or mul-
tilayer interior magnets machines, which have additional
reluctance torque, the torque density is higher. Due to the
complicated magnetic flux path and leakage magnetic flux,
the performance of these interior magnets machines is gen-
erally analyzed by the FEM [32]–[35], and few scholars use
the analytical method [36]–[39]. To deal with the problem
that the FEM needs a lot of computation time in the design
process, an approach using the lumped equivalent mag-
netic circuit (EMC) method to calculate the electromagnetic
performance of the interior magnets machine is proposed
[36], [37]. In [38], the flux density of a multi-layered and
multi-segmented interior permanent magnet machine is cal-
culated by combining the EMC and conformal mapping with
slotting effect. The EMC can only estimate the radial compo-
nent of the flux density. According to the author’s knowledge,
there is no research on the hybrid analytical method for the
interior permanent magnets machine that considers the shape
of the stator and rotor teeth and the leakage magnetic flux.
However, many scholars adopted the hybrid analysis method
combining EMC and Maxwell’s equations in the spoke-type
magnets motor. To obtain the boundary condition on the rotor
side, different models are presented considering the irregular
PMs shape, teeth saturation, and the nonlinearity of magnetic
materials, respectively [40]–[42].

This paper presents an analytical model of air-gap field in
hybrid excitation and interior permanentmagnetsmachine for
ELVs, in which the shape of stator and rotor teeth is taken into
account. The model combines the EMC and Maxwell’s equa-
tions. To calculate the boundary conditions, the EMCmodels
under different paths of hybrid excitation and interior per-
manent magnets machine and a specific calculation method
for main permeance are given. The air-gap magnetic field is
obtained byMaxwell’s equations considering the rotor eccen-
tricity. The model is verified by the FEM.Moreover, utilizing
the analytical model, the machine is optimized by design
the suitable pole-arc coefficients and the rotor eccentricity.
In Section II, the topologies and features of the machine for
ELVs are given. In Section III, the EMC model and calcu-
lation method for main permeance are derived, the model of
the magnetic field distribution with the rotor eccentricity is
established. In Section IV, the analytical model is verified,
and the main structural parameters are optimized to improve
the fundamental and reduce total harmonic distortion (THD)
of the air-gap flux density. In Section V, the conclusions are
summarized.

II. TOPOLOGY OF THE MACHINE
The configuration of the hybrid excitation and interior per-
manent magnets machine is shown in Fig. 1. In the machine,
the rotor is composed of PM1 and PM2 which are built in
the outer middle of the pole shoe and the excitation winding
placed on the pole body in a seriesmanner, which can increase
the sine of air-gap flux density waveform. The magnetic flux
of each pole is provided by the PM1, PM2, and excitation
winding, the flux produced by the excitation winding does
not pass through magnets, which can improve the motor
efficiency and avoid demagnetization of PMs. The magnetic
barrier is arranged to reduce the leakage magnetic flux. The
magnetic bridge is set to connect the slots for PMs and pole
shoes for the PMs. To simplify, assuming that the stator
and rotor permeability is infinite. The eddy current, end and
conductivity effects are neglected.

FIGURE 1. Structure of hybrid excitation and interior permanent magnets
machine.
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FIGURE 2. Partial structure of the machine (a) salient pole structure
(b) stator tooth structure.

Partial structures of the machine including the salient pole
and stator tooth are shown as Fig. 2. To improve the sine
of the air-gap flux density waveform, the outer edge of the
rotor core is designed as the non-circular shape, as shown
in Fig. 2 (a). Due to the irregular structure of the stator tooth,
the segmentation calculation is adopted, the segmentation
diagram can be seen in Fig. 2 (b).

III. ANALYTICAL MODEL FOR THE MACHINE
Due to the complicated rotor topology of the hybrid excitation
and interior permanent magnets machine shown in Fig. 1,
the analytical calculation model of magnetic field for the
machine is derived in detail. Firstly, the EMC model is estab-
lished to derive the flux density on the rotor outer surface.
Then, the radial and tangential of the air-gap flux density are
calculated by considering the effect of the non-arc pole shoes.
Finally, on the basis of the air-gap flux density, the expres-
sions of cogging torque and back-EMF are given.

A. MAGNETIC CIRCUIT MODEL
Fig. 3 shows the magnetic line distribution of the machine in
different states. It can be seen clearly that the flux of each

FIGURE 3. Distribution of magnetic flux in different states (a) flux by
excitation winding alone (b) flux by PM1 and PM2.

FIGURE 4. EMC model (a) magnetic flux path related to excitation
winding (b) magnetic flux path related to PM1 (c) magnetic flux path
related to PM2.

magnetic pole can be divided into two components, which
are generated by the excitation winding and PM, respectively.
Setting that the permeability of the PM is equal to that of
vacuum, the magnetic flux generated alone by the excita-
tion winding is obtained, as shown in Fig. 3 (a). The main
magnetic flux is through the magnetic bridge of PM left and
right to linkage armature winding. There are three leakage
flux lines, including the leakage flux through the additional
air gap between two adjacent pole shoes, and the additional
air gap between two adjacent pole body, the stator teeth close
to the air-gap. And setting the value of the excitation current
is zero, the magnetic flux generated alone by the PM1 and
PM2 are obtained, as shown in Fig. 3 (b). Fig. 3 (b) indicates
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that the mainmagnetic flux created by PM1 and PM2 are both
in series and in parallel. Similarly, there are three leakage flux
lines, including the leakage flux through the magnetic bridge,
the additional air gap between different poles, and the stator
teeth close to air-gap.

As shown in Fig. 3, the studied machine has three magnetic
potential sources on each pole, including electric excitation
winding, PM1, and PM2. When the electric excitation source
acts alone, the EMC diagram of electromagnetic can be
obtained, as shown in Fig. 4 (a).

In a similar way, the EMC diagram of the other two mag-
netic potential sources under separate action can be obtained
in Fig. 4 (b) and Fig. 4 (c).

Applying the superposition principle in electrotechnics,
the total magnetic circuit for hybrid excitation and interior
magnet machine can be obtained, as shown in Fig. 5. Due
to the three magnetic potential sources occupy the different
length of the salient pole, each pole shoe is divided into three
parts, and the air-gap cross-sectional area can be regarded as
three segments. Fig. 5 shows that the flux through the first
part of the air-gap is provided only by the excitation winding,
and the flux through the second part of the air-gap is provided
by the excitation winding and PM1. At the same time, the flux
through the third part of the air-gap is provided by the electric
excitation winding, PM1, and PM2.

According to Fig. 5, the expression of the EMC model
can be derived as follows by applying the Kirchhoff’s law
of magnetic circuits:

8ml4 +8ml5 = 8mv2 −8δg3

8ml1 +8ml2 +8δg2 −8ml4 = 8mv1 −8ml3

−8mv2 +8ml5

8el1 +8el2 +8δg1 −8ml1 −8ml2 = 8e −8el3

−8mv1 +8ml3

(1)



Fe −8e
1

2GzFe
+8el1

1
2Gze1

= 0

8el3
1

2Gze3
−8δg1

(
1

2Gδ1
+

1
Gzδ1

)
= 0

2Fm1 −8mv1
1

2GzFm1
−8ml1

1
2GLml1

= 0

8ml3
1

Gzm3
−8δg2

(
1

2Gδ2
+

1
Gzδ2

)
+8δg1

(
1

2Gδ1
+

1
Gzδ1

)
= 0

2Fm2 −8mv2
1

2GzFm2
−8ml4

1
2GLm21

= 0

8ml5
1

2GLm22
+8δg2

(
1

2Gδ2
+

1
Gzδ2

)
−8δg3

(
1

2Gδ3
+

1
Gzδ3

)
= 0

(2)

Fe, Fm1, and Fm2 are the MMF excited by excitation wind-
ing, PM1, and PM2 over one magnet pole, respectively, Gm1
and Gm2 are the magnetic permeance of PM1 and PM2, can
be calculated by:

Fe = NIf (3)

FIGURE 5. Total EMC model.

Fm1 = Hrwm1 (4)

Fm2 = Hrwm2 (5)

Gm1 =
1
Rm1
=
µ0µmbm1Lef

wm1
(6)

Gm2 =
1
Rm2
=
µ0µmbm2Lef

wm2
(7)

where N is the number of excitation winding turns, If is
the excitation current, Hr is the intensity of the permanent
magnetic field, µ0 is the permeability of the vacuum, µm is
the relative permeability of permanent magnet, wm1 and wm2
are the thickness of PM1 and PM2, bm1 and bm2 are the width
of PM1 and PM2, Lef is the effective length of the stator and
rotor.
GLm11 and GLm12 are the leakage magnetic permeance of

rotor core at top and bottom of PM1 over one magnet pole,
GLm21 and GLm22 are the leakage magnetic permeance of
rotor core at the top of PM2 and additional air gap at the
bottom of PM2 over one magnet pole, respectively, GLδ1 and
GLδ2 are the leakage magnetic permeance of the additional
air gap between two adjacent pole shoes, can be calculated
by:

GLm11 =
1

RLm11
=

µ0µrLef l0
π l0 − 1

2wm1
(8)

GLm12 = GLm21 =
1
2
GLm11 =

1
2RLm11

=
1
2
µ0µrLef l0
π l0 − 1

2wm1
(9)

GLm22 =
1

RLm22
=

5µ0Lef l0
10wm2 − 6

(10)

GLδ1 = GLδ2 = µ0
8 (Rr1 − Rr2)Lef

π (Rr1 + Rr2)
(
θr − αpe

) (11)

where µr is the relative permeability of the rotor core, Rr1
and Rr2 are the outer and inner radius of pole shoe, l0 is the
length of the magnetic bridge between the PM and the outer
side of the rotor, αpe is the pole-arc coefficient of the salient
pole as shown in Fig. 6, θr are the rotor teeth pitch.
Gtt and Gts are the tangential leakage magnetic permeance

of stator tooth and slot, respectively, can be calculated by:

Gtt = µ0µr
2Lef ht2
bt2 + bt3

(12)

Gts = µ0
Lef ht0
bso

(13)
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FIGURE 6. Geometric structure of the salient pole.

where hti and bti are the height and width of the ith region of
the stator tooth, bso are the width of slot opening.
Gδe, Gδm1, and Gδm2 are the magnetic permeance of the

additional air gap between the rotor core and excitation
winding, PM1, and PM2, respectively, Gδi is the magnetic
permeance of air-gap between the stator and rotor, can be
calculated by:

Gδe = µ0
Sδe
δe
= µ0

2
(
bpb + Lef

)
hpb

δe
(14)

Gδm1 = µ0
Sm1
δm1
= µ0

Lef wm1
δm1

(15)

Gδm2 = µ0
Sm2
δm2
= µ0

Lef wm2
δm2

(16)

Gδi = µ0
Sδ
δi
=
µ0 (ai − ai+1)Lef π

2pδi

(
Rs2 −

1
2
δi

)
(17)

where bpb and hpb are the width and height of pole body, δe,
δm1 and δm2 are the additional air gap length between the rotor
core and excitation winding, PM1, PM2. δi is the length of
air-gap between the stator and rotor, ai is the pole arc width
in mechanical angle of the ith layer PMs.
Gci is the magnetic permeance of the rotor core at the

different position, can be calculated by:

Gci =
1
Rci
=

lc
µ0µrSc

(18)

where Sc and lc are the corresponding cross-sectional area and
the length of the rotor core at different locations.

According to the segmentation method shown in Fig. 2(b),
the stator tooth is treated as the superposition of four different
areas, including an approximate rectangle (I), two trapezoids
(II and III) and a quadrangle (IV). Due to the departments of
I, II, III and IV are series connection, and the total permeance

of stator tooth Gst can be calculated by:
1
Gst
=

1
Gst1
+

1
Gst2
+

1
Gst3
+

1
Gst4

(19)

¬Gst1 is the magnetic permeance in I region, and it can be
calculated by:

Gst1 = µ0µrLef
bt1
ht1
= µ0µrLef

2πRs2θs − bso
ht0

(20)

where Rs2 is the outer radius of stator core, θs is the stator
teeth pitch.

­ Gst2 is the magnetic permeance in II region, and it can
be calculated by:

Gst2 = µ0µrLef
2πRs2θs − bso + bt2

2ht1
(21)

® Gst3 is the magnetic permeance in III region, and it can
be calculated by:

Gst3 = µ0µrLef
bt2 + bt3
2ht2

(22)

¯ Gst4 is the magnetic permeance in IV region, and it can
be calculated by:

Gst4 = µ0µrLef
bt3 + bt4

2

(
Rs1 − Rs2 −

2∑
i=0

hti

)
= µ0µrLef

bt3 + 2πRsoθs − 2Rt − bsi

2

(
Rs1 − Rs2 −

2∑
i=0

hti

) (23)

where Rso is the outer radius of stator core, Rs1 is the radius
of stator slot bottom, Rt is the fillet radius in IV region.
Gsyi is the stator yoke magnetic permeance, and it can be

calculated by:

Gsyi = iµ0µrLef z
(Rso − Rs1)

πnst (Rso + Rs1)
(24)

where nst is the amount of teeth across the stator.
The key permeability shown in Fig. 5 can be calculated by:

Gzδi = 2Gst + Gsyi
GzFx = Gx + Gδx
Gze1 = Gc2 + GLδ1
Gze2 = Gc2 + Gc3 + GLδ2
Gze3 = Gc2 + Gc3 + Gtt + Gts + 2Gδ
Gzm3 = Gc5 + Gc6 + GLδ3

(25)

Define Asi as the effective magnetic flux area correspond-
ing to the ithmagnetic potential source, so, whenψ represents
the angle with reference to d axis, the flux density of outer
side of the rotor and the Fourier expansion on the calculated
position can be expressed as [40]:

Bδi =
8δi

Asi
(26)

Bpr_out =
∞∑
κ=1

4
κπ

Bδi sin
(
κπψ

2

)
(27)
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B. MAGNETIC FIELD DISTRIBUTION MODEL
Based on Maxwell’s equations, the magnetic potential distri-
bution �zξ can be expressed by the Laplace’s equation:

∂2�zξ

∂r2
+

1
r
∂�zξ

∂r
+

1
r2
∂2�zξ

∂α2
= 0 (28)

where r and α are the position of the calculated point,
representing the radial length and the circumferential angle,
respectively.

The general solution of (28) in different regions can be
expressed by separation of variables method as follows:

�zii =
∑
m

A1

[(
Rs3
Rs1

)mπ
bsi
(

r
Rs1

)mπ
bsi
+

(
r
Rs3

)−mπ
bsi

]

× cos
[
mπ
bsi

(
α +

bsi
2
− αi

)]
(29)

�ziii =
∑
n

A2

[(
r
Rs3

) nπ
bso
+

(
r
Rs2

)− mπ
bso

]

× cos
[
mπ
bso

(
α +

bso
2
− αi

)]
(30)

�ziii =
∑
k

(
A3

(
r
Rs2

)k
+ B3

(
r
Rro

)−k)
cos (kα)

+

∑
k

(
C3

(
r
Rs2

)k
+ D3

(
r
Rro

)−k)
sin (kα) (31)

where i, ii, and iii represent the regions of the slot, slot-
opening, and air-gap. A1, A2, A3, B3, C3, and D3 are the
coefficients to be determined. αi is the angle of the ith slot,
Rro is the maximum radius of the rotor surface.
Under the same magnetic pole, the period of the flux

density distribution is the same as that of the stator cogging.
Equation (31) is simplified as:

�ziii =
∑
k

(
A3

(
r
Rs2

)k
+ B3

(
r
RrO

)−k)
cos (kα) (32)

The boundary condition on the inside surface of the stator
core can be calculated by:

Bτ (r, α) |r=Rs2 = 0 (33)

If Rp is defined as the radius of the pole shoe surface,
as shown in Fig. 6, the interfaces conditions on the outer
surface of the pole shoe can be expressed by:

Br (r, α) |r=Rp = −µ0
∂�ziii

∂Rp
= Bps_out (34)

where Bps_out represents the average flux density on the pole
shoe outer surface.

Combining (32) and (34), the radial magnetic flux density
can be represented as:

Br (r, α) = −µ0
∂�ziii

∂Rp

∂Rp
∂r
=
∂Rp
∂r
· Bps_out (35)

Substituting (33) into (32), it can be obtained by:

B3 = −A3 (Rs2/Rr0)k (36)

Due to the salient pole structure of the machine, Bps_out is
equal to Bpr_out , the expression of interfaces conditions on
the outer surface of the pole shoe by combining (32) and (35)
can be derived and simplified by:

−µ0
k
r

(
A3

(
r
Rs2

)k
− B3

(
r
Rr0

)−k)
cos (kα)

=
4p
kπ

Bδi sin
(
kπψ
2p

)
·
∂Rp
∂r

(37)

In Fig. 6, h represents the eccentricity of the rotor, that
is, the distance between the center of the rotor core and the
salient pole, according to the geometric relationship in Fig. 6,
h can be deduced by:

h = −
√
R2p −

(
Rr1 sin 2παpe

)2
+ Rr1 cos 2παpe (38)

Selecting the point K outside the salient pole randomly,
and considering its coordinate as (x, y), it can be obtained by:

λ2 − 2λh cosαk + h2 − R2p = 0 (39)

where λ is the distance between the calculated point K and
the origin, αk is the angle between the line from point K to
ordinate origin and the center axis of the salient pole.

Submitting (38) to (39), the expression of the radius of the
pole shoe surface can be obtained by:

2 (λ cosαk − Rr1 cosϕ)

√(
R2p − (Rr1 sinϕ)

2
)

= −λ2 + 2λRr1 cosϕ cosαk − R2r1
(
2 cos2 ϕ − 1

)
(40)

where ϕ is equal to 2παp1.
According to (40), the partial derivative of the radius of the

pole shoe surface is calculated by:

∂Rp
∂λ
=cosαk

√(
R2p − (Rr1 sinϕ)

2
)
+λ− Rr1 cosϕ cosαk

(41)

Furthermore, the outside edge of the pole shoe is regarded
as a parabola opening toward the origin of the coordinates,
as shown in Fig. 6, the distance λ can be calculated by:

λ = Rr1 + 0 cosαk (42)

In (42), 0 is the function expression of the proposed
parabola, the variable 0 can be expressed by derivation and
simplification:

0 = −

(
256λ2

π2D2α2pe
cos2 αk − 1

)
(Rr0 − Rr1) (43)

Substituting (43) to (41), and it can be obtained by:

− (Rr1 + (Rro − Rr1) cosαk − λ) π2D2α2pe

+256 cos3 αk (Rro − Rr1) λ2 = 0 (44)
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Therefore, according to (36), (37) and (41), the coeffi-
cient A3 can be obtained by:

A3

= −4p (Rr1 + 0) cosαkBδi sin
(
kπψ
2p

)

·

cosαk

√(
R2p−(Rr1 sinϕ)

2
)
+Rr1(1− cosϕ cosαk )+0

µ0k2π
(
(Rr1+0)k R

−k
s2 +(Rr1+0)

−k Rks2
)

(45)

Based on (32), (38) and (44), the radial and circumferential
of the air-gap flux density are calculated by:

Br (r, α)

= 4p cos2 αkBδi sin
(
kπψ
2p

)

·

√(
R2p − (Rr1 sinϕ)

2
)
+ Rr1(1− cosϕ cosαk )+ 0

rkπ
(
(Rr1 + 0)k−1 R

−k
s2 + (Rr1 + 0)

−k−1 Rks2
)

·

∑
k

((
r
Rs2

)k
+

(
Rs2
r

)k)
cos k (α − wr t) (46)

Bτ (r, α)

= −4p cos2 αkBδi sin
(
kπψ
2p

)

·

√(
R2p − (Rr1 sinϕ)

2
)
+ Rr1(1− cosϕ cosαk )+ 0

rkπ
(
(Rr1 + 0)k−1 R

−k
s2 + (Rr1 + 0)

−k−1 Rks2
)

·

∑
k

((
r
Rs2

)k
−

(
Rs2
r

)k)
cos k (α − wr t) (47)

Thus, combining (46), (47) with the Maxwell tensor
method, by integration, cogging torque of the hybrid excita-
tion machine is derived as:

Tcog =
Lef r2

µ0

2π∫
0

Br3Bτ3dα (48)

The back-EMF of hybrid excitation machine is induced
by the flux linkage in the winding which changes with time,
it can be expressed as [17]:

Eσ=
dψσ
dt
=
d
dt

(
Lef Nc
a

∑
n∈σ

(
�z3| r=Rs

α=αn+
−�z3| r=Rr

α=αn−

))
(49)

where σ represents the phase A, B, and C of armature
winding, a represents the number of parallel branches, Nc
represents the turns per coil, αn represents the angle of the
slot where the coil is located.

The electromagnetic torque can be obtained by the princi-
ple of virtual displacement:

Tem =

∑
(EAIA + EBIB + EC IC )

w
(50)

where w represents the rotor speed in rad/s, EA, IA, EB, IB,
EC , and IC represent the back-EMFs and currents of phase
A, B and C, respectively.

IV. FEA VALIDATION AND PERFORMANCE ANALYSIS
In this section, the calculated results of the radial and tangen-
tial of air-gap flux density, Back-EMF, and the cogging torque
are compared with simulation results of that, the correct-
ness of analytical model is verified. Based on the proposed
analytical model, an optimization is performed to maximize
the amplitude of the fundamental air-gap flux density and
minimize THD of the air-gap flux density.

A. FEA VALIDATION
To verify the rationality and effectiveness of the analytical
model, the 8-pole/48-slot hybrid excitation and interior per-
manent magnets machine is chosen as the simulation proto-
type. The main calculation and simulation parameters of the
machine are listed in Table. 1. The parameters of the rotor are
listed in Table. 2. The simulation model is established by the
simulation software, in which all magnets is set as NdFeB.
The stator and rotor adopt linear materials to approximate
the infinite permeability in the assumptions in the simulation
model. In the section, the simulation results and calculated
results of the machine, including the air-gap flux, back-EMF
and cogging torque are compared, respectively.

TABLE 1. Main parameters of the machines.

TABLE 2. The parameters of the rotor.

The air-gap flux density of the hybrid excitation and inte-
rior permanent magnets machine is drawn in Fig. 7. Selecting
the center position of the air-gap, the radial and tangential
component of the air-gap field are calculated. It can be seen
that for the eccentric salient pole structure of the hybrid
excitation and interior permanent magnets machine, the curve
of the analytical results and that of the simulation results have
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FIGURE 7. Air-gap flux density curve of the studied machine.

a high degree of agreement, which shows that the analytical
model can calculate the radial and tangential of air-gap flux
density. In addition, the analytical results in the stator slot and
the salient pole are similar to the simulation results, indicating
that the analysis model can consider the influence of the
shape of the stator and rotor teeth on the air-gap flux density.
It is worth noting that the sine of the air-gap flux density
waveform is relatively high.

FIGURE 8. Back-EMF curves of the studied machine.

Fig. 8 shows that the Back-EMF curves of single phase
under no-load condition. The simulation curve of the
Back-EMF is very close to the calculation curve of that,
which proves the analytical model can be used to obtain the
Back-EMF of the studied machine under no-load condition.
Besides, the curves shown in Fig. 8 are close to the sinu-
soidal waveform, which indicates that the structure of the
provided salient pole rotor can enhance the output quality of
the machine.

Fig. 9 shows that cogging torque curves obtained by ana-
lytical calculation and simulation, respectively. It can be seen
that the cogging torque waveform predicted by the analyti-
cal model has a small difference with the simulation result,
which further proves the feasibility and practicability of the
analytical method. Due to the analytical model of magnetic
field proposed in this paper takes into account the influence
of stator slotting and the non-circular outer edge of the rotor,

FIGURE 9. Cogging torque of the studied machine.

FIGURE 10. The amplitude of the fundamental air-gap flux density.
(a) h = 0, (b) with different eccentricity h.

the cogging torque model obtained by the calculation method
is also affected by the cogging effect.

Table. 3 shows the comparisons of the root mean
square (RMS) of radial and tangential air-gap flux density,
back-EMF and cogging torque of the machine. It can be
seen that using the analytical model and FEA, the RMS of
radial air-gap flux density of the machine is about 0.5 T,
and the cogging torque is about 500 mNm, the back-EMF
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FIGURE 11. THD of air-gap flux density with different eccentricity h. (a) h = 0, (b) h = 5, (c) h = 10, (d) h = 15, (e) h = 20.

is about 21 V, which indicates that the RMS of calculated by
the analytical model are close to those of FEA.

B. PERFORMANCE ANALYSIS
The pole-arc coefficient corresponding to each excitation
source of a single magnetic pole is a crucial factor affecting

the amplitude of the fundamental of air-gap field and the
distribution of the harmonic of air-gap field. Due to the space
of pole shoe of the studied machine is limited, in order to
maximize the electromagnet field utilization, the pole-arc
coefficient of the pole shoe through the electric excitation
source αpe is selected as 0.91. Moreover, the non-circular
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TABLE 3. The comparisons of RMS.

structure of the rotor surface is adopted in the machine. It is
quite obvious that the eccentricity is also a crucial factor
which can affect the distribution of air-gap field. h is defined
as the eccentricity of the rotor, αp1 and αp2 are defined as
the pole-arc coefficients of the PM1 and PM2. Therefore,
the influence of the arrangement form of the pole shoe and
PM1, PM2 is researched by using the proposed analytical
model, that is, the different combination of h, αp1 and αp2
are analyzed for the optimum distribution of air-gap field,
as shown in Fig. 10-12.

Fig. 10 shows the amplitude of the fundamental air-gap
flux density under the different eccentricity. In Fig. 10 (a),
it can be seen clearly that when αpe remains unchanged,
the fundamental amplitude of the air-gap flux density
enhances as αp1 and αp2 increase, which is caused by the
increase in volume of PMs. Besides, compared with αp2, αp1
has a greater influence on the fundamental of air-gap flux
density. Further, it can be seen that compared with αp1 and
αp2, the eccentricity has the greatest effect on the fundamental
amplitude of the air-gap flux density, as shown in Fig. 10 (b).
When h is set to 0, 5, 10, 15, and 20, respectively, the funda-
mental amplitude of the air-gap flux density increases slowly
at first, and then more quickly.

Keeping αpe constant and changing αp1, αp2, and h,
the variation of THD of the air-gap flux density will be more
complicated. Therefore, The THD with different eccentricity
h is analyzed, in which the pole-arc coefficients of PM1 and
PM2 are set within a standard range, it is because of the
need to ensure the maximization of the sine flux waveform.
From Fig. 11, we can see that h has the most significant
influence on the THD, whereas αp2 has the least influence
on the THD. Furthermore, with the increasing of h, the THD
decreases at first and then increases gradually. When h is
from 0 to 10, THD decreases, the minimum value of THD
decreases from 0.2 to 0.17. When h is from 10 to 15, THD
increases, the minimum and maximum of THD increases
from 0.17 to 0.19, and from 0.29 to 0.34, respectively, but
the increasing of the THD is smaller. When h is from 15 to
20, THD still increases, however, compared with the previous
one, the scope of the increase is bigger. Besides, All the THD
with different eccentricity shown in Fig. 11 is less than 0.3.
When h is 10 or 15, the area with the THD below 20% is the
largest, which can be seen in Fig. 11 (c) and Fig. 11 (d).When
h is 20, the area with the THD above 31% is the widest, which
can be seen in Fig. 11 (e).

By combining Fig. 10 (b) and Fig. 11 (e), it is obvious that
with the increasing of h, the fundamental air-gap flux density
always keeps increasing, but when h exceeds a certain value,

FIGURE 12. Minimum THD distribution with different eccentricity h.

FIGURE 13. Air-gap flux density curve of the optimized machine.

the THD also increases. Therefore, both the fundamental and
THD of air-gap flux density should be taken into account to
design the eccentricity of the rotor. Aiming at the minimum
THD, the optimal parameters h, αp1, and αp2 can be obtained.
The optimal combination of αp1 and αp2 with different h is
given, as shown in Fig. 12. Similar to the results obtained
in Fig. 11, when h is from 10 to 15, the THD is the smallest.
αp1 and αp2 are 0.65 and 0.25, respectively, and h is 15,
minimum THD is obtained. When the eccentricity of the
rotor, the pole-arc coefficients of the PM1and PM2 are 15,
0.65 and 0.25, the radial air-gap flux density distribution
is given, as shown in Fig.13. Comparing with the initial
radial air-gap flux density curve in Fig.7, the air-gap flux
density waveform of the optimized machine is closer to a sine
curve, and the analytical result is in good agreement with the
simulation result.

V. CONCLUSION
In this paper, aiming at the magnetic field analysis of the
hybrid excitation and interior permanent magnets machine
for ELVs, the analytical method is proposed for predict-
ing the air-gap field distribution. In the analytical model,
the EMC method and magnetic potential analysis method
are combined, and the shape of the stator and rotor teeth
is considered. To obtain the boundary conditions, the EMC
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model considering the stator teeth shape and the leakage flux
is established for calculating the air-gap flux density on the
rotor side, which can also provide theoretical foundation for
reducing the magnetic leakage. Applying Maxwell’s equa-
tion, the magnetic field model is obtained by accounting for
the eccentricity of the rotor.

The analytical method is verified by using the simu-
lation model. The result shows that the analytical model
can be adopted to calculate the electromagnetic perfor-
mance of this type of machine, including the air-gap field,
back-EMF and cogging torque. By utilizing the analytical
model, the pole-arc coefficients of PM1, PM2, and the rotor
eccentricity are optimized to get maximum fundamental and
minimum THD of air-gap flux density. Moreover, compared
with the former, the eccentricity has a greater influence on
the air-gap field distribution of the studied machine. For the
hybrid excitation and interior permanent magnets machine,
under the condition of ensuring the maximization of elec-
tromagnetic utilization, the distribution of the air-gap field
can be improved by changing the pole-arc coefficients of
PM1 and the rotor eccentricity, thus improving the opera-
tional quality of the machine. In addition, the machine can
improve the quality of the air-gap flux waveform to make the
THD of that below 30%.

There is still much work to be done on the analytical mod-
eling of the hybrid excitation and interior permanent magnets
machine for ELVs. In the future work, the application of
the method to other machines of this type will be involved.
In order to get more precise results, it is necessary to consider
the nonlinear characteristics of the materials of stator and
rotor in the machine. In addition, the efficiency and control
strategy of the machine should also be further studied.

FREQUENTLY USED SYMBOLS
N Number of excitation winding turns
If Excitation current
Hr Intensity of the permanent magnetic field
µ0 Permeability of the vacuum
µm Relative permeability of permanent magnet
wm1 Thickness of PM1
wm2 Thickness of PM2
bm1 Width of PM1
bm2 Width of PM2
Lef Effective length of the stator and rotor
µr Relative permeability of the rotor core
Rr1 Outer radius of pole shoe
Rr2 Inner radius of pole shoe
l0 Length of themagnetic bridge between the PM and

the outer side of the rotor
αpe Pole-arc coefficient of the salient pole
hti Height of the ith region of the stator tooth
bti Width of the ith region of the stator tooth
bpb Width of pole body
hpb Height of pole body
δe Additional air gap length between the rotor core

and excitation winding

δm1 Additional air gap length between the rotor core and
PM1

δm2 Additional air gap length between the rotor core and
PM2

Rp Radius of the pole shoe surface
h Eccentricity of the rotor
λ Distance between the calculated point and the origin
αk Angle between the line from point to ordinate origin

and the center axis of the salient pole
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