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ABSTRACT The structural asymmetry of theMEMS rate-integrating gyro (RIG) mode produces a threshold
and an angle-dependent bias (ADB) that cause gyroscopes operating in this mode to stop working at input
rates below the threshold and degrade the linearity of the output angle. This defect in the RIG output angle is
actually caused by a precession angular-rate bias that results from both damping asymmetry (anisodamping)
and stiffness asymmetry (anisostiffness). This paper describes a novel compensation method based on
Fourier series fitting combined with a multiple iteration technique. The proposed compensation method can
significantly reduce both the input rate threshold and ADB. Simulations indicate that the threshold and ADB
caused by anisodamping and anisostiffness can be reduced by three orders of magnitude. An experimental
application of this method produced a MEMS RIG threshold as low as 0.05◦ per second, representing an
improvement of two orders of magnitude and lower than has previously been reported.

INDEX TERMS MEMS rate-integrating gyro, asymmetric damping, asymmetric stiffness, threshold.

I. INTRODUCTION
MEMS gyroscopes can operate in both rate gyro (RG) mode
and rate-integration gyro (RIG) mode. RG measures the rota-
tion rate by forcing an operational mode to oscillate steadily
and detects the vibration displacement caused by the coupling
of the Coriolis Effect in another mode, whereas RIG directly
measures the rotation angle. In the case of RIG, the oscilla-
tion mode of the gyro maintains a consistent amplitude, and
allows free precession of the oscillation pattern. The rotation
angle can then be determined by measuring the precession
angle of the oscillation mode.

Compared with RG, RIG has the following characteris-
tics: (1) It can directly measure the rotation angle, which
effectively reduces the accumulation error caused by angle
random walk [1]; (2) RIG theoretically has unlimited band-
width [2], [3] and input range [4]; and (3) its angular gain has
extremely high stability [5]. However, the structural asymme-
try of the MEMS gyroscope results in stiffness asymmetry
(anisostiffness) and damping asymmetry (anisodamping) of
the two oscillation modes. Anisostiffness will generate the
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quadrature error and frequency splitting (1f ), whereas aniso-
damping causes a mismatch in the gyro damping. Due to the
existence of stiffness and damping anisotropy, RIG suffers
from a threshold problem, that is, when the input rotation rate
is below a certain value, the modal shape of the gyro will be
locked at a certain angle instead of enjoying free precession,
and will then not work properly in RIG mode. Moreover,
anisostiffness and anisodamping are the main reasons for the
angle-dependent bias (ADB) of RIG. The quadrature error [6]
and frequency splitting can be reduced by quadrature elec-
trostatic tuning and frequency electrostatic tuning [7]–[9],
but they cannot be completely eliminated. Thus, the residual
quadrature error and frequency splitting will still have an
impact on the performance of RIG. The damping anisotropy
produces a signal that is in phase with the Coriolis force,
so the compensation method is somewhat complicated [10].
The method adopted in [11] generates a feedback force by
analyzing the gyro dynamic equation and applying it to
the gyro to cancel the impact of the damping anisotropy.
However, this method assumes that the quadrature error is
zero and cannot eliminate all residual errors, so only a 25%
improvement can be obtained. References [12] and [13] use
the virtual rotation to reduce the RIG threshold below 0.1◦/s.
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This method applies a fixed force to the precession angular-
rate control loop so that the oscillation pattern rotates at a
constant rate, even without an input angular rate. The output
angle can be obtained by subtracting the virtual rotation angle
from the detected precession rotation angle. This method
effectively averages the ADB and reduces the threshold.
However, it cannot reduce the precession angular-rate bias.
Moreover, the maximum rate of virtual rotation is limited by
the hardware, which increases the difficulty of observing the
rotation angle in real time. Thus, it has limited capability to
improve the performance of RIG.

In summary, the abovemethods can reduce both the thresh-
old and ADB to some extent, but they cannot fundamentally
solve the problem of precession angular-rate bias errors intro-
duced by the structural asymmetry of the gyro. The threshold
and ADB of RIG are essentially caused by the bias terms
of the anisostiffness and anisodamping in the precession
angular rate of RIG [14], so the threshold and ADB could
be significantly reduced by eliminating the bias terms in real
time. To completely eliminate precession angular-rate bias
errors, this paper introduces a novel compensation method
based on a Fourier series fitting combined with a multiple
iteration technique. This method uses a Fourier series to fit
the precession angular-rate bias curves, and then realizes
real-time compensation by adding fitting parameters to the
precession angular-rate control loop of RIG.

This paper first presents a derivation of the theoretical
formulas from the relevant dynamic equations, and then adds
precession angular-rate bias terms associated with the damp-
ing and stiffness anisotropy. Next, a control algorithm is
proposed and simulated using the Simulink software. Finally,
the results of an experiment to verify the simulation results
and efficiency of the proposed compensation method are
presented.

II. THEORY
A. MEMS GYRO DYNAMIC EQUATION
Ideally, the MEMS gyroscope would have no asymmetry in
either stiffness or damping. The ideal dynamic equation is:
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where x and y are the vibration signals of two orthogonal
vibration modes, � is the input angular rate, 1/τ is the
damping coefficient, ω2is the stiffness coefficient, M is the
effective mass of the gyro, and Fx , Fy are the feedback forces
of the drive shaft and the sensitive shaft, respectively.

Under non-ideal conditions, the existences of damping
and stiffness anisotropy change the gyro dynamic equation
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where ω1ω =
ω2
x−ω

2
y

2 , ωx , ωy are the x-modal and y-modal
resonance frequencies, respectively, k is the angular gain, θτ ,
θω are the included angles between the damping principal axis
and stiffness principal axis, respectively, and 1(1/τ ) is the
damping error.

Ideally, the vibration pattern of RIG is a straight line.
However, in the non-ideal situation, the quadrature force
caused by the structure error produces an elliptical RIG vibra-
tion pattern, as shown in Fig. 1.

FIGURE 1. Illustration of ideal and non-ideal vibration patterns of RIG.
(a) In the ideal RIG, the vibration pattern moves on a single axis with
amplitude a. (b) In the non-ideal RIG, quadrature error causes the
vibration pattern to become an ellipse.

B. CONTROL ALGORITHM
From Fig. 1(b), we can derive the x-modal and y-modal
motion equations as:{

x = a cos θ cos (ωt + ϕ)− b sin θ sin (ωt + ϕ)
y = a sin θ cos (ωt + ϕ)+ b cos θ sin (ωt + ϕ)

(3)

As the vibration energy of RIG will be attenuated, it is
necessary to control the vibration energy so that it remains
constant. In addition, to reduce the impact of the quadrature
force on the performance of the gyro, it is necessary to
control the quadrature signal to make it as small as possi-
ble. To obtain the vibration energy signal and the quadra-
ture signal, the detection signal can be demodulated by
multiplication to obtain the following four vibration pattern
parameters:

xc = a cos θ cosϕ + b sin θ sinϕ
xs = a cos θ sinϕ − b sin θ cosϕ
yc = a sin θ cosϕ − b cos θ sinϕ
ys = a cos θ sinϕ + b cos θ cosϕ

(4)
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The required control parameters are then obtained by com-
bining these four mode parameters as follows:
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(5)

where E is the energy variable, Q is the quadrature variable,
S and R are used to determine the precession angle θ , and
ϕ is used to track the frequency of the resonator. As the
output range of the arctan function is [–π , π ], the range of θ
is [–π /2, π /2], which does not cover the full [–π , π ] range
of θ . Thus, a revised angle function with an extended angle
range is used in our control method:
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1
2
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)
+


π, xc < 0&S < 0
0, xc > 0
−π, xc < 0&S > 0

(6)

The RIG control system generally has three control loops:
energy control loop, quadrature control loop, and precession
angular-rate control loop. The energy control loop and the
quadrature control loop use a proportional-integral (PI) feed-
back controller [15]–[17] to maintain the vibration ampli-
tude and minimize the quadrature error. The precession
angular-rate control loop can superimpose a variable vir-
tual rate on the precession angular rate to compensate the
precession angular-rate bias error. Equations (7)–(9) are the
expressions used for the input force of the energy control
loop, quadrature control loop, and precession angular-rate
control loop.

FE = KPE (E0 − E)+ KIE

τ∫
0

(E0 − E (τ )) dτ (7)

where FE is the vibration energy PI controller output, KPE
and KIE are PI parameters, and E0 is the vibration energy
reference value.

FQ = −KPQQ− KIQ
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where FQ is the vibration energy PI controller output.
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where
·

θ is the precession angular rate and F ·
θ

is the
angle-dependent control force that is applied to the preces-
sion angular-rate control loop. The precession angular-rate

bias terms caused by anisodamping and anisostiffness are
described in (9). It can be seen that the bias terms result in
some problems, such as a threshold and ADB.

Through these three control loops, the feedback
forces Fx and Fy in the x and ymodes can be generated using:{
Fx=FE cos θ sinωt−FQ sin θ cosωt − F ·

θ
sin θ sinωt

Fy=FE sin θ sinωt+FQ cos θ cosωt + F ·
θ
cos θ sinωt

(10)

This equation is used to compensate for the anisodamping and
anisostiffness effects. The compensation process is discussed
in the following subsections.

C. COMPENSATION FOR DAMPING ERROR
When only anisodamping is present, the RIG precession
angular rate can be expressed as:
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To compensate the precession angular-rate bias caused by
damping anisotropy, the force F

1 1
τ
is applied to the preces-

sion angular-rate control loop as:
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By settingF
1 1
τ
(θ) = ω

√
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the damping error term is compensated in real time. Fig. 2(a)
shows simulation data for the angular-rate bias caused by
anisodamping when the input angular rate without compen-
sation is 100◦/s. This value is about ±7.5◦/s, which means
that the RIG threshold is 7.5◦/s. After compensating for the
damping error term in the precession angular rate, we can see
from Figs. 2(c) and 2(d) that the precession angular-rate bias
and ADB have been reduced by three orders of magnitude.
The relevant simulation parameters are presented in Table 1.

D. COMPENSATION FOR STIFFNESS ERROR
When only anisostiffness is present, the RIG precession angu-
lar rate can be expressed as:

·

θ = −k�+
1
2
1ω cos 2 (θ − θω)

Q
E

(13)

As the quadrature signal Q is also a function of θ ,
the impact of anisostiffness on the precession angular rate
is not only a fluctuation of 2θ , but also the nθ harmonics,
which increase the difficulty of anisostiffness compensation.
Therefore, to reduce the stiffness error term, a more complex
force F1ω needs to be added to the precession angular-rate
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FIGURE 2. Simulation diagram of ADB and angular-rate bias before and
after compensation of damping error terms. (a) Precession angular-rate
bias without compensation. (b) ADB without compensation.
(c) Precession angular-rate bias after compensation has improved by
three orders of magnitude compared with before. (d) ADB after
compensation has also improved by three orders of magnitude
compared with before.

TABLE 1. Simulation parameters related to anisodamping compensation.

control loop. This is formed by superimposing multiple
signals. Although this force is very complex, we can use the
Fourier series harmonics information in (14). The accurate
compensation parameters will then be generated by fitting the
measured precession angular-rate bias curve using (14).

F1ω (θ)

2ω
√
E
=

∞∑
n=1

(an cos nθ + bn sin nθ) (14)

Fig. 3 is a simulation diagram of the precession angular-
rate bias before and after compensation for anisostiffness.
The relevant simulation parameters are presented in Table 2.
Fig. 3(a) illustrates that the error term for the anisostiffness
with respect to the precession angular rate contains harmon-
ics, and that the threshold is about 8◦/s. Reference [10] shows
that the harmonics of 2θ and 4θ occupy the dominant part of
the RIG error, so we set n = 4 in (14) and then perform data
fitting. The results using the fitting parameters obtained in
this way are shown in Fig. 3(b). The precession angular-rate
error after compensation, as illustrated in Fig. 3(c), has
been improved by three orders of magnitude. Although the
compensation method can effectively reduce the impact of

FIGURE 3. Fitting function parameter diagram of angular-rate bias before
and after compensation of stiffness error terms. (a) Precession
angular-rate bias without compensation. (b) Fitting parameters of
precession angular-rate bias without compensation. (c) Precession
angular-rate bias after compensation. (d) Fitting parameters of precession
angular-rate bias after compensation.

TABLE 2. Simulation parameters related to an ISO stiffness
compensation.

anisostiffness, the presence of harmonics makes the com-
pensation scheme complicated. Hence, the harmonics of the
error should first be reduced by using quadrature electrostatic
tuning to decrease the quadrature error, as this makes the
compensation scheme simpler.

In addition, compensation for the anisostiffness can be
extended to cases where anisodamping and anisostiffness
exist at the same time. For this purpose, the input force F ·

θ
of the precession angular-rate control loop can be included
in (14). Therefore, the damping and stiffness error terms can
be compensated simultaneously using the expression:

F ·
θ

2ω
√
E
=

F
1 1
τ
+ F1ω

2ω
√
E
=
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n=1

(αn cos nθ + βn sin nθ) (15)

III. EXPERIMENTS AND ANALYSIS
A. TEST PLATFORM AND GYRO PARAMETERS
A fully vacuum-encapsulated cobweb-like disk resonator
gyroscope (DRG) [15] was used in the experiments.
Fig. 4 shows a structural diagram and vibration mode dia-
gram of the cobweb-like DRG, in which vibration in the 0◦
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FIGURE 4. Cobweb-like DRG structure diagram and mode shapes
diagram. (a) The structure is polygonal and highly symmetric.
(B) n =2 mode shapes diagram [8], where the 0◦ direction is the x mode
and 45◦ direction is the y mode.

FIGURE 5. SEM overview and magnified view of photos of a fabricated
cobweb-like DRG.

direction is the x mode and vibration in the 45◦ direction is the
ymode. The cobweb-like DRG is composed of 10 concentric
polygonal spider web rings connected by eight spokes to a
single central anchor. Each ring is connected by 16 identi-
cal rectangular beams. The diameter of the outermost ring
is 3.8 mm, the diameter of the central anchor is 1.7 mm,
the width of the polygonal ring is 13µm, and the width of the
lumped mass on the ring is 77 µm. As the cobweb-like DRG
has an extremely highly symmetric structure, its damping
asymmetry and stiffness asymmetry are much smaller than in
conventional DRGs [18]. Table 3 presents some parameters
of the cobweb-like DRG.

TABLE 3. Main parameters of the cobweb-like DRG.

After electrostatic tuning of the quadrature error, the reso-
nance frequency of the cobweb-like DRG was tested at room
temperature. First, a sweeping frequency AC signal with a
frequency of 5044–5048 Hz and a sweep interval of 0.01 Hz
was produced by a signal generator (KEYSIGHT 33500B)

FIGURE 6. Frequency sweep and attenuation of two modes. (a) Frequency
sweep curves obtained by sweeping the two modes of the gyro at
intervals of 0.01 Hz. (b) Energy decay curves of the two modes. The
measured quality factor values of the x mode and y mode are 136252 and
135606, respectively.

to drive the gyroscope. An NI acquisition card collected
the vibration signals of the two modes of the gyro, and the
resulting curves are shown in Fig. 6(a). The frequency split
between the two modes of the gyroscope is 1.66 Hz with only
the electrostatic tuning of the quadrature error.

The quality factor was measured using a time decay
method. After the vibration of the gyroscope had stabilized,
the drive signal was turned off so that the vibration energy of
the gyroscope could freely attenuate. The resulting attenua-
tion curve is shown in Fig. 6(b). The measured quality factors
of the x and y modes are 136252 and 135606, respectively.
Thus, we can calculate 1(1/τ ) =5.35 × 10−4 rad. and the
corresponding threshold value is 0.02◦/s. This means that the
cobweb-like DRG has very high structural symmetry.

Fig. 7 shows the RIG test platform. The gyro is soldered
onto a PCB, and the input angular rate is provided by a rate
table. The output signal is then extracted by the read-out cir-
cuit on the printed circuit board (PCB). The analog-to-digital
converters (ADC) uses the 18-bit serial output ADS8881 with
a sampling rate of 625 kHz. The digital-to-analog convert-
ers (DAC) uses a 16-bit high-accuracy DAC8831. The RIG
control system was built using a Field Programmable Gate
Array (FPGA), and the signals were collected through the
serial port using a LabVIEW program with a sample rate
of 90 Hz. Fig. 8 shows a block diagram of the RIG control
system.

B. PRECESSION ANGULAR-RATE BIAS
The threshold and ADB are the two most important per-
formance indicators of RIG. The former causes RIG to fail
when the input angular rate is below the threshold, and the
latter degrades the linearity of the angle output at low speeds.
Therefore, RIG is often suitable for high input angular rates.

In theory, the angular gain of the cobweb-like DRG
is 0.77 [8]. To verify the stability of the RIG angu-
lar gain, the output angle was measured in clockwise

VOLUME 8, 2020 145615



J. Liu et al.: Novel Compensation Method for Eliminating Precession Angular-Rate Bias

FIGURE 7. RIG control circuit. The control circuit is divided into three
parts. The first part is the gyro interface circuit, which is used to extract
gyro signals. The gyro is welded onto the interface circuit board.
The second part includes the ADC and DAC, which are used for the
conversion of digital and analog signals. The third part is the FGPA, which
is used to realize the RIG control program.

FIGURE 8. Block diagram of RIG control system. The Demod module in the
FPGA is used to demodulate the required control signals, the PLL module
is used to track the resonance frequency of the gyro, and the Compensate
module is used to compensate the precession angular-rate bias.

and counterclockwise directions with an input angular rate
of 60–150◦/s (Fig. 9(a)). Once the precession angle had
rotated for three cycles, its angular gain k was calculated.
As the input angular rate � increases, we see from Fig. 9(b)
that the angular gain k tends to 0.77, which is consistent with
the characteristics of RIG [20].

For RIG, as the input angular rate increases, ADB will
gradually decrease, and the output angle linearity will
improve. This is because a higher speed entails a greater
degree of averaging of ADB. However, the RIG precession
angular-rate bias caused by stiffness and damping anisotropy
will not decrease as the input angular rate increases. Thus,
even when the input angular rate is high, the precession
angular-rate bias will still exist. This significantly affects the
linearity of the RIG output angle at low speeds. Therefore,
it is important to compensate the precession angular-rate bias
in order to reduce the threshold and ADB.

Fig. 10 illustrates the output angle and related errors of RIG
when the input angular rate is±10–15◦/s without compensa-
tion. From the output of RIG, the effects of anisostiffness and
anisodamping are reflected in the bias of the output angle, and

FIGURE 9. Output angle and angular gain of RIG at different speeds.
(a) Output angle of RIG as the rate table speed changed from 60–150◦/s.
(b) Angular gain becomes closer to the theoretical value as the speed
increases.

FIGURE 10. RIG output angle and related errors when the input angular
rate is ±10–15◦/s before compensation. (a) Output angle when the input
angular rate is 10–15◦/s. (b) Precession angular-rate bias when the input
angular rate is 10–15◦/s. As the input angular rate changes, the
precession angular-rate bias will not change. In this case, the threshold is
5◦/s. (c) ADB decreases gradually as the input angular rate increases.

this angular bias decreases as the input angular rate increases
(Figs. 10(a), 10(c)). In essence, however, the RIG precession
angular rate will drift under non-ideal conditions (Fig. 10(b)).
The maximum drift value is the threshold of RIG. This bias
will not change with the input angular rate, and will produce
nθ harmonics due to the existence of anisostiffness.
In addition, the RIG precession angular-rate bias informa-

tion can be derived from the output angle and then smoothed
using a MATLAB tool.

C. PRECESSION ANGULAR-RATE BIAS COMPENSATION
After obtaining the precession angular-rate bias curve,
(15) can be used to fit the error curve and generate the
relevant fitting parameters. These fitting parameters are used
in the precession rate control loop to perform bias compen-
sation. As shown in Fig. 11(a), the bias of the RIG output
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FIGURE 11. Output angle and related errors of RIG when the input
angular rate is 10–15◦/s after compensation. (a) Output angle when the
input angular rate is ±10–15◦/s after compensation. (b) Precession
angular-rate bias when the input angular rate is 10–15◦/s. (c) ADB when
the input angular rate is 10–15◦/s; the precession angular-rate bias and
ADB have improved by a factor of five after compensation. (d) Fitting
parameters of precession angular-rate bias before and after
compensation.

angle is improved after compensation, and the precession
angular-rate bias and ADB have been reduced by a factor
of five (Figs. 11(b), 11(c)). Fig. 11(d) illustrates the effect
of the fitting parameters obtained by fitting the precession
angular-rate bias before and after compensation. It can be
seen that only the 2θ harmonic is dominant in the precession
angular-rate bias after compensation.

Although the precession angular-rate bias improved after
compensation, the remaining harmonic error still produces
a 1◦/s threshold. To further reduce this value, the remaining
precession angular-rate bias can be fitted and compensated
again. This iterative improvement is another advantage of the
precession angular-rate bias compensation method.

By iteratively calculating the remaining error, the final
precession angular-rate bias will be reduced to a level below
the circuit noise. Equation (15) can be improved as follows:

F ·
θ

2ω
√
E
=

∞∑
j=0

(
∞∑
n=1

(
αjn cos nθ + βjn sin nθ

))
(16)

where j represents the number of iterations and j = 0
represents the precession angular-rate bias before compen-
sation. In theory, as long as the noise of the control system
is sufficiently low, the threshold of the gyro after an infinite
number of iterations will eventually be close to 0◦/s. In prac-
tice, as the circuit noise [21] will submerge the signal of the
precession angular-rate bias, the circuit noisemust be reduced
to further improve the RIG performance.

It can be seen from Fig. 12(a) that the first compensation
reduces the threshold from 5◦/s to 1◦/s. After the second
iteration of compensation, the threshold is further reduced
to 0.2◦/s (Fig. 12(b)). In the third and final iteration of
the compensation process, the threshold decreases to below
0.1◦/s. The precession angular-rate bias information was then

FIGURE 12. Precession angular-rate bias after j iterations of
compensation. (a) Precession angular-rate bias after j =0, 1, 2, and
3 iterations. (b) Precession angular-rate bias when j =2 and j =3. By the
third iteration, the precession angular-rate bias is less than 0.1◦/s.

FIGURE 13. Output angle when the input angular rate is ±0.05–0.2◦/s.
After three iterations of compensation, the threshold is less than 0.05◦/s.

completely submerged by circuit noise, so it is difficult
to continue the iterative process. Fig. 13 shows the output
angle for input angular rates from ±0.05–0.2◦/s. The thresh-
old finally decreases to below 0.05◦/s. This represents an
improvement by two orders ofmagnitude after compensation;
the threshold could be further reduced after lowering the
circuit noise.

Experiments show that the proposed compensation method
based on a Fourier series fitting technique, after multiple iter-
ations, can efficiently reduce the RIG threshold. After three
iterations of compensation, the threshold has been reduced
by two orders of magnitude. Fig. 14 shows the precession
angular rate obtained by differentiating and smoothing the
output angle for input angular rates of±0.05–0.2◦/s. The pre-
cession angular rate should be equal to the input angular rate
� multiplied by the angular gain k (=0.77). The resolution
drops to 0.05◦/s or less after compensation; the exact value is
limited by the circuit noise.
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FIGURE 14. Precession angular rates at input angular rates of
±0.05–0.2◦/s rotation.

D. DISCUSSION
In general, the RIG output angle should be derived and
smoothed before compensation to determine the bias curves.
The compensation parameters can then be generated by fit-
ting the measured precession angular-rate bias curves using
a Fourier series and multiple iterations. Finally, a fitting
compensation force is applied to the precession angular-
rate control loop. We have demonstrated that this method
significantly reduces the precession angular-rate bias. The
advantages of this method are that the bias errors caused by
both anisodamping and anisostiffness can be compensated
simultaneously. In theory, the error can be completely elimi-
nated by increasing the number of iterations, but the circuit
noise imposes a limitation on this method. Therefore, it is
necessary to minimize the circuit noise to achieve a lower
threshold.

IV. CONCLUSION
In this paper, we have proposed a novel method for preces-
sion angular-rate bias error compensation in an attempt to
reduce the threshold and ADB of RIG. The threshold of a
MEMS cobweb-like DRG was successfully reduced to less
than 0.05◦/s, which is the lowest threshold for MEMS RIG.
However, the precession angular-rate bias signal becomes
submerged by the circuit noise at this point, and so the
threshold can only be further reduced if the circuit noise is
decreased.

The proposed method provides a highly efficient means of
improving the threshold and ADB of RIG, offering a break-
through in achieving high-precision MEMS RIG. Moreover,
our method can be applied to other axially symmetric RIG
structures, such as hemispherical gyros.
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