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ABSTRACT In this paper, we design and investigate a novel uplink/downlink (UL/DL) non-orthogonal mul-
tiple access (NOMA) network using a common relay. Instead of successive interference cancellation (SIC)
for UL/DL NOMA systems with fixed decoding order based on the statistical channel state information
(CSI), we adopt the dynamic decoding order according to power level of received signals. Specifically,
by exploiting the CSI-based dynamic decoding order, better fairness can be achieved and applicable.
This decoding scheme is highly suitable for implementing a NOMA system in practice. The closed-form
expressions for the users’ outage probabilities are derived, and then an asymptotic analysis is carried
out. Insightful discussions with diversity order are provided. Simulations are performed to corroborate the

exactness of the theoretical analysis.

INDEX TERMS Uplink/downlink, non-orthogonal multiple access, outage probability, dynamic decoding

order.

I. INTRODUCTION
A new radio access technology (RAT) approach is actively

pursued and studied to meet demands including very
high-speed data rates and massive connections in the next
generation (5G) cellular network. As a promising candidate
for RAT, non-orthogonal multiple access (NOMA) is rec-
ommended to widely implement in 5G wireless system [1].
In contrast to orthogonal multiple access (OMA), multiple
NOMA users are able to share frequency/time resources at
the same time and offer numerous benefits [2]. Recent stud-
ies have presented the advantages of NOMA scheme such
as providing higher throughput for cell-edge users, improv-
ing spectral efficiency, enhancing connectivity and reduc-
ing transmission latency [3], [4]. In NOMA, superimposed
signals are performed at transmitters while successive inter-
ference cancellation (SIC) is utilized at receivers to detect
the superimposed messages which are assigned to different
power allocation coefficients [S]-[8].
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To overcome the challenges encompassing the next-
generation wireless networks, power domain NOMA was
extensively studied in emerging networks [9]-[16]. In par-
ticular, NOMA is considered an attractive technique due
to the ability to serve multiple users in the same fre-
quency, time, or code resource thus providing efficient access
to massive connections [9], [11]. As compared to OMA,
in NOMA, the machine types communication devices in
Narrowband-Internet of Things (NB-IoT) are allocated to
different ranks within the NOMA clusters and are allowed
to transmit over the same frequency resources [15]. The
authors in [16] explored joint subcarrier and power allo-
cation problems in NB-IoT system for both transmission
modes to provide maximum connection density while sat-
isfying the Quality of Service (QoS) requirements and
the transmit power constraints of IoT devices. Further-
more, to mitigate aerial-ground interference mitigation in
the cellular-connected unmanned aerial vehicle (UAV) net-
work, NOMA is applied under spectrum sharing feature with
the existing ground users [17]. A hybrid satellite/unmanned
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aerial vehicle (HSUAV) terrestrial NOMA network was stud-
ied to permit satellite to communicate with ground users with
the assistance of UAV relay using a decode-forward (DF)
protocol [18].

The authors in [19] studied the optimal power allo-
cation for NOMA by considering several objective func-
tions and constraints. A novel power allocation scheme and
user pairing are studied to reduce the computational com-
plexity in [20]. The authors in [21] presented the cluster-
ing and resource block allocation in multi-carrier uplink
NOMA networks. Meanwhile, emerging transmission tech-
niques, namely full-duplex communications, multiple-input
multiple-output (MIMO) systems, and heterogeneous sys-
tems are considered in [9], [22], [23] to introduce advanced
approaches associated with NOMA. To obtain benefits from
both OMA and NOMA, a hybrid of OMA and NOMA in 5G
has been explored in [24] and [25]. In [24], considering
downlink (DL) of a NOMA-based cell-free massive MIMO
system, the classic max-min optimization framework is stud-
ied for achieving the optimal minimum bandwidth efficiency
of a user. In particular, in [24], an operating mode switching
scheme is proposed where OMA/NOMA selection depends
on two conditions including the total number of users and
the length of the channel’s coherence time. The authors in
[25] considered a heterogeneous network in which OMA and
NOMA coexist. In particular, they employed dynamic power
assignment and four generic pairing schemes for NOMA
including Hungarian, Gale-Shapley, random, and exhaustive.

A. RELATED WORKS

In [26], the impact of the decoding order implemented at
the SIC receiver was studied for downlink (DL) NOMA
systems. In [27], the ergodic sum capacity of uplink (UL)
NOMA was computed in terms of imperfect and perfect SIC.
Furthermore, the implementation of NOMA was extended
to cooperative UL/DL relay schemes (referred to as relay
sharing NOMA) in [28], [29], where an intermediate relay
was deployed to assist two pairs of source-destination nodes.
An extention of [28] is done by [30], in which the authors
assume Nakagami-m fading with integer shapes. As well-
known fundamentals, the difference in users’ channel con-
ditions is crucial for realizing the potential of NOMA [31].
However, users who possess similar channel conditions need
different power allocation schemes to participate in NOMA.
In [32], the authors examined the decoding order, user group-
ing and power control in an uplink NOMA system. They for-
mulated a joint optimization problem to achieve the optimal
sum rate of multiple users. In addition, the dynamic decoding
order and power allocation of received signals are difficult to
obtain for UL/DL NOMA when the fairness requirement is
considered, which is still an open issue.

Moreover, to further enhance the performance of the
SIC receiver in NOMA networks, the authors in [33],
[34] proposed a dynamic decoding order scheme which
exploits the disparity in the channel gain among uplink users.
Later on, this optimal ordering is then further examined
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in [35]-[37]. In [35], the authors propose approximation
for the uplink multiuser NOMA enabling dynamic decoding
order via shifted-gamma distribution. Moreover, the work in
[36] compares the conventional fixed decoding order with the
dynamic one. An advanced SIC receiver that orders the uplink
users based on their statistical channel state information is
introduced in [37]. However, the above works are limited to
Rayleigh fading channels.

In the literature, the Nakagami-m fading is a better model
than Rayleigh fading due to its capability in modeling a
wider range of wireless channels, where it can even capture
the Rayleigh fading when the fading order, i.e., the shape
factor, equals one (m = 1) [38]. Furthermore, the study in
[39] shows that the Nakagami-m model can provide highly
accurate empirical data for much more complex fading which
is the k — p shadowed fading. In particular, the « — u
shadowed fading is the generalized model for many fading
models such as Rician shadowed, Ricican-K, n—pu, x —u, and
have important applications in the hybrid satellite-terrestrial
communication as well as the underwater acoustic communi-
cations [40].

B. CONTRIBUTION

To the best of our knowledge, among the existing works on
UL/DL NOMA scheme, in Nakagami-m fading environment
with the dynamic decoding order has not been studied. It is
assumed that the intermediate node (relay) is able to achieve
full knowledge of the CSI of all users and SIC can eliminate
interference. Besides, to perform the signal detection success-
fully, the need to know the conditions of channels. The main
contributions can be concluded as follows.

« Different from the the related work in literature such
as [5], [32], group of transmitter/receiver relying on
NOMA and dynamic power allocation scheme are
adopted in this paper. The fairness among two users
depends on the received power at users. Designs of
multiple input single output (MISO) and single input
multiple output (SIMO) are adopted in such NOMA
network [41].

o Unlike [28], [29], where Rayleigh fading model is
adopted, we take the Nakagami-m fading model into
consideration. The exact analytical expressions for the
outage probability at each destination are derived under
real-valued fading orders. In addition, the derived results
can be utilized to extend results reported in [30].

o To further evaluate system performance, analysis in the
high transmit power regime, i.e., asymptotic analysis
and diversity order, are provided for additional insights.

o Under UL/DL NOMA with dynamic decoding order,
we observe multiple cases for the diversity order at
each destination, in which there are only four cases for
non-zero diversity order.

The rest of this paper is organized as follows. Section II
presents the system model, the signal decoding order,
the signal-to-interference-plus-noise ratio (SINR) and the
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signal-to-noise ratio (SNR) of the UL/DL transmissions.
Section III describes the outage probability in UL and DL.
Then, we provide analytical preliminaries, exact expressions,
asymptotic and diversity order at the destinations. Section IV
further provides the numerical results to validate the analy-
sis in the previous sections and describes main parameters
affecting on the performances of the UL/DL NOMA system.
Finally, Section V concludes this paper.

Notation: Vectors are symbolized by bold-faced letters,
e.g., X, ||e||p specifies the Frobenius norm, (o)7 and (o)
denote the normal and Hermitian transpose, respectively.
Moreover, CN (0, 2) denotes the complex circular Gaussian
random variable (RV) with zero mean and variance 2 and
G(a, B) denotes the Gamma distributed RV with parameters,
i.e. o and S.

Il. SYSTEM MODEL

This paper studies a cooperative relay sharing network con-
sisting a M-antenna source S7 and a Mp-antenna source S
intend to simultaneously transmits their unit energy sym-
bols, namely x| and x», to the Kj-antenna destination D
and the Kj-antenna destination D, respectively, as shown
in the Fig. 1. Assuming that heavy shadowing and multi-
ple blockage present at the direct S; — D1 and S» — D»
links, and hence a DF-based relay R is selected to assist the
transmission between each S, — D, pair (n = 1, 2). The
complex channels between of the S;,, — R link are denoted by
g = [gn1,-.»8nm,] € CMn and that of the R — D, link
ish, =[hy1,..., hn,KH]T € CKnx1 1p this paper, the fading
amplitudes | g,,,m| and h,,yk| is modeled as Nakagami-m dis-
tributed RVs with severity factors m, > 0.5 and k, > 0.5,
respectively, and unit variances Ym € [1,M,] and k €
[1, K,]. We assume that all available channels are indepen-
dent. In addition, power-law path-loss model is also applied
for evaluating the system performance where ¢(2 < a < 7)
denotes the path-loss exponent.

FIGURE 1. The proposed uplink/downlink MISO/SIMO-NOMA.

The transmission from the sources to the corresponding
destinations can be considered as two operations including
the uplink transmission in the first phase and the downlink
transmission in the second phase. Unlike [28], [29], where
the uplink/downlink channel quality is dominant by their dis-
tances to the relay due to the assumption of Rayleigh fading,
the quality of Nakagami-m channels are not only determined
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by the distances but also by the fading severity. As a general
case, the Nakagami-m model can be utilized to approximate
Rician-K fading where the line-of-sight (LoS) components
exist as well as can model the Rayleigh channels when all the
shapes equal ones.

The cooperative transmission, which is divided via two
phases, in the proposed model is described as follows.

A. UPLINK TRANSMISSION

During this phase, the sources S1 and S» simultaneously trans-
mit the normalized information signal x; and x, respectively,
to the relay. Assuming perfect time synchronization between
both sources, [43], [44], the received signal at the relay R is
written as

Py N @)

T N
in which P, specifies the transmit powers, d, denotes the
distance of the S, — R link, ng ~ CN/(0, 01%) is the additive
white Gaussian noise (AWGN) observed at the relay and
m,, € C¥»<! specifies the transmit beamforning vector at the
n-th source node. It is asserted that the term P,d,, “ | g,,mn|2
denote the power of the received signal x;,.

For simplicity and tractability purposes, the Maximum
Ratio Transmission (MRT) linear processing adopted at each
source S, and thus the beamforming vectors are designed as
[45], [46]

gomoxy + ng, (1

A

m, = ;
e
Consequently, the power of the received signal x,, from the
corresponding source becomes P,d,, * ||g, ||12;. By employing
SIC, the relay decodes the message with higher received
power first then decodes the lower one after perfectly can-
celing the previously detected signal [27]. In other words,
the decoding at the relay in the uplink phase can be viewed
separately via two scenarios
e Scenario-1: The power of the received signal xj is higher
than that of the signal x;.
e Scenario-2: The power of the received signal x» is higher
than that of the signal x;.
In the first scenario, i.e., Py d; * g1l > P2 d; llg2ll%.
the received signal-to-interference-plus-noise ratios (SINR)
at the relay R to decode x| and x, successively are

n=1,2. 2)

P 2 P 2
o il 7 g2l
Vie2=p 5 5 and y» = ———, (3
% lgll; + of og
respectively.

CO —a 2 —a 2
In the.secor.ld scenario, i.e., Po d, © ||gz2llg > P1 d, ||g1.||F,
the received instantaneous SINRs to decode x> and x; in a
successive manner are given by

P 2 P 2
% g2l & gl
V2ol = B 5 5 andy; = ———,
Fid llgillz + og OR
respectively.
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Remark 1: Comparing to the fixed-order decoding scheme
in many papers, e.g., [8], [10], [31], the dynamic-order
decoding scheme also exploits channel estimators for coher-
ent detection. Hence, the signaling overhead incurred by
both schemes is due to the estimation and sorting of
the received signal strength. Although the dynamic-order
approach requires an the deployment of an additional order
determination block, the complexity and latency are quite
similar to the fixed-order decoder.

B. DOWNLINK TRANSMISSION

In this phase, after x; and x; being correctly recovered, the
relay mixes the decoded signals by the use of superposition
coding, forming xg = ,/p1x1 + /p2x2, in which p, € (0, 1)
specifies the fraction of power allocated for the decoded sig-
nal x,, and p; + p2 = 1. The superimposed mixture xg is then
broadcasted to both destinations. Accordingly, the received
signal at each n-th destination can be formulated by

_ Pk
Yn \/E

in which Pg is the transmit power, w, ~ CN/(0, 6,,2) denotes
the AWGN at the node D, and k, € CK»*! is the receive
beamforming vector at the D,,.

By employing maximum ratio combining (MRC) scheme,
each destination D,, employs the normalized vector k;, as [46]

anhan + wy, (5)

b/
Iyl

Moreover, to guarantee the fairness in the performance
at the DL nodes, the relay should allocate more power for
the destination with worse channel condition and vice versa,
which in turns decides the decoding order each D,,. Particu-
larly, the dynamic-order decoding at both DL nodes can be
viewed separately via two scenarios

(6)

n =

e Scenario-1: The weighted channel gain at Dy is higher
than that at D5.

e Scenario-2: The weighted channel gain at D5 is higher
than that at D;.

In the first scenario, i.e., /[ [hy |7 > 1;* [|ha |7, the relay
then allocates more power for the node Dy, i.e., p1 < p3.
Therefore, the destination D needs to perform SIC to cancel
x> before detecting x; whereas D, can directly decode x;.
Accordingly, the instantaneous SINRs at the D before, after
SIC are given as

p2 ok I 2 |hy||%
1# Ihy |2 4 o2

/

1 ,a £ ||hy ||
Va1 = -3

/
ayl

’

2
Oy

respectively. Meanwhile, the instantaneous SINR observed at
the D, is

) p2 ok i 2 |[hy | ®)
Y21 = —~
T Il + o
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In the second scenario, i.e., l;“ ||h2||,2F > lf"‘ [y ||12p,
the relay allocates more power for D1, thus the user D; needs
to perform SIC to cancel x; before detecting x», whereas D
can directly decode x. Accordingly, the instantaneous SINRs
at D before, after SIC are given as

P 2
pll_aR ||h2||p P2 IR ”h2”F

Y — s 1 = ©))
1 2 2 — 9

7T mE Il e o
respectively. Meanwhile, the instantaneous SINR observed at

the D is

, L1 lot ”hl”F
Vip=—pt——— (10)
P b IhE 407

IIl. OUTAGE PERFORMANCE ANALYSIS

This section studies the outage performance at each D, under
optimal decoding order strategies. To grasp the concept of
outage probability, let us define 7, £ 2*® — 1 (dB) as the
decoding threshold of x;,, in which R, (bps/Hz) denotes the
corresponding data rate.

In the UL, the outage event occurs whenever the instan-
taneous SINR to decode any x, drops below T, or, in other
words, the relay cannot decode both x; and x;. Regarding the
determined decoding order, the outage probability at the relay
can be formulated by

PR =1—Pr{yim2 > 11,12 > T2, ¢1 > 2}
—Priyi>n, 1> 1,62 > @1}, (11)

in which ¢, = P,d;*l|g,||% and P, £ P, /2.

Remark 2: From (11), it can be perceived that when the
occurring probability of the event ¢1 > ¢y or ¢1 < ¢
reaches one, the dynamic (optimal) decoding order can have
similar performance as the fixed decoding order. Further,
the fixed decoding order requires significant channel dispari-
ties between the uplink users and thus become impotent when
their channel conditions are similar. In addition, when con-
sidering a scenario where one user has LoS but it is located
far from the BS and the other user has no LoS (nLoS) but
it is located closer, the model in [28], [29] cannot correctly
evaluate the system performance.

In the DL, the outage probability at the n-th destination can
be written in an unified-form as

P;je”i)[)n =1- PF{J/,:/, > Ty, Y < wt}

— Py, =, ¥y = T Y > Wi}, (12)
in which v, 2 Pgl*||h,||% and P £ Pg/c?. From this
point till the rest of the paper, we use (1, t) = (1, 2), (2, 1).

Therefore, the outage probability at the D,, can be formu-

lated by
Pyl =1—(1—PR)(1 = PR p). (13)

In the next subsection, we provide some preliminary results
to assist the upcoming analysis of the proposed system.
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A. PRELIMINARY
To support the analysis of P§" in the upcoming sections,
we introduce the following probabilities

O(Pn, ¢13 2) = Pri{n > ¢, 1 > 2}, (14)

P(¢n, 15y, 2) = Prigp > y(pr + 1), ¢ > 2}, (15)

It is recalled that [1, M, ], follows Nakagami

distribution, thus the power gain | gn,m|2 can be modeled by

Gamma distribution with shape m,, and unit mean. By defi-
... 2 5 g—

nition, [lg, |1} = Y0, , thus ¢, 2 Pyd;® |lgall} can

be viewed as the sum of M,, i.i.d. Gamma distributed RVs

and thus can be modeled as ¢, ~ G(M,,my,, i,,/my) in which

Un = Pnd; . Subsequently, the PDF and CDF of the defined
¢n can be expressed as

(mﬂ Mymy i
(9) = LMl >0, (16)
f¢ F(Mnmn)
Fon@® = ———y (Mam: 22, ¢ >0, (7)
e —— my;, — |, > U,
"= DM\
respectively, in which y(m; ) = [3'x™'e™dx is the

lower incomplete Gamma function [47, 8.35] and I'(x) =
fooo t*~le~"dr denotes the Gamma function.

Accordingly, the closed-form of the probability Q(¢,, ¢;; z)
with arbitrary m; and mj can be derived by the following
proposition.

Proposition 1: For arbitrary parameters m) and my,
the defined probability Q(¢y, ¢r; 2) in (14) can be expressed
as

Q(@n, P11 2) = Qbn, ¢13 0) — Fy, () + A, ¢132), (18)

in which Q(¢n, ¢1; 0) is provided by (19), as shown at the bot-
tom of the page, where 2F1(ay, az; b; 7) denotes the Gaussian
hypergeometric function [47, 9.1], B(a; b) = % is the
Beta function, and

L
> Cfp, (t)F g, (1), (20)

=1

Aln, b1 2) =

in which § £ 2. /182, 8 = cos(3 ), 4 & 4(1 +

81) and L represents the accuracy of the Gausszan Chebyshev
quadratute [49].

Proof: See Appendix V. ]

Moreover, the defined probabilities P(¢y,, ¢r; y, 2) in (16)

can be derived as
(ﬂ)tht
t

P(¢y, ¢r; Vs )= 'M,,m,)T"(M;my,)

myt
X/ M — le utt F(M my; _"(t+l))>dl,
Zz Mn
(21)

in which T'(m; p) = [ x™~le~#dx specifies the upper
incomplete Gamma function [47, 8.35]. In general, the above
integral has no tractable closed-form with arbitrary m,, and
m;. However, when both m, and m; are integer values,
the closed-form for the above integral can be obtained by the
following corollary.

Corollary 1: Assuming that both m and my are integers,
the integral P(¢n, ¢r; v, 2) in (21) can be derived as

P(¢n, ¢155,2)

1 M;my
myy my
= —exp| — —
I'(M;my) ( Mn ) <Mz>
Mym,—1 m —m, —k
Z 1 (m,y\" Z m\ (m, m e
=0 m: \ MUn =0 Mt Mn

x T <M[m, +k; (mny + ﬂ)z) . (22)
Hn 1223

Proof: By applying the identity [47, Eq. (8.352. 4)]
for the mcomplete Gamma function as -2

T =
e ZZ:(I) %, the integral P(¢,, ¢¢; y, z) in (21) can be further

derived as
mn}’) (”lt) o
Mn 1223

Mymy,—1 m 00
1 mpy / Mym;—1

X E — x4 1)™
m!( ) z et

X exp (— (% + 'Z”y) x) ax.  (23)
t n

Following the binomial theorem (x + 1) = Y7 (7')x* and
then applying [47, Eq. (3.381.3)], we then obtain the
result. |

To shed more light on the analysis of P(¢,, ¢;; v, z) with
arbitrary parameters, we consider the following Taylor series
at the expansion point zg given by

1
P(¢n, 13 y,2) = Wexp (—

oo i—1

I'(v; 20) — zpe @ Z Z n(v; i ]) ZO) , (24)

I'lv;2) =
(v;2) 2.2 o

in which n(v; i,j) £ 1D 00

Pochhammer symbol.
Proof: See Appendix V. [ ]
The idea is to rewrite the upper incomplete Gamma
term in (21) as the infinite sum of simpler functions using
series expansion. The common approach is to apply the
familiar Mclaurin series I'(a; z) = I'(a) — Zf::go (;gé)zlj_‘:;l
[47, Eq. (8.354.2)], where the truncated version (I < 00)
often provides good approximation for I'(a; z) at the point

with (x), being the

Mimy
m m
2F (thtthmt + Mymy; Mymy + 15 — tMn) <I—Mn>

My (Lt Ny [t

19)

M m,BMmy; Mymy,)
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z0 = 0. However, our main goal is to later analyze the proba-
bility P(¢y, ¢1; y, 2) in the high transmit power regime, where
the term “W” in (21) tends to reach “zg = mﬂLyl”
instead of zero. Thus, applying the proposed series in (’124)
can result a better approximation with lower complexity.

Specifically, based on the given Taylor series, we then deal
with the integral in (21) via the following proposition.

Proposition 2: Under arbitrary my and mo, the probability
P(¢n, @15y, 2) can be expressed via the infinite series in (25),
as shown at the bottom of the page.

Proof: Applying (25) at the expansion point zg =

into (22) and then using [47, Eq. (3.381.3)] we can obtain the
desired result. ]

mpy t

B. ANALYTICAL RESULTS
In this subsection, we provide the analytical expressions for
the outage probabilities at the relay and the destinations.

1) UPLINK TRANSMISSION
The analytical expression of the outage probability at the
relay is presented in the following proposition. It is notable
that the given result is expressed in terms of the previous prob-
abilities, and later can be adopted for asymptotic analysis.
Proposition 3: With the aid of the self-defined probabili-
ties Q(¢n, ¢1; 2) in (14) and P(¢py, ¢r; v, 2) in (15), the outage
probability at the relay is given as

PR =1—P(¢1, ¢2; 11, 12) — P2, d1; T2, T1)
_ { Q(@1, ¢2;62) — P(¢1, 25 71, 62), 71 <1

0, T1>1
| Q2. ¢1:61) — P(¢2. ¢1: 12, 61), T2 <1
0, n>1

(26)

in which 61 = max (rl, = T\) and 6, = max (rz, T Tl)
Proof: See Appendix
Remark 3: With x| being decoded first, the defined prob-
ability P(¢1, ¢2; T1, T2) can cover the analysis of the outage
probability at the relay for the fixed-order decoder in [30].
Analogously, the term P(¢2, ¢1; T2, T1) can be used for the
case where x being decoded first.

2) DOWNLINK TRANSMISSION

To assist the analysis for the DL performance, let p =
min(p1, p2) denote the power allocation for the stronger D,,.
Hence, the outage probability at D| and D; in the DL can be

expressed in an unified-form as
(I - P
PR, =1— Pr{ .
P+ 1
1 —
—Pr { —(
P+ 1

P)¥n
With some simple steps, the above probability can be
rewritten as

PR, = 1= Pr{v > D v <

= Pr{v > 05 v >

> Ty, Yy < 1a”t}

> T, P > Tn, Y > %} .
(27)

p<( +Tn)_1}

,0<(1+rz)_1},

=1—(Pr; +Pr), (28)
where ¥, = %andﬁ —m&lx(p,ﬁ)
The first probability in (28) (Pr) can be derived as
Pry = O, Yn; Un) (29)

with p < (1 4+ 7,)~! whereas

Pry =1 —Fy,(®,) — Q1. ¥u; 0,) (30)

with p < (1 4+ 7,)~!, in which Fy,,(y) is the CDF of ;.
Recalling that ¥, £ Pgl;% ||h,||%, and thus ¥, can also be
viewed as the sum of i.i.d. Gamma distributed RVs. In other
words, ¥, ~ G(Knkn; An/ky) in which A, = Pgrl—%. Hence,
its PDF and CDF can be obtained analogously to (14) and
(15), respectively, in which k, = m,,, K, = M, and ,, = p,,.

Subsequently, the probability P%* . p, given in (28) can be
evaluated via Pr; in (29) and Pr; in (30)

Proposition 4: The probability P3" 2 p, can be expressed in
terms of Pr1 and Pr; as

Pri +Pry, 0 < Pmax

P;)g'ﬁ)D —1_ Pry, Pmax = £ < Pmin, Tn > Tt 31)
Pry, Pmax < P < Pmins Tn < T
0, £ = Pmin

. . N 1 LA 1

in which Pmax — m and Pmin = m

Remark 4: The above result suggests that tuning power
allocation to satisfy p < pmax results in better performance
for both users. However, tuning p > pmax causes signifi-
cant loss in the performance during downlink transmission.
Therefore, similar to the fixed decoding order approach,
the dynamic decoding order scheme offers remarkable outage
performance in the downlink when focusing on improving
that of the weaker receiver.

P(¢n, 135, 2) = O0dn, ¢1; 2) —

i=1 j=0
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L(Mymp)U(Mymy) \ p M Me M

oo i—1
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22

muy
Hn

i~
) F(th,+Mnmn—<z ﬁ[ d m"ﬂz) (25)
/’Lt Mn
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C. ASYMPTOTIC AND DIVERSITY ANALYSIS

In this subsection, we study asymptotic behaviors as well as
the diversity order of each destination under the assumption
of equal transmit power. The asymptotic results can then be
viewed as approximations for the outage probability at each
destination in the high transmit power regime. The diversity
orders, under various settings, are derived to gain deeper
insights into the proposed system.

1) ASYMPTOTIC ANALYSIS
Many results obtained in this subsection are obtained with the
help of the following asymptotic identities [48], [50]

(a; x) — & a -0 (32a)
y(a; x Tax 1)x , X , a
I'a;x) > I'(a), x— 0. (32b)

Under the assumption that P = P, = Pg £ P, the follow-
ing corollaries are then provided to simplify the results in the
previous section as well as support the upcoming analysis.

Corollary 2: When P — oo, the asymptotic expression for
the defined function Q(¢y,, ¢y; 2) is given by
mez2\M;my
Kt

Qoc(n: 4139 = Q6. 915 0) = it .

(33)

Corollary 3: When P — oo, the asymptotic expression for
the defined function P(¢y, ¢r; v, 2) is given by

Poo(Pns 13y, 2) = Qoo (YPu, &1 2)
_An,t(y)<

myy = My

+ —) , (34
u

t

n
where Ap () is defined as follows for ease of analysis
F(Mnm,, +tht — 1)

I'(Mymy)T"(Mmy)

At (y) £

(e y) M (g YMeme
(M =+ mg Moot Mims

Using (33) and (34), the outage probability at the relay can
be asymptotically expressed by (35a)-(35c), as shown at the
bottom of the page. It is worth pointing out that (33) is derived
by neglecting A(-) in (18) and then apply (32a) to approx-

i = 11in (25). In addition, the probabilities Pr; and Pr; in (27)
can be approximated in the following corollary.

Corollary 4: When P — oo, thus A — 00, the proba-
bilities Pr; and Pry in (28) can be asymptotically expressed
by

( kr)lf:n )Knkn

P s 0) — —"—— and 36
11 — QW Yn: 0) &K, -1 " (36)
Pro — O, Y13 0), (37)
respectively. Note that Q(¢y, ¢1; 0) + O(¢;, ¢n; 0) = 1.
2) DIVERSITY ORDER
The diversity order can be computed by [48]
logo (P2 (P))
Op, = — lim —20 D0 (38)
P—oo  logiy(P)

in which P3" (P) £ 1—(1—-P%"(P))(1—P3", D, (P)) is merely
Pg’f in (13) expressed as a function of the transmit power
P. In an another perspective, if the term PIO)’:I’ (P) is presented
as aP~", in which a and b are P-independent non-negative
constants, then Op, = b which implies that increasing P
by p (dB) in the high transmit SNR regime will decrease the
outage by b x p (dB). In addition, the diversity order can be
approximately calculated as

Op, = log, (P! (P)) — log,(P3! (pP)), p >0, (39)

in which P should have relatively high value to obtain a more
precise result.

Due to the many cases of P%"(P) in (25) and P3*, Dn(I_J)
in (30), there are a total of 36 cases for the Op,, in which
we examined that most cases result zero diversity order at
both D; and D;. By assuming that p < pmax, Which is
the most effective power allocation for the downlink, thus

PR D, (P) — 1 — (Pr$° + Pr5°) and can be expressed as

imate Fy,(z), whereas (33) is obtained by only considering PR Dn(i’) o pKnkn (40)
_ M)Mlml (M)Mzm
PR (P) - - . u<l,m<l, (35a)
CMymy +1)  T'Maymp + 1)
PYU(P) = Q(¢n, ¢15 0) — O(Tupn, ¢1: 0)
(M)Mlml (mZ_TZ Momy T m
M1 Mm2 ntn t
+ Ay, (T — ), m=>=11u<l, 35b
FMim 1 1) T Tmy 1) T ”)( n m) ! t (30
PYY(P) — 1 — Q(t1¢1, ¢2; 0) — Q(126h2, ¢1; 0)
(ZazLyMum (222 Momy mity o myTy  my
i 142
+Aj (T <—+—>+A2, T2< +—), 71>1, n>1 (35¢
Fofum + D) | Todm 1 T\ T, L ) (3>¢)
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In addition, from (35a)-(35c¢), the probability P}’{” (P) can
also be expressed as

I_’_ﬁ, T1<l,m<l1
- pminBD =1 <1
PPy { - . ’ ' 41
& ) prminBD o1 =1 “h)
PO, otherwise

in which 8 £ min(M| mi, M> m»).
Upon substituting (A.2) and (A.1) into (38), the results of
the Op, can be summarized in table 1.

TABLE 1. Diversity order at Dp with p < pmax-

Ry <0.5 (bps/Hz)

Ry =0.5 (bps/Hz)

Ry < 0.5 (bps/Hz)

min(S, Knkn)

min(S, Knkn,1)

Ry = 0.5 (bps/Hz)

min(s3, Knkn, 1)

min(S, Knkn,1)

Op,, =0if Ry > 0.50r Ry > 0.5

Remark 5: It can be viewed from the above table that
for Ry > 0.5 (bps/Hz) or Ry > 0.5 (bps/Hz), not only both
D,, experience more serious performance loss due to higher
demand, but the performance is also limited by a floor level
due to zero diversity order. However, as the services of the
paired D, are less demanding till Ry, Ry < 0.5 (bps/Hz),
the performance gain of the system can be regulated effec-
tively by improving the transmit power at the transmitters,
i.e., the sources and the relay.

IV. NUMERICAL RESULTS
In this section, we demonstrate the outage performance of the
proposed uplink/downlink NOMA over Nakagami-m fading
channels. In the simulations, the outage probability depends
on dynamic decoding order scheme. As a default, the path
loss exponent is @ = 2, the power allocation factor is p =
0.3 and all S,, D,, are assumed to have the same number of
antennas, i.e., M| = M, = K; = K, £ N. It should be
noted that increasing o > 2 gradually deteriorates the system
performance but does not affect the diversity order at both
destinations.

Moreover, the analytical curves represent the outage prob-
ability P;’)’i’ in (13), in which P§* is in (26) and P§*, p, 18
in (31). On the other hand, the simulation curves also use

Plo)'i’ in (13), but P%* and PR, p, are obtained from (11) and

(12), respectively. Further, the asymptotic curves use P;’e’”(l_’)
in (35a)-(35¢) and P;)Qll—t)Dn (P) in (31) with Pry in (37) and Pr,
in (38).

The given results in Fig. 2—Fig. 4 adopt the settings
(my; dy) = (0.8;6), (m; dr) = (1.6;2), (k13 1) = (1.6; 2),
(k2; 1) = (0.8;6). Fig. 2 demonstrates the outage proba-
bility in terms of the average SNR (P). It can be observed
clearly that the exact outage probability and the Monte Carlo
simulation curves are matched precisely. The derived out-
age probability expressions are valid since the dotted curves
indicates the asymptotic outage probability. The asymptotic
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FIGURE 2. Outage probability at D; and D, versus the average transmit
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FIGURE 3. Outage probability at D; and D, versus the average transmit
SNR P (dB), in which R; = R, = 0.5 (bps/Hz).
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FIGURE 4. Outage probability at D; and D, versus the average transmit
SNR P (dB), in which R; = R, = 0.55 (bps/Hz).

curves well approximate the exact performance curves in
some ranges of SNR, especially when P is beyond 30 (dB). It
is observed that increasing P by 10 (dB) results in the decrease
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FIGURE 5. Outage probability at D; and D, versus the minimum power
allocation p, in which R; = 0.4 (bps/Hz), R, = 0.6 (bps/Hz) and
N=M=1.

of the Pg:’ by 8 (dB), 16 (dB), 24 (dB) and 32 (dB) when
N =1,N =2,N =3 and N = 4, respectively. The reason
is that all target data rates are below 0.5 (bps/Hz), thus the
diversity order at the n-th destination (D) are determined
by the weakest link and the number of antennas as shown
in Table 1.

Fig. 3 shows the similar trends with Fig. 2 for outage
performance of both destinations, however, the target rates are
R = Ry = 0.5 (bps/Hz). Surprisingly, the diversity order at
both destinations are dropped significantly where the outage
probabilities are only decreased by 10 (dB) for N = 2,3,4
comparing to Fig. 2. Similar to Fig. 2, the simulation curves
well matched the analytical curves which again validates our
analysis.

Fig. 4 indicates that, the outage probabilities go saturation
lines at high SNR region. The main reason is that the diversity
order is zero, and then it can not improve outage performance
at high SNR as two previous simulation results (reported
in Fig. 2 and Fig. 3). In this case, the main approach to
improve the performance is to deploy more antennas with
the cost of higher signalling overhead. In addition, the des-
tinations exhibit same outage performance when the average
SNR exceeds 40 (dB).

In Fig. 5—Fig. 7, we assume that M1 = My = N, K| =
Ky = M, (my;dy) = (3;6), (my;d2) = (2;2), (ki3 1) =
(0.75; 2) and (ka; I) = (1.75; 6). Fig. 5 demonstrates how
power allocation factors make influence on outage perfor-
mance of both destinations. This figure shows the outage
performance versus the power allocation for the stronger
receiver, i.e., the destination having higher channel power
gain. It can be seen that at the value p > pmax ~ 0.43,
the performance at both downlink receivers significantly
deteriorates as explained in Remark 4.

As can be seen in Fig. 6, we consider another channel
condition, i.e., the source-relay link is statistically worse than
the relay-user link. The Euclidean distance d; is set to be in
range from 1 (m) to 28 (m). In this case, the optimal outage
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-
S
N

-
S
&

Outage Probability

Analytical D
Analytical D,
®m  Simulation D,
® Simulation D,

N
S
IS
:
.

5 10 15 20 25
Distances d; (m)

FIGURE 6. Outage probability at D; and D, versus the distance d,,
in which I-| = |15 —d] |s dz = I] and ’2 = d].

M=1
X =X Mo X K- X- X

Diversity Order

M=1,2,3 M =1,2,3

0 ‘ ‘ . —E——a—E—E—a

0.1 0.2 03 04 0.5 0.6 0.7 0.8
Ry = R, (bps/Hz)

FIGURE 7. An illustration of the diversity order at each destination.

probability in the UL/DL NOMA system can be achieved.
When the source S is located close to the relay, the outage
performance of D can be improved significantly compared
with that for D,. The results show that the locations of these
nodes make crucial impacts on outage performance of two
destinations.

In Fig. 7, the diversity order at both destinations are clearly
presented under different M. The results are obtained by using
(39) at P > 55 (dB) and p = 5 (dB). In the range of
R, €[0.1, 0.5) (bps/Hz), the diversity orders at D1 is doubled
when M increases from M = 1 to M = 2 but then only
raise by 0.5 when further increases M by one. In addition,
the diversity order at D, only raises by 0.5 when increases
M from M = 2 to M = 3 whereas no improvement is
observed when further increases M. At the point R, = 0.5
(bps/Hz), both orders are bounded by one and cannot exceed
this value even with increasing M. In the worst scenario,
where R, € (0.5, 0.8] (bps/Hz), zero diversity orders are
observed at both destinations. The results thus are complied
with Table 1 which validates the analysis for diversity order.
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V. CONCLUSION

In this paper, we have investigated a new UL/DL NOMA sys-
tem where two users communicate with two destinations via a
common relay. The destination users intend to receive infor-
mation in DL which corresponds to the transmitted signals
in UL and such model is more effectively with architecture
of SIMO and MISO. By analyzing the outage probabilities
with high transmit SNR, we have further pointed out that
the outage behavior in both cases of received signals mainly
depend on the target rates and location of nodes in NOMA
networks. The parameters of fading channels are also evalu-
ated in many scenarios. The main results demonstrated that
the optimal of outage probability for UL/DL NOMA can be
achieved by adjust power allocation factors. This proposed
dynamic decoding order benefits to NOMA system to satisfy
fairness and improve outage performance.

APPENDIX A
PROOF OF PROPOSITION 1
The probability Q(¢,, ¢;; z) can be rewritten as

O(Pns ¢1; 2) = Pr{gn > ¢} — Pr{ey < 2}
+ Pr{¢p > ¢, ¢ < 2}.

In the first probability, the term %’ is the ratio of two

independent Gamma RVs, in which

On ~ G(Mpmy, pty/my) and
¢ ~ g(tht, M;/m,).

Hence, the term %" can be statistically characterized by the

Beta prime distribution [52]. Specifically, the CDF of the term

%’l can be given by

(A1)

()%2F (a, a+pia+1; —%’)
aB(x; B)

in which A £ My fhy /My oy, O £ M,m, and B £ M,m,.
Besides, the probability Pr{¢,, > ¢;} can be viewed as
O(n, ¢r; 0) due to (14) or, equivalently, the CDF F(¢) in the
above equation measured at ¢ = 1. The second probability in
(A.1) is simply Fy, (z) presented by (17).
The third probability in (A.1), denoted by Pr3, can be
derived as

F(p) = , (A.2)

z
Pr; = /0 Jo ONF g, Ody. (A.3)
By applying Gaussian-Chebyshev quadrature [49] we then
obtain (20). With the aforementioned results, we then obtain
(19) as well as (18) which concludes the proof.

APPENDIX B

PROOF OF PROPOSITION 2

The general formula for the Taylor series of the function
['(v; z) at the expansion point zo 7 0 is defined as

1[0
Pz =Y o [a—zil“(v; z)]

i=0

(z—2z). (B.D)

=20
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In addition, for i > 1, the i-th derivative of I"(v; z) can be
expressed as
ai @ . v—i —zy v—i
—T(v;2) = —(— D2 e "L [(2) (B.2)
07 !
i—1 L
®) - e Z v—i+j+1ij1 1

Mi—j—1
(B.3)

in which (a) is due to [51, Eq. (1.8.1.17)] and (b) is due
to the definition of the Laguerre polynomial L(z) as [47,
Eq. (8.970.1)]

J=0

n n—a (_1)1 .
L)) = < > —x', (B.4)
; n—i 1!
_ Z (a+i+1),—; (_1)lxl" (B.5)

— ) i
P (n—10)! i!

in which the last equality is introduced for n — a taking real
values. Finally, substituting (B.3) into (B.1), we then obtain
the desired result in (24).

APPENDIX C

PROOF OF PROPOSITION 3

Denoting the first and second probability in (11) by ®; and
®,, respectively, thus

O = Pr{¢1 > max(t1(¢2 + 1), ¢2), 2 > 12},

where the analysis for this probability can be divided into the
two main cases 1) 71 > 1 and 2) 71 < 1.

In the first case, max(ti(¢o + 1), ¢2) = t1(p2 + 1),
the probability ® becomes

01 = Pr{¢1 > 11(¢2 + 1), 2 > 12}
= P(¢1, ¢2; 71, T2).

In the second case, the analysis of ® can be further divided
into two subcases.

(C.1)

(C.2)

+ Subcase 1: ti(¢2 + 1) > ¢, or, equivalently, 7o < ¢ <

7
S thus

01 =Pr{¢1 > t1(¢2 + 1), ¢2 > 12}
_ Pr{d’l >Ti(2 + 1), ¢ > iltl }

1
7]
> (C.3)
-1
with 7y < - and 7 < 1.
+ Subcase 2: ti(¢r+1) < ¢ or ¢ > max(1s, li—‘n), thus

O1 =Pr{¢1 > ¢, p2 > 62} = O(¢1, $2; 62). (C4)
Combining (C.2), (C.3) and (C.4) with a note that =

1-11 =
6> when 1) < = ., we then obtain

O1 = P(¢1, ¢2; T1, 12)
N { Q1. d2: 62) — Pl ¢2: T1. 02),

= P(¢1, ¢2; 11, 2)—P <¢1,¢2; T g

I
o= (C.5)
0, T = 1
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The probability ®; can be derived in a similar manner as
®1 and thus is neglected. Finally, by combining ®; and ©;
we then obtain the desired result.
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