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ABSTRACT This paper studies the problem of adaptive fuzzy proportional-integral (PI) tracking control
for a class of switched nonlinear systems with dead-zone input, unknown nonlinear functions and external
disturbances. By using backstepping method with fuzzy logic systems, a set of adaptive fuzzy PI tracking
controllers are proposed, which have a simple structure and a clear physical meaning. The designed
controllers don’t need priori information of dead-zone input via introducing Nussbaum function scheme.
To enhance the tracking performance, the prescribed performance technique is utilized to constrain the
tracking error. The stability analysis of the closed-loop switched systems is established via common
Lyapunov function, and the tracking error remains within a prescribed bound and all signals of the closed-
loop system are bounded. Finally, the effectiveness of the scheme is verified by two examples.

INDEX TERMS Adaptive control, backstepping, dead-zone input, fuzzy logic systems, PI control, pre-
scribed performance, switched nonlinear system, tracking control.

I. INTRODUCTION
Switched systems, as a special type of hybrid systems,
contain a set of subsystems and a switching rule that
arranges switching among subsystems [1]–[7]. In recent
years, the analysis and synthesis of switched systems have
aroused general concern because it can be employed to model
many engineering systems such as robot control systems
[8]–[10], and automobile engine control systems [11], etc.
As a very important topic, the stability analysis and con-
trol synthesis of switched linear or nonlinear systems are
widely investigated. For example, the stabilization or tracking
problems are investigated for switched nonlinear systems
by combining backstepping method and common Lyapunov
function technique [12]–[15]. In [12], a backstepping control
scheme is proposed with the existing condition on common
virtual control laws. Afterwards, in [13], inequality con-
straint conditions are applied to the virtual control func-
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tion to eliminate the assumptions in [12]. Later, the adap-
tive tracking control problem for switched nonlinear sys-
tems with uncertainties is dealt with by using fuzzy logic
systems in [14], in which some inequality restrictions are
removed and common virtual control laws are constructed.
Recently, [15] aims at solving the tracking control problem
of uncertain switched systems, where two control schemes,
robust adaptive and direct adaptive, are proposed. In [16],
the problem of adaptive fuzzy tracking control for a class of
switched uncertain nonlinear systems is investigated, where
a new adaptive state-dependent switching law is designed.
Based on adaptive fuzzy control technique and command
filter, the state and output feedback control schemes are pro-
posed for Multi-Input and Multi-Output nonstrict-feedback
switched systems [17]. By constructing a state observer inde-
pendent of switching signal, an adaptive fuzzy backstep-
ping controller is designed for a class of stochastic systems
with unmodeled dynamics [18]. However, the above ref-
erences do not refer to constraint problem for considered
systems.
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System constraints, which widely exist in practical engi-
neering systems, for example state constraints, actuator sat-
uration, and dead zone input, and so on, have stirred much
emotion [19], [20]. In [21], an adaptive output feedback
control strategy is designed for switched nonlinear large sys-
tems with dead-zone input. Recently, the problem of adaptive
neural tracking control for switched systems with non-lower
triangular structure [22], where the controller is designed
by using the prior information of dead-zone input. In [23],
the problem of adaptive fuzzy tracking control is investigated
for switched nonlinear systems with input saturation and
dead-zone output. In addition, in order to obtain a better con-
trol performance, the prescribed performance of the system
is investigated during the controller design [24], [25]. In [4],
the problem of adaptive output feedback control is studied
for a class of switched nonlinear system with prescribed per-
formance. Adaptive prescribed performance control (PPC)
is considered for switched nonlinear systems in a general
form [26]. In [27], the problem of PPC is investigated for
switched nonlinear systems via dynamic surface technique.
It is not difficult to see that the PPC scheme can effectively
enhance the control performance of the closed-loop systems.
Althoughmany useful results have been obtained for all types
of systems, the proposed solutions still lack simplicity and an
intuitive structure.

On the other hand, the structure of PI control is simple
and intuitive, which has been very popular in engineering
practice. The key of PI control design is to determine its gain.
A self-tuning PID gain method is proposed in [28], however,
this method is only suitable for linear systems. For a nonlinear
system, a PI/PID controller is constructed for the first time
[29]. Subsequently, the problem of PI control for nonlinear
system has received more attention. In [20], a neural adaptive
PI control algorithm is developed for nonlinear systems with
unknown actuation characteristics. Recently, considering full
state constraints, a neural adaptive PI control method is come
up in [19]. Nevertheless, as far as we know, there are scarcely
results studying the prescribed performance PI controller
design for switched nonlinear systems with unknown func-
tions and dead-zone input. This is an open problem and needs
to be further discussed. In a practice system, the actuator
always exists dead-zone feature, which may influence the
control performance. To guarantee the closed-loop system
have a good control performance, the PPC scheme provides
a feasible solution. However, most controllers designed in
the existing literature about switched nonlinear systems have
complex structure and unclear physical meaning. Inspired
by the above discussion that it is significant from the per-
spective of both practical application and theory to study
the problem of adaptive prescribed performance PI tracking
control for switched nonlinear systems with dead-zone input,
which motivates us for this study. To solve this problem, two
questions must be addressed: (i). how can we construct the
common virtual control laws and controller with PI structure
via the backstepping technique? (ii). how can we deal with
the dead-zone input with unknown information?

In this paper, a set of adaptive fuzzy PI controllers are
proposed for a class of switched nonlinear systems with
dead-zone input, external disturbances and unknown non-
linear functions. The common virtual control functions are
constructed by backstepping technique, and the prescribed
performance technique is used to constrain the tracking error
and improve the tracking performance. By using Lyapunov
function theory, the stability of the closed-loop system is
analyzed, and all the closed-loop signals are bounded and the
tracking error remains within a prescribed bound.

The main contributions of this paper is illustrated as fol-
lows.
• An adaptive fuzzy PI tracking controller with prescribed
performance is constructed for a class of switched non-
linear systems with dead-zone input, external distur-
bances. The proposed controller has a simple structure
and clear physical meaning and guarantees the tracking
error satisfy prescribed performance.

• In order to deal with the unknown parameters of dead-
zone input, the Nussbaum function technique is utilized
to design controllers.

Notations: Define the following notations, which will
not be covered in this article. For any i = 1, · · · , n,
gi,min = min{gi,k , k ∈ M}, θ̂i denotes the estimation of
θi = ‖Wi,max‖

2, Wi,max = max{Wi,k , k ∈ M}, δ̂i represents
the estimation of δi, where M is a positive integer set and
W = [w1, · · · ,wN ]T is a vector composed of points of fuzzy
membership function will appear later.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. PROBLEM FORMULATION
Consider the following switched nonlinear systems:

ẋ1 = g1,σ (t)x2 + f1,σ (t)(x1)+ d1(t),

ẋ2 = g2,σ (t)x3 + f2,σ (t)(x1, x2)+ d2(t),
...

ẋn = gn,σ (t)u(Dσ (t)(t))+ fn,σ (t)(x1, x2, · · · , xn)

+dn(t),

y = x1, (1)

where σ (t) : [0,+∞) → M = {1, · · · ,m} denotes the
switching signal, x = [x1, x2, · · · , xn]T is system state, gi,k
are positive constants with i = 1, · · · , n and k ∈ M , fi,k mean
smooth unknown nonlinear functions, y = x1 and u(Dσ (t)(t))
denote the system output and control input, respectively; di(t)
are external disturbances.
u(Dσ (t)(t)) is written as

u(Dσ (t)(t)) =


ι(Dσ (t)(t)− D1), Dσ (t)(t) ≥ D1

0, −D2 < Dσ (t)(t) < D1

ι(Dσ (t)(t)+ D2), Dσ (t)(t) ≤ −D2

whereD1,D2 are positive constants and the ι represents slope
of the dead-zone.
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Then, u(Dσ (t)(t)) can be written as

u(Dσ (t)(t)) = ιDσ (t)(t)+ b(t), (2)

where

b(t) =


−ιD1, Dσ (t)(t) ≥ D1,

−ιDσ (t)(t), −D2 < Dσ (t)(t) < D1,

ιD2, Dσ (t)(t) ≤ −D2,

(3)

where w ≤ b(t) ≤ b̄, w = min(ιD1, ιD2), b̄ =

max(ιD1, ιD2). Substituting (2) into (1) yields

ẋ1 = g1,σ (t)x2 + f1,σ (t)(x1)+ d1(t),

ẋ2 = g2,σ (t)x3 + f2,σ (t)(x1, x2)+ d2(t),
...

ẋn = gn,σ (t)(ιDσ (t)(t)+ b(t))+ fn,σ (t)(x1, x2, · · · , xn)

+dn(t),

y = x1. (4)

Adaptive PI tracking control Problem:A group of adap-
tive fuzzy PI controllers will be designed for switched nonlin-
ear system (4), such that the signals of closed-loop system are
bounded and the tracking error ε1 = y− yd remains within a
prescribed bound, where yd is a reference signal.

To acquire the main results, some Definition, Lemmas and
Assumptions are reviewed.
Assumption 1 [15]: yd , ẏd , · · · , y

(n)
d are smooth and

bounded.
Remark 1: In order to guarantee the boundedness of other

signals, the above assumption is necessary.
Definition 1 [30]: A continuous function is called as

Nussbaum-type function if the following conditions satisfy

lim
t→∞

sup
1
t

∫ t

0
N (τ )dτ = +∞,

lim
t→∞

inf
1
t

∫ t

0
N (τ )dτ = −∞.

In fact, many functions can be called as Nussbaum-type
function, for example N (τ ) = τ 2 cos τ.
Lemma 1 [31]: Consider the following system:

˙̂
θ (t) = −κθ̂ (t)+ νı(t),

with ν > 0, κ > 0, ı(t) > 0 and initial condition θ̂ (t0) ≥ 0.
Then we have θ̂ (t) ≥ 0.
Lemma 2 [32]: If V (t), τ (t) are smooth functions defined

on [0, tf ) and for ∀t ∈ [0, tf ), the following inequality holds

0≤V (t) ≤ b0+e−h0t
∫ t

0
(ι(=(ς ))N (τ )+1)τ̇eh0ςdς, (5)

where h0, b0 are positive constants, ι(=(ς )) is a time-varying
parameter. Then for any t ∈ [0, tf ), V (t),=(ς ), and∫ t
0 ι(=(ς ))N (τ )τ̇dτ are bounded.

B. FUZZY LOGIC SYSTEMS (FLSs)
Assume that U j

1,U
j
2, · · · ,U

j
n and V j are fuzzy sets defined

according to the following if-then rule:
The jth rule is: if x1 is U

j
1, x2 is U

j
2, · · · , xn is U

j
n, then y is

V j. x = [x1, · · · , xn]T and y represent FLSs input and output,
respectively. So the FLSs can be represented as

y = W T S(x),

where W = [w1, · · · ,wN ]T is a vector composed of fuzzy
membership function, S(x) = [s1, · · · , sN ]T is basis function

vector, and si =

∏n
l=1 µUil

(xl )∑N
j=1[

∏n
l=1 µUil

(xl )]
.

Lemma 3 [33]: There exists FLSs y = W T S(x) such that
supx∈�|f (x) − W T S(x)| ≤ ε, where f (x) is a continuous
function defined on a compact.
Remark 2: From Lemma 3, FLSs can approximate the

unknown function fi,k (x): fi,k (x) = W T
i,kSi,k (x)+ ηi,k (ε), and

Si,k (x) satisfies: 0 < STi,kSi,k ≤ 1.
Assumption 2: There exists a positive constant δi such that
|ηi,k + di(t)| ≤ δi.

C. PERFORMANCE BOUNDARY SPECIFICATION
To enhance the tracking performance, the tracking error
restricts within prescribed region

−γ2ζ (t) < ε1(t) < γ1ζ (t), (6)

where 0 < γ1, γ2 ≤ 1 are stated parameters, ζ (t) is a smooth
and decreasing function with the character lim

t→∞
ζ (t) = ζ1 >

0. In this paper, ζ (t) is chosen as

ζ (t) = (ζ2 − ζ1)e−bt + ζ1, (7)

where ζ2, ζ1, b are positive constants and ζ2 > ζ1.

D. TRANSFORMED ERRORS SYSTEM
In this part, to transform the constrained condition (6),
a smooth function T (s) is introduced and satisfies the follow-
ing properties [24]:
(I) −γ2 < T (s) < γ1;

(II) lim
s→∞

T (s) = γ1, lim
s→−∞

T (s) = γ2;

(III) lim
s→0

T (s)
s = q, where q is positive constant;

(IV) T (0) = 0;
(V) T (s) is a strictly increasing function.
According to the above properties, we choose

T (s) =
γ1γ2es − γ1γ2e−s

γ2es + γ1e−s
(8)

Therefore one has

ε1(t) = ζ (t)T (s), (9)

where ε1(t) = x1(t) − yd (t). By using property (V), the fol-
lowing equation is set up

s = T−1(
ε1(t)
ζ

), (10)
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where s is a transformed error. The derivative of s is

ṡ = ξ (ε̇1 −
ε1ζ̇

ζ
), (11)

where ξ = ∂T−1(s)
ζ∂s > 0.

III. CONTROLLER DESIGN AND STABILITY ANALYSIS
The adaptive PI tracking controllers are designed as follows.

Define the virtual errors

ε2 = x2 − α1,
...

εn = xn − αn−1,

where αi(i = 1, 2, · · · , n− 1) is a virtual control law, which
will appear in the later.
Step 1: Define the generalized tracking error as z1 = s +

µ1
∫ t
0 sdτ with µ1 > 0. The derivative of z1 is

ż1 = ṡ+ µ1s

= ξ (ε̇1 −
ε1ζ̇

ζ
)+ µ1s

= ξ (g1,kx2 + f1,k + d1 − ẏd −
ε1ζ̇

ζ
)+ µ1s. (12)

Define the unknown nonlinear function as

91,k = f1,k − ẏd +
µ1s
ξ
−
ε1ζ̇

ζ
− g1,kµ2

∫ t

0
ε2dτ, (13)

where ε2 = x2 − α1, µ2 is a positive constant. By using
Lemma 3, 91,k can be approximated as

91,k = W T
1,kS1,k + η1,k . (14)

Choose the Lyapunov function as

V1 =
1
2
z21. (15)

Applying Assumption 2, Young’s inequality and differentiat-
ing V1 result in

V̇1 = z1[ξ (g1,kx2 + f1,k + d1 − ẏd −
ε1ζ̇1

ζ1
)+ µ1s]

= z1ξ (91,k + d1 + g1,kx2 + g1,kµ2

∫ t

0
ε2dτ )

= z1ξ (W T
1,kS1,k + η1,k + d1 + g1,kx2

+g1,kµ2

∫ t

0
ε2dτ )

≤
z21ξ

2
‖W1,k‖

2

2a21
+
a21
2
+ |z1ξ |δ1 + g1,kz1ξ (z2 + α1)

=
z21ξ

2θ1

2a21
+
a21
2
+ |z1ξ |δ1 + g1,kz1ξα1

+g1,kξz1z2, (16)

where θ1 = ‖W1,k‖
2, z2 = ε2 + µ2

∫ t
0 ε2dτ . The virtual

control law can be designed as

α1 = −(kP1 +1kP1 (·))s− (kI1 +1kI1 (·))
∫ t

0
sdτ, (17)

where kP1 = c1, 1kP1 (·) =
ξ θ̂1

2a21g1,min
+

ξ δ̂1
g1,min(|z1ξ |+$1)

, kI1 =

µ1kP1 , 1kI1 (·) = µ11kP1 (·), c1, µ1, µ2, θ̂1 and δ̂1 are the
estimation of θ1 and δ1, respectively, a1 and $1 are positive
constants, g1,min = min{g1,k}.

Substituting the virtual control law (17) into (16) yields

V̇1 ≤ (
θ1

2a21
−

g1,k θ̂1
2a21g1,min

)ξ2z21 + |z1ξ |δ1 +
a21
2

−
g1,kξ2δ̂1z21

g1,min(|z1ξ | +$1)
+ g1,kξz1z2

−c1g1,kξz21. (18)

Step 2: Calculating the derivative of z2 leads to

ż2 = ε̇2 + µ2ε2

= ẋ2 − α̇1 + µ2(x2 − α1)

= g2,kx3 + f2,k + d2 − α̇1 + µ2(x2 − α1). (19)

The unknown function 92,k is defined as

92,k = f2,k − α̇1 + µ2(x2 − α1)− g2,kµ3

∫ t

0
ε3dτ

+g1,kξz1, (20)

where µ3 > 0. The Lyapunov function V2 is selected as

V2 =
1
2
z22. (21)

Its derivative is

V̇2 = V̇1 + z2(g2,kx3 + f2,k + d2 − α̇1 + µ2(x2 − α1))

= V̇1 + z2(92,k + d2 + g2,kx3 + g2,kµ3

∫ t

0
ε3dτ )

≤ (
θ1

2a21
−

g1,k θ̂1
2a21g1,min

)ξ2z21 + |z1ξ |δ1 +
a21
2

−
g1,kξ2δ̂1z21

g1,min(|z1ξ | +$1)
− c1g1,kξz21 +

z22θ2
2a22

+
a22
2
+ |z2|δ2 + g2,kz2α2 + g2,kz2z3, (22)

where θ2 = ‖W2,k‖
2. α2 is designed as

α2 = −(kP2 +1kP2 (·))ε2 − (kI2 +1kI2 (·))
∫ t

0
ε2dτ, (23)

where kP2 = c2, 1kP2 (·) =
θ̂2

2a22g2,min
+

δ̂2
g2,min(|z2|+$2)

, kI2 =

µ2kP2 , 1kI2 (·) = µ21kP2 (·), θ̂2 and δ̂2 are the estimation
of θ2 and δ2, respectively, c2, µ3, a2 and $2 are positive
constants, g2,min = min{g2,k}.

Substituting (23) into (22) yields

V̇2 ≤ (
θ1

2a21
−

g1,k θ̂1
2a21g1,min

)ξ2z21 + |z1ξ |δ1 +
a21
2

−
g1,kξ2δ̂1z21

g1,min(|z1ξ | +$1)
− c1g1,kξz21 + |z2|δ2
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+(
θ2

2a22
−

g2,k θ̂2
2a22g2,min

)z22 +
a22
2
− c2g2,kz22

−
g2,k δ̂2z22

g2,min(|z2| +$2)
+ g2,kz2z3. (24)

Step i(3 ≤ i < n): Select the Lyapunov function at Step i-1
as

Vi−1 =
1
2

i−1∑
j=1

z2j . (25)

V̇i−1 satisfies

V̇i−1 = (
θ1

2a21
−

g1,k θ̂1
2a21g1,min

)ξ2z21 + |z1ξ |δ1 +
a21
2

−
g1,kξ2δ̂1z21

g1,min(|z1ξ | +$1)
− c1g1,kξz21

+

i−1∑
j=2

{(
θj

2a2j
−

gj,k θ̂j
2a2j gj,min

)z2j + |zj|δj

−
gj,k δ̂jz2j

gj,min(|zj| +$j)
+
a2j
2
− cjgj,kz2j }

+gi−1,kzi−1zi, (26)

where θj = ‖Wj,k‖
2, gj,min = min{gj,k}. The generalized

error is defined as zi = εi + µi
∫ t
0 εidτ with µi > 0, then

żi = ε̇i + µiεi
= ẋi − α̇i−1 + µi(xi − αi−1)

= gi,kxi+1 + fi,k + di + µi(xi − αi−1)

−α̇i−1. (27)

Define unknown nonlinear functions 9i,k as

9i,k = fi,k − α̇i−1 + µi(xi − αi−1)+ gi−1,kzi−1

−gi,kµi+1

∫ t

0
εi+1dτ, (28)

where µi+1 > 0. Construct Lyapunov function as

Vi = Vi−1 +
1
2
z2i . (29)

Computing the derivative Vi gives

V̇i = V̇i−1 + ziżi
= V̇i−1 + zi[gi,kxi+1 + fi,k + di + µi(xi − αi−1)

−α̇i−1]

= V̇i−1 + zi(9i,k + di + gi,kxi+1 − gi−1,kzi−1

+gi,kµi+1

∫ t

0
εi+1dτ )

≤ (
θ1

2a21
−

g1,k θ̂1
2a21g1,min

)ξ2z21 + |z1ξ |δ1 +
a21
2

−
g1,kξ2δ̂1z21

g1,min(|z1ξ | +$1)
− c1g1,kξz21 +

a2i
2

+

i−1∑
j=2

{(
θj

2a2j
−

gj,k θ̂j
2a2j gj,min

)z2j + |zj|δj

−
gj,k δ̂jz2j

gj,min(|zj| +$j)
+
a2j
2
− cjgj,kz2j } + |zi|δi

+
z2i ‖Wi,k‖

2

2a2i
+ gi,kziαi + gi,kzizi+1. (30)

αi is designed as

αi = −(kPi +1kPi (·))εi − (kIi +1kIi (·))
∫ t

0
εidτ, (31)

where kPi = ci, kIi = µikPi , 1kPi (·) =
θ̂i

2a2i gi,min
+

δ̂i
gi,min(|zi|+$i)

, 1kIi (·) = µi1kPi (·), ci, µi, ai and $i are

positive parameters, θ̂i and δ̂i are the estimation of θi and δi,
respectively. By combining the Lemma 1, Young’s inequality,
(31) and (30), one has

V̇i = V̇i−1 + zi(W T
i,kSi,k + ηi,k + di + gi,kxi+1

+gi,kµi+1

∫ t

0
εi+1dτ − gi−1,kzi−1)

≤ (
θ1

2a21
−

g1,k θ̂1
2a21g1,min

)ξ2z21 + |z1ξ |δ1 +
a21
2

−c1g1,kξz21 −
g1,kξ2δ̂1z21

g1,min(|z1ξ | +$1)

+

i∑
j=2

{(
θj

2a2j
−

gj,k θ̂j
2a2j gj,min

)z2j + |zj|δj

−
gj,k δ̂jz2j

gj,min(|zj| +$j)
+
a2j
2
− cjgj,kz2j }

+gi,kzizi+1. (32)

Step n: Define zn = εn + µn
∫ t
0 εndτ with µn > 0. Its

derivative is expressed as

żn = ε̇n + µnεn
= gn,k (ιDk (t)+ b(t))+ fn,k + dn − α̇n−1
+µn(xn − αn−1). (33)

The unknown function 9n,k is defined as

9n,k = fn,k − α̇n−1 + µn(xn − αn−1)+ gn−1,kzn−1

+
g2n,kw

2zn
2a2n

. (34)

Choose Lyapunov function Vn as

Vn = Vn−1 +
1
2
z2n +

n∑
j=1

{
1
2h̄j
θ̃2j +

1
2pj
δ̃2j }, (35)

where θ̃j = θj − θ̂j, δ̃j = δj − δ̂j, h̄j > 0, and pj > 0. The
derivative of Vn is

V̇n = V̇n−1 + znżn −
n∑
j=1

{
1
h̄j
θ̃j
˙̂
θj +

1
pj
δ̃j
˙̂
δj}
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≤ V̇n−1 + zn[gn,k (ιDk (t)+ b(t))+ fn,k + dn

−α̇n−1 + µn(xn − αn−1)]−
n∑
j=1

{
1
h̄j
θ̃j
˙̂
θj

+
1
pj
δ̃j
˙̂
δj}

≤ V̇n−1 +
z2nθn
2a2n
+ a2n + zngn,k ιDk (t)

+|zn|δn − gn−1,kzn−1zn −
n∑
j=1

{
1
h̄j
θ̃j
˙̂
θj

+
1
pj
δ̃j
˙̂
δj}

≤ (
θ1

2a21
−

g1,k θ̂1
2a21g1,min

)ξ2z21 + |z1ξ |δ1 +
a21
2

−
g1,kξ2δ̂1z21

g1,min(|z1ξ | +$1)
− c1g1,kξz21 + a

2
n

+

i−1∑
j=2

{(
θj

2a2j
−

gj,k θ̂j
2a2j gj,min

)z2j + |zj|δj

−
gj,k δ̂jz2j

gj,min(|zj| +$j)
+
a2j
2
− cjgj,kz2j } + |zn|δn

+
z2nθn
2a2n
+ zngn,k ιDk (t)− zngn,k D̄(t)

+zngn,k D̄(t)−
n∑
j=1

{
1
h̄j
θ̃j
˙̂
θj +

1
pj
δ̃j
˙̂
δj}, (36)

where θn = ‖Wn,k‖
2.Dσ (t)(t) and adaptive laws are designed

as

Dk (t) = N (τ )D̄(t), (37)
˙̂
θ1 =

h̄1
2a21

ξ2z21 − β1θ̂1,

˙̂
δ1 =

p1
|z1ξ | +$1

ξ2z21 − ρ1δ̂1,

˙̂
θi =

h̄i
2a2i

z2i − βiθ̂i, (i = 2, · · · , n)

˙̂
δi =

pi
|zi| +$i

z2i − ρiδ̂i (i = 2, · · · , n), (38)

for any j = 1, 2, · · · , n. h̄j, aj, βj, pj,$j and ρj are positive
design parameters. N (τ ) is a Nussbaum-type function, and
τ̇ = zngn,k D̄(t), D̄(t) has a PI structure:

D̄(t)=−(kPn+1kPn (·))εn − (kIn +1kIn (·))
∫ t

0
εndτ, (39)

where kPn , kIn ,1kPn (·),1kIn (·) are designed as:

kPn = cn, 1kPn (·) =
θ̂n

2a2ngn,min
+

δ̂n

gn,min(|zn| +$n)
,

kIn = µnkPn ,1kIn (·) = µn1kPn (·),

where cn, µn, an and$n are positive constants.

Then we have

zngn,k ιDσ (t)(t)−zngn,k D̄(t)= zngn,k ιN (τ )D̄(t)−zngn,k D̄(t)

= ιN (τ )τ̇ − τ̇

= (ιN (τ )− 1)τ̇ . (40)

Theorem 1: Consider system (4) with the Assumptions 1-
2. If the actual control input and adaptive laws are designed
as (37)-(38), then the tracking error and all the closed-loop
signals are bounded.

Proof: Substituting (37), (38), (39), (40) into (36) pro-
duces

V̇n ≤ (
θ1

2a21
−

g1,k θ̂1
2a21g1,min

−
θ̃1

2a21
)ξ21 z

2
1 + |z1ξ1|δ1

−
g1,kξ21 δ̂1z

2
1

g1,min(|z1ξ1| +$1)
−

ξ21 δ̃1z
2
1

|z1ξ1| +$1
+
a21
2

−c1g1,kξ1z21 +
β1

h̄1
θ̃1θ̂1 +

ρ1

p1
δ̃1δ̂j +

a2n
2

+

n∑
j=2

{(
θj

2a2j
−

gj,k θ̂j
2a2j gj,min

−
θ̃j

2a2j
)z2j

+|zj|δj −
gj,k δ̂jz2j

gj,min(|zj| +$j)
−

δ̃jz2j
|zj| +$j

+
a2j
2

−cjgj,kz2j +
βj

h̄j
θ̃jθ̂j +

ρj

pj
δ̃jδ̂j}

+(ιN (τ )− 1)τ̇ . (41)

By Lemma 1, if we choose θ̂j(0) ≥ 0 and δ̂j(0) ≥ 0, so θ̂j(t) ≥
0 and δ̂j(t) ≥ 0 and for any x > 0, y > 0, one has 0 < xy

x+y <

y. So that

|z1ξ1|δ1 −
g1,kξ21 δ̂1z

2
1

g1,min(|z1ξ1| +$1)
−

ξ21 δ̃1z
2
1

|z1ξ1| +$1

= |z1ξ1|δ1 −
g1,kξ21 δ̂1z

2
1

g1,min(|z1ξ1| +$1)
−

ξ21 δ1z
2
1

|z1ξ1| +$1

+
g1,minξ21 δ̂1z

2
1

g1,min(|z1ξ1| +$1)

= |z1ξ1|δ1 −
ξ21 δ1z

2
1

|z1ξ1| +$1
−

(g1,k − g1,min)ξ21 δ̂1z
2
1

g1,min(|z1ξ1| +$1)

≤ |z1ξ1|δ1 −
ξ21 δ1z

2
1

|z1ξ1| +$1

=
|z1ξ1|2δ1 + |z1ξ1|δ1$1 − |z1ξ1|2δ1

|z1ξ1| +$1

=
|z1ξ1|δ1$1

|z1ξ1| +$1
≤ δ1$1. (42)

In the same way, we have

|zj|δj −
gj,k δ̂jz2j

gj,min(|zj| +$j)
−

δ̃jz2j
|zj| +$j

≤ δj$j. (43)

Substituting (42) and (43) into (41) gives rise to

V̇n ≤
n∑
j=1

{δj$j +
a2j
2
+
βj

h̄j
θ̃jθ̂j +

ρj

pj
δ̃jδ̂j}
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−c1g1,kξ1z21 −
n∑
l=2

{clgl,kz2l } +
a2n
2

+(ιN (τ )− 1)τ̇ . (44)

Notice that

θ̃jθ̂j = θ̃ (θj − θ̃j) ≤ −
1
2
θ̃2j +

1
2
θ2j ,

δ̃jδ̂j = δ̃(δj − δ̃j) ≤ −
1
2
δ̃2j +

1
2
δ2j . (45)

Combining (44) and (45) leads to

V̇n ≤
n∑
j=1

{−
βj

2h̄j
θ̃2j −

ρj

2pj
δ̃2j } −

n∑
l=2

{clgl,minz2l }

+

n∑
j=1

{
a2j
2
+ δj$j +

βj

2h̄j
θ2j +

ρj

2pj
δ2j }

+
a2n
2
− c1g1,minξ1z21 + (ιN (τ )− 1)τ̇ . (46)

For all 1 ≤ j ≤ n, let 3 = min{2cjgj,min, 2c1g1,minξ1, βj,

ρj}, ϒ =
∑n

j=1{
a2j
2 + δj$j +

βj
2h̄j
θ2j +

ρj
2pj
δ2j } +

a2n
2 ,

we obtain

V̇n ≤ −3Vn + ϒ + (ιN (τ )− 1)τ̇ . (47)

Bymultiplying by e3t and integrating both sides of inequality
(47), gives

Vn(t) ≤ Vn(0)+
ϒ

3
+ e−3t

∫ t

0
(ιN (τ )− 1)τ̇e3χdχ. (48)

According to Lemma 2, when t → ∞, Vn(t) is bounded,
therefore z1, · · · , zn, θ̃1, · · · , θ̃n, δ̃1, · · · , δ̃n are bounded.
By combining (6) and (7), we have ε1 ≤ max{γ1, γ2}ζ2.
Hence all signals in the closed-loop system and the tracking
error are bounded.
Remark 3: The detailed implementation of our control

scheme is shown as follows.
(1) Choose positive constants ζ1, ζ2, γ1, and γ2 to regulate

the bounds of the steady errors.
(2) Select the smooth function T (s) which satisfies proper-

ties (I) to (V).
(3) Choose parametersµi > 0 for the generalized errors zi.

(i = 1, · · · , n)
(4) Select appropriate designed parameters ai > 0, $i >

0, h̄i, βi, pi and ρi for the adaptive PI controllers.
(5) Determine the virtual control laws, the adaptive laws,

and the controllers.

IV. SIMULATION RESULTS
In this section, two examples are shown to illustrate the
effectiveness of the scheme.
Example 1: Consider the following switched nonlinear

systems:

ẋ1 = g1,σ (t)x2 + f1,σ (t)(x1)+ d1(t),

ẋ2 = g2,σ (t)x3 + f2,σ (t)(x1, x2)+ d2(t),

FIGURE 1. Curves of y and yd for scheme 1 in example 1.

ẋ3 = g3,σ (t)u(Dσ (t)(t))+ f3,σ (t)(x1, x2, x3)+ d3(t),

y = x1, (49)

where g1,1 = 2, g1,2 = 2, g2,1 = 2, g2,2 = 1, g3,1 =
3, g3,2 = 4, f1,1 = 0.2x1, f1,2 = 0.2 sin x1, f2,1 =
0.2x1x2, f2,2 = 0.2x1x22 , f3,1 = 0.2x1x2x3, f3,2 =

0.2x1x2x23 , d1 = sin t, d2 = 2 cos t, d3 = sin t cos t .
We choose the tracking signal as yd = sin t . The dead-zone
parameters are selected as ι = 1, D1 = 0.1,D2 = 0.2.
We design ζ (t) = 0.65e−t+0.5with γ1 = γ2 = 1.We choose
the initial value as x1(0) = 0.5, x2(0) = 0.2, x3(0) =
−0.5, θ̂1(0) = θ̂2(0) = θ̂3(0) = 0, δ̂1(0) = δ̂2(0) = δ̂3(0) =
0. The controller parameters are set as h̄1 = h̄2 = h̄3 =
2.8,$1 = $2 = 5,$3 = 7, µ1 = µ2 = µ3 = 2, a1 =
0.5, a2 = 0.5, a3 = 4, β1 = β2 = 0.001, β3 = 0.005, p1 =
p2 = 2.5, p3 = 1.2, ρ1 = ρ2 = 0.001, ρ3 = 0.03, c1 =
1, c2 = 2, c3 = 13. By applying the proposed algorithm in
this paper, the simulation results are presented as in Figures 1-
6. Figure 1 shows curves of the system output y and track
signal yd . Figure 2 depicts tracking errors with prescribed
performance. From Figures 1-2, we can see that the proposed
control scheme guarantees the closed-loop system have a
good control performance. In Figures 3-4, curves of adaptive
parameters θ̂i and δ̂i are presented. Figure 5 depicts the control
input uσ (t) and D̄. The switching signal is shown in Figure 6.
In order to further prove the superiority of the developed
scheme in this paper, we compare the simulation results
with the control scheme proposed in [22]. As a matter of
convenience, the design scheme in this paper is set as scheme
1, and the scheme in [22] is set as scheme 2. Curves of
system output, reference signal, tracking error, and controller
inputs for scheme 2 are presented in Figures 7-9, respectively.
Figures 10-11 show the performance comparison of tracking
error and control quantity between scheme 1 and scheme 2.
It is obvious to see that the scheme 1 can obtain a higher
accuracy tracking performance with consuming less energy
than scheme the scheme 2.
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FIGURE 2. Curve of tracking error for scheme 1 in example 1.

FIGURE 3. Curves of θ̂i for scheme 1 in example 1.

FIGURE 4. Curves of δ̂i for scheme 1 in example 1.

Example 2: Consider a one-link manipulator system

D%̈ + B%̇ + N sin(%) = ∅ + ∅s,M ∅̇ + H∅ = u− Km%̇,

(50)

FIGURE 5. Curves of control inputs uσ (t) and D̄ for scheme 1 in example 1.

FIGURE 6. Curve of switching signal for scheme 1 in example 1 and
example 2.

FIGURE 7. Curves of y and yd for scheme 2 in example 1.

whereD = 1kg/m2 representsmechanical inertia,M = 0.2H
is inductance,B = 0.1Nms/rad denotes the coefficient of vis-
cous friction, H = 1� represents resistance, Km = 0.2Nm/A
is back-emf coefficient, and N = 10 represents positive
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FIGURE 8. Curve of tracking error for scheme 2 in example 1.

FIGURE 9. Curves of u and D for scheme 2 in example 1.

FIGURE 10. The performance comparison of tracking error for example 1.

constant. % represents the position of link, %̇ is velocity, and
%̈ is acceleration. u represents the control input, ∅ and ∅s
represent torque and torque perturbations, respectively.

Let x1 = %, x2 = %̇, x3 = ∅. As is shown in [2], the system
(50) can be rewritten as switched systems with dead zone
input :

ẋ1 = g1,σ (t)x2 + f1,σ (t)(x1)+ d1(t),

ẋ2 = g2,σ (t)x3 + f2,σ (t)(x1, x2)+ d2(t),

ẋ3 = g3,σ (t)u(Dσ (t)(t))+ f3,σ (t)(x1, x2, x3)+ d3(t),

FIGURE 11. The comparison of control energy for example 1.

FIGURE 12. Curves of y and yd for scheme 1 in example 2.

FIGURE 13. Curve of tracking error for scheme 1 in example 2.

y = x1, (51)

where g1,1 = g1,2 = 1, g2,1 = g2,2 = 1/D, g3,1 = g3,2 =
1/M , f1,1 = f1,2 = 0, f2,1 = −N

D sin x1− B
Dx2+ sin x1 cos x2,

f2,2 = −N
D sin x1 − B

Dx2 + sin x1x2, f3,1 = −
Km
M x2 − H

M x3,
f3,2 = −

Km
M x2 − H

M x3 +
x1
20 + x3, d1(t) = 0, d2(t) = 1

D cos t ,
d3(t) = 1

D sin t cos t .
Choose the tracking signal as yd = sin t . Dead-zone

parameters are selected as ι = 1,D1 = 0.1,D2 = 0.2. Define
ζ (t) = 0.65e−t + 0.5 with γ1 = γ2 = 1. The following
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FIGURE 14. Curves of θ̂i for scheme 1 in example 2.

FIGURE 15. Curves of δ̂i for scheme 1 in example 2.

parameters are selected as :h̄1 = h̄2 = h̄3 = 0.2,$1 = $2 =

$3 = 0.05, µ1 = µ2 = µ3 = 1, a1 = a2 = a3 = 0.2, β1 =
β2 = β3 = 0.2, ρ1 = ρ2 = ρ3 = 0.001, p1 = p2 = p3 =
0.8, c1 = 1, c2 = 2, c3 = 5, initial conditions are set as
x1(0) = 0.5, x2(0) = 0.2, x3(0) = −0.5, θ̂1(0) = θ̂2(0) =
θ̂3(0) = 0, δ̂1(0) = δ̂2(0) = δ̂3(0) = 0. In Figures 12-
16, the simulation results are shown. In Figure 12, curves of
the output y and track signal yd are given. Figure 13 shows
the tracking errors. From these two figures, it is seen that
the proposed control scheme can make the output tracks the
tracking signal and the tracking error satisfies the prescribed
performance. In Figures 14-15, curves of the θ̂i and δ̂i are
shown. Figure 16 depicts curves of control input uσ (t) and D̄.
In this example, we also make a comparison with [22]. Under
scheme 2, Figures 17-18 plot curves of the output y, tracking
signal yd , and tracking error, respectively. Curves of control
input is presented in Figure 19. The performance comparison
of tracking error and control energy between scheme 1 and
scheme 2 are shown in Figures 20-21, respectively. It is
easy to see from these Figures that the scheme 1 consumes

FIGURE 16. Curves of control inputs uσ (t) and D̄ for scheme 1 in
example 2.

FIGURE 17. Curves of y and yd for scheme 2 in example 2.

FIGURE 18. Curve of tracking error for scheme 2 in example 2.

less energy to obtain a better tracking performance than the
scheme 2.

V. CONCLUSION
In this paper, the tracking control problem for a class of
switched nonlinear systems has been studied, and a group
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FIGURE 19. Curves of u and D for scheme 2 in example 2.

FIGURE 20. The performance comparison of tracking error for example 2.

FIGURE 21. The comparison of control energy for example 2.

of PI tracking controllers have been designed, which have
a simple structure and a clear physical meaning. The track-
ing performance has greatly improved by using prescribed
performance technique. By employing common Lyapunov
function theory, it has been demonstrated that all the signals
of closed-loop system were bounded. Simulation results have
been employed to verify the feasibility of the solution. In
this paper, the backstepping method is used to construct the
adaptive PI controller. In order to enhance the disturbance
rejection performance of the closed-loop systems. The sliding
mode control (SMC) technique provides a feasible way [34],
[35]. Inspired by the above references, we will employ SMC
scheme to design controllers for switched/Marokovian Jump
nonlinear systems with strict feedback form or non-strict
feedback form.
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