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ABSTRACT In this work, we study two classes of quasi-cyclic (QC) codes and examine how several
properties can be combined into the codes of these classes. We start with the class of QC codes generated
by diagonal generator polynomial matrices; a QC code in this class is a direct sum of cyclic codes. Then we
move on to the class of QC codes of index 2; various binary codes with good parameters are found in this
class. In each class, we describe the generator polynomial matrices of reversible codes, self-orthogonal codes,
and self-dual codes. Hence, we demonstrate how such properties can be merged in codes of these classes.
Particularly for QC codes of index 2, we prove a necessary and sufficient condition for the self-orthogonality
of reversible codes. Then we show that reversible QC codes of index 2 are self-dual under the same conditions
in which self-dual codes are reversible. We clarify that self-orthogonal reversible QC codes of index 2 over
IF, exist for even and odd g, however self-dual reversible codes exist only for even g. Theoretical results
are reinforced by several numerical examples. Computer search is used to present some self-dual reversible
QC codes of index 2 that have the best known parameters as linear codes. Finally, we highlight the class of
1-generator binary QC codes of index 2 by exploring many self-dual reversible codes that achieve the upper
bound on the minimum distance for their parameters.

INDEX TERMS 1-generator quasi-cyclic code, best known parameters, generator polynomial matrix,
self-orthogonal code.

I. INTRODUCTION

Cyclic codes over finite fields are easy to construct, encode
and decode. Cyclic codes are naturally extended to the larger
class of quasi-cyclic (QC) codes. A linear code is said to
be QC of index £ if it is invariant under cyclic shifts of
£ coordinates, where ¢ is a positive integer that meets this
property. Linear codes achieving the best known parame-
ters have been shown to be sometimes quasi-cyclic [1]-[3].

diagonal generator polynomial matrices, denoted by

G = diag[g1,1, 82,2, ---» 8eel,  &ii € Fylx]forl <i <.

In the latter case, the QC code is a direct sum of £ cyclic codes
Ci over I of length m and generator polynomials g; ;.

A code is said to be reversible if it is invariant under revers-
ing the coordinates of its codewords. Recently, reversible

Various algebraic structures are used to represent QC codes.
According to [4], QC codes are a subclass of generalized
quasi-cyclic codes because their cyclic intervals are equal.
Therefore, a QC code Q over IF, of index £ is identified by its
unique reduced generator polynomial matrix G of size £ x £.
In this structure, QC codes correspond to F,[x]-submodules
of (Fq[x])l. Several classes of QC codes over F, of length
mf have been considered in literature. For example, the class
of QC codes generated by unfolding cyclic codes of length
m over Iqu [5], [6], and the class of QC codes generated by
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codes have their applications in data storage systems, e.g.,
constructing locally repairable codes [7] and designing DNA
codes [8]-[11]. Massey introduced reversible cyclic codes
in [12], as he proved that the cyclic code generated by
g(x) € Fy[x]is reversible if and only if g(x) is self-reciprocal,
ie., g"(x) = ag(x) for some o € F,; — {0}, where f*(x) =
xdeef@) ¢ ()lc) is the reciprocal polynomial of f(x). On the
other hand, a code is self-orthogonal (respectively, self-dual)
if it is contained in (respectively, equal to) its dual code.
Researchers were interested in achieving these properties in
error correcting codes because some classical open prob-
lems relate to finding such codes with good parameters,
e.g., [13], [14].
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In this article, we investigate the QC codes in two specific
classes in which multiple properties are merged. The first
class is the class of QC codes generated by diagonal generator
polynomial matrices. In this class, Proposition 1 provides
an equivalent condition for reversibility and an equivalent
condition for self-orthogonality. Hence, the corresponding
condition for self-duality is deduced in Corollary 1. Some
examples are also used to illustrate how self-duality and
reversibility can be combined for QC codes with diagonal
generator polynomial matrix G. Thereafter, we consider the
class of QC codes of index £ = 2. In this class, we prove
conditions equivalent to reversibility, self-orthogonality, and
self-duality, separately. Although [13, Theorem 1] offers a
sufficient condition for reversibility of 1-generator QC codes,
our conditions are necessary and sufficient, do not assume
m coprime to g, and are not limited to 1-generator codes.
Once reversible QC codes of index 2 are specified, we estab-
lish equivalent conditions for appending self-orthogonality
and self-duality to these codes. For QC codes of index 2,
Corollaries 3 and 4 show that self-dual codes are reversible
under the same conditions in which reversible codes are self-
dual. Specifically, these conditions are g1 1822 = x" +
1 and ¢ is even. In fact, this result generalizes that of
[13, Corollary 4]. Although Examples 5 and 6 show that
self-orthogonal reversible QC codes over IF;, of index 2 exist
for odd and even ¢, we demonstrate that self-dual reversible
QC codes can only exist for even g. This result was partially
confirmed in [13, Section 5.3] for 1-generator QC codes of
index 2 and ged(m, q) = 1.

A linear code is called optimal if it meets the best known
parameters. That is, a linear code that achieves the upper
bound on the minimum distance provided by [15] is an opti-
mal code. As an application, we use computer search to exam-
ine the ability to append optimality to self-dual reversible QC
codes of index 2. We show that this is possible by introducing
some examples of optimal self-dual reversible QC codes of
various code lengths and dimensions. Finally, we consider the
class of binary 1-generator QC codes of index 2. In literature,
computer search is used to discover new good QC codes in
different classes, e.g., [16]. By computer search, we present
several binary optimal self-dual reversible QC codes in the
class of index 2.

The rest of this article is organized as follows. Some pre-
liminaries are presented in Section II. In Section III, we inves-
tigate the reversibility, self-orthogonality, and self-duality of
QC codes with diagonal generator polynomial matrix G.
These properties for the class of QC codes of index £ = 2
are considered in Section I'V. Section V considers combining
different properties in this class and presents many numerical
examples. We conclude our results in Section VI.

Il. PRELIMINARIES

For a prime power ¢, the finite field of g elements is denoted
by IF,. We refer to QC codes, cyclic codes, and codewords
by Q, C, and ¢, respectively. The dimension of the QC
code Q and its minimum Hamming distance are denoted
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by k and dyn, respectively. A cyclic code over I, of length n
is alinear subspace of Iy, that is invariant under cyclic shifts of
codewords, whereas a QC code over ]Fq of length n and index
¢ is a linear subspace of Iy invariant under cyclic shifts of
codewords by ¢ coordinates. The index ¢ of a QC code divides
the code length, i.e., n = m{ for some positive integer m.
A codeword ¢ € Q given by

L) CZ,m—l)a
6]

where ¢;j € Fyforl < i < £and0 < j < m—1,
can be divided to ¢ subwords c; each of length m. Namely,
Cc = (Cl, Coyvvny C/g), where Cci = (C,"(), Cilyovs Ci,m—l)-

Similar to cyclic codes, codewords of QC codes can be
represented by polynomials. The codeword given by (1) is
represented by the polynomial vector

¢ = (c1(x), 2(x), . .., co(x)) € (Fylx])",

where c;(x) = Zj”;_()l c,-’jxf € Fylx] for 1 < i < . In this
representation, the cyclic shift of a codeword by ¢ coordinates
corresponds to multiplication by x followed by a reduction
modulo x” — 1. Consequently, the QC codes over F, of index
¢ and length m{ are in one-to-one correspondence with the
FF,[x]-submodules of (F, [x])l that contain (x" — 1) (F, [x])l.
A generator polynomial matrix of Q is a polynomial matrix
whose rows generate Q as an Fy[x]-module. Therefore, if G
is a generator polynomial matrix of some QC code, then there
is an £ x £ polynomial matrix A such that

AG = diag[x™ — 1, ..., x™ — 1], 2)

C=(CL0s -+ €L0sCLLs oy ClLy - Clin—1s - -

where diag[x™ — 1, ..., x™ — 1] is the £ x £ diagonal matrix
whose diagonal entries are x"”* — 1. Elementary row operations
over IF,[x] reduce a generator polynomial matrix to its unique
reduced form [4], which we refer to as G = [g;;]. The
reduced generator polynomial matrix G is the £ x £ upper
triangular matrix

81,1 812 813 - 8¢
0 g2 &3 - 8

G=1| 0 0 g3 - 8 3)
0 0 .. 0 gue

such that:
1) Foreach 1 <i < ¢, g;; is a monic divisor of x” — 1
and has a minimum degree among all codewords of the
form (0, ...,0,ci(x), ..., ce(x)) with cj(x) # 0.
2) Forl <i#j<{, wehavedeg(g;;) < deg(gj ).
In [4], the dimension of Q is given by
¢
k=" (m—deg(giy) “
i=1
In addition, ¢ is a codeword of Q if and only if there exist
aj(x) € Fy[x] for 1 <i < £ such that
¢ =[a1(x) ax(x) -+ a(x)] G. (5
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From (5), one concludes that G is diagonal if and only if Q is
a direct sum of £ cyclic codes C; of lengths m. That is

¢
G = diaglg11, 822, ..., 8] = Q=EPC
i=1

The QC code Q is also identified by its unique reduced
parity check polynomial matrix H [4]. The relation between
H and the polynomial matrix A that satisfies (2) is shown in
[4, Theorem 1]. Hereinafter, Q refers to a QC code over F, of
index ¢, length n = m{, dimension k, minimum distance dpjip,
reduced generator polynomial matrix G, and reduced parity
check polynomial matrix H. We denote the dual code of Q by
O~ Infact, @1+ is a QC code of length m¢, dimension m{ —k,
and a generator polynomial matrix H. The code Q is self-
orthogonal, i.e., @ C o1, if and only if G = MH for some
polynomial matrix M. Whereas Q is self-dual, i.e., @ = ot,
ifand only if G = MH for an invertible polynomial matrix M.
For a codeword ¢ € Q as given by (1), we refer to its reverse
by r. That is,

E=(Com—1s- - s Clin=1s CEm=2s- - +» ClLm=2s- - s C0,0+- - - C1,0)-

We call Q reversible if r € Q for every ¢ € Q. In polynomial
representation r = (r1(x), r2(x), ..., re—1(x), re(x)), where
ri(x) for 1 <i < {is given by

m—1
. 1
. -1
ri(x) = Z co—ip1 X" T =x" CE—H—I()—C eF,lx].
=0

Hence, Q is a reversible code if and only if

1 1 1
r= <xm_1c[ <—> e (—) o xm ey (—>>
X x x

6)

isin Q for every ¢ = (c1(x), ..., ce—1(x), ce(x)) € Q.

IIl. REVERSIBILITY AND SELF-ORTHOGONALITY FOR QC
CODES GENERATED BY DIAGONAL G

In this section, we consider the class of QC codes generated
by diagonal generator polynomial matrices of the form

, 8¢l @)

We present conditions on G that characterize the reversibility,
self-orthogonality, and self-duality of Q. Then we fulfill these
conditions in some numerical examples.

Proposition 1: Let Q be a QC code over Fy of index ¢,
length ml, and generator polynomial matrix

G = diag[g1,1, 822, - - -

G = diag[g1.1, 82,2, -- -, 8e,els

where g; ; € Fy[x] divides x™ — 1 for 1 <i < £.
1) The code Q is a reversible code if and only if there exist
a; € Fy — {0} such that
gii=igu—it1e—i+1 foreveryl <i<{.
2) The code Q is a self-orthogonal code if and only if
giig; =0 (mod x™ —1) foreveryl <i<{.
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Proof: ~We start with the reversibility conditions.
Assume g7, = o;ge—i+1,0—i+1 for every 1 < i < L.
Then deg(ge—i+1,0—i+1) = deg(g;;) = deg(gi i), which we
denote by d;. For any ¢ € O, (5) shows that there exist
ai(x), ..., ae(x) € Fylx] such that

¢ = (a1(0gr1, a2(x)g2.2, - .., ae(x)ge.e) -

Forl <i</¥,let

1
—1—d;
bi(x) = g i1 X" " Yag_ity <)—C .

Then b;(x) € IFF4[x] because deg(a¢—i+1) < m — 1 — d;.
Consider the codeword r € Q given by

r = (bi1(0)g1.1, ba(x)g2,2, - .., be(x)ge)

1 1
— m—1—dy ot m—1—d; 2 ) o
(x ay <x>gu, s X al <x>g1)1>
1 1 1 1
- (x’nlaZ <_) gE’Z <_>, Y xmilal <_) gl’l <_>)'
X X X X

From (6), r is the reverse of ¢. Hence, Q is reversible.
Conversely, assume Q is reversible. For 1 < i < ¢, let

¢; € Q be the codeword corresponding to the i row of G,

i.e., coordinates of ¢; are all zero except the i coordinate

is g; i(x). From (6), the reverse r; of ¢; has all zero coordi-

nates except the (¢ — i + 1) coordinate is x"'g; ; (%) =

*

lg,',i(x)-

xm—di—l m_d’._

That is,

g;(x). Sincer; € Q, go—iy1.0-i+1(X)|x

Ge—it1,0—i+1(0)|g} (x).

Replacing i by £ —i+ 1, we get g,-,,-(x)lgz_iﬂge_ﬁl(x). That
is,

8 ige—it1,0-i+1(x).

Hence g;fi(x) = a;g¢—it+1,¢—i+1(x) for some o; € Fy — {0}.

Now we prove the self-orthogonality conditions. Since G
is a diagonal matrix, Q = @le C; for some cyclic codes C;
of length m over F,. We denote the Euclidean inner product
for the codewords ¢;, ¢; € C; (respectively, ¢, ¢’ € Q) by
(ci, ¢}) (respectively, (¢, ¢')). If ¢ = (c1,...,ce) and ¢/ =
(¢}, ....cp), where c;, c; € C;, then

¢
(e.¢) =) (ci.c).
i=1
We show that Q is self-orthogonal if and only if C; is
self-orthogonal for every 1 < i < £. Assume that Q is
self-orthogonal. Since Q = @le C;, the code Q contains
an isomorphic copy of C; for each 1 < i < £. Then, for
every codeword c; € C;, there exists a codeword in Q with all
zero components except the i component is ¢;. Therefore,
the self-orthogonality of Q implies the self-orthogonality
of C;. Conversely, assume that C; is self-orthogonal for every
1 <i < £. Then Q is self-orthogonal because

12

¢
(c, ) = Z(Ci, ) = ZO =0, Ve, ceQ.
=1

i=1
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The result follows from the fact that the cyclic code C; is
self-orthogonal if and only if g;;g}; =0 (mod x™ —1). W

The reversibility condition in Proposition 1 generalizes the
well-known result [12]. In fact, a cyclic code with a generator
polynomial g(x) is a QC code of index £ = 1 and G = [g(x)].
If we consider Proposition 1 in the particular case of cyclic
codes, it is required that g(x) = ag*(x) for some « € I, —{0}
as a condition equivalent to reversibility.

Corollary 1: Let Q be a QC code over F, of index £, length
mk, and generator polynomial matrix

G = diag[g1.1, 82,2, -- - 8e,els

where g ; € Fylx] divides x™ — 1 for 1 < i < £. The code Q
is a self-dual code if and only if the following conditions are
met:

1) g and m are even.
2) There exist B; € Fy; — {0} such that
giigi = Bi (xm — 1) , foreveryl <i<{
Proof: Similar to the proof of Proposition 1, Q is
self-dual if and only if C; is self-dual for every 1 < i < £.
From [17, Proposition 1] and [17, Theorem 1], the proposed
conditions are equivalent to the self-duality of each cyclic
code C;. [ |

Two conditions of reversibility and self-duality for QC
codes with diagonal generator polynomial matrix G are gen-
erally independent. That is, we can construct a self-dual QC
code which is not reversible, a reversible one which is not
self-dual, and a reversible self-dual one. We illustrate these
different cases with the following example.

Example 1: We consider QC codes over F4 of n = 36,k =
18, £ = 2, and generated by diagonal generator polynomial
matrices. The factorization of x84 1 in F4[x] into irreducible
factors is

@+ D+ 0’ (@ + 0”@ + 0’0 + o),
where w is a zero to x2 + x + 1 € Fo[x]. Let
G = diag[(x + w)? g (x+ w?)? gl
Gy = diag[(x + D(x + w)g, (x + D(x + v?)g*]
Gs = diagl(x + ) g, (x + 0*)’ '],
where g = (x+1)(x>+w)>. By Proposition 1 and Corollary 1,
G| generates a self-dual QC code which is not reversible, G

generates a reversible QC code which is not self-dual, and G3
generates a reversible self-dual QC code.

IV. REVERSIBILITY AND SELF-ORTHOGONALITY FOR QC
CODES OF INDEX 2
In this section, we focus on the class of QC codes over F, of
length 2m and index £ = 2. We separately prove necessary
and sufficient conditions for reversibility, self-orthogonality,
and self-duality of QC codes in this class.

Theorem 1: Let Q be a QC code over F, of length 2m,
index 2, and reduced generator polynomial matrix

g1 812
G= ' “ 8
K ®

143288

where g1.1 and g2 2 divide x™ — 1. Let
xm—1

82,2

81,2 822
nw=ged(g1,2, 82.2), fi= T,fz == and h=

Then,

1) The code Q is reversible if and only if the following
conditions are met:

a) g1,1 = au* for some a € Fy — {0}.
b) f> is a self-reciprocal polynomial.
¢) f2 divides (x’”*deg(fl)fl fif = az).
2) The code Q is self-orthogonal if and only if the follow-
ing conditions are met:

a) [ = Bh* for some B € Fy[x] — {0}.
b) gl,lg’f’l = yuh for some y € Fy[x] — {0}.
¢) fo divides (p*x"Tdi—dif £ 4 y), where djj =
deg(gij) for1 <i,j <2
Proof: By assumption, G can be written as

& whA
G‘[o Mfz]

where g1 1, i, f> are factors of x”* — 1. From [4, Theorem 1],
a parity check polynomial matrix for Q is

@ = 1) /g 0 }

H = |:—Xm+d11d12f1*ﬂ*h*/g>f L )

We start with the reversibility conditions. If Q is reversible,
the reverses of the codewords

cr =(g1,1,812), ¢ =1(0,g22),

using (6), are the codewords

1 1
r; =x""! <g1,2<—), g1 (—))
X X

m—dip—1, xpx _m—di—1 _x*
— (x 12 Mf] X 11 gl,l) ,

1
r = <xm—1g2’2<;)’ 0) — (xm—dzz—lﬂ*fz*’ 0) )

Then, there exist aj(x), ax(x), az(x), as(x) € Fy[x] such that

ai()gi,1 = x" T (10)
ai)pfi + axx)ufr = X"t (11)
az(x)gy = xR (12)
az()ufi + as(¥ufs = 0. (13)

From (10) and (12), g1,111*f}" and g1,1|w*f5". Thus, g1 1]p1*
because fi and f> are coprime. Thus gq 1|p*. From (11),
| g’{’], hence £*|g1,1. Consequently, condition (1a) follows.
Substituting (12) in (13) with the use of condition (1a), we get

XIS 4 aag(x)f, = 0.

Since f> is coprime to xm_d22_1f1, fZVZ*, ie., fo is
self-reciprocal polynomial. Substituting (10) in (11) with the

VOLUME 8, 2020
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use of condition (1a), we get aar(x)p = a? x"~dn-1 _

xm—d|2—1f1 fl*' Equivalently,
ledl'+laz(x)f2 — (az X" xm_d12+d”f1 f1*>
_ (az(xm _ 1) _ (xm—deg(fl }01 i —oez)) .

Condition (1c) follows because fo|(x" — 1).

Conversely, if conditions (1a), (1b), and (1c) are met, then,
there exist aj(x), ax(x), az(x), as(x) € Fylx] satisfying (10)
to (13). For any codeword ¢ € Q, there exist by(x), ba(x) €
Fy[x] such that

c=(b181.1,b1 812+ b2 822).
Let r be the codeword of Q given by
r= ((al(X)bl(xm_l) + a3(0ba(x™ M) g1,
(@1 )b (™) + a3 (b2 (™ 1) g1 2
+ (@b ") + ay@ba(" )82 ).

Using (10) to (13) and reduction modulo x™ — 1, we get

r= <xm_1b1 <l> 81,2 <1> +x" b, <1> 82.2 (l> ,
X X X X
1 1
X X

From (6), r is the reverse of ¢. Hence, Q is reversible.

Now we prove the self-orthogonality conditions. The code
Q is self-orthogonal if and only if G = MH for some poly-
nomial matrix M. Equivalently, there exist mp, my, m3, my €
FFy[x] such that

my (2" — 1) — mpx" T = gy g, (14)

myh™ = ufi, (15)
m3 (x™ — 1) — max™ T =dgE = pe — o, (16)
myh™ = ufp. a7

If Q is self-orthogonal, then A*|x due to the coprimality
of fi and f>, (15), and (17). Hence, condition (2a) follows.
Equation (14) reduces to
g1gT, = m (<" — 1) = i A
=my (¢ — 1) —x"Tdeg gy
= m (xm _ 1) _xm+d117d12f1 f]*ﬁ*h/-'b
= (1 fo = pramedn=deg, o)
= yuh,
where y = (m) fo — pramtdu=dif, *) That is, m; fo =
Brxmtdu—dig fi* + v and condition (2c) follows.

Conversely, assume conditions (2a), (2b), and (2c) are
satisfied. Then G = MH for the polynomial matrix

(B 4y f ﬁfl]
M = [ ﬂ*xm+d]1_d12fl* Bf2 | (1o

Hence, Q is self-orthogonal. [ |
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Corollary 2: The QC code Q is self-dual if and only if the
following conditions are met:

1) p = Bh* for some B € F, — {0}.

2) 81,18]’11 = yuh for some y € F, — {0}.

3) f> divides (x"~9eVVf £ 4 yp71).

Proof: The code Q is self-dual if and only if the polyno-
mial matrix M given by (18) is invertible. The determinant of
M isdet(M) = By.Then, M isinvertible if and only if 8, y €
F, — {0}. In addition, since deg(u) = deg(h) = deg(gi,1),
m+dyy — dip = m — deg(fy). u

For even and odd ¢, the following examples emphasize the
existence of reversible codes that are not self-dual and vice
versa.

Example 2: InTF,[x], we have x® +1 = (x + 1)*(x> +-x +
1)2. Let Q be the binary QC code of length 12, index £ = 2,
and reduced generator polynomial matrix

G| &+ 1) x(x + 1)
- 0 x+ D22 4+x+1D |

From Theorem 1, Q is reversible because
1) p*=ged(gra. g22)* = (x+ 1) =g 1.ie,a =1
2) h=g2/n= 24+x+1is self-reciprocal.
3) fi = g12/k = x. Hence, (x" 4/ ff —a?) =
x(x)(1) 4+ 1 = x® + 1 is divisible by f>.
From (4), although the dimension of Q isk = 6 = n/2, Q
is not self-dual because condition (1) of Corollary 2 is not
satisfied. In particular, #* = x> +x + 1 # u.
Example 3: In F[x], we have

=+ D2 x4 D2+ 22+ D2

Let Q be the binary QC code of length 28, index 2, and
reduced generator polynomial matrix
G B 4+x+DE3+x2+1) x(x34x41)?
B 0 @+ x+ D7 |
From Corollary 2, the code Q is self-dual because
1) w=ged(gin, g2) = +x+1)>=h"ie,f=1.
2) g118} = P +x+ 1P +x2+1)? = phie,y = 1.
3) i = g12/n = x.Hence, b = (x + 1)? divides
(xmfdeg(fl)fl fl* + %371) :x14 +1.
From Theorem 1, Q is not reversible because g1,1 # u*.
Example 4: In F5[x], we have

W= 1=+ D+ +x+ D2 +4x + 1).

Let Q1 be the QC code over 5 of length 12, index 2, and
reduced generator polynomial matrix

G _[xt4 Ax + Dx + D2 +x+2)
YL 0 AP+ DA+ D |

From Theorem 1, Q; is reversible because
1) u=x+4)and g1 =4p*, ie,a =4
2) o =%+ x+ D%+ 4x + 1) is self-reciprocal.
3) fi=4(x+ D2+ x +2), hence f, divides

(xmﬂieg(fl)f1 £ - az)
=204+ 2) x4+ 32 +x+ D2 +4x + D> +x2+2).

143289
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Although the dimension of Q; is k = 6 = n/2, it is not
self-dual because condition (1) of Corollary 2 is not satisfied.

Let Q) be the QC code over F5 of length 12, index 2, and
reduced generator polynomial matrix

[1 2(x+3)(x4+2x2+2x+1)]
Gy = 0 .

x0—1
From Corollary 2, Q is self-dual because
) u=1=nh*ie,B=1
2) gi1g =1=phie,y =1
3) fi =20 +3)* + 2 + 2x + 1), and » divides

<xm—deg(fl)f]f‘1* + Vﬂ_l>
=20 — D+ 2x + 3)(x + 2x + 4).

Although g1 = ap™ for o = 1 and f; is self-reciprocal, but
Q5 is not reversible because condition (1c) of Theorem 1 is
not satisfied.

V. OPTIMAL QC CODES OF INDEX 2 WITH SEVERAL
PROPERTIES
In this section, we examine QC codes of index 2 that combine
more than one property. We start with a self-orthogonality
condition for reversible QC codes of index 2.

Theorem 2: Let Q be a reversible QC code over F, of
length 2m, index 2, and generator polynomial matrix as given
by (8). Then, Q is self-orthogonal if and only if

81,1822 =0 (mod x™ 4 1),
21,1871 =0 (mod x™ — 1),

for even q.

for odd q.

Proof: Let Q be a reversible code. If Q is self-
orthogonal, then all conditions in Theorem 1 are met. For
even ¢,

81,1822 = af*hgrr = af*(x" +1)=0 (mod x" + 1).

However, for odd ¢, we have y = o?B* because yuh =
gl,lg’f,l = ap*au = a?B*h. But conditions (1c) and (2¢)
of Theorem 1 ensure that

(xmfdeg(f‘)ﬂfl* — az) = n1f> and
'3* (xm—deg(fl)fol* + O[2) _ IB* <Xm+d“_d12flfl* + O[2>

— < *xm+d11—d12f1f1* +y)
= anZv

for some 11, 72 € IFy[x]. Consequently,
* 2 p%* 1 2 n%* 1 *
81,1811 = B uh = 5201 B uh = E("z — B nfaph
1
= 5(m - B )™ —1)=0 (mod x™ — 1).

Conversely, if g is even and g1,182,2 = n(x" + 1) for some
n € Fylx], then g1, = nh, and

D) =g, /¢=n"h"/o=ph*, where B = n*/a.

2) 81,18?1 = nhapu = yuh, where y = an.
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3) From condition 1(c) of Theorem 1, f> divides
(ﬂ*xm+dll_d12fol* +y> — E (xm—deg(fl )f].fl* +(X2).
o

Hence Q is self-orthogonal by Theorem 1. Now, if ¢ is odd
and gl,lgil = n(™ — 1) for some n € F,y[x], then Q is
self-orthogonal by Theorem 1 because
1) Since o®pup* = gi1g} | = n(x™ — 1) = —nu*f5h*,
= Bh* for g = —nfz*/az.
2) g1,181, = nfaith = y uh, where y = nf>.
3) f» divides (B*x"+du=difif* 4 o) because it divides
B* and y.
|
The following examples show that self-orthogonal
reversible QC codes of index 2 exist for odd and even q.
Example 5: InTF3[x], we havex®—1 = (x—1)3(x+1)3. Let
Q be the ternary QC code of length 12 and index 2 generated
by

G- |G- D2x+1)?*  —(x—D2(x+1)?
- 0 x0—1 :

The dimension of Q is k = 2 and its minimum distance is
diin = 6. From Theorem 1, Q is reversible because

Dgii=pw=pn=x—-D2x+1>%ie,a=1.

2) fo=(x— 1(x+ 1) is self-reciprocal.

3) Since fi = —1, (x"79fffr —a?) = x6 — 1is

divisible by f>.

Moreover, Theorem 2 shows that Q is self-orthogonal
because gmg’f’l = 0 (mod x0 — 1). Hence, Q is
self-orthogonal reversible code.

Example 6: InTF,[x], we have x> +1 = (x + D(x% +x +
D+ x+ D+ 3+ D +x3 +x2+x+1). Let Qbe
the binary QC code of length 30 and index 2 generated by

g1 812
G=|8L s12 )
[ 0 82,2]

g1 =@+ D +x+ 1),
g12 = x(x + D2 +x + DE* + 3 41,
2.2 = G+ D@ H+x+ D+ + D+ +x24x+1).

where

The dimension of Q is k = 14 and its minimum distance is
dmin = 8. According to [15], Q achieves the upper bound
on the minimum distance of binary linear codes of length 30
and dimension 14. Thus, we call Q an optimal code. From
Theorem 1, Q is reversible because

1) 81,1 = M* because n= (x+ 1)(x4 +x3 + 1.
2) fr = (x2+x+D*+x3+x24x+1) is self-reciprocal.
3) Since fi = x(x + 1)(x* +x + 1), f2 divides
(xm—deg(f])flfl* _ 1)
= "o+ D2 x + DO P D+
=@+ DE AP 2 D
B x4 T x4+ 2+ 1.
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Moreover, Q is self-orthogonal by Theorem 2 since
81.182.2 = 0 (mod x™ + 1). Hence, Q combines optimality,
self-orthogonality, and reversibility.

Although there are self-orthogonal reversible QC codes of
index 2 for odd and even g (cf. Examples 5 and 6), the follow-
ing results confirm that self-dual reversible codes exist only
for even ¢. In addition, we demonstrate that the reversibility
condition of self-dual codes is the same as the self-duality
condition of reversible codes.

Corollary 3: Let Q be a reversible QC code over F, of
length n = 2m, index 2, and generator polynomial matrix
G as given by (8). Then, Q is self-dual if and only if q is even
and 81,1822 =x" + L.

Proof: From (4), the dimension of Q isk = 2m—d; —
dyy. If Q is self-dual, then k = m and d; + don» = m. From
Theorem 2, if g is even, then g1 1822 = n(x™ 4+ 1). Hence
deg(n) = di1 +dxpp —m =0, 1i.e., n € F,. The reduced form
of G implies that n = 1, hence g1,1822 = x™ + 1. On the
other hand, if ¢ is odd, Theorem 2 implies that

0> m—2d1 = dyp — di1 = dp — deg(p) = deg(f>).

This is impossible unless fi = 0, i.e., G is diagonal, which
contradicts Corollary 1 because a diagonal G generates a
self-dual code only if ¢ is even.

Conversley, if g is even and g1,182,2 = x"* + 1, Theorem 2
shows that Q is self-orthogonal. Then Q is self-dual because
k=2m—di —dy=m=n/2. |

Corollary 4: Let Q be a self-dual QC code over F, of
length 2m, index 2, and generator polynomial matrix G as
given by (8). Then, Q is reversible if and only if q is even and
811822 =x"+1

Proof: From Corollary 3, if Q is reversible, then the
self-duality of Q implies that g iseven and g1 1822 = x"+1.
Conversely, if giseven and g1,1g22 = x™+ 1, then g;,1 = h.
By Theorem 1 and Corollary 2, Q is reversible because

1) gii=h=p*/B=au*fora =1/8.

2) f> is self-reciprocal since

S N R
T ouh BR*h T hrpt
3) Since g1.1 = au*, y = o and f> divides

(xm—deg(fl )flf]* + %3—1) — <xm—deg(fl )f]fl* _ a2>.

f2 :fz*-

|
Proposition 2: Let Q be a self-orthogonal QC code over
Fy of length 2m, index 2, and generator polynomial matrix
G as given by (8). If q is even, g11 = oau*, and
81.182.2/ X" + 1) is coprime to f>, then Q is reversible.
Proof: From Theorem 1, we have u = Bh*, g1,187 | =
yuh, and f2|(,8*xm+d“_d'2fol*+y) for some B,y €
Fglx]. Now, Bfy = B&x™ — D/ph = ™ — D/h*h =
B*(™ — D)/h*u* = —B*fy. Since (g1,182.2) / (& + 1) =
ap*/h = af* is coprime to f, we have f|fy, i.e., self-
reciprocal. In addition, > divides (B*x™Fd—di2fifi + ) =
B* (x’"_deg(f\)fl i ~|—oz2). Thus, the coprimality of f, and
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B* implies condition (1¢) of Theorem 1. Therefore, Q is
reversible. |

Example 7: InF4[x], we have x'® +1 = (x + 1)!°. Let Q
be the QC code over 4 of length 32, index 2, and

_x+1 81,2
G‘[ 0 (x+1)15i|’

where g1 2 = X004+ Dx 4+ o) + )3 +x+ 1) and 0 is
azeroto x2 +x + 1 € Fax]. By Theorem 1, Q is reversible
because

D gii=p*=x+1,ie,a=1

2) f» = (x + 1)* is self-reciprocal.

3) fi =x0(x + 0)x? + w?) (x> + x + 1) and f> divides

(xm—deg(fl)f]fl* _ 1)
=+ 1)14(x2 + wx + w)
(x2 +w’x + wz)(x5 +xr+ P+ 2+ 1).

Corollary 3 shows that the reversible code Q is self-dual
because g is even and g1,1822 = x'© + 1. The dimension
of Qis k = 16 and its minimum distance is dpyi, = 10.

According to [15], the best known minimum distance
for a linear code over F4 of length 32 and dimension 16
is 11. Although the QC code of Example 7 is self-dual and
reversible, it is not optimal. However, in the following exam-
ples, we illustrate that there are optimal self-dual reversible
QC codes of index 2.

Example 8: In Fo[x], we have

Hl=+DEFx+DE+x2+1).
Let Q be the binary QC code of length 14, index 2, and
G— B+xr41 X 4x+1
- 0 x+DE+x+1D|°

With Theorem 1, one can prove that Q is reversible. From
Corollary 3, Q is self-dual because g is even and g1,182.2 =
x4+ 1 According to [15], Q is optimal because dpin = 4,
which is the upper bound on the minimum distance of a binary
linear code of length 14 and dimension 7.

Example 9: In F4[x], we have

1= (x+ 1)(x5+wx4+x3+x2+a)2x+1)
()c5 +orxt 3+ ox + 1),

where o is a zero to x2 4+ x + 1 € F[x]. Let Q be the QC
code over [F4 of length 22, index 2, and

_ |1 81,2
G‘[o x“+1]

+a)x9 +a)2x6 +a)x5 +a)x4 -l—a)2)c3 +)c2 +wx +a)2.

where

gl2= w2 xlO
From Theorem 1, Q is reversible. From Corollary 3, Q is self-
dual. In addition, Q is optimal because dpi, = 8, which is
the best known minimum distance for a linear code over F4
of length 22 and dimension 11.
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TABLE 1. 1-Generator binary optimal self-dual reversible QC codes of index 2.
91,2 [va k, dmin}
(7,6,4,2,0) [16, 8, 4]
{10, 6, 3, 0) 22,11,6
(11,10,9,8,7,5,4,3,0) 26,13,6
(18,17,15,13,8,7,4,1,0) 38,19, 8
(17,15,10,9,6,3,2,1,0) 38,19, 8
(19,15, 14, 13,12, 8, 4,2, 0 40, 20,8
(19,17, 15 14 13,12,11,8,6) 40,20, 8
(22,19, 13 12 10 9,7,5,3) 46,23, 10
(22,21,17, 16, 14 12,10,8, 5) 46,23, 10
(24,23, 22, 21, 20, 17, 16, 15,12, 10,9,6,5,3,2,1,0) 50, 25, 10
(24,22, 21, 20,18, 17, 16,15, 14, 12,9, 7, 6,4, 3, 2, 1) 50, 25, 10
(24 18,16,13,12,11,9,8,6,5,4,2,1) 52,26, 10
(25, 24, 18 14 12 8,7,6,5,4,3,2,0) 52,26, 10
(26, 25, 23, 21, 20, 18 16, 14 13,11,10,9,6,4,2,1,0) 54,27,10
(26, 25,24, 23,22,21,17,16,15,11, 10, 7,6, 5,4, 2,0) 54,27,10
<24 22, 21 20 18 17,16, 15, 14 13,12,9,2) 60, 30, 12
(29, 27 25 22 21 15, 13 11 10 8,6,4,1) 60, 30, 12
(31, 29, 28, 26, 25, 22, 21, 18 16 15,14, 12 11,9,8,6,4,372,1,0) 64,32,12
(30 29 22 20 18 14 12 11 9,5,4,3,0) 64,32,12
(32, 30, 27, 26, 24,18, 15, 14, 12,11, 10,9, 8, 6, 3,2,0) 66,33, 12
<32 27, 24 23,22,19,14,13, 10 9,7,5,1) 66, 33,12
<32,27,26,22,21,19,18,16,12,11,9,5 3) 68,34, 12
(27,26, 25,24, 21,20,19,18,17,14,11,9,7,6,5,2,1) 68,34,12
(38, 37, 35, 33, 31, 29 28,23,19,18,17, 16 15,5, 4 2, 0) 78,39, 14
(36, 35, 34, 33, 24 21,20, 16,15,13,12,9,8,6,5,3,1) 78,39, 14
(40, 38, 36, 35, 31, 28, 27 26,23, 21, 17 16,15, 14 13,12, 8) 82,41,14
(40, 39, 38, 34, 33, 30, 26, 24, 20,17, 15, 14,13,12,11,9, 7,6, 4, 3, 2) 82,41,14
(47,44,41,39,38,30,29,27,26,23,22,21,20,17,14,13,12,11,10,7,6, ,3,2,0) 96,48, 16

The code generated in Example 9 is an example of
a 1-generator QC code [13], [18]. A 1-generator QC code of
index 2 has a generator polynomial matrix (8) with g2 2

xMm—1. That is, the code is generated by (g1.1, g1,2) as an

Fylx]/{x™ — 1)-module. In the special case of 1-generator
QC code with g1 1, Corollaries 3 and 4 reduce to
the result [13, Corollary 4], i.e., self-duality is equivalent to
reversibility.

We conclude this section by presenting some optimal
self-dual reversible codes of different code lengths in the class
of binary 1-generator QC codes of index 2. We search for
generator polynomial matrices of the form

s 2

0 x"+1
that meet the reversibility conditions of Theorem 1, and hence
are self-dual by Corollary 3. In Table 1, we provide polynomi-
als g1 » from computer search results. Since binary self-dual
codes have even minimum distances, any code in Table 1 is
optimal in the sense that its minimum distance is the largest
even integer less than or equal to the upper bound in [15].
We write g12 = (18,17, 15,13,8,7,4,1,0) tomean g; » =
a7 5 x4 38 4 37 4 x* + x + 1 € Fy[x]. For
each of the codes in Table 1, one can verify the reversibility
conditions of Theorem 1 by using u = 1, f1 = g1.2, 2 =
x"4+1,and h = 1.

G

VI. CONCLUSION
In this work, we focused on two classes of QC codes: the class
of QC codes generated by diagonal generator polynomial
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matrices and the class of QC codes of index 2. We provided
equivalent conditions for reversibility, self-orthogonality, and
self-duality of QC codes in these classes. Consequently,
we were able to combine some of these properties in QC
codes of these classes. We showed that self-orthogonal
reversible QC codes of index 2 exist for odd and even g.
However, self-dual reversible QC codes of index 2 exist only
for even g. We supported the theoretical results with computer
search to include the property of being optimal. Finally,
we considered the class of binary 1-generator QC codes of
index 2. In Table 1, we offered some of these codes that com-
bine the properties of being optimal, self-dual, and reversible.
Many interesting numerical examples are presented.
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