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ABSTRACT The irruption of the cell-free (CF) massive multiple-input multiple-output (MIMO) network
topology has meant taking one step further the concept of massive MIMO as a means to provide uniform
service in large coverage areas. A key property of massive MIMO networks is channel hardening, by which
the channel becomes deterministic when the number of antennas grows large enough relative to the number
of serviced users, easing the signal processing and boosting the performance of simple precoders. However,
in CF massive MIMO, the fulfillment of this condition depends on several aspects that are not considered
in classical massive MIMO systems. In this work, we address the presence of channel hardening in both
CF massive MIMO and the recently appeared user-centric (UC) approach, under a spatially correlated
Ricean fading channel using distributed and cooperative precoding and combining schemes and different
power control strategies for both the downlink (DL) and uplink (UL) segments. We show that the line-of-
sight (LOS) component, spatially correlated antennas and UC schemes have an impact on how the channel
hardens. In addition, we examine the existent gap between the estimated achievable rate and the true network
performance when channel hardening is compromised. Exact closed-form expressions for both the hardening
metric and achievable DL/UL rates are given as well.

INDEX TERMS Cell-free, massive MIMO, user-centric, correlated Ricean fading, channel hardening.

I. INTRODUCTION
Universal frequency reuse has become the dominant planning
strategy in cellular networks to maximize spectral efficiency,
a condition imposed by the ever-increasing user data rate
demands. Unfortunately, this comes at the cost of a large per-
formance disparity between central and edge users that criti-
cally compromises fairness. Over the last decade a plethora of
inter-cell interference coordination (ICIC) techniques, many
of them relying on some form of cooperative processing
(e.g., coordinated multi-point (CoMP)) have been proposed.
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approving it for publication was Jiayi Zhang .

Even though there have been several trials [1], [2], they have
not been fully deployed in commercial networks.

Aiming at improving the per-user rate fairness among users
in the coverage area, cell-free (CF) massive multiple-input
multiple-output (MIMO) networks synergistically combine
cooperative principles with one of the technological pillars
of 5G, namely, massive MIMO [3]. First introduced by
Ngo et al. in [4] (and further developed in [5]), a CF mas-
sive MIMO network consists of a large number of access
points (APs) (base stations (BSs) in traditional cell-based
networks) distributed over a large coverage area providing
service coherently to a much smaller number of mobile sta-
tions (MSs) by means of linear precoding and combining.
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APs are connected through a wired fronthaul link to a cen-
tral processing unit (CPU) that plays the role of a network
controller. Remarkably, by splitting the processing between
the APs and the CPU, different trade-offs in terms of per-
formance, complexity and fronthaul requirements can be
realized. Though APs and MSs were first assumed to be
single-antenna, in succeeding works, such as [6], [7], both
entities were equippedwith one or several antennas. Recently,
different approaches derived from the original CF scheme
have been proposed in which each AP only provides service
to a subset of MSs based on a certain strategy. These alterna-
tive schemes were first proposed by Buzzi et al. in [8], where
the criteria for an AP to provide service to a particular user
was based on the channel strength between the given AP and
theMS. These so-called user-centric (UC) approaches reduce
considerably the fronthaul link traffic between each AP and
the CPU, at the cost of a little performance loss.

In the classical multi-user MIMO schemes proposed in
the late 2000s [9], computational complexity grew along
the number of active users in the network and so did the
training resources required to conduct the channel estima-
tion at the receiver. In contrast, massive MIMO eases the
way with linear processing thanks to the channel hardening
phenomenon [3], by which small-scale fading effects vanish
and time/frequency-selective channels behave basically as
additive white Gaussian noise (AWGN) channels [10], [11].
Moreover, duplexing is typically implemented in the form
of time division duplex (TDD), as after conducting the uplink
(UL) channel estimation and deriving the corresponding pre-
coder, channel hardening effectively removes almost all of the
variability of the downlink (DL) channel. Relying on themas-
sive MIMO inherited channel hardening property, most CF
massive MIMO approaches are based on rather simple pre-
coding and combining schemes, where performance analysis
is carried out using analytical expressions mostly borrowed
from the collocated massive MIMO literature. However,
the CF massive MIMO scheme presents marked differences
with respect to the classical massive MIMO scenario that in
some cases, as it will be shown in this work, may compromise
the validity of the analytical expressions.

A. PROBLEM STATEMENT AND RELATED WORK
As in massive MIMO, most of the CF related literature
relies on the hardening property to derive the achievable rate
bounds. However, it is often the case that only a small fraction
of all APs contribute to the hardening and thus, the real
network capacity can be considerably underestimated by the
analytical achievable rate expressions. Moreover, in [12] it
is shown that having instantaneous channel state information
(CSI) at the user by includingDL pilots, rather than relying on
statistics, enhances the network performance making it closer
to the perfect CSI case. As discussed in [13], increasing either
the number of antennas per AP or the APs density, results
in a stronger hardening effect. However, this work is limited
to a simple precoding strategy without accounting for nei-
ther imperfect CSI nor pilot contamination, while assuming

a spatially uncorrelated channel model. In addition, the pos-
sible effects that power allocation strategies may have on
the channel hardening are omitted. The impact of these vari-
ables is analyzed in [14], where a channel hardening metric
is given, namely, the channel hardening ratio. In this latter
work, it is shown that the power allocation coefficients have
indeed an impact on the degree of hardening achieved by
the network, which in turn depends on the specific pre-
coding strategy. Results show that as hardening increases,
the gap between the capacity lower bounds and the date rates
achieved under the assumption of perfect CSI at the receiver
is reduced, highlighting the possible inaccuracy of the bounds
inherited from collocated massive MIMO when harden-
ing is compromised. Nonetheless, [14] considers distributed
precoding schemes and heuristic power allocation control
strategies only, while it did not address the UL segment.
In addition, only a particular UC scheme was considered.
Critically, both in [13], [14] an uncorrelated Rayleigh fading
channel model was assumed, though practical channels in
massive MIMO are in fact correlated [15] and often exhibit
a line-of-sight (LOS) component. This is experimentally
demonstrated in [16], where it is shown that the commonly
used independent and identically distributed (i.i.d.) Rayleigh
fading channel turns to be too optimistic in terms of channel
hardening in practical scenarios and spatial correlation should
be considered for avoiding misleading conclusions in theo-
retical works. Besides having spatially correlated antennas,
in dense deployments, such as CF massive MIMO networks,
the probability of having users close to an AP increases,
which implies the existence of a dominant LOS compo-
nent [17]. Considering spatial correlation and a LOS com-
ponent in the link between an AP and a MS leads to a
spatially correlated Ricean fading channel model. Spatially
correlated Rayleigh fading channels were considered for CF
massive MIMO in [18]–[21], whilst uncorrelated Ricean
fading channels were examined in [17], [22]–[24], among
others, though none of them have addressed the channel
hardening phenomenon. In [25] a spatially correlated Ricean
fading channel model is assumed, though pilot contamina-
tion is not considered and the UL segment is not addressed.
Those contributions related to the UC approach, such as
[8], [26], [27], are subject to i.i.d. Rayleigh fading channels.
In addition, these works only consider a rather simple strategy
when associating APs and MSs for service.

B. PAPER CONTRIBUTIONS
In this work we address and analyze the proposed metric
in [14] under a realistic channel model and different system
configurations. Our primary contributions can be summa-
rized as follows:
• A CF massive MIMO system is assessed considering
spatially correlated multi-antenna APs and the pres-
ence of a dominant LOS component. Distributed and
cooperative signal processing is addressed for both DL
and UL segments with different power allocation strate-
gies. In addition, traditional CF scheme and several
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UC approaches are considered under realistic oper-
ational conditions assuming pilot contamination and
imperfect CSI.

• Exact closed-form expressions for computing both the
channel hardening ratio and achievable user rates in
the DL and UL segments are given for the distributed
processing scenario. These expressions are validated
through numerical results and Monte-Carlo simulations
for different system configurations and parameters.

• The impact that spatial correlation, LOS component and
UC strategies may have on the channel hardening ratio
is analyzed and discussed.

• Achievable rates are compared with different proposed
benchmarks. The existence of a gap between the achiev-
able rates and the true network performance derived
from the channel hardening ratio is discussed.

C. PAPER STRUCTURE AND NOTATION
The reminder of this work is organized as follows. Section II
introduces the network structure, together with the spa-
tially correlated Ricean fading channel model, the chan-
nel estimation process and the particularities if employ-
ing UC approaches. Building on this system model,
Sections III and IV are devoted to describe and analyze the
precoding and combining strategies under distributed and
cooperative schemes, respectively. The channel hardening
metric is shown in Section V for the DL and UL segments
considering general and particular cases highlighting the
differences between distributed and cooperative processing
schemes. In order to demonstrate the effects that the dif-
ferent parameters have on the hardening ratio, a variety of
capacity bounds are collected and summarized in Section VI
against which the achievable rates can be compared to.
DL andUL uniform andmax-min power control strategies for
either distributed or cooperative approaches are described in
Section VII. In Section VIII, numerical results are presented
and discussed. Finally, concluding remarks and future work
are recapped in Section IX.
In this paper superscripts ·T , ·∗, and ·H denote transpose,

conjugate and conjugate transpose, respectively. Uppercase
and lowercase bold symbols are used to denote matrices and
vectors, respectively. The E {·} and Var {·} operators corre-
spond to the expectation and variance, respectively, of the
considered random variable (RV). The diag (A) operator
denotes the column vector of the main diagonal of matrix A,
while the D(a) operator denotes a diagonal matrix with the
elements of vector a at its main diagonal.

II. SYSTEM MODEL
Following the original CF massive MIMO proposal in [5],
this paper considers a wireless communications system
where M APs, each with N antennas conforming a uniform
linear array (ULA), have been deployed over a large coverage
area to simultaneously serve K single-antenna MSs on the
same time-frequency resource. If instead of a pure CF scheme
an alternative UC approach is considered, each AP will serve

only a subset of users. Further details for these architectures
are given in subsection II-C. As in most seminal works on
this topic, all APs are connected to a CPU via fronthaul
links. In this work, we do not address the possible limitations
the fronthaul links may have. As stated in the introduction,
DL and UL transmissions are organized in a TDD fashion
whereby each coherence interval is split into three phases,
namely, the UL training phase, the DL payload data transmis-
sion phase and the UL payload data transmission phase. In the
UL training phase, all MSs transmit UL training pilots allow-
ing the APs to estimate the propagation channels to/from
those MSs to serve.1 Subsequently, these channel estimates
are used to compute the precoding and combining filters
governing the DL payload data transmission and UL data
detection.The training phase takes τp time-frequency samples
from the τc samples available during the whole coherence
interval. Note that it should hold that τc ≥ τp+ τd + τu, with
τd and τu denoting the periods of the DL and UL payload
phases measured in samples, respectively. Conveying CSI
from AP to CPU can be avoided when using non-cooperative
conjugate beamforming (CB) in the DL and matched filtering
(MF) in the UL. In contrast, when relying on a centralized
precoding technique, such as zero-forcing (ZF), APs should
take care of uploading the locally collected estimates to the
CPU to allow the calculation of the corresponding precoder
and combiner [28].

A. CHANNEL MODEL
The classical i.i.d. Rayleigh fading propagation model used
in most previous research works on CF massive MIMO
networks (see, for instance [4], [5], [8], [27]–[30]) will be
replaced by a simplified version of the third generation part-
nership project (3GPP) Urban Microcell model described
in [31]. This model takes into account the possibility of
the channel to toggle between non-line-of-sight (NLOS) and
LOS and the existence of spatial correlation at the AP arrays.

Let us denote by βmk the large-scale propagation losses of
the link joining AP m and MS k , which can be expressed as
βmk = 10

−Lmk
10 with Lmk jointly representing the distance-

dependent path loss and shadow fading defined as

Lmk = L0 + 10αlog10(dmk )+ χmk , (1)

where L0 is the path loss at a reference distance of 1 m, α
is the environment-dependent path loss exponent and dmk is
the distance between AP m and MS k . These two coefficients
may vary under LOS andNLOS conditions. On the other side,
χmk corresponds to the shadow fading component modeled as
a correlated log-normal RV with variance σ 2

χ whose spatial
correlation model is described in [5, (54)-(55)].

The resulting channel vector gmk ∈ CN×1 from the m-th
AP to the k-thMS (including both large-scale and small-scale
fading) can then be generically characterized as a Ricean
fading channel consisting of a LOS component on top of

1Note that channel reciprocity can be exploited in TDD systems and
therefore only UL pilots need to be transmitted.
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a Rayleigh distributed component. That is,

gmk =

√
Kmk

Kmk + 1
hmk +

√
1

Kmk + 1
hmk , (2)

with

hmk =
√
βmk

[
1, ejπsinψmk , . . . , ej(N−1)πsinψmk

]T
, (3)

being ψmk the angle of arrival (AoA) between AP m and
MS k . The phase shift in (3) is assumed to remain constant
during the coherence interval since APs are at fixed locations
and MSs move slowly [17]. For later convenience we define

˜hmk =

√
Kmk

Kmk + 1
hmk . (4)

TheNLOS componenthmk follows a distribution CN (0,Rmk )
with Rmk representing the positive semi-definite spatial cor-
relation matrix of the antenna array at APm as seen from user
k for a particular angular standard deviation (ASD) subject to
Tr(Rmk ) = Nβmk . Again, for convenience, we define

R̃mk =
1

Kmk + 1
Rmk . (5)

Considering an AP antenna spacing of half wavelength, Rmk
is defined as in [32, Chapter 2] with an AoA that follows
a Gaussian distribution. Parameter Kmk denotes the Ricean
K -factor, with Kmk = 0 for NLOS propagation links and
10 log10(Kmk ) ∼ N

(
µK , σ

2
K

)
for LOS propagation links.

The link between the m-th AP and the k-th MS will be
considered to be in LOS with probability

pLOS(dmk ) = min
(
1,

d0
dmk
+

(
1−

d0
dmk

)
e
−
dmk
2d0

)
, (6)

where d0 is a reference distance. The channel vector is dis-
tributed as

gmk ∼ CN
(
˜hmk , R̃mk

)
. (7)

B. CHANNEL ESTIMATION
Communication in any coherence interval of a TDD-based
massiveMIMO system invariably starts with theMSs sending
the pilot sequences to allow the channel to be estimated at the
APs. During the UL training phase, allK MSs simultaneously
transmit pilot sequences of τp samples to the APs and thus,
the N × τp received UL signal matrix at the m-th AP is
given by

Ypm =
√
τpρp

K∑
k=1

gmkϕ
T
k + Npm, (8)

where ρp is the normalized signal-to-noise ratio (SNR) of
each pilot symbol, ϕk denotes the τp × 1 training sequence
assigned to MS k , with ‖ϕk‖

2
= 1, and Npm ∈ CN×τp is

a matrix of i.i.d. zero-mean circularly symmetric Gaussian
RVs with unit variance. Ideally, training sequences should be
chosen to be mutually orthogonal, however, since in most
practical scenarios it holds that K > τp, a given training

sequence can be assigned to more than one MS, thus result-
ing in the so-called pilot contamination, a widely studied
phenomenon in the context of collocated massive MIMO
systems [3], [33], [34]. Some techniques for mitigating pilot
contamination in a CF context have been proposed recently,
for instance [35], [36]. In this work it is assumed that training
sequences are assigned toMSs using the following procedure:
• In scenarios where K ≤ τp, MSs are always assigned
mutually orthogonal sequences.

• In scenarios where K > τp, the fingerprinting training
introduced in [37] is applied. This technique ensures
that pilot sequences are reused only among users which
are located far apart from each other, hence reducing
the pilot contamination effects (see [37, Section V] for
details).

Considering scenarios where MSs move slowly, it is rea-
sonable to assume that the Ricean K -factors Kmk , the LOS
components hmk , and the scatter fading correlation matrices
Rmk change slowly and can be perfectly known at every AP
for all users [17]. Under this assumption, we can define

y̆pmk =
(
Ypm − E

{
Ypm

})
ϕ∗k

=

K∑
k ′=1

√
τpρp

Kmk ′ + 1
hmk ′ϕTk ′ϕ

∗
k + Npmϕ

∗
k (9)

and

ğmk = gmk − E
{
gmk

}
=

√
1

Kmk + 1
hmk , (10)

and then derive the minimum mean square error (MMSE)
estimate for the channel between the k-th MS and the
m-th AP as [17], [38]

ĝmk =
˜hmk +

E
{
y̆pmk ğ

H
mk

}
E
{
y̆pmk y̆

H
pmk

} y̆pmk
=
˜hmk +

√
τpρpR̃mk9−1mk y̆pmk (11)

where

9mk = τpρp

K∑
k ′=1

R̃mk ′
∣∣∣ϕHk ′ϕk ∣∣∣2 + IN . (12)

Note that a particular AP needs to compute the channel
estimates linking its serving MSs only. The channel estimate
ĝmk and theMMSE channel estimation error εmk = gmk−ĝmk
are random vectors distributed as

ĝmk ∼ CN
(
˜hmk ,0mk

)
, (13)

and εmk ∼ CN (0,Amk), respectively, where

0mk = τpρpR̃mk9−1mk R̃
H
mk (14)

and

Amk = E
{
εmkε

H
mk

}
= R̃mk − 0mk . (15)

For later convenience, let us define at this point theMN × 1
vector gk =

[
gT1k , . . . , g

T
Mk

]T as the vector collecting the
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channel response from the M APs in the network to the k-th
user and gm =

[
gm1, . . . , gmK

]
as the vector collecting the

channel response from the K MSs to the m-th AP. Also, let
us define theMN ×K matrix G =

[
g1, . . . , gK

]
as the whole

system channel response matrix. Analogous relations can be
established to define ĝk , ĝm, Ĝ and εk .

C. AP-MS LINKING
When considering any clustering approach different from
the pure CF scheme, a partial connectivity among the APs
and the MSs must be established. To this end, let us define
C as theM ×K connectivity matrix, whose entries are given
by [39]

cmk =

{
1, if AP m serves MS k
0, otherwise.

(16)

It is easy to check that conventional CF operation is attained
by setting cmk = 1 ∀mk . We note that cmk coefficients are
just a mathematical resource for easing the comprehension
of the analysis throughout this work.

A particular strategy for designing C under a UC fashion
first appeared in [8] where every AP only provides service
to the KUC MSs whose instantaneous estimated channels
are the strongest, i.e., the largest ‖ĝmk‖

2. This particular
strategy implies that APs must compute their cmk coeffi-
cients within each coherence interval to account for the
fast-changing small-scale fading channel components, thus
limiting its practical application. In this work, the main cri-
teria for linking an AP and a MS under any UC strategy will
rely on the large-scale coefficient βmk only, which is assumed
to be known beforehand and whose variations take several
coherence intervals. C will depend on the relative variations
of the MSs large-scale channel components and will have,
in general, a variation pace even slower than βmk . Note that
since channel hardening has been shown to clearly depend
on the number of active APs in the network [14], designing C
and studying how dense it needs to be becomes of cornerstone
importance. We account for different βmk -based clustering
strategies to compare with the original CF scheme.

1) AP CENTRIC
Similar to initial proposal in [8], under this approach every
AP will serve those KUC MSs with largest βmk . This strategy
guarantees that no AP remains inactive in the network.

2) AP CENTRIC WITH MASTER AP
In AP centric scenario, though it is unlikely that any user
will remain unserved if both APs and MSs are uniformly
deployed, we cannot take this situation for granted in practical
scenarios. In order to avoid this unwanted situation, the AP
centric approach can be enhanced by assigning a master
AP to each MS [40]. Under this approach every AP will
serve KUC MSs and will play the role of the master AP to
a particular MS that may or may not be within the initial
subset of KUC MSs.

3) MS CENTRIC
Inversely to the AP centric approach, with the MS centric
strategy the user will select those MUC APs with stronger
channels for being provided service with. In this scenario it
is highly likely for several APs to remain inactive potentially
resulting in a degradation of the overall system performance,
so each APwill select the user with strongest channel to serve
if it is not within any of the subsets of MUC APs serving
the MSs.

4) AP-MS CENTRIC
As a combination of the AP centric andMS centric strategies,
in the AP-MS centric approach every MS will select itsMUC
serving APs, while each AP will select its KUC MSs subset.
This mixed approach will generate much more fronthaul link
data traffic than any other, but provides data rates close to the
pure CF scheme. If compared to the rest of strategies, this
scheme ensures a minimum of serving APs to a user (MUC)
and guarantees that every AP serves at least KUC MSs.

III. DOWNLINK SIGNAL PROCESSING
Over the following paragraphs we address two different
precoding strategies in the DL segment: distributed (non-
cooperative) and centralized (cooperative). While in the first
one there is no a priori need for the APs to share channel
estimates with the CPU, in the centralized approach this
becomes a mandatory action.

A. DISTRIBUTED PRECODING USING CB
When the DL transmitter processing is limited to some form
of non-cooperative beamforming, suitably designed to incor-
porate the possibility of UC selective transmission in accor-
dance to C, the transmitted DL signal from AP m is given by

xCBm =
√
ρd

K∑
k=1

$ d,mksd,k =
√
ρd

K∑
k=1

cmk
√
ηmk ĝ

H
mksd,k ,

(17)

where ρd = Pd/σ 2
d is the normalized DL SNR, $ d,mk =

cmk
√
ηmk ĝ

H
mk is the beamforming vector for the k-th MS

and sd,k is the symbol transmitted to the k-th MS, which
satisfies E

{∣∣sd,k ∣∣2} = 1. Finally, ηmk is the power allocation

coefficient that can be chosen in accordance to various criteria
(see Section VII) but that nevertheless must fulfill an average
power constraint at the m-th AP expressed as

E
{∥∥∥xCBm ∥∥∥2} ≤ ρd . (18)

Under the assumption of single-antenna MSs, the estimated
information symbol at the k-th MS is given by

ŝCBd,k =
M∑
m=1

xCBm gmk + nk

=
√
ρd

M∑
m=1

K∑
k ′=1

cmk ′
√
ηmk ′ ĝ

H
mk ′gmksd,k ′ + nk . (19)
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where nk ∼ CN (0, 1) accounts for the receiver thermal noise.
Now, assuming that only statistical CSI is available at theMSs
(19) can be written as [5]

ŝCBd,k=DS
CB
d,ksd,k+BU

CB
d,ksd,k+

K∑
k ′ 6=k

UICBd,kk ′sd,k ′+nk , (20)

where

DSCBd,k ,
√
ρdE

{
M∑
m=1

$ d,mkgmk

}
, (21)

BUCB
d,k ,

√
ρd

( M∑
m=1

$ d,mkgmk − E

{
M∑
m=1

$ d,mkgmk

})
,

(22)

and

UICBd,kk ′ ,
√
ρd

M∑
m=1

$ d,mk ′gmk (23)

are defined as the strength of the desired signal, the beam-
forming gain uncertainty, and the interference caused by
the transmission to the k ′-th MS, respectively. Closed-form
expressions for these terms are given in Sections V and VI.

B. COOPERATIVE PRECODING USING ZF
If short-term cooperation between APs and the CPU is
allowed, the classical MIMO ZF precoding technique, first
recast in the context of the CF architecture in [28], is con-
sidered. This strategy, taking into account the connectivity
matrix C, results in the computation of the ZF precoding
matrix

W = Ĝ
∗

c

(
Ĝ
T
c Ĝ
∗

c

)−1
, (24)

where Ĝc = Ĝ�C with� denoting the element-wise product
serving to take into account the specific AP-MS connectivity
of the network.2 The overallMN × 1 precoded vector is then
defined as

xZF = W�sd , (25)

where sd is the K × 1 vector of DL user information sym-
bols and � = D

([√
ω1, . . . ,

√
ωK
])

is a K × K diagonal
power allocation matrix with each element ωk representing
the power coefficient assigned to MS k . As in the distributed
case, power allocation coefficients should be computed to
satisfy a prescribed maximum power constraint. The received
signal at the k-th MS is

ŝZFd,k =
√
ρdgTk x

ZF
+ nk

=
√
ρd
(
ĝk + εk

)T Ĝ∗c (ĜTc Ĝ∗c)−1�sd + nk
=
√
ρdωksd,k+

√
ρdε

T
k Ĝ
∗

c

(
Ĝ
T
c Ĝ
∗

c

)−1
�︸ ︷︷ ︸

ENd,k

sd+nk , (26)

2Note that when using UC approaches, matrix Ĝc will typically be sparse,
in which case efficient algorithms can be applied to compute the pseudoin-
verse in (24) [41].

where the first term is the desired signal, the second term
accounts for the imperfect CSI and errors derived from the
fact of not inverting the whole channel matrix (UC scenarios,
treated as effective noise) and nk is the receiver’s thermal
noise. Note that whereas CB can be implemented both in a
centralized (at the CPU) or distributed manner (at the APs),3

the ZF technique can only be applied at the CPU since the
precoder calculation requires knowledge of the CSI between
all of the MSs and their serving APs (in accordance to C).

IV. UPLINK SIGNAL PROCESSING
The UL combining operation will follow again distributed
and cooperative processing schemes. In the same fashion as
in the DL segment, the distributed combiner will consist of
a MF performed locally at each AP, whilst the cooperative
scheme will be based on the ZF processing performed at the
CPU. In this work, we assume the same UC strategy for both
the DL and UL segment. Nevertheless, upcoming analysis is
agnostic of either the followed UC strategy or any particular
value of cmk .

A. DISTRIBUTED COMBINING USING MF
Under the distributed combining strategy, all MSs send their
corresponding data symbols su,k satisfying E

{∣∣su,k ∣∣2} = 1,

which are received by every AP in the network. The received
UL data payload signal at the m-th AP is

yMF
m =

√
ρu

K∑
k=1

√
ηkgmksu,k + nm, (27)

where ρu = Pu/σ 2
u is the normalized UL SNR, ηk corre-

sponds to the power control coefficient subject to 0 ≤ ηk ≤ 1
and nm is the noise vector following a CN (0, IN ) distribution
accounting for the thermal noise at them-th AP. Each APwill
apply MF to the received signal with the combining vector
$ u,mk = cmk ĝ

H
mk and will send it to the CPU through the

fronthaul link connection where su,k is detected from ŝMF
u,k .

This whole operation is expressed as

ŝMF
u,k =

M∑
m=1

$ u,mkyMF
m =

M∑
m=1

cmk ĝ
H
mky

MF
m

=
√
ρu

K∑
k ′=1

√
ηk ′

M∑
m=1

cmk ĝ
H
mkgmk ′su,k ′

+

M∑
m=1

cmk ĝ
H
mknm. (28)

Similarly to the DL scenario, the ŝMF
u,k symbol can be

expressed as a linear combination of DSMF
u,k , BUMF

u,k and
UIMF

u,kk ′ . Even though APs have the instantaneous channel

3When infinite capacity fronthaul links between the APs and MSs are
considered, centralized and distributed implementation of the CB are math-
ematically equivalent. In contrast, when limited-capacity fronthauls are
considered, the centralized and distributed implementations of these two
algorithms differ dramatically.
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estimates, these are not forwarded to any other entity, so only
statistical CSI is assumed to be available at the CPU [5].
Consequently

ŝMF
u,k = DSMF

u,k su,k + BUMF
u,k su,k +

K∑
k ′ 6=k

UIMF
u,kk ′su,k ′ + NTMF

u,k ,

(29)

where

DSMF
u,k ,

√
ρdηkE

{
M∑
m=1

$ u,mkgmk

}
, (30)

BUMF
u,k ,

√
ρdηk

( M∑
m=1

$ u,mkgmkE

{
M∑
m=1

$ u,mkgmk

})
,

(31)

UIMF
u,kk ′ ,

√
ρdηk ′

M∑
m=1

$ u,mkgmk ′ , (32)

and

NTMF
u,k , E

{
M∑
m=1

$ u,mkgmk

}
(33)

are defined as the strength of the desired signal, the beam-
forming gain uncertainty, the interference caused by the
reception from the k ′-th MS, and the noise term, respec-
tively. Closed-form expressions for these terms are given in
Sections V and VI.

B. COOPERATIVE COMBINING USING ZF
In similar fashion as in the DL segment, the UL cooperative
combining holds as follows. The collective signal received at
the APs sent from all MSs is defined as

yZF =
√
ρuG2su + n =

√
ρu

K∑
k=1

√
θkgksu,k + n, (34)

where2 = D
([√

θ1, . . . ,
√
θK
])

is a K ×K diagonal power
allocationmatrixwith each element θk representing the power
coefficient assigned to MS k and n ∈ CMN×1 is the vector
accounting for thermal noise at all the APs. The entries of
yZF are forwarded from each AP to the CPU for detecting the
corresponding set of data symbols as

ŝZFu = WT yZF =
√
ρu2WTGsu +WTn

=
√
ρuPsu +

√
ρu2WTEsu +WTn, (35)

where E = [ε1, . . . , εK ]. Each component of ŝZFu is com-
bined as

ŝZFu,k =
√
ρuθksu,k +

√
ρuθkwTk εk︸ ︷︷ ︸
ENu,k

su,k + rk , (36)

where rk is the k-th entry of the vector WTn. In this expres-
sion the first term represents the useful signal and the second
term represents the combined effects of imperfect CSI and
the matrix inversion errors being wk the k-th column vector
of matrixW .

V. CHANNEL HARDENING RATIO
The concept of channel hardening first gained importance
in the context of conventional (i.e., cell-based) massive
MIMO systems, when it was shown that the time/frequency-
selectivity of the channel vanishes as the number of antennas
grows large [3]. Under such condition, MSs can rely on
channel statistics rather than on their instantaneous channel
gains when estimating the DL achievable rates and conduct-
ing the optimization of certain network parameters (e.g., pilot
sequence assignment, calculation of power allocation coef-
ficients). This effect, together with the channel reciprocity
given by TDD communications, eliminates the necessity of
having any form of DL pilots. As channel estimation is per-
formed locally at each AP and does not need to be forwarded
necessarily (unless a cooperative processing is implemented,
such as ZF) to the CPU, the UL achievable rates estimation
would rely as well on statistical CSI knowledge. In the spe-
cific scenario of collocated massive MIMO under CB/MF
processing and perfect CSI knowledge, one can mathemat-
ically express the channel hardening effect as [13]

‖gk‖
2

E
{
‖gk‖2

} −→ 1, as N −→∞, (37)

being ‖gk‖
2 the effective channel gain between the k-th user

and all antennas from a particular AP [32], if referring to the
DL segment. Note that the instantaneous equivalent channel
converges to its mean when transmission takes place from a
large number of antennas. However, in a CF massive MIMO
scenario, the total number of antennas (MN ) is not the only
factor that affects the channel hardening. As it is shown
in the following paragraphs, there are several parameters
that contribute positively or negatively on how the channel
hardens. First, let us generalize (37) for accounting for the
effects of power allocation, imperfect CSI and a specific
precoder/combiner scheme. We may rewrite (37) as

|$ kgk |
E
{
|$ kgk |

} −→ 1, as M ,N −→∞, (38)

where |$ kgk | represents the joint propagation channel gain
with$ k =

[
$ a,1k , · · · ,$ a,Mk

]
and a ∈ [d, u] being a token

to denote either DL or UL. Based on this latter expression,
from this point onward we define the channel hardening ratio
for an arbitrary user k as [14]

ξk=Var
{
|$ kgk |
E|$ kgk |

}
=

E
{
|$ kgk |

2
}
−E

{
|$ kgk |

}2
E
{
|$ kgk |

}2 . (39)

Note that this expression is valid for both DL and UL seg-
ments, differing only on the power control and connectivity
coefficients. The convergence of this ratio to zero implies
that the instantaneous joint propagation channel vector is
close to its mean and thus a high degree of channel hard-
ening is achieved. In other words, the channel hardening
ratio essentially measures how deterministic a wireless link
is, i.e. having a low hardening ratio would mean this link is
quasi-deterministic. Furthermore, achieving a certain channel
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hardening ratio has an impact on the accuracy of estimated
achievable rates, which will be addressed later on. We also
note that (39) was first analyzed in detail in [13] for the case
of CB but, however, rather unrealistic conditions were con-
sidered (i.e., perfect CSI, no pilot contamination and uncorre-
lated Rayleigh fading channel model). In the next section we
revisit this problem, among other particular cases, to account
for the impact of imperfect CSI, correlation between antennas
and the Ricean component contribution. Connectivity coef-
ficients are shown to have a significant impact on channel
hardening when implementing UC approaches.

A. HARDENING RATIO WITH DISTRIBUTED PROCESSING
Building on (21) and (22), the DL hardening ratio can be
found to be

ξCBd,k =

E
{∣∣∣BUCB

d,k

∣∣∣2}∣∣∣DSCBd,k ∣∣∣2

=

M∑
m=1

E
{∣∣$ d,mkgmk − E

{∣∣$ d,mkgmk
∣∣}∣∣2}

(
M∑
m=1

E
{∣∣$ d,mkgmk

∣∣})2

=

M∑
m=1

cmkηmkE
{∣∣∣ĝHmkgmk − E

{∣∣∣ĝHmkgmk ∣∣∣}∣∣∣2}(
M∑
m=1

cmk
√
ηmkE

{∣∣∣ĝHmkgmk ∣∣∣}
)2

=

M∑
m=1

cmkηmk

(
E
{∣∣∣ĝHmkgmk ∣∣∣2}−E {∣∣∣ĝHmkgmk ∣∣∣}2)(

M∑
m=1

cmk
√
ηmkE

{∣∣∣ĝHmkgmk ∣∣∣}
)2

(a)
=

M∑
m=1

cmkηmk

(
2 ˜h

H

mk0mk
˜hmk+Tr

(
R̃mk0mk

))
(

M∑
m=1

cmk
√
ηmk

(
˜h
H

mk
˜hmk+Tr(0mk )

))2 . (40)

Note that and expectation operators are taken with respect to
the small-scale fading channel variations. Recalling (7) and
(13) and knowing that ĝmk = gmk + εmk and ĝmk and εmk are
mutually uncorrelated thanks to MMSE channel estimation,
in the last equality (a) we have uased a particularization of
[42, Lemma 5] expressed as

E
{∣∣∣qHBq∣∣∣2}
=
∣∣Tr (RqB)∣∣2 + Tr

(
RqBRqBH

)
+

∣∣∣qHBq∣∣∣2
+ 2<

{
qHBqTr

(
RqBH

)}
+2<

{
qHBRqBHq

}
, (41)

where q ∼ CN
(
q,Rq

)
and B is a deterministic matrix.

Following similar computation as in (40), it is easy to
check that the channel hardening ratio for the UL segment
is given by

ξMF
u,k =

E
{∣∣BUMF

u,k

∣∣2}∣∣DSMF
u,k

∣∣2

=

M∑
m=1

cmk

(
2 ˜h

H

mk0mk
˜hmk + Tr

(
R̃mk0mk

))
(

M∑
m=1

cmk

(
˜h
H

mk
˜hmk + Tr(0mk )

))2 . (42)

Confronting (40) and (42), it is important to note that whereas
in the DL segment the hardening ratio depends on the power
allocation strategy, the UL scheme shows no power control
dependency since a MS assigns the same power coefficient
to the communication with every AP.
We now introduce particular cases to compare with our

baseline spatially correlated Ricean fadingmodel. For brevity
of exposition, we drop the UL segment in subsequent analysis
since calculations are roughly the same.

1) IMPACT OF LOS COMPONENT
For simplicity, let us consider an scenario with single-antenna
APs, i.e. Rmk = βmkI1 and 0mk = 1

1+Kmk
γmkI1 with

γmk =
τpρpβ

2
mk

τpρp

K∑
k ′=1

βmk ′
∣∣∣ϕHk ′ϕk ∣∣∣2 + 1

. (43)

If we further assume fully orthogonal and noiseless pilots
(γmk = βmk ), we may rewrite (40) as

ξCBd,k

∣∣∣LOS
CSI
=

M∑
m=1

cmkηmk

(
2|˜hmk |2

βmk

Kmk + 1
+

(
βmk

Kmk + 1

)2
)

(
M∑
m=1

cmk
√
ηmk

(
|
˜hmk |2 +

βmk

Kmk + 1

))2

=

M∑
m=1

cmkηmk

(
βmk

1+ Kmk

)2

(2Kmk + 1)

(
M∑
m=1

cmk
√
ηmkβmk

)2 , (44)

where ˜hmk is the single-antenna case of (4) and |˜hmk |2 =
Kmk

Kmk+1
βmk . Given the Ricean factor dependency of the numer-

ator, it is easy to check that this ratio decreases as Kmk
increases, and it is maximum when Kmk = 0, i.e. NLOS
scenarios. Note that the loss of orthogonality between noisy
pilots and the fact of having multiple antennas at the APs do
not alter the Ricean factor. These simplifications are assumed
for the sake of exposition, but the insights given by (44) will
hold regardless the initial considerations. This way, the fol-
lowing key observation is given.
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Key observation: The presence of a dominant LOS com-
ponent in the wireless link between a given MS and the
corresponding APs will always help the channel to harden,
regardless the power coefficients and/or the particular clus-
tering strategy.

From an engineering perspective, one can guarantee a
high probability of having a dominant LOS component by
deploying APs at locations with good visibility. Moreover,
deploying dense networks, such as CF massive MIMO and
its derived approaches, would also assure LOS since the
probability for aMS to be close to an AP is considerably high.

2) IMPACT OF SPATIAL CORRELATION
Without loss of generality, let us evaluate a multi-antenna
APs scenario in which there is no dominant LOS component,
i.e. Kmk = 0 ∀mk , leading to a correlated Rayleigh fading

channel situation. Consequently, the terms 2 ˜h
H

mk0mk
˜hmk and

˜h
H

mk
˜hmk in both in the numerator and denominator of (40)

vanish and R̃mk = Rmk resulting in

ξCBd,k

∣∣∣correlated
Rayleigh

=

M∑
m=1

cmkηmkTr (Rmk0mk)

(
M∑
m=1

cmk
√
ηmkTr(0mk )

)2 . (45)

In addition, consider again perfect CSI and no pilot contami-
nation (Rmk = 0mk ) giving

ξCBd,k

∣∣∣correlated
Rayleigh

CSI

=

M∑
m=1

cmkηmkTr
(
R2
mk

)
(

M∑
m=1

cmk
√
ηmkTr (Rmk)

)2

=

M∑
m=1

cmkηmkβ2mkTr
(
R
2
mk

)

N 2

(
M∑
m=1

cmk
√
ηmkβmk

)2 , (46)

with Rmk = Rmk/βmk . In order to have some insights on
the impact that spatial correlation may have on the harden-
ing ratio, let us particularize (46) to an uncorrelated arrays
situation (Rmk = IN ), giving

ξCBd,k

∣∣∣uncorrelated
Rayleigh

CSI

=

M∑
m=1

cmkηmkβ2mkTr (IN )

N 2

(
M∑
m=1

cmk
√
ηmkβmk

)2

=

M∑
m=1

cmkηmkβ2mk

N

(
M∑
m=1

cmk
√
ηmkβmk

)2 . (47)

Confronting (46) and (47), and owing to the fact that
Tr
(
R
2
mk

)
≥ Tr (IN ) = N (with equality only for the uncor-

related case) since Rmk is a positive semi-definite matrix
(i.e. rHRmkr ≥ 0 ∀r ∈ CN×1), the hardening ratio in a
spatially correlated scenario will always be higher than in
the uncorrelated counterpart. The following key observation
is given.

Key observation: Under a multi-antenna APs scenario,
the spatial correlation between the antennas conforming the
array of a particular AP will imply a channel hardening
degradation in comparison to the scenario with uncorrelated
antennas.

Though the massive MIMO channel has been shown to be
spatially correlated in most situations, a particular scenario
in which this may not happen implies equipping APs with
half-wavelength spaced ULAs in a rich scattering location.
It also worth mentioning that, in particular scenarios with
large K , spatial correlation can indeed have a positive effect
in reducing multi-user interference [15].

3) IMPACT OF UC APPROACHES
Regardless of any of the previous assumed scenarios,
the hardening ratio will experience dependency on the con-
nectivity coefficients. For simplicity, we take (47) as ref-
erence. The denominator grows faster than the numerator,
so hardening will be enhanced when cmk = 1 ∀mk , i.e. orig-
inal CF scheme, while it will be degraded when employing
any UC approach, as stated as follows.

Key observation: Given the same network deployment
with different clustering configurations, the pure CF scheme
in which all APs provide service to all MSs will be the best
case scenario in terms of channel hardening when compared
to any other UC strategy.

The impact of the clustering strategies will be most
dependent on the APs density. As it will be shown later,
for the traditional D = 1000 m deployment area, only
a small fraction of the total of APs in the CF scheme
will effectively contribute in terms of power to the channe
hardening.

To sum up, it has been shown that the total number of
antennas in the network is far from being the only factor
affecting the channel hardening ratio. There are many other
factors that needed to be taken into account when designing
a CF massive MIMO network if one is to assure a certain
hardening degree.

B. HARDENING RATIO WITH COOPERATIVE PROCESSING
We estimate now the hardening ratio for the case of ZF
processing. Recalling (26) we may define DSZFd,k ,

√
ρdωk

and

E
{∣∣ENd,k

∣∣2}
= E

{∣∣∣∣√ρdεTk Ĝ∗c (ĜTc Ĝ∗c)−1�sd ∣∣∣∣2
}
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= ρdTr
(
�2E

{(
Ĝ
T
c Ĝ
∗

c

)−1
Ĝ
T
c Ã
∗

k Ĝ
∗

c

(
Ĝ
T
c Ĝ
∗

c

)−1})
= ρdTr

(
�2E

{
WH Ã

∗

kW
})

= ρd

K∑
k ′=1

ωk ′%kk ′ , (48)

with %kk ′ being the k ′-th entry in vector

%k = diag
(
E
{
WH Ã

∗

kW
})
, (49)

and Ãk = D
(
Ã1k , . . . , ÃMk

)
with Ãmk = cmkAmk . Note

that %k represents the vector of interfering terms caused by
the use of the channel estimates, rather than the true values,
when designing the ZF matrix W. As in [28], it is worth
mentioning that the term E

{∣∣ENd,k
∣∣2} cannot be computed

in closed-form and must be estimated via Monte-Carlo sim-
ulation. At this point we may define BUZF

d,k ,
√
ρdωk%kk

leading to the DL channel hardening ratio with ZF precoding
expressed as

ξZFd,k =
E
{∣∣BUZF

d,k

∣∣2}∣∣DSZFd,k ∣∣2 =

∣∣√ρdωk%kk ∣∣2
ρdωk

= %kk . (50)

Similar analysis follows for the UL segment. From (36) we
define DSZFu,k ,

√
ρuθk and

E
{∣∣ENu,k

∣∣2} = E
{∣∣∣√ρuθkwTk εksu,k ∣∣∣2}

= ρuTr
(
E
{
EHwHk wkE

})
= ρuTr

(
θkE

{
WH ÃkW

})
= ρu

K∑
k ′=1

θk ′υkk ′ , (51)

with υkk ′ being the k-th entry in vector.

υk = diag
(
E
{
WH ÃkW

})
, (52)

If we define BUZF
u,k ,

√
ρuθkυkk , the UL channel hardening

ratio with ZF combining is expressed as

ξZFu,k =
E
{∣∣BUZF

u,k

∣∣2}∣∣DSZFu,k ∣∣2 =

∣∣√ρuθkυkk ∣∣2
ρuθk

= υkk . (53)

As for (50), there is no closed-form expression for (53), so the
possible impact that spatial correlation or the LOS component
may have on the hardening under ZF, to the best of authors’
knowledge, can only be deduced from simulation results.
Nevertheless, we can point out that power control coefficients
have no influence whatsoever on either DL or UL hardening
with ZF processing.

VI. ACHIEVABLE RATES
The measured channel hardening ratio based on the joint
propagation channel introduced in Section V directly affects
the estimated DL/UL achievable rates since when harden-
ing is compromised, these rates can underestimate the true
performance of the network. It is important at this point to
mention that critical optimization steps, such as the derivation
of optimal power control coefficients (e.g. max-min) or the
allocation of pilots, often rely on the closed-form achievable
rate expressions, thus reinforcing the need for them to be as
close as possible to the true system performance. Achievable
DL/UL rates for single-antenna CFmassive MIMOwere first
derived in [5] based on the classical massive MIMO litera-
ture leading to closed-form expressions valid for the CB/MF
processing. Extending these expressions to the multi-antenna
scenario leads to very straightforward computation (see, for
instance, [6], [43]), while calculations when assuming spatial
correlation or a LOS component can be found in the recent
CF literature [17]–[24]. In this section we further develop
the DL and UL achievable user rates previously given in the
literature for the proposed spatially correlated Ricean fading
channel model. Also, we propose user data rates benchmarks
for comparison purposes whichwill give insight on the effects
that a certain hardening degree may have on the achievable
rate bounds.

Regardless of whether distributed or cooperative process-
ing is conducted, the DL/UL use-and-then-forget bound of
the achievable rate for the k-th MS (measured in bps) is
defined as [5]

RBF
a,k = B̃log2(1+ SINRBF

a,k ), (54)

where

B̃ = B
1− τp/τc

2
, (55)

with B denoting the system bandwidth and BF ∈ {CB,
MF,ZF}. The term 1 − τp/τc represents the losses due to
the training phase, while the factor 1/2 accounts for the
equal time-frequency split between UL and DL. The signal-
to-interference-plus-noise ratio (SINR) will vary depending
on the beamforming in use.

A. ACHIEVABLE RATES FOR DISTRIBUTED PROCESSING
Building on the work presented, for instance, in [3], [5],
[44]–[46], the SINR can be derived as follows. In particular,
the sum of the second, third and fourth terms in (20) are
treated as effective noise. The additive terms constituting the
effective noise are mutually uncorrelated, and uncorrelated
with sd,k . Therefore, both the desired signal and the so-called
effective noise are uncorrelated. Same reasoning applies for
the UL scheme described in Section IV.

Recalling the fact that uncorrelated Gaussian noise repre-
sents the worst case, under the distributed precoding scenario
and assuming only statistical CSI is available at the MS [5],
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we may express the DL segment SINR as

SINRCB
d,k =

∣∣∣DSCBd,k ∣∣∣2
E
{∣∣∣BUCB

d,k

∣∣∣2}+ K∑
k ′ 6=k

E
{∣∣∣UICBd,kk ′ ∣∣∣2}+1

. (56)

An exact closed-form expression for (56) is given in (57),
shown at the bottom of the page, where

T1,mk = ˜h
H

mk
˜hmk + Tr (0mk) , (58)

T2,mk = 2 ˜h
H

mk0mk
˜hmk + Tr

(
R̃mk0mk

)
, (59)

T3,mkk ′ = ˜h
H

mk0mk ′
˜hmk +

∣∣∣∣ ˜hHmk R̃1/2
mk
˜hmk ′

∣∣∣∣2
+
˜h
H

mk ′R̃mk
˜hmk ′ + Tr

(
R̃mk0mk ′

)
, (60)

and

T4,mkk ′ = ˜h
H

mk
˜hmk ′ +

∣∣∣ϕHk ′ϕk ∣∣∣2 Tr (R̃mk0mk ′ R̃−1mk) . (61)

The computation of T1,mk and T2,mk is performed as denom-
inator and numerator of (40), respectively, while the com-
putation of T3,mk and T4,mk is again based on (41) and
[5, Appendix A].

Following a similar procedure, and taking into account the
collective noise term coming from all MSs, the UL segment
SINR can be expressed as

SINRMF
u,k =

∣∣DSMF
u,k

∣∣2
E
{∣∣BUMF

u,k

∣∣2}+ K∑
k ′ 6=k

E
{∣∣∣UIMF

u,kk ′

∣∣∣2}+ NTMF
u,k

.

(62)

An exact closed-form expression for (62) is given in (63),
shown at the bottom of the page.

B. TRUE AND UPPER BOUND RATES
Since (54) in based on the worst case scenario, it is con-
sidered as a lower bound in terms of spectral efficiency,
though the true network performance may be considerably
better. Achieving a good channel hardening ratio translates
into a large agreement between the achievable and true rates.
In contrast, when hardening is compromised this true perfor-
mance may be underestimated. A benchmark to compare the
achievable rate with is the true network capacity under the
assumption that the receiver only knows the statistical CSI.
This is defined as

Rtrue
d,k=B̃E


log2

1+

∣∣∣DSCBd,k ∣∣∣2∣∣∣BUCB
d,k

∣∣∣2 + K∑
k ′ 6=k

∣∣∣UICBd,kk ′ ∣∣∣2 + 1




.

(64)

The gap between (54) and true rate reduces as the harden-
ing ratio becomes smaller. It seems obvious that in order
to achieve the maximum hardening possible the instanta-
neous channel gain must be equal to its mean when aver-
aged through several small-scale fading realizations, i.e.∣∣∣BUCB

d,k

∣∣∣2 = 0. The data rate that a genie-aided user that

perfectly knows the instantaneous CSI is given by the upper
bound achievable rate defined as

Rupper
d,k = B̃E


log2

1+

ρd

M∑
M=1

∣∣$ d,mkgmk
∣∣2

K∑
k ′ 6=k

∣∣∣UICBd,kk ′ ∣∣∣2 + 1




, (65)

which indeed represents the maximum channel capacity.
Though these latter expressions are specifically intended for
the DL segment, conclusions are also valid for the UL since in
both cases the decoding entity, i.e. the MS or the CPU, relies
on statistical CSI.

SINRCB
d,k =

ρd

(
M∑
m=1

cmk
√
ηmkT1,mk

)2

ρd

M∑
m=1

cmkηmkT2,mk + ρd
K∑

k ′ 6=k

 M∑
m=1

cmk ′ηmk ′T3,mkk ′ +

∣∣∣∣∣
M∑
m=1

cmk ′
√
ηmk ′T4,mkk ′

∣∣∣∣∣
2+ 1

(57)

SINRMF
u,k =

ρdηk

(
M∑
m=1

cmkT1,mk

)2

ρdηk

M∑
m=1

cmkT2,mk + ρd
K∑

k ′ 6=k

ηk ′

 M∑
m=1

cmk ′T3,mkk ′ +

∣∣∣∣∣
M∑
m=1

cmk ′T4,mkk ′
∣∣∣∣∣
2+ M∑

m=1

cmkT1,mk

(63)
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C. ACHIEVABLE RATES FOR COOPERATIVE PROCESSING
The diagonalizing structure of the ZF precoder allows the DL
SINR for user k to be expressed as [28]

SINRZF
d,k =

∣∣DSZFd,k ∣∣2
E
{∣∣BUZF

d,k

∣∣2}+ K∑
k ′ 6=k

E
{∣∣∣UIZFd,kk ′ ∣∣∣2}+ 1

=

∣∣DSZFd,k ∣∣2
E
{∣∣ENd,k

∣∣2}+ 1
=

ρdωk

ρd

K∑
k ′=1

ωk ′%kk ′+1

, (66)

where we have defined UIZFd,kk ′ ,
√
ρdωk ′%kk ′ for k ′ 6= k .

As in the hardening ratio, the denominator of (66) can only
be estimated by Monte-Carlo simulation.

For the UL segment, we may express the SINR as

SINRZF
u,k =

∣∣DSZFu,k ∣∣2
E
{∣∣BUZF

u,k

∣∣2}+ K∑
k ′ 6=k

E
{∣∣∣UIZFu,kk ′ ∣∣∣2}+ NTZF

u,k

=

∣∣DSZFu,k ∣∣2
E
{∣∣ENu,k

∣∣2}+ NTZF
u,k

=
ρuθk

ρu

K∑
k ′=1

θk ′υkk ′ + νk

,

(67)

where we have defined UIZFu,kk ′ ,
√
ρuθk ′υkk ′ for k ′ 6= k and

NTZF
u,k , νk as the k-th entry in vector diag

(
E
{
WWH}).

Again, there is no closed-form expression for the UL SINR.
True and upper rates can be computed via Monte-Carlo

using analogous expressions to (64) and (65).

VII. POWER CONTROL STRATEGIES
Depending on whether the DL or UL segment is addressed
and, particularly, on the processing scheme, power control
strategies may have certain impact on the channel hardening.
We have shown that ZF precoding and combining is totally
agnostic of the power allocation since power coefficients
are only MS-dependent. Same situation occurs on the UL
segment with MF combining. Nevertheless, the hardening
ratio is sensitive to power control under CB precoding. Each
power control strategy here described is specifically designed
for each precoder/combiner scheme, however, note that no
matter the processing strategy, the power constraint (18) must
be fulfilled. Every power control strategy used in this work
is executed on a large-scale fading basis, i.e. power control
coefficients need to be computed once every several coher-
ence intervals.

A. DISTRIBUTED PROCESSING POWER CONTROL
Since power control influences the channel hardening ratio
for the distributed processing DL segment, we employ two
different power control approaches for comparison purposes:

a low complexity heuristic uniform power allocation strategy
and a max-min SINR optimal approach [5], [28].

1) DL UNIFORM POWER ALLOCATION
Under the uniform power allocation scheme an AP assigns
the same power coefficient to every user. This power control
scheme has negligible complexity, while it does not lose too
much performance in terms of average user data rate if com-
pared with the max-min SINR optimal solution [28]. Power
coefficients for the DL segment are computed as follows.
From (18) we have

E
{∥∥∥xCBm ∥∥∥2}
= ρdE

{
|$ d,kgk |

2
}

= ρdE


∣∣∣∣∣
K∑
k=1

cmkηmk ĝ
H
mkgmk

∣∣∣∣∣
2


= ρd

K∑
k=1

cmkηmkE
{∥∥ĝmk∥∥2}

= ρd

K∑
k=1

cmkηmk

(
Kmk

Kmk + 1
Nβmk + Tr (0mk)

)
≤ ρd ,

(68)

which leads to

ηmk = ηm =
1

K∑
k=1

cmk

(
Kmk

Kmk + 1
Nβmk + Tr (0mk)

) . (69)

Note that whereas the UL power control coefficients are
restricted to 0 ≤ ηk ≤ 1, in the DL segment there is no
restriction for ηmk , except for being positive. This compu-
tation can be performed locally at each AP, so there is no
need to use the fronthaul link connection to the CPU for this
particular purpose. This is a key aspect if fronthaul links are
not supposed to have infinite capacity, which will be the case
in practical scenarios.

2) DL MAX-MIN POWER ALLOCATION
The max-min power allocation schemes developed
in [5], [28] ensure that the minimum SINR is maximized
for every user. In particular scenarios where a large number
of users is present, this strategy will lead to a performance
reduction of the overall network due to particular MSs with
bad channel conditions, however, it provides a more uniform
service. The main drawback in this case is the considerable
high computational overhead, which may result on making
this power control scheme unfeasible in practical scenarios,
while being mandatory to be performed at the CPU. Defining
η =

[
ηT1 , . . . , η

T
M

]T and ηm = [ηm1, . . . , ηmK ]T , the opti-
mization problem is stated as

max
η

min
k

SINRCB
d,k ,

s.t.
∥∥∥xCBm ∥∥∥2 ≤ ρd ∀m. (70)
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with xCBm the m-th entry of (25). Using (57), (70) can be
reformulated as

max
ς ,λ

min
k

(
M∑
m=1

ςmkT1,mk

)2

M∑
m=1

K∑
k ′=1

ς2mk ′~mkk ′ +

K∑
k ′ 6=k

|λkk ′ |
2
+

1
ρd

,

s.t.
M∑
m=1

ςmk ′T4,mkk ′ ≤ λkk ′ ∀k ′ 6= k,

K∑
k ′=1

ς2mk ′E
{∥∥$ d,mk ′

∥∥2} ≤ 1 ∀m,

ςmk ≥ 0 ∀mk, (71)

where we have introduced the slack variables λkk ′ and have
used the definitions ςmk =

√
ηmk and

~mkk ′ =

{
T2,mk , k ′ = k
T3,mkk ′ , k ′ 6= k.

(72)

Problem (71) is a quasi-concave optimization problem that
can be expressed in an equivalent form as

max
ς ,λ,x

x

s.t.
√
x

∥∥∥∥ϑ1k , . . . ,ϑMkλk
1
√
ρd

∥∥∥∥
F
≤

M∑
m=1

ςmkT1,mk ∀k,

M∑
m=1

ςmk ′T4,mkk ′ ≤ λkk ′ ∀k ′ 6= k,

K∑
k ′=1

ς2mk ′E
{∥∥$ d,mk ′

∥∥2} ≤ 1 ∀m,

ςmk ≥ 0 ∀mk, (73)

where ϑmk =
[
ςm1
√
~mk1, . . . , ςmK

√
~mkK

]
and λk =[

λk1, . . . , λk(k−1), λk(k+1), . . . , λkK
]
. Problem (73) is a sec-

ond order cone (SOC) program that can be efficiently solved
by using a conventional iterative bisection search algorithm.
Specific details on the optimality, complexity and feasibility
of these algorithms were fully commented by Ngo et al. in
the seminal paper [5].

3) UL FULL POWER ALLOCATION
Though there are several proposals for UL power control in
the literature, we are assuming full power transmission, i.e.
ηk = 1, since it has been shown to work rather well, even
outmatching the max-min SINR optimal approach in terms
of average sum-rate, as shown in [21] and [47].

B. COOPERATIVE PROCESSING POWER CONTROL
1) DL LOW-COMPLEXITY MAX-MIN POWER ALLOCATION
As in the distributed precoding power allocation scenario,
finding the optimal DL power coefficients that satisfy the
max-min SINR criteria for cooperative precoding involves

solving a similar optimization problem (though with less
complexity since only K coefficients need to be computed),
stated as

max min
ω1,...,ωK

SINRZF
d,k

s.t.
∥∥∥xZFm ∥∥∥2 ≤ ρd ∀m, (74)

where the transmitted power from the m-th AP is∥∥∥xZFm ∥∥∥2 = ρdE {wTmw∗m}
= ρdE

{(
ĝHc,m

(
Ĝ
T
c Ĝ
∗

c

)
�
) (

ĝHc,m
(
Ĝ
T
c Ĝ
∗

c

)
�
)H}

= ρdTr
(
�2E

{(
Ĝ
T
c Ĝ
∗

c

)−1
ĝTc,mĝ

∗

c,m

(
Ĝ
T
c Ĝ
∗

c

)−1})
= ρd

K∑
k ′=1

ωk ′δkk ′ , (75)

being wm is the row vector of matrix W and δkk ′ the k ′-th
entry of

δm = diag
(
E
{(
Ĝ
T
c Ĝ
∗

c

)−1
ĝTc,mĝ

∗

c,m

(
Ĝ
T
c Ĝ
∗

c

)−1})
. (76)

Note that power coefficients will differ only between users as
a necessity for canceling the interference between MSs. The
solution of (74) relies as well on the bisection method and
has less online overhead as it would have in the distributed
processing scenario since the power coefficient for the k-th
MS will be the same regardless the AP. In the particular case
of having an error-free estimation, problem (74) can be solved
through a heuristic and low complexity approach having the
power coefficient computed as [28]

ω1 = . . . = ωK = 1/

(
max
m

K∑
k=1

δmk

)
. (77)

Channel estimation in this work is nevertheless imperfect and
the solution obtained with this low complexity approach will
differ from the optimal one. However, as shown in [28], this
approach nearly matches the optimal max-min SINR solution
while considerably reducing the computational overhead at
the CPU making it suitable for real deployments.

2) UL FULL POWER ALLOCATION
As in the distributed scenario, we use a full power allocation
strategy for the UL segment under the cooperative combining
scheme, i.e. θk = 1.

VIII. NUMERICAL RESULTS
The baseline scenario for the simulations will consist of a uni-
form distribution of APs and MSs on a square coverage area
with side D. This setup is roughly similar to those presented
in previous work on CF massive MIMO, such as [4], [5],
[8], [29], among others. In order to avoid boundary effects,
a wrapped-around technique is implemented at the edges of
coverage area making the results virtually equivalent to those
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FIGURE 1. Channel hardening ratio for CF with CB precoding and MF combining using uniform power allocation having each AP N = 4.

TABLE 1. Simulation default parameters.

achieved in an infinite network. All simulation parameters
will remain as in Table 1, unless stated otherwise in particular
simulations.

We first show the channel hardening ratio under the pure
CF scheme in Figs. 1a and 1b for both the DL and the UL seg-
ments, respectively. These results correspond to the CB/MF
with the uniform power allocation strategy and N = 4. For
comparison purposes, four different channel types are shown
(uncorrelated Rayleigh fading, spatially correlated Rayleigh
fading, uncorrelated Ricean fading and spatially correlated
Ricean fading). To begin with, we point out the exact
matching between the analytical and Monte-Carlo values for
every case, thus confirming the accuracy of the hardening

theoretical closed-form expressions for any scenario. While
the UL is totally independent of the power coefficients as
the hardening remains quasi-constant when varying K , this
is not the case in the DL segment. This latter case shows
a lower hardening ratio regardless the configuration when
there are less active MSs owing to the fact that the same
amount of power needs to be shared among less users. When
comparing the Rayleigh and Ricean fading, it is clear that the
existence of a strong LOS component is always beneficial
and boosts channel hardening in either segment. Bear in
mind that Ricean fading channels are often considered to
be quasi-deterministic channels. This fact agrees with both
Figs. 1a and 1b. In contrast, spatial correlation degrades the
ratio, specially under Rayleigh fading.

Linking with Figs. 1, in Figs. 2a and 2b the achiev-
able rates are presented for the same configurations. Again,
a good matching is shown between Monte-Carlo simulations
and the analytical closed-form expression values for any of
the scenarios presented. Similarly to the hardening ratios,
the LOS component of any of the two Ricean fading sce-
narios has significant impact on the system performance,
while the correlation between AP antennas degrades it. It is
worth mentioning that, as K grows, the spatial correla-
tion enhances performance due to multi-user interference
removal, thus reducing the gap between the correlated and
uncorrelated curves. Anyhow, drawing conclusions of a CF
massive MIMO network under the widely used uncorrelated
Rayleigh fading channel model could be most misleading,
as noted with the hardening ratios.

In Fig. 3 the CDF of the DL hardening ratio with CB
precoding is shown for a set of K = 10 MSs, under
uniform power allocation and max-min power allocation in
Figs. 3a and 3b, respectively. Fig. 3a confirms what could
already be seen in Fig. 1a; hardening is considerably degraded
under spatially correlated Rayleigh fading implying a major
gap to the uncorrelated Rayleigh scenario. Again, minor
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FIGURE 2. Achievable rate for CF with CB precoding and MF combining using uniform power allocation having each AP N = 4.

FIGURE 3. CDF of the DL hardening ratio with CB precoding having each AP N = 2 and K = 10.

differences are observed under the spatially correlated and
uncorrelated Ricean fading scenarios. As for the max-min
power control, a much steeper CDF is shown, owing to the
fact of ensuring that everyMSwill experience the same SINR
irrespective of its location in the coverage area. In contrast
to the uniform power allocation, the max-min power control
satisfies stronger hardening while the differences between
the correlated and uncorrelated scenarios are considerably
smaller, specially under Ricean fading.

Regarding cooperative processing, Fig. 4 shows the DL
achievable rate with ZF precoding and the low-complexity
max-min power control. As in Fig. 2a, we are showing
all four channel configurations, i.e. Ricean/Rayleigh fad-
ing with spatially correlated/uncorrelated antennas. A good
matching is shown between the proposed semi-analytical
expressions and the pure Monte-Carlo simulations. Bear in
mind that analytical expressions presented in this paper need
Monte-Carlo computation. Similar to the distributed process-
ing scenarios, the LOS component boosts the achievable
rates. In contrast, under ZF precoding user date rate exhibits
a slight enhancement for spatially correlated scenarios.

FIGURE 4. DL achievable rate with ZF precoding and low-complexity
max-min power allocation having each AP N = 2.

In Fig. 5 the DL hardening ratio is shown for the dif-
ferent UC configurations and various coverage area sizes
under a Rayleigh fading channel and N = 1. Note that
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FIGURE 5. DL channel hardening with CB precoding using uniform power allocation for single-antenna APs (N = 1) under difference clustering
strategies (KUC = MUC = 5).

TABLE 2. Average number of APs serving a MS and average number of MSs being served by an AP under different clustering strategies (M = 100 and
KUC = MUC = 5).

conclusions drawn in this case do not vary no matter the fad-
ing type or having single or multi-antenna APs. CB precoding
and uniform power allocation is considered. The classical CF
scheme is shown for comparison purposes. Let us comment
on every configuration, except for MS centric by now. Under
the traditional D = 1000 m deployment area (Fig. 5a),
there are little differences between all architectures. With the
classical CF configuration, the number of APs effectively
contributing to the hardening ratio tends to match the number
of active APs in any of the UC configurations. In other words,
the pure CF and the UC architectures perform similarly with
minor differences. However, if K grows large enough, a par-
ticular MS will be served by less APs as their service needs to
be split among more users. The gap between the UC schemes
is highly conditioned by the AP deployment density, which
is strictly related to the size of the coverage area. As for the
MS centric scenario, since the number of APs serving a given
MS remains static, the gap with the pure CF scheme will
be the same regardless of the number of active users in the
network. To sum up, the channel hardening ratio that a given
MS experiences will be inversely proportional to the number
APs providing service to that user. In Table 2 the average
number of APs serving a MS and the average number of MSs
being served by anAP under different clustering strategies are
shown. It can be clearly seen that the MS centric strategy has
the least number of APs serving a particular MS (thus having

the worst channel hardening ratio in accordance to the third
key observation in Section V). There are little differences
between the rest of the schemes in accordance to what is
shown on Fig. 5a. Now, turning our attention to Fig. 5b,
the gap between CF and UC approaches slightly increases as
more APs are effectively contributing in terms of hardening
in the classical scheme. It is worth mentioning that, except for
theMS centric architectures, all UC schemes perform equally
in terms of hardening since the selection of APs from a given
MS, and vice-versa, tends to be the same. Though a good
degree of channel hardening is achieved, user data rate could
be severely degraded due to strong pilot contamination when
the coverage area is small.

The impact that spatial correlation has on the channel
hardening ratio as a function of the number of APs is shown
in Fig. 6. The hardening ratio for different values of the ASD
plus an uncorrelated case for comparison is shown. Note
that having 10◦ of ASD corresponds to strong correlation
among antennas, while 40◦ implies a moderate correlation.
As expected, hardening improves considerably as M grows
large enough. Under Ricean fading, spatial correlation has a
minor impact on the hardening, even if antennas are strongly
correlated. However, when turning the attention to Rayleigh
fading, the difference between an uncorrelated scenario and
strong correlation is substantial. This confirms that assuming
uncorrelated Rayleigh fading channel in CF massive MIMO
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FIGURE 6. DL channel hardening ratio with CB precoding and uniform
power allocation under Rayleigh fading having each AP N = 2.

FIGURE 7. Average DL achievable rate with true and upper bounds under
CB precoding and uniform power allocation having each AP N = 4.

networks with multi-antenna APs could lead to misleading
conclusions.

Lastly, in Fig. 7 a comparison between the lower bound
achievable rate, the true rate achieved in the absence of
receiver CSI and upper bounds is shown. Focusing on the
Rayleigh fading scenario, a remarkably large gap is observed
between the achievable rate (which is always a lower bound
in terms of performance) and the true network performance.
This gap is strictly conditioned by the hardening ratio.
A greater gap exists indeed if comparedwith the upper bound,
which corresponds to the maximum channel capacity. If we
now turn our attention to the Ricean fading scenario, where
hardening is boosted thanks to the LOS component, the gap
between bounds is reduced. These results prove that, even
having multi-antenna APs, hardening is severely compro-
mised in correlated Rayleigh scenarios and the true network
performance is underestimated when relying on the closed-
form achievable rates.

IX. CONCLUSION
In this work CF and UC massive MIMO networks under a
spatially correlated Ricean fading channel have been ana-
lyzed under different precoding and combining strategies.
Results show how the dominant LOS component of the
Ricean fading has a positive impact both on the hardening
ratio and user date rates. On the contrary, spatially correlated
antenna arrays imply a channel hardening degradation for
distributed processing schemes. Interestingly, if a cooperative
ZF processing is considered, spatial correlation entails an
enhancement in terms of user date rate over the uncorre-
lated scenario when the number of users in the network is
considerably large. It has been also shown how the newly
proposed UC based approaches imply a slight degradation
of the channel hardening under the traditional deployment
area of 1000 × 1000 m, but this degradation may consider-
ably worsen if the coverage area is small. The widely used
uncorrelated Rayleigh fading channel model overestimates
the system performance in terms of both hardening and user
rate. If one assumes a more realistic scenario in which anten-
nas from each AP are spatially correlated, channel hardening
is compromised and the commonly used achievable rate may
underestimate the true system performance. In general, it has
been shown that, even in scenarios with multi-antenna APs,
one cannot take for granted channel hardening in CF massive
MIMO networks, since it has a strong dependency on the
channel characteristics, power control coefficients, clustering
strategies and spatial density of APs. In this context, we have
shown the existence of a gap between the true system per-
formance and the estimated achievable rates in accordance
with the degree of channel hardening that is achieved. Closed-
form expressions for both the channel hardening ratio and
the achievable user rate were derived for CB precoding and
MF combining, while semi-analytical expressions were given
for ZF. These analytical expressions can be used to perform
the design and optimization of key aspects in CF massive
MIMO networks, such as scheduling algorithms or clustering
strategies, though this is left for future work.
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