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ABSTRACT This paper proposes a robust control design based on a new switched robust integral sliding
mode (SRISM) for switched systems with unmatched uncertainties. The SRISM is a sliding surface
consisting of multiple sliding modes of subsystems and is robust with respect to the structural decomposed
unmatched uncertainties. Each sliding mode of the subsystem can suppress the unmatched uncertainties.
Their parameters are given by the conditions of linear matrix inequalities (LMIs), and their reachabilities
are guaranteed by the sliding mode controllers. Finally, numerical and application simulation results for an
inverted pendulum swing-up control are provided to illustrate the validity of the robust control design.

INDEX TERMS Switched systems, unmatched uncertainty, sliding mode control, robustness, integral sliding

mode.

I. INTRODUCTION

A switched system (SS) is a complicated dynamic system
shaped by a number of subsystems. It is controlled not only
by the subsystem controllers, but also by the logical rules
that create the switching sequence. An SS represents many
control processes in practice [1], [2], such as the processes
in mechanical systems, power systems, traffic control sys-
tems and industrial processes. Due to the switching or jump
characteristic of all kinds of SSs, many attentions have
been attracted about their complicated moving mechanism
and problems. For some recent interesting examples, there
are the output feedback control design for Markov jump
repeated scalar nonlinear systems [3], the reachable set esti-
mation for Markov jump inertial neural networks with time-
varying delay [4], and the filtering problem for discrete-time
switched singular systems under the circumstance of sensor
failures [5].

Sliding mode control (SMC) is an excellent robust control
strategy for an SS that has the obvious advantage of com-
pensation for the matched uncertainties/perturbations [6], [7].
During recent years, SMC synthesis for SS was extensively
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investigated [8]-[18]. Among these SMC designs, the inte-
gral sliding mode (ISM) method ( [19], [20]) is an efficient
approach for increasing the robustness. The ISM method is
advantageous due to its elimination of the reaching phase that
is not robust with respect to uncertainty and disturbance. As a
result, throughout the entire control process, the robustness
of the system is confirmed from the initial point in time. The
SMC design based on the ISM method for SS has attracted
much attention. For example, [21] presented the robust inte-
gral sliding mode control design for a class of uncertain
switched nonlinear systems and a similar robust Hy, integral
sliding mode control [22]. The ISM control synthesis scheme
under switching laws with an average dwell time was devel-
oped. However, in some cases, the switching frequency of
the SMC should be infinite so that the sliding motion can be
guaranteed. Therefore, a typical problem encountered when
using this approach is that the state of the closed-loop system
may jump under the sliding mode because the ISM contains
switches with the switching signal [23]. A similar point
was also discussed by [24] for the two structures employed
by [21], [22]. One structure is the controller structural switch-
ing around a pre-specified switching surface, and the other
one is the system structural switching with an average dwell
time. This kind of sliding surface may result in repetitive
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jumps of the state trajectories between the sliding surface
and hence may give rise to instability [6]. Therefore, [25]
presented the common robust integral sliding mode (CRISM)
method under arbitrary switching rules to avoid the possible
jumping problem.

Recently, the ISM method has been successfully applied
to the uncertain SS to compensate exactly the matched
uncertainties or perturbations. For example, Kchaou and
Ahmadi extended an adaptive SMC design based on the
switched integral sliding mode (SISM) for a class of uncertain
switched descriptor systems with state delay and nonlinear
input [26]. Ferrara et al. proposed a switching structure
scheme for the motion control of industrial robot manip-
ulators [27]. However, these ISMs still display the jump
problem of the system state during the switching because
this method is essentially the same as the aforementioned
approaches. Galvan-Guerra and Fridman proposed another
switched integral sliding mode design [28] that differs from
these ISM functions. This new kind of SISM is formed by
the same switching rules that govern the SS under con-
sideration, and makes the system dynamic is in the slid-
ing mode at every switching time. Therefore, this SISM
approach allows to compensate theoretically the matched
uncertainties or perturbations just after the initial time instant
even in the presence of switchings. It can ensure that the
sliding mode function value keeps zero at every switch-
ing time instant and the system state does not need jump-
ing to keep running on the sliding surface. Consequently,
they used this developed SISM method to expand the con-
tinuous output integral sliding mode robustification for SS
with state-dependent location transitions and dwell time
[29], [30] and applied this SISM method to the robustification
problem of self-oscillations [31], [32]. However, even though
this SISM is an excellent approach, it has the disadvantage
that the unmatched uncertainty or disturbance may only be
minimized but not rejected.

Inspired by this kind of SISM [28]-[32], this paper presents
a switched robust integral sliding mode (SRISM) design
for the switched system with unmatched uncertainties. First,
a kind of sliding surface with multiple sliding modes is
proposed that consists of the robust integral sliding modes of
the subsystems. The robust integral sliding mode (RISM) of
every subsystem can reject the structured unmatched uncer-
tainties. Then, the common Lyapunov function method and
the switching rule stabilization method used to guarantee
system stability in sliding mode are given. The SS will be
robustly stable when running on a sliding surface with no state
jumping among the different sliding modes. Finally, the SMC
will be devised. and the reachability of the sliding modes will
be analyzed.

The main contribution of this paper is to provide a
switched robust integral sliding mode scheme for the SS with
unmatched uncertainties that is different from the CRISM
method in [25]. The difference lies in that the SRISM design
presented in this paper is a kind of the switched integral
sliding mode (SISM) surface for which the parameters are
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switched following the switching signal, whereas the CRISM
design presented in [25], [33] has no switched parame-
ters or sliding mode switching. In the design method of the
CRISM [25], the parameters of the CRISM have to satisfy
the similar LMIs conditions from all of the subsystems.
Contrarily, in the SRISM design presented by this paper,
the parameters of the SRISM may be switched following the
switching signal. Therefore, the parameters of the SRISM
are easier to satisfy the LMIs conditions. This leads to the
presented SRISM method has the more relaxed conditions.

The rest of the paper is organized as follows. Section II
states the problem formulation. Section III gives the defini-
tion of the sliding surface with multiple sliding modes, and
the design of the sliding modes with the stability analysis.
Then, the reachabilities of the sliding modes are proved
by the SMC controller design in Section 4. Numerical and
application simulations are described in Section 5. Finally,
Section 6 presents a brief conclusion of this paper.

Il. PROBLEM FORMULATION
Consider the following uncertain switched system

X(t)=(As + AAG)x(t) + (Bs + ABy)[u(t) + ws(1)], (1)

where x (t) € R”" is the system state vector, u (t) € R™
is the control input, AA, and AB, are the uncertainties of
the parameters, w,(¢) is the bounded exogenous disturbance
outside the boundary, and o (r) : R —- N = {1,2,--- | N}
is a piecewise constant function of the time ¢, also referred
to as the switching signal (rule). Then, we define a switching
sequence:

Q:Z 'xlo; (l(),t()), (l17t1)’ IR (ikatk)7". 7Vlk € N7k € Z+

where x;, is the state value at the initial time #). Namely, the
ir-th subsystem operates when ¢ € [#; , #x+1).

For the switching signal o (f) = i, i € N, the i-th
subsystem matrices are denoted as:

Ao =Ai, B; =B, AA; = AA;, ABs = AB;, s (1) = w;(1).

Accordingly, for the k-th switching, when 7, < t < fg41,
we can set o (¢) = i, i.e., iy =i € N. As a result, the system
(1) can be described as:

x(t) = (A; + AADx(t) + (Bi + AB)[u(t) + wi(1)].  (2)

The following assumptions are satisfied and the lemmas
described below are used in this work.

Assumption 1: (A;, B;) is stabilizable and B; is required to
be full column rank.

Assumption 2: The uncertainty parameters, AA; and AB;,
satisfy the following relationships:

AA; = HyiF,; (1) Eqi, AB; = Hp iFyp i (1) Ep 3)

where H,; € R" H,; € R"™?" E,; € R« and

Ep; € R are all of the known-constant matrices, and the

unknown time-varying matrices F, ; (¢) and F}, ; (¢) satisfy:
FT

a,i

() Fai () <1, FL, () Fpi(t) <1.
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Assumption 3: The bounded disturbance w;(¢) satisfies
llwi(®)|| < d;, in which d; is a positive scalar parameter.

Lemma 1: Assuming that H and E are the matrices con-
sisting of real constants with appropriate dimensions, F(¢)
satisfies FT () F (t) < I. The following relation is true for
any positive constant ¢ > 0 [34]:

HF (1)E+ETFT ()HT <e '"HHT + ¢ETE. (4

Lemma 2: For two matrices with appropriate dimensions,
A and B, if A and I + BA™! are non-singular, the following
equation holds [35]:

A+B) '=a""—A g +BA ) 'BATL. (5)

The control task is to design an SMC control for guar-
anteeing the asymptotic stability of the switched system as
described by (1),(2) with the unmatched uncertainties.

Ill. SWITCHED ROBUST INTEGRAL SLIDING MODE
SURFACE DESIGN
A. SLIDING SURFACE WITH MULTIPLE SLIDING MODES
Given the following definition of the sliding surface with
multiple sliding modes for the SS (1).

Definition I: The hypersurface

S, t):= {Sg(t)(x, t):O| o (t) follows Q, o (t) € N} (6)

is a sliding surface with multiple sliding modes of the SS
(1) that consists of the sliding modes S;(x, t), Vi € N of the
subsystems, and

Si(x,t) =0, wheno(t)=1i

along with the switching rule o (¢). Namely, it is a kind of
switched sliding mode (SSM).

Remark 1: The continuity of the sliding surface with mul-
tiple sliding modes plays a crucial role, namely the state x ()
will be on the next sub-sliding mode S;(x(#), #x) = 0 when
the switching occurs t = #.

Remark 2: The hypersurface (6) is composed of every sub-
hyper plane S;(x, r) = 0 with every switching o(#) = i that
at the switching time ¢ = #; must have the interface between
every two switching o(#) =i — 1 and i.

B. SLIDING MODES DESIGN OF SUBSYSTEMS
We formulate a robust integral sliding mode (RISM) as

t
Si(x, 1) = Cilx (1) — x(&)] + / (Ki — CiApx(t)dt,  (7)
173

in which the parameter C; € R™*" satisfies
Vi € N, rank(C;B;) = m, and
30=<yi<lyieR, GCAB; <yCBi, (8

another parameter K is the common-state-feedback stabiliza-
tion coefficient to be designed and essentially ensures the
matrix

A\i =A; — Bi(Cl‘Bi)_lKi, VieN )
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is Hurwitz. The time #; represents the time of the k-th switch-
ing o(t) = i, certainly x(#) is the state value when the k-th
switching occurs.

Based on (2), we can write

SiCx, 1)=(CiAA; + Ki)x(t)+Ci(Bi+ AB)[u(t)+wi(1)].

According to the sliding mode control theory, when the
system state reaches the sliding surface and remains there,
S;(t) = 0, S‘l-(t) = 0. Thus, the equivalent control can be
written as

eq(1) = —wi(1)—[Ci(Bi+ AB)] ' [CiM; +Kilx(1). (10)
By substituting (10) into (2), the following sliding mode
equation can be written as:

x(t) = [Ai + AAilx(t) — [Bi + AB]
x [CilB; + AB)I ™' [CiAA; + Kilx(1).

Based on Lemma 2 and (8) (the design condition of the
parameter C;), the above equation can be rewritten as:

x(t) = [Ai + AAjIx(t) — (Bi + AB)I — M;)
x (C;B) ™' [Ki + CiAAx(1),
in which M; € R™*™ and can be written as:
M; = (C:B)™'[I + G;AB(C;B)~"17'C;AB;.  (11)

As shown in (10), C;(B; + AB;) is required to be nonsingular.
It can be inferred from (8) that C;(B; + AB;) is nonsingular
and

1
11—y

17+ ciapicimy™17| < (12)

Defining that

H,; = Bi(C:B)™ !,

Ci=1—H,C, (13)
N; = (AB; — B;M; — AB;M;)(CiB)™!,

then the sliding mode equation can be rewritten as

2(1)=[A; + CiAA; — N;CiAA; — NiK;i]x (1), (14)

(1) = Aix(1), (15)
where
Ai ZAI‘—}—éiAAi — N;iCAA; — N/K;. (16)

The design result of the parameter K; for the RISM (7) is
presented.

Theorem 1: The coefficient K; that guarantees the Lya-
punov stability of the sliding mode matrix (9) of the system
(2) enables A = {Al,flz, e ,AN} to be a robust stable
matrix set in which each stable matrix ;\i has robust stabil-
ity if there exists a symmetric positive definite matrix set
Pi(P; = Pl.T and P; > 0), and the corresponding scalar set
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&; > 0 that can satisfy the following linear matrix inequali-
ties (LMIs):

®©; PiCiH,; viPiH,; Ti2PiHp;
* —é&ily «r 0 0
a*la 0, (17
* * —&ilpxm 0 <0,
* * * —&ilryxr,
where

O, = Pl'Ai —i—AI-TPi + 48iEZ:iEa,i + 38iE[Z:iEb,i: (18)
1438 1)6;
( 1,1)21,2]’ (19)
(I'—=y)
(1 +8i1)3i28i 3
(1 —y)?

T;1 = sqrt[

T2 = sqrt[1 4+ 6&;1 + 1, (20)

with

Eb,i = E;,’i(CiBl')_lKi,
8i,1 = Amax [Eb,i(CiBi)_lCiHa,iHZiClT(CiBi)_TEZ:i]»
8i2 = MmaxCiHp iH],CT 1,

8i3 = hmax[Ep.i(CiB) ™' (C:B)TE[.

(Here, A gy [-] represents the calculation of the matrix’s max-
imum eigenvalue, i.e., the spectral norm of the symmetric
matrix)

Proof: For each subsystem, we select its Lypunov
function:

Vi(t) = xT (1)Px(1). (21)

According to (14), the derivative of V;(¢) with respect to the
time is given by
Vi(t) = xT (AT P + Pidpx(t) + xT ()[CiAA;
— NiCiAA; = NiKi]" Pix(1)
+xT(1)P;[CiAA; — NiCiAA; — NiKix(1)
= x"()A] P + PiApx(t) + x" (OWix(1),  (22)
in which
Wi = AL;; — AL;p — AL; 3,
AL;1 = PiCiAA; + AAT P,
AL;» = P;N;C;AA; + AAiTCl-TNiTP,‘,
AL;3 = PiNiK; + K NI P;. (23)
By substituting (11) and (13) into (23), we obtain

ALy = ALi21 + AL 20 + AL 23,
AL;3 = AL;j31 + ALz + AL; 33, 24

where

AL;p1 = P;AB{(CiB) ' CiAA; + [PiAB(CiB) ™' CiAA;",
AL;i» = P;BiM(C:B))~ ' C;AA;+[P;B:M(C;B)) "' C;AA;T,
ALz = P;AB;M(CiB)~'CiAA,

+ [P, ABM(CiB)) ' CiAA;]T,
AL;3 = P;AB{(C;B)"'K; + [P;AB:(CB) K",
AL; 3 = P;B;M{(C;B))"'K; + [P;B:M:(C;B)~'Ki]”,
AL;33 = PiAB;M{(CiB)™'K; + [P; AB:M(CiB) 'K
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Then, according to Assumption 2, Lemma 1 and (12), for
arbitrary positive numbers ¢; 1, &;21, €i.22, €23, €31, €i.32
and ¢; 33, the following inequalities hold true:
—1p.p T AT T
AL < €1 Pl'CiHa,iH C: P + Si,lEa)iEa,i,

a,l 1
-1 T T
ALip1 < &;5,8i,1PiHp i), ;P + €i21E, iEq i,

A

-1
E. 5"15',2
ALy < %
=)
+ Ei,zzEaT, iEa.is

P:Bi(C;iB)) ' (C;B)) " B! P;

-1
8,"2381',151',281',3

ALip3 < WP,-Hb,iH,,T, iPi+ € 3EL Eai,
ALz < 8{311PiHh,iHbT,,~Pi + &i31E Ep,i,
-1
ALz < %Pi&(cj&)‘(a&ﬂﬂﬂ
+ 8i,32E;Z:iEb,iy
-1
ALi33 < %Pﬁbﬁ,{ﬁ +€i,33El7T,iEb,i.

The values of ¢; 1, €21, €i,22, €23, €31, €,32 and ;33 are
all set to ¢;, and the following relation holds true by (23)
and (24):

Wi < &, 'PiP; + 46,EL Eqi + 36:EL Epi,  (25)
where

~ T AT 2 T 2 T
Q= CiHa,iHa,iC[ + T',IHMJH -4 Ti,2HbJHb,i'

i u,i

As described in (22) and (25), according to the Schur com-
plement lemma, if LMIs (17) can be satisfied, Vi(t) < 0
i.e., each subsystem in the sliding mode as described by (14)
is of robust stability and thereby the robust stable matrix set
is constructed. [ ]

Remark 3: By contrast with the RISM design in [25],
the presented SRISM (7) in this paper comprises of the
switched parameters C; and K;. Therefore, the LMIs condi-
tions in Theorem 1 are easier to be resolved.

C. SRISM SLIDING SURFACE AND ITS STABILITY

The sliding mode (7) of every subsystem (2) has been
designed and the corresponding sliding mode dynamic (15)
is obtained. Moreover, the subsystem matrices A; comprise a
robust stable matrix set A if the parameter matrix K; satisfies
Theorem 1. This means that every sliding mode dynamic
(15) of every subsystem is robustly stable with respect to
uncertainty and disturbance

However, the whole switched system (15) under the
switching signal o(¢) (the switching sequence Q) is not
ensured to be robustly stable, even though every subsystem
matrix A; displays robust stability.

Assuming that the system state x runs onto the correspond-
ing RISM surface and remains there when the switching
o(t) = i occurs at the time ;. This property can be easily
ensured because S;(x(#x), tx) = 0 by (7). Consequently, it is
important to keep state x on the RISM surface at all times,
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which is carried out by the sliding mode controller. If we
consider that this is achieved, the sliding surface with mltiple
sliding modes for the SS (1) is obtained as (6). This method
can also be called the switched RISM (SRISM) because its
component S;(x, r) = 0 is the RISM. Now, we can state that
the system state x is on the sliding surface or the SRISM
S(x, t). Namely, the switched system (2) is under its sliding
mode.

When the system state x is running under the sliding
mode of the switched system (2), its stability depends on the
dynamic (15). There are two typical approaches for guar-
anteeing the stability of SRISM based on the robust stable
matrix set A for which every matrix element A; satisfies
Theorem 1.

1) COMMON LYAPUNOV FUNCTION

Theorem 2: The switched system dynamic (15) under the
sliding mode S(x, t) is robustly stable with respect to the
uncertainty and disturbance with arbitrary time-dependent
switching signal, if there exist a symmetric positive definite
matrix P and the corresponding positive scalar ¢; satisfy LMIs
(17). Namely, the LMIs

®©; PCHai ©1PHy; Ti2PHp,
* =&l xr 0 0

axla 0, (26
* * —&ilxm 0 < (26)
* * * —&ilryxr,

hold true with
©; = PA; + ATP + 4e,ET Eq i + 3eiEL Epi.  (27)

with 7; 1, 7;2 following (19), (20).

Remark 4: Matrix P clearly generates a common Lya-
punov function V(¢) = x” (t)Px(t) for which time derivative
V(t) < 0. Then, the conclusion of Theorem 2 is reached.

2) STABILIZATION WITH THE SWITCHING SIGNAL DESIGN
If the switching signal o(f) can be designed arbitrarily,
the switched system (15) under the sliding mode S(x, #) will
be stabilized by the switching signal.

Define the switching district D;, Vi,j € N of the state
x(t) € R"as

D=l W (p-p)rw <0, j£i}. @8

we obtain the following result [33] based on multiple
Lyapunov functions method.

Theorem 3: If the parameter K; in the sliding mode (7) and
the positive definite symmetrlc matrix P; satisfy Theorem 1,
such that A = {A 1 Az, AN} forms the set of robust stable
matrices, then the slldlng mode (15),(16) is robustly stable
under the control of the switching sequence of the following
switching rules

o (tp) = arg min {xT (t0) Pix (10) » x (to) € R”} . (9
ieN
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i, ifx(t) eDjando (tx_1) =i;
o () = qaemin {x" ) (Pi= ) x 0} (30)

ifx (i) e Diand o (1) =j,j # i.

IV. SMC CONTROLLER

A. SLIDING MODE CONTROL DESIGN

The equivalent control described in (10) is not feasible since
it includes many uncertainties and disturbance. Therefore,
a sliding mode controller is designed according to:

'Kx ()4 kiSi0)+ (it | x(0) [sgnSi(0)],
€19}

u(t)=—CiBi)~

for which the parameters are designed as

pi = (1 =y~ [ +dilll CiBi || + 1| CiHtyi I 1Es.lD)].
(32)

i = 1=y [ Gl a1 il il B C:B) ™ Kil].
(33)

Here, k;, u; > 0 are optional positive scalars.

B. REACHABILITY OF THE DESIGNED SLIDING MODES
Theorem 4: For the switched system (2) and its corre-
sponding robust integral sliding mode (7), the sliding mode
controller (31), (32) and (33) makes the system’s state trajec-
tory reach the sliding surface (S;(x, t) = 0) from the initial
time #; and remainng on the sliding surface.
Proof: The following Lyapunov function is selected:

N
V()= mS] (. Six, ).

i=1

The time derivative of the function then can be calculated
according to the sliding mode function (7):

N
V() =Y 1S (x, DI(CiAA; + Kp)x(1) + (CiB;
i=1
+ CiAB) (1) + wi(1)].

Substituting the controller (31) into the above time derivative
expression, we obtain the following expression:

N

V() = Y niSTx, DICAAx(6)— CABI(CiB) ™ Kix(1)
i=1
+ (CiBi+Ci AB))w;(t)—(pi+n;llx(2)||)sgnS;(x, 1)
— k;iSi(x, 1) — k;CiAB{(CiB) ™' Si(x, 1)
— CiAB{(CiB) N (pitnillx(DIDsgnSix, )], (34)

According to the design principle (8) of the matrix C;, the fol-
lowing expression is true:

CiAB(CiB) ™' < yil. (35)
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According to (35), Assumption 2 and Assumption 3, the fol-
lowing inequality based on (34) can be obtained:

N
V()< Y ai[(ICH i1 Eail

i=1

+ |CiHp,ill ||Eb‘i(CiBi)_1Ki||) lx@ N1 SiCx, )]

+ di(|1CiBill + ICiHp i || Ep,i IDIISiCx, DI

= (1 = y)(pi + nillx@DISiCx, Dl

— (1 = ykill Sicx, t)||2] : (36)

According to the parameter design principles (32) and (33) of
the controller (31), the inequality (36) can be rewritten as:

N
V() = = 30w [uallSite. 0l + (= vl Sie, 017

i=1

This means that the RISM of the system (2) is asymptotically
stable and the system state will keep moving on the sliding
surface S;(x, t) = 0 from the switching initial time #; because
of Si(x(tx), tx) = 0. That is, the RISM hyperplane (7) is
reached from the initial time #; only if the initial state value
x(t) is known. [ |

Remark 5: Theorem 4 shows that the sliding mode con-
troller (31) makes every RISM of every subsystem reached
from the initial time f, when the switching occurs. Therefore,
all of the S;(x, ) = 0 following the switching sequence Q
will comprise the sliding surface with multiple sliding modes
defined in Definition 1.

V. ILLUSTRATIVE EXAMPLES
A. NUMERICAL SIMULATION
A switched system (1) consisting of three subsystems was
simulated when the system state is measurable. Namely
N = {1,2,3}. The parameters of the system are listed

below.
11 1 3 0 0
2 —4}”‘2:[10 0]’A3=[3 7}’

[0 1 1

Al =

[0.38 sin47¢ 0
A= 0.4e—f]’
[0.65cos 7t 0.2cosTmt
AMa=1 0.56e2~2f]’
[ 0 0
AA3 = . 2>
|0.34sin27¢t  0.3¢™! i|

ABy =[0 0.15¢¥]", AB,=[036cos4nt 0],
AB;=[0 0.1e78 4+ 0.3sin871]" .

It can be proved that Vi € N, (A;, B;) can be stabilizable.
According to Assumption 2, the uncertainties are decom-
posed as the following matrices.
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Subsystem 1:

1 0 sin4mt 0 _
Hﬂ,] = 0 1} ) Fa,l = [ 0 e[} ) Fb,] =e 3t,

038 0 0
Ear =" 0.4} »Hp1 = [1.5} +Ep1 =0.1.

Subsystem 2:

1 0 cos/mt 0
Ha,2 = 0 1] s Fa,2 = |: 0 6_2'2ti| , Eb,2 = 0.36,

[0.65 0.2 |
0 0.56] , Hyo = |:Oi| , Fpo = cosdrt,

Subsystem 3:

0] 0 sin2mt 0
Haz =105 02| Fa3=| i

00
3 =105 0.5}’

[ ,—1.8¢
e 0 17 0 02
0 sin Sm} Ba3= [ 0 1.5] B3 = [0.6] '

According to the parameter design conditions (8),
the parameters C; = [2,1], C» = [1,1], C3 = [1,0]
are selected. It can be verified that Vi € N, C;B; is non-
singular. Moreover, the parameter design conditions (8) are
verified.

Subsystem 1: C1 ABy =0.15¢7, select y1=0.15.

Subsystem 2: Co ABy =0.36 cos4rt, select y» =0.18.

Subsystem 3: C3AB3 = 0, select y3 = 0.1.

To select the matrices K1 = [23, 7], K, = [60, 30], K3 =
[—18, 200], then A,-, H, i, é’i, Eb,,-, i1, Ti,2 are determined
based on the above-described parameters and (18),(19).

After the above-described calculations, it can be verified
whether C; and K; can make 2\,-, i € N be a robust stable
matrix set based on Theorem 1. We can directly solve (17).
Using the LMI toolbox in Matlab, the three LMIs of three
subsystems were solved. The matrices P, P>, P3 are found

Fp3 =

to be:
p, _ [2916 0407 p, _ [1:457 0418
1= 10407 0136 270418 0.334]°
p. [ 0273 —0.902
37120902 8331 |-

Thus, the SRISMs (7) are obtained.

We set the system state initial value as x(#y) = [0.4, 0.817.
The sliding mode controller under the designed switching
rules (29),(30) can be written as (31) by Theorem 4, for which
pi = 20 and n; = 10 are set according to (32) and (33).
By substituting C;, K;, A; and B; into (31), the practical
switched controller can be obtained.

Figs. 1-3 display the simulation results of the switched
system from which we can observe that under the existence
of uncertain parameters and external disturbances, the system
state remains on the sliding surface with the designed switch-
ing rule from the initial time onward.
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The state x1(t), 22(t)
’

-0.5

0 0.05 01 015 02 025 03 035 04
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FIGURE 1. State trajectories of the switched system.

0.1r

= 0.05¢

S(t

The SRISM value

015 02 025 03 035 04
Time t/s

0 0.05 0.1

FIGURE 2. SRISM value S(x, t) of the switched system.

4
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3l
251
2 i

151 | it I {i

|
1+

The switching signal o (t)

05

0

015 02 025 03 035 04
Time t/s

0 0.05 0.1

FIGURE 3. Switching signal o (t).

Remark 6: For the numerical example in this subsection,
the CRISM as the design method in [25] was not found.
The different matrices A ; are obtained because of the switched
parameters C;, K;. The LMIs conditions in the result of The-
orem 4 in [25] were tried to be resolved, but there were no
solutions.
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B. APPLICATION SIMULATION
A classical single inverted pendulum (SIP) system is consid-
ered, for which the mathematical model is given by

(M +m)gsinf(t) —ml2(t) sind(1)cosb (1) — Fcoso(r)
l [%(M + m) — mcos? H(I)]

()= :
(37
where 6(¢) denotes the angle of the pendulum, F represents
the control force of the cart that moves in a straight line,
M = 1.1kg is the mass of the cart, m = 0.12kg is the mass of
the pendulum, / = 0.25m is the distance to the mass center
of the pendulum, and g = 9.8m - s is the acceleration due to
gravity.

It is well-known that the SIP system has two typical
equilibrium states. The first is the upper position where the
pendulum can be held inversely, and the other one is the
lower position where the pendulum swings down to the steady
point naturally. Therefore, the SIP system at the two positions
can be modeled as two linear time-invariant (LTI) systems,
respectively. To carry out the calculations, x1(t) = 06(t),
x2(f) = 6(t) are set as the state variables that comprise
the state vector x(t) = [x1(¢), x2(+)]7, and the origin point
x1(¢) = 0 s responding to the upper position point.

Consequently, the nonlinear dynamic (37) is linearized at
the two points: x1(f) &~ 0 and x{(¢) ~ 7. The following two
LTI systems are obtained

x(t) = Ag(nx(t) + Bo(ryit,

0 1 0 1
Al:[—31.7416 0]’ A2=[31.7416 o}’

0 0
B = [2.6549] Ba= [—2.6549]’ (38)

where the system matrices A1, B represent the lower position
and he system matrices A, By represent the upper position.
To apply and verify the design method presented in this paper,
we assume that

0 0 0 0
8sin 4t  cos 7t] A= [7 cosS5t  2sin 3ti| ’

0 0
ABi = [0.3 sinti| , ABr= |:O.12005 t]

denote the uncertainties of A1, As, B1, B>, respectively. They
all can be decomposed by Assumption 2. Then, we selected
C, = [1,1], C, = [1,—-0.5] and K; = [24,12], K» =
[—25, —4] to obtain the appropriate roots of A 1 and Az.
According to Theorem 1, we obtained the solutions of P,
P, for LMIs (17) as:

p _ [ 101 00076 1361 136
'=10.0076 00172° 271|136 04236]"

As a result, the two RISMs are obtained by (7), and the
controller is designed by (31) after selecting the parameters
K1 = 200, Ky = 50, pr = 5, P = 0.5, n = 20,
n2 = 10. To ensure the stability of the two subsystems (38)
while switching, we found their common Lyapunov function

o(t)=1,2,

AA]:[
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0.628 0.0398
0.0398 0.015
the switched system (38) can theoretically be stabilized by the
SMC controller under any switching rule.

However, the two subsystems in (38) only represent the
models near the two equilibrium states. The real control plant
is the nonlinear dynamic (37). Now, we consider the swing-
up control problem for the SIP system. The initial state value
is set as x(¢) = [, 0]7. The key solution is for the switching
rule between the lower sub-controller #; and the upper sub-
controller u;. It is clear that the lower sub-controller #; must
be operated when the angle x(¢) approaches 7 and the upper
sub-controller u» must be operated while x(¢) approaches 0.
The difficulty lies in using the controller when the angle x ()
approaches /2 or 37 /2(—m /2). Therefore, we designed the
following switching rules oj(t). (0 (t) = 3 means none of the
two sub-controllers be used, i.e., uz(t) = 0)

DI6I = 2, 010 = 1; 100 < &, 01() =2.

2) 1001 = F.0) = L 100 < %, 02(t) = 2;
otherwise o (t) = 3;

10O = F, o30) = L 16 < T, 030) = 2;
otherwise o3(t) = 3;

H 16N = F.o4) = L 160 =<
otherwise o4(t) = 3;

5 16N = ZF. o5(t) = 1; 10@)]
otherwise o5(f) = 3.

matrix P = |: i| by Theorem 2. This means that

, o4(t) = 25

o\

IA

100 05(t) = 2;

L2

=]

]

S

5 [\R3

)

b=

2 > under the switching o»(t)

E under the switching o5 (t)

® under the switching o3(t)

; -4 under the switching o3(t)

4 under the switching o4(t)

N 6t under the switching oy (t)

E t) under the switching o5 (t)

% under the switching o5(t)

g 8r under the switching o (t)

3 under the switching o (t)

= M . . i
0 0.5 1 1.5 2

Time /s

FIGURE 4. Angle and angular velocity trajectories of the SIP system.

All of the switching rules o;(¢),j = 1,2,---,5 were
operated in the simulation of the SIP system and the cor-
responding simulation results are shown in Fig. 4-Fig. 7.
WE Note that the nonlinear dynamic (37) was used as the
controlled plant and the two sub-controllers were designed as
mentioned above in this subsection.

Fig. 4 shows that the pendulum can be swung up by all
of the five switching rules and the transient performance
characteristics of the angle 6(¢) are nearly the same. However,
the negative angular velocity 6(r) changes its rapid variation
trend and has jump by the switching signal o (¢).

The reasons of the jump of 6(¢) in Fig. 4 were essentially
related to the switching strategy of o(¢). By the switching
rule o1(t), the switching signal has two values o1(t) = 1
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FIGURE 5. Control force curves of the SIP system.
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under the switching oy
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Time t/s

FIGURE 6. Switched RISM signals of the SIP system.

4
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= 35 o The switching o3(t)
Y - The switching o4(t)
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& il
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=
e 1
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Time t/s

FIGURE 7. Switching signals adopted for the SIP swing-up.

and o((r) = 2, that leads to the two control force signals
u1(t) and up(¢) which were all stabilizing the state variables.
Therefore, 6() under the switching o (¢) has no jump. By the
switching rule o;(¢), Vj = 2, 3,4, 5, the switching signal has
three values o;(t) = 1, 0j(t) = 2 and o0j(¢) = 3, that leads to
the two control force signals u1(¢), u(¢) and the zero control
force signal u3(f) = 0. Therefore, 6(t) has the jump due to
the zero control force. When the control force u3(z) = 0, 6(z)
would jump to the inverse running direction after the inertia
force ends and before the new force u,(¢) starts. The jump will
have the elongation while u3(¢) = 0 lasts the longer time.
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Fig. 5 clearly demonstrates that the control force switched
while the switching signal changes. For example, the control
force F switched to another signal at t = 0.1476 s because
at this moment, 6(1) < ZT” under the switching rule o (7).
We decreased n, = 1 at this rule to reduce the control force
jump. The sliding surface consisting of the two RISMs varied
at the switching time, as shown in Fig. 6. The sliding surface
value showed clear continuous jumping at each switching
time. This is because the dynamic of the control plant is close
to the complicated nonlinear dynamic (37), but is not similar
to the switched dynamic in (1). Nevertheless, the sliding
surface value was quickly driven to values close to zero by
the control force. Fig. 7 shows the switching signals for all of
the switching rules.

An examination of Fig. 4-Fig. 7 reveals an interesting phe-
nomenon that the impact of the controller switching may be
slightly stronger for the later switching to the sub-controller
of the upper position (Switching to the upper position equi-
librium state at smaller 8(¢)). Among these five switching
rules, the best swing-up performance is obtained under the
switching rule o(¢) event though the sub-controller u, has
been operated early following the lower position without
waiting. It is possible that assumptions such a no friction,
no measurement delays are required. To summarize, the sim-
ulation results validated the validity of the swing-up control
design by the SMC method based on the sliding surface
with multiple sliding modes (or the switched integral sliding
mode).

VI. CONCLUSION

A new switched robust integral sliding mode (SRISM) for
uncertain switched systems with unmatched uncertainties
was studied. The proposed sliding surface with multiple slid-
ing modes is also switched by the switching rule forming
SRISM and has the ability to reject the unmatched uncer-
tainties. The system state does not need to jump between the
switching of the sliding modes because the integral sliding
modes will be reached starting from the switching time. The
stability of the switched system (SS) under this proposed
SRISM is ensured by two typical approaches. The first is the
common Lyapunov function method, and the second is the
stabilization via the switching rule. Numerical and applica-
tion simulation results were used to illustrate the theoretical
results. In the simulation of the application of this method
of a single pendulum inverted system, the pendulum can be
swung up by the designed switching rules and the SMC sub-
controllers based on the SRISM. These simulations validated
the effectiveness of the proposed method.
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