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ABSTRACT Rotor active magnetic bearings system is the most efficient supporting technique of high-speed
rotating machinery. This work aims to explore the dynamical behaviors of the 6-pole rotor active magnetic
bearings system for the first time. Two different control strategies are introduced to mitigate the considered
system lateral vibrations and the correspondingwhirlingmotions. The first control technique (Radial control)
is suggested such that the attractivemagnetic force in each pole is proportional to both the radial displacement
and radial velocity of the rotating disk toward that pole. The second control strategy (Cartesian control) is
proposed such that the controlled magnetic force in each pole is designed to be proportional to both the
cartesian displacement and cartesian velocity of the rotating disk in two perpendicular directions. Based on
the proposed control strategies, two nonlinear dynamical models are derived and then analyzed by applying
perturbation methods. Different response-curves and bifurcation diagrams are plotted utilizing the disk
spinning-speed and the disk eccentricity as bifurcation control parameters. The main obtained analytical and
numerical results illustrated that the considered system can perform a circular forward whirling motion only
under the first control technique, while four whirling modes (that are forward whirling, backward whirling,
both forward and backward whirling, and oscillation along a straight line) are noticed in the second control
method depending on the disk spinning speed. Moreover, it is found that the radial control method is robust
against the system instability than the cartesian control one, especially at large disk eccentricity. However,
the cartesian control method could exhibit a vibration suppression efficiency higher than the radial control
one at small disk eccentricity.

INDEX TERMS Six-pole rotor-AMBs, radial control, Cartesian control, stability, whirlingmotion, response-
curve, bifurcation diagram, frequency spectrum, Poincare map.

I. INTRODUCTION
Turbomachinery is a mechanical instrument that used to
manage the mechanical-fluid energy transfer. Based on the
energy transfer path, turbomachinery takes its name either
a turbine or a compressor. The turbine is the mechanical
instrument that converts the kinetic energy from fluids into
rotational mechanical motion, while the compressor utilizes
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the mechanical energy to compress the fluids. Therefore, Tur-
bomachinery is the generic name for any rotating machines.
These machines have many industrial and engineering appli-
cations such as in aircraft, automotive, nuclear power plants,
oil platforms. . . etc. According to the targeted engineering
applications, turbomachinery may face less or more dan-
gerous environmental conditions. For example, turboma-
chinery that employed for electric energy generation in
nuclear power plants may suffer from earthquakes. Also,
turbomachinery that used in the offshore oil production
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system, where huge sea waves can hit these boats resulting in
large structural vibrations. . . etc. Therefore, turbomachinery
should be designed to operate safely and to withstand all
of these environmental circumstances. It is well known that
the rotating shaft is the key part of the working principle
of turbomachinery regardless of its type either turbines or
compressors. The sustained rotation of this shaft is the major
important engineering task that is carried out by bearings to
provide a stator-rotor mechanical link. Three main types of
bearings are provided that are fluid bearings, rolling element
bearings, and Active Magnetic Bearings (AMBs). AMBs has
many advantages over conventional bearings (i.e. fluid and
rolling element bearings). The basic working principle of
the AMBs is the magnetic suspension of the rotating shaft
using controllable magnetic forces. Therefore, the AMBs
system avoids any physical contact between the stator and
the rotating shaft. Moreover, the energetic losses are limited,
which ultimately improves the turbomachinery efficiency.

According to the electromagnetic theory, the attractive
magnetic force is proportional to the square of the applied
current in the coil and inversely proportional to the position of
the rotor. Therefore, AMBs is an inherently nonlinear system,
where every design for AMBs has its own dynamical behav-
iors. Therefore, many research articles have been dedicated
to explore the nonlinear dynamics for different configurations
of Rotor-AMBs [1]–[17]. Ji et al. [1] explored the nonlinear
dynamical behaviors of the four-pole Rotor-AMBs. They
utilized the normal-form method to investigate the derived
mathematical model, where many nonlinear characteristics
such as Hopf bifurcation, saddle-connection, and saddle-node
are concluded. Many of the published articles investigated
the nonlinear dynamical characteristics of the 8-pole Rotor-
AMBs, where Ji et al. [2]–[4] studied the dynamical behav-
iors and the whirling motions of the 8-pole Rotor-AMBs.
The authors applied the conventional PD-controller to stabi-
lize the system vibrations. Based on the obtained analytical
and numerical results, the authors reported many nonlinear
phenomena such as jump phenomenon, bistable solution,
and sensitivity to the initial conditions. Eissa et al. [5], and
Saeed and Kandil [6] introduced more advanced control
techniques to mitigate the lateral vibrations of the 8-pole
Rotor-AMBs at primary resonance case. Eissa et al. [5]
utilized the nonlinear saturation controller along with con-
ventional PD-controller to suppress the system primary
resonance vibrations at 1:2 internal resonance. Saeed and
Kandil [6] applied the positive position feedback controller
and the conventional PD-controller simultaneously to elim-
inate Rotor-AMBs primary resonance case at 1:1 internal
resonance. Zhang et al. [7]–[9] introduced a modified ver-
sion of the PD-controller to control the nonlinear behav-
iors of the 8-pole Rotor-AMBs. They assumed that the
proportional gain coefficient (k1) of the PD-controller has
a periodic term such that k1 = k0 + kcos (ωt). On the
other hand, many papers have been dedicated for lateral
vibration analysis and control of the 16-pole Rotor-AMBs.
Zhang et al. [10]–[12] explored the nonlinear dynamics of

the 16-pole rotor AMBs with time varying stiffness. They
applied the multiple time scales to obtain the amplitude-
phase modulation equations at primary and subharmonic
resonance cases. Based on the obtained results, the authors
concluded that the system can exhibit period-2, period-3,
period-11, quasi-periodic, and chaotic motions depending on
the excitation force magnitude. Recently, Saeed et al. [13]
introduced an analytical and numerical investigation for the
nonlinear characteristics of constant stiffness coefficients
16-pole Rotor-AMBs. The author reported that the stiff-
ness coefficients 16-pole Rotor-AMBs can exhibits one of
quadri-stable motions depending on the initial conditions
at the same spinning-speed. Tang et al. [14], [15] utilized
the superconducting magnetic bearings and active magnetic
bearing to stabilize the lateral oscillation of high–speed rotor
system. They concluded that the cross-feedback control is one
of the efficient control method in suppressing the considered
system lateral vibrations. Du et al. [16] and Xu et al. [17]
investigated the electromagnetic aspects of the rotor AMBs
systems. Zheng et al. [18], [19], Yao et al. [20], and
Gao et al. [21] introduced different advanced control
techniques to stabilize the lateral vibrations of the rotor
AMBs system.

Engineering applications of Rotor-AMBs are not lim-
ited to work as an excellent replacement for the con-
ventional bearing only in high-speed rotating machinery.
Several research articles have investigated many differ-
ent applications for the Rotor- AMBs, where Ishida and
Inoue [22] applied the 4-pole Rotor-AMBs as dynamic
nonlinear vibration absorber to control the lateral oscil-
lations of a vertically supported Jeffcott rotor sys-
tem. In addition, Abdul-Hameed Saeed et al. [23]–[27]
utilized the 4-pole Rotor-AMBs as an active actuator with
different control algorithms to mitigate whirling motions of
both the vertically and horizontally supported Jeffcott rotor
systems. Srinivas et al. [28] summarized many engineering
applications of Rotor-AMBs. Matsuda et al. [29] investigated
relation between the electromagnetic poles number and the
outside stator diameter for a constant load capacity of Rotor-
AMBs. They found that the 6-pole Rotor-AMBs has small
outside diameter than the 8-pole one for the same load
capacity. Besides, it is found that the 3-pole Rotor-AMBs
yield the smallest outside diameter.

Although the 6-pole Rotor-AMBs provides load capacity
higher than the 8-pole one [29], the nonlinear vibratory char-
acteristics of the 6-pole Rotor-AMBs have not investigated
until now. Therefore, this article is intended to explore the
nonlinear dynamics of the 6-pole Rotor-AMBs under two
different control strategies. The first control technique (radial
control) is proposed such that the controlled magnetic force
in each pole is designed to be proportional to the radial dis-
placement and velocity of the rotating disk toward that pole.
The second control strategy (cartesian control) is designed
such that the magnetic force in each pole is proportional
to the cartesian displacement and velocity of the rotating
disk in two perpendicular directions as shown in Fig.1.
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FIGURE 1. (a) 6-pole rotor active magnetic bearing system, (b) Schematic diagram showing the applied control methods.

The complete system model for each control method is
derived in its normalized form and then analyzed. The effect
of the different control parameters on the system lateral
vibrations is explored. The obtained analytical and numer-
ical results illustrated that the considered system can per-
form a circular forward whirling motion only under the first
control technique, while four whirling modes (that are for-
ward whirling, backward whirling, both forward and back-
ward whirling, and oscillation along a straight line) are
noticed in the second control method depending on the
disk spinning speed. Moreover, it is found that the radial
control method is robust against the system instability than
the cartesian control one, especially at large disk eccentric-
ity. However, the cartesian control method could exhibit a
vibration suppression efficiency higher than the radial con-
trol one at small disk eccentricity. Accordingly, the online
switching process from one of the control methods to the
other is numerically validated. The numerical simulations
confirmed the possibility of the smooth transition from the
radial control method to the cartesian one and vice versa.
Therefore, it is recommended to implement the two control
strategies on a digital controller that can be programmed to
switch between them depending on the required operational
conditions.

II. EQUATIONS OF MOTION
The 6-pole Rotor-AMBs is considered as a rigid body lamped
parameter system that is supported via six controllable
magnetic forces (fi, i = 1, 2, . . . , 6) as shown in Fig.1a.
Accordingly, the mathematical model governing the system
oscillations in X - and Y directions can be expressed as
follows [30], [31]:

mẍ + µẋ − Fx = mEϑ2 cos(ϑτ ), (1.1)

mÿ+ µẏ− Fy = mEϑ2 sin(ϑτ ). (1.2)

where m is the mass of the rotating disk, E is the eccen-
tricity of the rotor, µ is the linear damping coefficient in
X− and Y−directions, ϑ is the angular speed of the rotating
disk, Fx = f1 − f4 + (f2 + f6 − f3 − f5) cos(α) and Fy =
(f2 + f3 − f5 − f6) sin(α) are the net electromagnetic mag-
netic forces in X− and Y− directions, and α = π

3 is the angle
between every two consecutive poles. It is assumed that the
6-pole Rotor-AMBs is a symmetric system. According to the
electromagnetic theory, the mathematical model that governs
the electromagnetic force in each pole is given as [31]:

fj =
1
4
µ0N 2A cos(ϕ)

I2j
h2j
, j = 1, 2, . . . , 6 (2)
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where A is the effective cross-sectional area of one electro-
magnet pole,N is the electromagnetic pole windings number,
µ0 is the air electromagnetic permeability, ϕ is the cor-
responding half-angle of the radial electromagnetic circuit,
Ij is the electric current that flows thought the jth pole, and
hj are the dynamic air-gap between the rotating disk and the
jth pole. The dynamic air-gab hj (j = 1, 2, . . . , 6) for small
disk displacements x and y away from the origin can be
expressed as:

hj = s0 ∓ x, j = 1, 4
hj = s0 ∓ x cos(α)∓ y sin(α), j = 2, 5
hj = s0 ± x cos(α)∓ y sin(α), j = 3, 6

 (3)

where s0 is the static air-gap between the poles and the
rotating disk when the disk displacements x and y are zeros.
The electric current in each pole is defined as follows:

Ij = I0 + ij, j = 1, 2, . . . , 6 (4)

where I0 is the bias current, and ij is the control current in
jth pole.

A. RADIAL CONTROL STRATEGY MATHEMATICAL MODEL
In the radial control strategy, the control algorithm is sug-
gested such that the control current ij in each pole is designed
to be proportional to both the radial displacement and radial
velocity of the rotating disk as follows:

ij = ∓k1x ∓ k2ẋ, j = 1, 4

ij = ∓k1 (x cos(α)+ y sin(α))

∓ k2 (ẋ cos(α)+ ẏ sin(α)), j = 2, 5

ij = ±k1 (x cos(α)− y sin(α))

± k2 (ẋ cos(α)− ẏ sin(α)), j = 3, 6


(5)

where, k1 is the proportional control gain and k2 is the deriva-
tive control gain. Substituting Eqs. (3), (4) and (5) into Eq. (2),
we get

f1 =
1
4
µ0N 2A cos(ϕ)

(
I0 − k1x − k2ẋ

s0 − x

)2

, (6.1)

f2 =
1
4
µ0N 2A cos(ϕ)

(
I0 − k1 (x cos(α)+ y sin(α))
s0 − x cos(α)− y sin(α)

−
k2 (ẋ cos(α)+ ẏ sin(α))
s0 − x cos(α)− y sin(α)

)2

, (6.2)

f3 =
1
4
µ0N 2A cos(ϕ)

(
I0 + k1 (x cos(α)− y sin(α))
s0 + x cos(α)− y sin(α)

+
k2 (ẋ cos(α)− ẏ sin(α))
s0 + x cos(α)− y sin(α)

)2

, (6.3)

f4 =
1
4
µ0N 2A cos(ϕ)

(
I0 + k1x + k2ẋ

s0 + x

)2

, (6.4)

f5 =
1
4
µ0N 2A cos(ϕ)

(
I0 + k1 (x cos(α)+ y sin(α))
s0 + x cos(α)+ y sin(α)

+
k2 (ẋ cos(α)+ ẏ sin(α))
s0 + x cos(α)+ y sin(α)

)2

, (6.5)

f6 =
1
4
µ0N 2A cos(ϕ)

(
I0 − k1 (x cos(α)− y sin(α))
s0 − x cos(α)+ y sin(α)

−
k2 (ẋ cos(α)− ẏ sin(α))
s0 − x cos(α)+ y sin(α)

)2

. (6.6)

According to the schematic diagram of the 6-pole Rotor-
AMBs given in Fig. 1a, the net electromagnetic forces in X
and Y directions after expanding denominators of Eqs (6)
using Mclaurin series up to the third-order approximation,
can be expressed as follows [1]–[13]:

Fx = f1 − f4 + (f2 + f6 − f3 − f5) cos(α)

=
1
4
µ0N 2A cos(ϕ)

[
8k22 cos

2(α) sin2(α)xẏ2

s30

+
16k1k2 cos4(α)x2ẋ

s30
+

24k21 cos
2(α) sin2(α)xy2

s30

−
8I0k2 cos2(α)ẋ

s20
−

8I0k1 cos2(α)x

s20

+
8k21 cos

4(α)x3

s30
+

16I20 cos
4(α)x3

s50
+

8I20 x
3

s50

+
4I20 x

s30
+

4k21x
3

s30
−

24I0k2 cos4(α)x2ẋ

s40

−
24I0k1 cos4(α)x3

s40
−

48I0k2 cos2(α) sin2(α)xyẏ

s40

+
8k22 cos

4(α)xẋ2

s30
+

16k1k2 cos2(α) sin2(α)ẋy2

s30

+
16k22 cos

2(α) sin2(α)ẋyẏ

s30
+

8I20 cos
2(α)x

s30

−
72I0k1 cos2(α) sin2(α)xy2

s40
+

4k22xẋ
2

s30

−
24I0k2 cos2(α) sin2(α)ẋy2

s40
−

4I0k1x

s20

+
48I20 cos

2(α) sin2(α)xy2

s50
−

4I0k2ẋ

s20

+
32k1k2 cos2(α) sin2(α)xyẏ

s30
−

12I0k1x3

s40

−
12I0k2x2ẋ

s40
+
8k1k2x2ẋ

s30

]
, (7.1)

Fy = (f2 + f3 − f5 − f6) sin(α)

=
1
4
µ0N 2A cos(ϕ)

[
24k21 cos

2(α) sin2(α)x2y

s30

+
8k21 sin

4(α)y3

s30
+

16k1k2 sin4(α)y2ẏ

s30

+
16k1k2 cos2(α) sin2(α)x2ẏ

s30
−

8I0k1 sin2(α)y

s20

+
32k1k2 cos2(α) sin2(α)xẋy

s30
−

8I0k2 sin2(α)ẏ

s20
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+
16k22 cos

2(α) sin2(α)xẋẏ

s30
−

24I0k1 sin4(α)y3

s40

−
72I0k1 cos2(α) sin2(α)x2ẏ

s40
+

8I20 sin
2(α)y

s30

−
24I0k2 cos2(α) sin2(α)x2ẏ

s40
+

8k22 sin
4(α)yẏ2

s30

+
8k22 cos

2(α) sin2(α)ẋ2y

s30
−

24I0k2 sin4(α)y2ẏ

s40

−
48I0k2 cos2(α) sin2(α)xẋy

s40
+

16I20 sin
4(α)y3

s50

+
48I20 cos

2(α) sin2(α)x2y

s50

]
. (7.2)

Substituting Eqs. (7) into equations (1), with introducing the
new dimensionless parameters t = ωnτ, u = x

s0
, v =

y
s0
, u̇ = ẋ

ωns0
, v̇ = ẏ

ωns0
, ü = ẍ

ω2
ns0
, v̈ = ÿ

ω2
ns0
, ωn =√

µ0I20N
2Acos(ϕ)

4ms30
, c1 =

µ
ωnm

, p = s0
I0
k1, d =

s0ωn
I0
k2, f = E

s0
,

and � = ϑ
ωn
, it is possible to rearrange Eqs (1) in their new

dimensionless form as:

ü+ µ1u̇+ ω2
1u−

(
β11u3 + β12u2u̇+ β13uu̇2

+β14uv2 + β15uvv̇+ β16uv̇2 + β17u̇v2 +β18u̇vv̇)

= f�2 cos(�t), (8.1)

v̈+ µ2v̇+ ω2
2v−

(
β21v3 + β22v2v̇+ β23vv̇2

+β24vu2 + β25vuu̇+ β26vu̇2 + β27v̇u2 +β28v̇uu̇)

= f�2 sin(�t). (8.2)

where, µ1 = µ2 = µ + 6d , ω1 = ω2 =
√
6(p− 1), β11 =

β21 = 9− 27
2 p+

9
2p

2, β12 = β22 = 9pd − 27
2 d , β13 = β23 =

9
2d

2, β14 = β24 = 9
2

(
2− 3p+ p2

)
, β15 = β25 = 6pd − 9d ,

β16 = β26 =
3
2d

2, β17 = β27 = 3pd− 9
2d , β18 = β28 = 3d2.

B. CARTESIAN CONTROL STRATEGY MATHEMATICAL
MODEL
The system is designed such that the 6-poles interact together
to control Rotor-AMBs lateral vibrations in X−direction,
while the only nonhorizontal poles (i.e. f2, f3, f5, and f6)
are responsible for the system oscillations in Y−direction.
In this control strategy, the control algorithm is proposed
such that the control current ij in each pole is designed to be
proportional to both the cartesian displacement and cartesian
velocity of the rotating disk in X and Y−directions. Accord-
ingly, the control current in each pole can be expressed as
follows:

ij = ∓k1x ∓ k2ẋ, j = 1, 4
ij = ∓γ (k1x + k2ẋ)∓ (k1y+ k2ẏ), j = 2, 5
ij = ±γ (k1x + k2ẋ)∓ (k1y+ k2ẏ). j = 3, 6

 (9)

where γ is a dimensionless parameter that determines the
ratio of the control current in X−direction that can flow

through the non-horizontal poles (i.e. f2, f3, f5, and f6). Sub-
stituting Eqs. (3), (4) and (9) into Eq. (2), we get

f1 =
1
4
µ0N 2A cos(ϕ)

(
I0 − k1x − k2ẋ

s0 − x

)2

, (10.1)

f2 =
1
4
µ0N 2A cos(ϕ)

(
I0 − γ k1x − γ k2ẋ − k1y− k2ẏ

s0 − x cos(α)− y sin(α)

)2

,

(10.2)

f3 =
1
4
µ0N 2A cos(ϕ)

(
I0 + γ k1x + γ k2ẋ − k1y− k2ẏ

s0 + x cos(α)− y sin(α)

)2

,

(10.3)

f4 =
1
4
µ0N 2A cos(ϕ)

(
I0 + k1x + k2ẋ

s0 + x

)2

, (10.4)

f5 =
1
4
µ0N 2A cos(ϕ)

(
I0 + γ k1x + γ k2ẋ + k1y+ k2ẏ

s0 + x cos(α)+ y sin(α)

)2

,

(10.5)

f6 =
1
4
µ0N 2A cos(ϕ)

(
I0 − γ k1x − γ k2ẋ + k1y+ k2ẏ

s0 − x cos(α)+ y sin(α)

)2

.

(10.6)

Accordingly, the total electromagnetic forces in X and
Y−directions after expanding denominators of Eqs (10) using
Mclaurin series up to the third-order approximation, can be
expressed as follows [1]–[13]:

Fx =
1
4
µ0N 2A cos(ϕ)

[
+
16γ k1k2 sin(α) cos(α)ẋy2

s30

−
24γ I0k2 sin2(α) cos(α)ẋy2

s40
+

4k22xẋ
2

s30

−
24γ I0k1 sin2(α) cos(α)xy2

s40
−

4I0k2ẋ

s20

+
16γ k21 sin(α) cos(α)xy

2

s30
+

8k1k2x2ẋ

s30

−
48I0k2 sin(α) cos2(α)xyẏ

s40
−

12I0k2x2ẋ

s40

+
8γ 2k21 cos(α)x

3

s30
+

8k21 cos
2(α)xy2

s30

+
8k22 cos

2(α)xẏ2

s30
+

4k21x
3

s30
+

4I20 x

s30
+

8I20 x
3

s50

+
16γ k1k2 sin(α) cos(α)xyẏ

s30
−

12I0k1x3

s40

+
16γ k22 sin(α) cos(α)ẋyẏ

s30
−

4I0k1x

s20

+
16k1k2 cos2(α)xyẏ

s30
+

8γ 2k22 cos
2(α)xẋ2

s30

−
24γ I0k2 cos3(α)x2ẋ

s40
+

16I20 cos
4(α)x3

s50

−
48I0k1 sin(α) cos2(α)xy2

s40
+

8I20 cos
2(α)x

s30
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+
16γ 2k1k2 cos2(α)x2ẋ

s30
−

8γ I0k1 cos(α)x

s20

−
8γ I0k2 cos(α)ẋ

s20
−

24γ I0k1 cos3(α)x3

s40

+
48I20 sin

2(α) cos2(α)xy2

s50

]
, (11.1)

Fy =
1
4
µ0N 2A cos(ϕ)

[
16γ k1k2 sin(α) cos(α)ẏx2

s30

+
16γ k21 sin(α) cos(α)yx

2

s30
+

8γ 2k21 sin
2(α)yx2

s30

+
16γ 2k1k2 sin2(α)yxẋ

s30
−

24I0k2 sin3(α)y2ẏ

s40

−
48γ I0k1 sin2(α) cos(α)yx2

s40
+

8k21 sin
2(α)y3

s30

+
16k1k2 sin2(α)y2ẏ

s30
+

8γ 2k22 sin
2(α)yẋ2

s30

+
48I20 sin

2(α) cos2(α)yx2

s50
+

16I20 sin
4(α)y3

s50

−
48γ I0k2 sin2(α) cos(α)yxẋ

s40
+

8I20 sin
2(α)y

s30

+
16γ k1k2 sin(α) cos(α)yxẋ

s30
−

8I0k1 sin(α)y

s20

+
16γ k22 sin(α) cos(α)ẏxẋ

s30
−

8I0k2 sin(α)ẏ

s20

−
24I0k1 sin(α) cos2(α)x2y

s40
+

8k22 sin
2(α)yẏ2

s30

−
24I0k2 sin(α) cos2(α)x2ẏ

s40

−
24I0k1 sin3(α)y3

s40

]
. (11.2)

Substituting Eqs. (11) into Eqs. (1), with introducing dimen-
sionless parameters t = ωnτ, u = x

s0
, v = y

s0
, u̇ = ẋ

ωns0
,

v̇ = ẏ
ωns0

, ü = ẍ
ω2
ns0

, v̈ = ÿ
ω2
ns0

, ωn =

√
µ0I20N

2Acos(ϕ)

4ms30
,

c1 =
µ
ωnm

, p = s0
I0
k1, d =

s0ωn
I0
k2, f = E

s0
, and � = ϑ

ωn
,

we get

ü+ µ1u̇+ ω2
1u−

(
β11u3 + β12u2u̇+ β13uu̇2

+β14uv2 + β15uvv̇+ β16uv̇2 + β17u̇v2 +β18u̇vv̇)

= f�2 cos(�t), (12.1)

v̈+ µ2v̇+ ω2
2v−

(
β21v3 + β22v2v̇+ β23vv̇2

+β24vu2 + β25vuu̇+ β26vu̇2 + β27v̇u2 +β28v̇uu̇)

= f�2 sin(�t). (12.2)

where µ1 = µ + 4d (γ + 1), µ2 = µ +

4
√
3 d , ω1 =

√
4p (γ + 1)− 6, ω2 =

√
4
√
3 p− 6,

β11 = 9 − 3p (γ + 4) + 4p2
(
γ 2
+ 1

)
, β21 =

9 + 6p2 − 3
5
2 p, β12 = 4pd

(
2+ γ 2

)
− 6d (2+ γ ),

β22 = 12pd − 3
5
2 d , β13 = 2d2

(
2+ γ 2

)
, β23 =

16d2, β14 =

(
4
√
3γ + 2

)
p2 −

(
9γ + 6

√
3
)
p + 9,

β24 =
(
6γ + 4

√
3
)
γ p2 −

(
18γ + 3

√
3
)
p + 9, β15 =

4
(√

3γ + 1
)
pd−6

√
3 d , β25 = 4

(
3γ +

√
3
)
γ pd−18γ d ,

β16 = 2d2, β26 = 6γ 2d2, β17 =
(
4
√
3 p− 9

)
γ d , β27 =(

4
√
3γ p− 3

√
3
)
d , and β18 = β28 = 4

√
3γ d2.

The obtained mathematical models that govern the sys-
tem motion in both the radial and cartesian control methods
(i.e. Eqs (8) and Eqs (12)) clearly have the samemathematical
form but with different parameters definitions. It is worth to
mention that the authors do this formulation intentionally to
analyze the two models as a single one.

III. NONLINEAR ANALYSIS
The obtained mathematical models that govern dynamical
behaviors of the 6-pole Rotor-AMBs in both the radial and
cartesian control strategies have the samemathematical form.
Therefore, Eqs (8) only have been analyzed as a general
case. As the obtained mathematical models (i.e. Eqs (8) and
Eqs (12)) are nonlinear ordinary differential equations that
have not closed-form solution, there are different solution
techniques for analyzing such systems [32]–[36]. However,
the multiple time scales perturbation method is applied in
this article to obtain the averaged equations that govern the
oscillation amplitudes and the corresponding phase angles of
the considered system. Accordingly, the solutions of Eqs. (8)
can be sought as follows [36]:

u(t, ε) = u1(T0,T1)+ εu2(T0,T1)+ O(ε2), (13.1)

v(t, ε) = v1(T0,T1)+ εv2(T0,T1)+ O(ε2). (13.2)

where ε � 1 is a small book-keeping perturbation parameter,
and T0 = t , T1 = εt are two time-scales that describe
the system fast and slow dynamics. In terms of T0 and T1,
the ordinary derivatives can be expressed in terms of the
partial derivatives as:

d
dt
= D0 + εD1,

d2

dt2
= D2

0 + 2εD0D1,

Dj =
∂

∂Tj
, j = 0, 1 (14)

As Eqs (8) comprise odd nonlinearities only, the system
parameters should be scaled as follows:

f = εf̂ , µ1 = εµ̂1, µ2 = εµ̂2, βij = εβ̂ij;

i = 1, 2, j = 1, 2, . . . , 8. (15)

Substituting Eqs (13) to (15) into Eqs. (8) and comparing the
coefficients that have the powers of ε, we get:
O
(
ε0
)
:

(D2
0 + ω

2
1)u1 = 0, (16.1)

(D2
0 + ω

2
2)v1 = 0. (16.2)
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O
(
ε1
)
:

(D2
0 + ω

2
1)u2 = −2D0D1u1 − µ̂1D0u1 + β̂11u31

+ β̂12u21(D0u1)+ β̂13u1(D0u1)2

+ β̂14u1v21 + β̂15u1v1(D0v1)

+ β̂16u1(D0v1)2 + β̂17(D0u1)v21
+ β̂18(D0u1)v1(D0v1)+ f̂�2 cos(�T0),

(17.1)

(D2
0 + ω

2
2)v2 = −2D0D1v1 − µ̂2D0v1 + β̂21v31

+ β̂22v21(D0v1)+ β̂23v1(D0v1)2

+ β̂24v1u21 + β̂25v1u1(D0u1)

+ β̂26v1(D0u1)2 + β̂27(D0v1)u21
+ β̂28(D0v1)u1(D0u1)+ f̂�2 sin(�T0).

(17.2)

The solutions of Eqs. (16) can be expressed as:

u1(T0,T1) = F1(T1)eiω1T0 + F1(T1)e−iω1T0 , (18.1)

v1(T0,T1) = F2(T1)eiω2T0 + F2(T1)e−iω2T0 . (18.2)

where F1 (T1) and F2 (T1) are two unknown functions of
the slow time scale T1. Inserting Eqs (18) into Eqs (17) and
following the same procedure (see [4]–[6]), we concluded
that the considered systemmay be exhibit the resonance cases
a. Primary resonance (when � ∼= ω1 or � ∼= ω2) b. Internal
resonance (when ω1 ∼= ω2) c. Simultaneous resonance (when
� ∼= ω1 ∼= ω2). To explore the vibrational behaviors of the
considered system in the simultaneous resonance case, two
new parameters σ1 and σ2 that known as detuning parameters
to quantify the closeness between and the disk spinning-speed
(�) and the natural frequencies (ω1 and ω2) of the 6-pole
Rotor-AMBs are introduced as follows:

� = ω1+σ1 = ω1+εσ̂1, ω2 = ω1+σ2 = ω1+εσ̂2. (19)

Substituting Eqs (18) and (19) into Eqs (17) with following
the same procedure (see [4]–[6]), assuming that F1 (T1) =
1
2a1e

iφ1 and F2 (T1) = 1
2a2e

iφ2 , we can derive the following
averaged equations:

d
dt
a1 = −

1
2
µ1a1 +

1
8
β12a31 +

1
8ω1

β14a1a22 sin(2δ1

− 2δ2)+
1

8ω1
β15ω2a1a22 cos(2δ1 − 2δ2)

−
1

8ω1
β16ω

2
2a1a

2
2 sin(2δ1 − 2δ2)+

1
4
β17a1a22

−
1
8
β17a1a22 cos(2δ1 − 2δ2)+

1
8
β18ω2a1a22

× sin(2δ1 − 2δ2)+
1

2ω1
f�2 sin(δ1), (20.1)

d
dt
a2 = −

1
2
µ2a2 +

1
8
β22a32 +

1
8ω2

β24a2a21 sin(2δ2

− 2δ1)+
1

8ω2
β25ω1a2a21 cos(2δ2 − 2δ1)

−
1

8ω2
β26ω

2
1a2a

2
1 sin(2δ2 − 2δ1)+

1
4
β27a2a21

−
1
8
β27a2a21 cos(2δ2 − 2δ1)+

1
8
β28ω1a2a21

× sin(2δ2 − 2δ1)−
1

2ω2
f�2 cos(δ2), (20.2)

d
dt
δ1 = σ1 +

3
8ω1

β11a21 +
1
8
β13ω1a21 +

1
4ω1

β14a22

+
1

8ω1
β14a22 cos(2δ1 − 2δ2)−

1
8ω1

β15ω2a22

× sin(2δ1 − 2δ2)+
1

4ω1
β16ω

2
2a

2
2

−
1

8ω1
β16ω

2
2a

2
2 cos(2δ1 − 2δ2)+

1
8
β17a22

× sin(2δ1 − 2δ2)+
1
8
β18ω2a22 cos(2δ1 − 2δ2)

+
1

2ω1a1
f�2 cos(δ1), (20.3)

d
dt
δ2 = σ1 + ω1 − ω2 +

3
8ω2

β21a22 +
1
8
β23ω2a22

+
1

4ω2
β24a21 +

1
8ω2

β24a21 cos(2δ2 − 2δ1)

−
1

8ω2
β25ω1a21 sin(2δ2 − 2δ1)+

1
4ω2

β26ω
2
1a

2
1

−
1

8ω2
β26ω

2
1a

2
1 cos(2δ2 − 2δ1)+

1
8
β27a21

× sin(2δ2 − 2δ1)+
1
8
β28ω1a21 cos(2δ2 − 2δ1)

+
1

2ω2a2
f�2 sin(δ2). (20.4)

where,

δ1 = σ1t − φ1, δ2 = σ1t − σ2t − φ2, δ̇1 = σ1 − φ̇1,

δ̇2 = σ1 − σ2 − φ̇2. (21)

Substituting F1 (T1) = 1
2a1e

iφ1 and F2 (T1) = 1
2a2e

iφ2

into the first term of Eqs (17) taking into account Eqs. (19)
and (21), we get the following periodic solutions of Eqs. (8)
and (12):

u(t) =
a1
2
ei(ω1t+φ1) +

a1
2
e−i(ω1t+φ1) = a1 cos (�t − δ1) ,

(22.1)

v(t) =
a2
2
ei(ω2t+φ2) +

a2
2
e−i(ω2t+φ2) = a2 cos (�t − δ2)

(22.2)

where a1 and a2 as clear from Eqs (22) represent the dimen-
sionless oscillation amplitudes of the 6-pole Rotor-AMBs in
X and y− directions, respectively, δ1 and δ2 denote the corre-
sponding phase-angles. It is worth to mention that the oscil-
lation amplitudes (i.e. a1, a2) and the corresponding phase
angles (i.e. δ1, δ2) are governed by the first-order nonlinear
averaged equations given in Eqs. (20).

IV. BIFURCATION DIAGRAMS AND SENSITIVITY
INVESTIGATION
The oscillatory behaviors of the 6-pole Rotor-AMBs under
the proposed control strategies are explored in this section.
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FIGURE 2. The system spinning-speed response-curve under radial control method at f = 0.02: (a) oscillation amplitude in u−direction,
(b) oscillation amplitude in v−direction, and (c) phase angles of the two motions.

Setting ȧj = δ̇j = 0 (j = 1, 2) into Eqs (20) leads to four
nonlinear algebraic equations that govern the steady-state
oscillation amplitudes and the modified phases of the con-
sidered system. By solving the resulting nonlinear algebraic
equations numerically using the predictor-corrector continu-
ation algorithm, one can investigate the system’s sensitivity
to the different control parameters. Moreover, the stability of
the obtained solutions can be checked via investigating the
eigenvalues of the Jacobian-Matrix of the right-hand side
of Eqs (20). The efficiency of the proposed control meth-
ods in mitigating the system lateral oscillations is explored
via plotting the system oscillation amplitudes (a1, a2) ver-
sus the different system parameters. According to Eqs (22),
Rotor-AMBs can perform forward whirling motion if
δ2 > δ1, while the system exhibits backward whirling
motion for δ2 < δ1. Moreover, the rotating disk executes
oscillations along a straight line when δ2 = δ1. Therefore,

plotting the phase-angles (δ1, δ2) versus one of the system
parameters makes us able to determine the whirling direction.
In sections IV-A and IV-B, all bifurcation diagrams are
obtained by solving the averaged equations given in (20)
when ȧ1 = ȧ2 = δ̇1 = δ̇2 = 0 via uti-
lizing one of the system parameters as a bifurcation
control parameter. The solid lines refer to the stable
solution, while the dotted lines represent the unstable
solution.

A. RADIAL CONTROL STRATEGY
This section is intended to discuss the lateral vibrations of
the 6-pole Rotor-AMBs under the radial control strategies.
The following bifurcation diagrams are obtained via solving
Eqs. (20) at ȧ1 = ȧ2 = δ̇1 = δ̇2 = 0 with adopt-
ing the system parameters values: p = 1.1, d = 0.005,
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FIGURE 3. The system temporal oscillations according to Fig. 2 at σ1 = 0.05 at two different initial conditions: (a, b) the oscillation amplitudes in u
and v−directions, and (c) the steady-state whirling orbits.

FIGURE 4. The system spinning-speed response-curve under radial control method at different levels of the disk eccentricity:
(a) oscillation amplitude in u−direction, (b) oscillation amplitude in v−direction.

µ = 0.001, f = 0.02, � = ω1 + σ1, µ1 = µ2 =

µ + 6d, ω1 = ω2 =
√
6(p− 1), β11 = β21 = 9 − 27

2 p +
9
2p

2, β12 = β22 = 9pd − 27
2 d, β13 = β23 =

9
2d

2, β14 =

β24 =
9
2

(
2− 3p+ p2

)
, β15 = β25 = 6pd − 9d, β16 =

β26 =
3
2d

2, β17 = β27 = 3pd − 9
2d, β18 = β28 = 3d2,

unless otherwise is mentioned in [4]–[6]. As the detuning
parameter σ1 in Eq. (19) defines the closeness of the disk
spinning-speed � to the system natural frequency ω1 = ω2.
Accordingly, σ1 is used as a bifurcation control parame-
ter to show the influence of the spinning-speed variations
on the system dynamical behaviors. Fig. 2 illustrates the
6-pole Rotor-AMBs spinning-speed response curves for both
the oscillation amplitudes and the phase angles at the disk-
eccentricity f = 0.02. Fig. 2a and 2b show the symmetric
oscillations of the system in both in u and v−directions,
which means that the rotating disk exhibits circular whirling
motion under this control strategy at any disk spinning-
speed. Moreover, Fig. 2c illustrates that the phase angle δ2

is always greater than δ1 (i.e. δ2 > δ1), which means that the
rotating disk performs forward whirling motion. According
to Fig. 2, the 6-pole Rotor-AMBs under the radial control
strategy can perform circular forward whirling motions only
for any spinning speed for the rotating disk. Fig. 2 also depicts
the inherent system nonlinearities due to the electromagnetic
coupling, where there is a spinning-speed interval at which
the system can exhibit one of two stable oscillation ampli-
tudes depending on the initial conditions.

It is worth to mention that the solutions of the dimension-
less equations of motions (i.e. Eqs (8) or (12)) are u (t) =
a1cos(�t − δ1) and v (t) = a2cos(�t − δ2) as given in
Eqs (22). Also, the relations between the dimensionless dis-
placements (u(t), v(t)) and the real displacements (x(t), y(t))
of the considered system are given by u(t) = x(t)

s0
, v(t) = y(t)

s0
,

where s0 is the air-gap size of the real system. Accordingly,
if we supposed that the real vibration amplitudes are a1R and
a2R. Then, the relations between the dimensionless vibration
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FIGURE 5. The system spinning-speed response-curve under radial control method at different values of the proportional control gain:
(a) oscillation amplitude in u−direction, (b) oscillation amplitude in v−direction.
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FIGURE 5. (Continued.) The system spinning-speed response-curve under radial control method at different values of the
proportional control gain: (a) oscillation amplitude in u−direction, (b) oscillation amplitude in v−direction.

FIGURE 6. The effect of online switching the proportional control gain from p = 1.1 to p = 2.0 on the system oscillation amplitudes according to
Fig.5 at σ1 = 0.0: (a, b) the oscillation amplitudes in u and v−directions, and (c) phase plane.

amplitudes (a1, a2) and the real vibration amplitudes
(a1R, a2R) are given by a1 =

a1R
s0
, a2 =

a2R
s0
. This means that

as a1 < 1 and a2 < 1, the real system oscillation amplitudes
do not exceed the air gap-size. Therefore, to guarantees the
system operation in the safe mode without the occurrence of
the rub/impact forces between the rotating disk and the stator,
the oscillation amplitudes (a1 and a2) should be less than
unity. According to Fig. 2 at σ1 = 0.05, the system temporal
oscillations and the corresponding steady-state whirling orbit
are simulated in Fig. 3 via solving Eqs (8) numerically using
ODE45Matlab solver at� = ω1+0.05. As Fig. 2 confirms
the existence of two stable vibration amplitudes at σ1 = 0.05,
two different initial conditions are tried for solving Eqs (8)
numerically. It is clear from Fig. 3 that the system is sensitive
to the initial conditions at this value of the disk spinning-
speed, where the system exhibits two different oscillation
amplitudes depending on the initial conditions. Moreover,
the whirling orbits, shows that the system can perform cir-
cular forward whirling motions only. The system oscillation

amplitudes at different values of the disk eccentricity f are
investigated in Fig. 4. The figure shows that the system
vibration amplitudes are a monotonic increasing function of
the disk eccentricity. Moreover, the hardening spring char-
acteristic dominates the system response for large values of
the rotating disk eccentricity, where jump phenomenon and
multivalued solutions appear. It is important to notice that the
relation between the dimensionless disk eccentricity f and its
real value E is given as f = E

s0
, where s0 is the air-gap size.

Accordingly, when f = 0.02 this means that the real disk
eccentricity is 0.02 of the air-gap size s0 of the system.

Going back to the dimensionless parameters given before
Eqs (8), we found that p = s0

I0
k1 and d = s0ωn

I0
k2, where

s0, I0 and ωn =

√
µ0I20N

2Acos(ϕ)

4ms30
are constants that depending

on the physical structure of the Rotor-AMBs and its size.
Accordingly, we can consider that p represents the dimen-
sionless proportional control gain, and d denotes the dimen-
sionless derivative control gain. The influence of both the
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FIGURE 7. The system spinning-speed response-curve under the radial control method at different values of the derivative control gain:
(a) oscillation amplitude in u−direction, (b) oscillation amplitude in v−direction.

FIGURE 8. The system eccentricity response-curve under the radial control method at different values of the disk spinning-speed:
(a) oscillation amplitude in u−direction, (b) oscillation amplitude in v−direction.

proportional and derivative control gains on the system
dynamical behaviors are investigated in Figs. 5 and 6, respec-
tively. The effect of increasing the proportional control gain p
on the 6-pole Rotor-AMBs lateral vibrations is showed
in Fig. 5. Generally, the figure shows that increasing the
proportional control gains increases the system oscillation
amplitudes and can change the system restoring force form
hardening spring characteristics as in Figs. 5a, 5b, 5c, 5d
to softening one as in Figs. 5g, 5h. Moreover, the system
can exhibit unbounded response as Figs. 5e, and 5f imply at
some spinning-speed values. Figs. 5a and 5b illustrate that
as long as p ≤ 1.18, the system can operate in the safe
mode where the oscillation amplitudes a1 < 1 and a2 < 1.

Besides, it is clear that minimizing the proportional control
gain magnitude improves the system dynamical behaviors,
but there is a specific lower limit for p to guarantee the system
stability. To guarantee the system stability, the system natural
frequencies ω1 = ω2 =

√
6(p− 1) should be positive values

(i.e.
√
6(p− 1) > 0). Therefore, the proportional control

again should be greater than unity (i.e. p > 1). Accordingly,
the optimal values of the proportional control gain should
be within the range of 1 < p ≤ 1.18. Fig. 6 simulates
numerically the effect of online switching the proportional
control gain from p = 1.1 to p = 2.0 when t = 200 at
the perfect tuning (i.e. σ1 = 0.0) on the 6-pole Rotor-AMBs
lateral oscillations. The figure shows that the system exhibits
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FIGURE 9. The system spinning-speed response-curve under cartesian control method at f = 0.02: (a) oscillation amplitude in
u−direction, (b) oscillation amplitude in v−direction, and (c) phase angles of the two motions.

FIGURE 10. The system temporal oscillations according to Fig.9 at σ1 = 0.07 at two different initial conditions: (a, b) oscillation amplitudes in u and
v−directions, and (c) the steady-state whirling orbits.

stable lateral oscillation amplitudes as long as p = 1.1, but
when the proportional control gain is increased abruptly to
p = 2.0 a growth for the vibration amplitudes is noticed

leading to rub/impact forces occurrence and system instabil-
ity as Figs. 5e and 5f confirm. The influence of increasing the
derivative control gain of the 6-pole Rotor-AMBs oscillations
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FIGURE 11. The system whirling modes according to Fig.9: (a) oscillation along a straight line or whirling forward at σ1 = −0.0691, (b) backward
whirling mode σ1 = 0.0, and (c) forward whirling mode σ1 = 0.12.

FIGURE 12. The system spinning-speed response-curve under the cartesian control method at different levels of the disk eccentricity:
(a) oscillation amplitude in u−direction, (b) oscillation amplitude in v−direction.

is illustrated in Fig. 7. The figure illustrates that increasing d ,
increases the system linear damping coefficients, which ulti-
mately decreases the system oscillation amplitudes. However,
the derivative control gain d is included in the most nonlinear
terms βij, (i = 1, 2, j = 1, 2, . . . , 8), increasing its magnitude
has not any influence on the nonlinear dynamical behavior of
the system that is not the case of the proportional control gain.
The oscillatory motion of the system subjected to large values
of the disk eccentricity is presented in Fig. 8. The system
eccentricity is utilized as a bifurcation control parameter to
explore the system vibration amplitudes at different values of
the disk spinning-speed σ1. The figure shows that the system
oscillation amplitudes are stable from the theoretical point
of view for any value of the disk eccentricity. However, it is
noticed that the oscillation amplitudes are greater than unity

for some values of the disk eccentricity that leading to the
rub/impact forces and system instability.

B. CARTESIAN CONTROL STRATEGY
The dynamical behaviors of the considered system under
cartesian control strategy is investigated within this section.
According to the parameters definitions given after Eqs (12),
we have µ1 = µ + 4d (γ + 1), µ2 = µ + 4

√
3 d ,

ω1 =
√
4p (γ + 1)− 6, ω2 =

√
4
√
3 p− 6. So, to get

symmetric linear damping coefficients (i.e. µ1 = µ2) and
natural frequencies (i.e. ω1 = ω2), the dimensionless param-
eter γ should be equal to

√
3 − 1. Therefore, the following

bifurcation diagrams are obtained via solving Eqs. (20) at
ȧ1 = ȧ2 = δ̇1 = δ̇2 = 0 with adopting the system
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FIGURE 13. The system spinning-speed response-curve under cartesian control method at different values of the proportional
control gain: (a) oscillation amplitude in u−direction, (b) oscillation amplitude in v−direction.

FIGURE 14. The system spinning-speed response-curve under cartesian control method at different values of the derivative control
gain: (a) oscillation amplitude in u−direction, (b) oscillation amplitude in v−direction.

parameters values: p = 1.0, d = 0.005, µ = 0.001,
f = 0.02, � = ω1 + σ1, γ =

√
3 − 1, µ1 = µ +

4d (γ + 1), µ2 = µ + 4
√
3 d , ω1 =

√
4p (γ + 1)− 6,

ω2 =

√
4
√
3 p− 6, β11 = 9 − 3p (γ + 4) + 4p2

(
γ 2
+ 1

)
,

β21 = 9 + 6p2 − 3
5
2 p, β12 = 4pd

(
2+ γ 2

)
− 6d (2+ γ ),

β22 = 12pd − 3
5
2 d , β13 = 2d2

(
2+ γ 2

)
, β23 =

16d2, β14 =

(
4
√
3γ + 2

)
p2 −

(
9γ + 6

√
3
)
p + 9,

β24 =
(
6γ + 4

√
3
)
γ p2 −

(
18γ + 3

√
3
)
p + 9, β15 =

4
(√

3γ + 1
)
pd−6

√
3 d , β25 = 4

(
3γ +

√
3
)
γ pd−18γ d ,

β16 = 2d2, β26 = 6γ 2d2, β17 =
(
4
√
3 p− 9

)
γ d ,

β27 =
(
4
√
3γ p− 3

√
3
)
d , and β18 = β28 = 4

√
3γ d2

unless otherwise is mentioned in [4]–[6]. Fig. 9 illustrates
the system lateral vibration amplitudes and the corresponding
phase angles under the cartesian control strategy. It is clear
from Figs. 9a and 9b that the oscillation amplitudes in u
and v−directions are asymmetric. Moreover, the system can
vibrate with different whirling modes depending on the disk
spinning-speed and its initial conditions as Fig. 9c implies.
The different whirling modes (either forward, backward, both
forward and backward, or along a straight line) are illustrated
on Figs. 9a and 9b with different colored regions depending
on the relation between the phase angles δ1 and δ2 in Fig. 9c.
In additions, the figure shows that the system may be
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FIGURE 15. The system eccentricity response-curve under cartesian control method when the disk spinning-speed � = ω1 + 0.06:
(a) oscillation amplitude in u and v−direction, (b) the corresponding phase angles, (c, d) the system bifurcation diagrams, and
(e, f) enlarging of Figs (c, d).

subjected to two consecutive jump phenomenon while the
disk spinning-speed crossing the critical speed. Numer-
ical simulation for the lateral vibrations of the 6-pole
Rotor-AMBs according to Fig. 9 at σ1 = 0.07 is presented in
Fig. 10. Because of Figs. 9a and 9b imply that the system can
respond with one of two stable oscillation amplitudes at σ1 =
0.07, two different initial conditions are tried to solve the

original differential equations(i.e. Eqs (12)) numerically. It is
clear from Figs. 9 and 10 the excellent agreements between
the analytical solutions given by the averaged equations (i.e.
Eqs (20)) and the numerical results, where the system exhibits
both forward and backward whirling motions at the same
spinning speed (i.e. � = ω1 + σ1 = 0.07) depending on
the initial conditions.
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FIGURE 16. The system temporal oscillations according to Fig. 15 at f = 0.04: (a, b) oscillation amplitudes in u and v−directions, (c) the steady-state
whirling orbit, (d, e) Poincare-map, and (f, g) frequency-spectrum.

FIGURE 17. The system temporal oscillations according to Fig. 15 at f = 0.06: (a, b) oscillation amplitudes in u and v−directions, (c) the steady-state
whirling orbit, (d, e) Poincare-map, and (f, g) frequency-spectrum.
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FIGURE 18. The system temporal oscillations according to Fig. 15 at f = 0.08: (a, b) oscillation amplitudes in u and v−directions, (c) the steady-state
whirling orbit, (d, e) Poincare-map, and (f, g) frequency-spectrum.

Based on the relation between the phase angles δ1 and
δ2 that illustrated in Fig. 9c, different whirling orbits are
obtained numerically to confirm the different whirling modes
that can be exhibited by the considered system at the cartesian
control strategy as shown in Fig. 11. The effect of increasing
the disk eccentricity on Rotor-AMBs under the cartesian con-
trol method is illustrated in Fig. 12. The figure shows that the
system responds as a linear one with symmetric oscillations
in u and v−directions for small disk centricity (i.e. f =
0.005). Moreover, the nonlinearity due to the electromagnetic
coupling dominates the system response for large values of
the disk eccentricity, where the bistable solution, multi jump
phenomenon, and different whirling modes can be e noticed.
The influences of both the proportional and derivative control
gains on the vibrational behaviors of the considered system
are investigated in Figs. 13 and 14, respectively. Fig. 13 shows
the system spinning-speed response curve at three different
values of the proportional control gain. It clear from the fig-
ure that the increase of the proportional control gain widens
the spinning-speed interval at which the system exhibits large
oscillation amplitudes. However, the system can operate in
the safe mode as long as p ≤ 1.1, where the oscillation
amplitudes a1 < 1 and a2 < 1. Moreover, it is clear that the
minimization of the proportional control gain decreases
the lateral vibrations of the system, but there is a constrain on
the smallest possible value of p to guarantee system stability.
The natural frequencies of the system under this control
method should be positive values to guarantee the system

stability (i.e. ω1 = ω2 =

√
4
√
3 p− 6 > 0). Therefore,

the proportional control again should be greater than
√
3/2.

Accordingly, the optimal values of the proportional control
gain in the cartesian control method should be with the range
√
3
2 < p ≤ 1.1. The influence of increasing the deriva-
tive control gain on the 6-pole Rotor-AMBs oscillations is
illustrated in Fig. 14. The figure illustrates that increasing
the derivative gain increases the system linear damping coef-
ficients, which ultimately decreases the system oscillation
amplitudes.

The oscillatory behaviors of the considered system for a
wide range of the disk eccentricity under the cartesian control
method at three different values of the disk spinning-speed
are explored in Figs. 15, 19, and 20. The system eccentric-
ity response-curve for both the oscillation amplitudes and
the corresponding phase-angles at disk spinning-speed � =
ω1 + 0.06 are illustrated in Figs. 15a and 15b, respectively.
It clear from the figure that the system can oscillate with
one of four whirling modes depending on the disk eccen-
tricity magnitude, where the system may perform forward
whirling motion only as long as f < 0.0169, but when
0.0169 < f < 0.0216, the system exhibits either forward
or backward whirling motion depending on the initial condi-
tions. Moreover, the system can perform backward whirling
motion only if the disk eccentricity belongs to the interval
]0.0216, 0.0441[, but for f > 0.0441 the system loses its
stability. To explore the nature of instability mode that occurs
for f > 0.0441, the system bifurcation diagram is constructed
as shown in Figs. 15c and 15d via solving Eqs (12) numerical
for the same system parameter that used to obtain Fig. 15.
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FIGURE 19. The system eccentricity response-curve under cartesian control method at the disk spinning-speed � = ω1 + 0.0:
(a) oscillation amplitude in u and v−direction, (b) the corresponding phase angles, (c, d) the system bifurcation diagrams.

By examining the obtained bifurcation diagrams, we can con-
clude that the system can execute bounded unstable periodic
motions if f > 0.0441.

According to Fig. 15, numerical validations in terms of the
steady-state temporal vibration, whirling orbit. Poincare map
and frequency spectrum are presented in Figs. 16, 17, and 18,
respectively. Fig. 16 simulates the system dynamics accord-
ing to Fig. 15 when the disk eccentricity f = 0.04. It is clear
from the figure that the system performs periodic motions in
u and v−direction and can exhibit backward whirling motion
only regardless of the system initial conditions that agrees
in the excellent form the obtained analytical results in Figs.
15a and 15b. Figs. 17 and 18 show the system dynamics
according to Fig. 15 when the disk eccentricity f = 0.06
and f = 0.08, respectively. It is clear from Poincare-maps
and the frequency spectrum given in Figs. 17 and 18 that the
system can execute quasi-periodic motions for f > 0.0441.
Figs. 19 and 20 illustrate the system dynamical behaviors
for a wide range of the disk eccentricity at the disk spin-
ning speeds � = ω1 + 0.0 and � = ω1 − 0.06, respec-
tively. Comparing Figs. 15, 19, and 20, we can conclude

that increasing the disk eccentricity with fixing the spinning-
speed constant can change the system whirling modes from
one to another. However, if the disk eccentricity exceeds
specific limit (that depends on the disk spinning-speed σ1) the
system periodic motion loses its stability via Hopf bifurcation
leading to quasi-period oscillations. Accordingly, the effect of
the proportional and derivative control gains on the stability
margin for the disk eccentricity is investigated in term of
f − σ1 plane as shown in Fig. 21. Fig. 21a illustrates the
effect of increasing the derivative control gain on the stability
margin of the disk eccentricity for a wide range of the disk
spinning-speed. The figure confirms that the stability margin
widens as the derivative control gain is increased. Fig. 21b
shows the effect of increasing the proportional control gain
on the stability margin of the disk eccentricity for a wide
range of the disk spinning-speed. It is found that as the
proportional control gain is increased the stability margin is
narrowed. Moreover, it is clear from Fig. 21 that the worst
spinning-speed at which the system may lose its stability for
small disk eccentricity is the system critical speed (i.e. when
σ1 = 0.0).
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FIGURE 20. The system eccentricity response-curve under cartesian control method at the disk spinning-speed � = ω1 − 0.06:
(a) oscillation amplitude in u and v−direction, (b) the corresponding phase angles, (c, d) the system bifurcation diagrams.

FIGURE 21. Stability chart in σ1-f plane of the 6-pole Rotor-AMBs under cartesian control method: (a) effect of increasing d on the
stability region, (b) effect of increasing p on the stability region.

C. RADIAL VERSUS CARTESIAN CONTROL STRATEGIES
This section presents a comparative study between the
applied control strategies in terms of both efficiency in

mitigating the system whirling motion and the robustness
against the system instability. Figs. 22 and 23 compare
the system dynamical behaviors under the applied control
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FIGURE 22. The 6-pole Rotor-AMBs spinning-speed response-curve at f = 0.02 and p = 1.1: (a) oscillation amplitude in u−direction,
and (b) oscillation amplitude in v−direction.

FIGURE 23. The 6-pole Rotor-AMBs eccentricity response-curve at σ1 = 0.0 and p = 1.1: (a) oscillation amplitude in u−direction,
(b) oscillation amplitude in v−direction.

strategies for the same system and control parameters. It is
clear from Fig. 22 that the maximum oscillation amplitude
in u−direction for the two control method are approximately
the same, while at v−direction the radial control method is
best. Moreover, under the cartesian control, the system can
oscillate with high oscillation amplitude at a wide range of the
disk spinning-speed and may be subjected to two consecutive
jump phenomenon while crossing the critical speed. Besides,
the system may oscillate with one of three whirling modes
depending on the disk spinning-speed. On the other hand,
when the radial control method is applied the systemwill per-
form symmetric oscillation amplitudes in u and v−directions
that leading to circular forward whirling motion regardless

of the disk spinning speed. Fig. 23 compares the system
eccentricity response-curve under the applied control meth-
ods when σ1 = 0.0, it is clear from the figure the symmetry
of the system motion in the radial control method. Moreover,
the system lateral vibrations are stable for the wide range of
the disk eccentricity, while the system may lose its stability
in the cartesian control method. Fig. 24 simulates numerically
the system lateral vibrations according to Fig. 23 at f = 0.06
when the control method is online switched from the cartesian
to the radial one at t = 600. The figure illustrates that the
quasi-periodic motion of the system under cartesian control
is stabilized when the radial controller is switched on after
turning off the cartesian controller.
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FIGURE 24. The system temporal oscillations according to Fig.23 when f = 0.06, where the control method is switched online
from cartesian to radial one at t = 600: (a) oscillation amplitude in u−directions, and (b) oscillation amplitude in v−directions.

FIGURE 25. The 6-pole Rotor-AMBs spinning-speed response-curve at f = 0.02: (a) oscillation amplitude in
u−direction, and (b) oscillation amplitude in v−direction.

FIGURE 26. The system temporal oscillations according to Fig.24 when σ1 = 0.0, where the control method is switched online from
radial to cartesian one at t = 500: (a) oscillation amplitude in u−directions, and (b) oscillation amplitude in v−directions.

Based on the discussion given in section IV-A and IV-B,
it is reported that the proportional control gain has a great
influence on the system dynamics either in radial or cartesian
control strategies. Accordingly, the system spinning-speed
response curves under both the radial and cartesian control

methods at the optimal value of the proportional control
gain are compared in Fig. 25. It clear from the figure that
both the radial and cartesian control strategies approximately
have the same performance in suppressing the system lateral
vibrations when σ1 ≤ −0.05 and σ1 ≥ 0.05, but for
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TABLE 1. Comparison between the radial and cartesian control methods.

−0.05 < σ1 < 0.05, the cartesian control method exhibits
high performance than the radial one. Fig. 26 numerically
simulates the system lateral vibrations according to Fig. 25 at
σ1 = 0.0 when the control strategy is online switched from
the radial to the cartesian one at t = 500. It is clear that
the oscillation amplitudes in u and v−directions are clearly
mitigated when the cartesian controller is switched on after
turning off the radial controller. Accordingly, a comparative
study between the radial and cartesian control method is
summarized as given in Table 1.

V. CONCLUSION
This paper is intended to discuss two different control tech-
niques to mitigate the nonlinear lateral vibrations of the
6-pole Rotor-AMBs. The two applied control methods are
designed based on the proportional-derivative current con-
troller. In the first control method, the control current in each
pole is designed to be proportional to both the radial displace-
ment and the radial velocity of the rotating disk toward that
pole. In the second method, the control current is proposed
to be proportional to both the cartesian displacement and the
cartesian velocity of the rotating disk in two perpendicular
directions. The system mathematical model for each control
method is derived and then analyzed by applying asymptotic
analysis. The system dynamical behaviors under the applied
control methods are compared utilizing response-curves,
bifurcation diagrams, and numerical simulations. Based on
the presented results the following important remarks can be
concluded:
1. The 6-pole Rotor-AMBs under the radial control strat-

egy exhibits symmetric oscillation amplitudes in u and

v−direction, which ultimately leads to a circular forward
whirling motion only.

2. The 6-pole Rotor-AMBs under cartesian control technique
can oscillate with one of four whirling modes (that are
forward, backward, both forward and backward, and along
a straight line) depending on the disk spinning-speed and
the system initial conditions.

3. The 6-pole Rotor-AMBs may be subjected to one jump
phenomenon while the disk spinning-speed crossing the
system critical speed in the radial control case, but two
consecutive jump phenomenon are expected in the carte-
sian control strategy.

4. The proportional control gain (p) plays a very important
role in stabilizing the considered system and improving
the vibration suppression efficiency, where increasing p
beyond specific limit increases the oscillation amplitudes
and can destabilize the system motion either in the radial
or in the cartesian control.

5. To guarantee the system stability, the proportional control
gain should be kept within the range 1 < p ≤ 1.18 in the
case of the radial control, while in the cartesian control
method p should be

√
3
2 < p ≤ 1.1.

6. Although the cartesian control method has vibration sup-
pression efficiency higher than the radial control one,
the radial control method is more robust against the system
instability especially if Rotor-AMBs has large disk eccen-
tricity.

7. According to the concluded point 6, it is possible to imple-
ment the two control strategies on a digital controller that
can be programmed to select the optimal control method
depending on the required operational conditions.
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