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ABSTRACT This paper studies the problem of finite-time non-fragile extended dissipative control for
the periodic piecewise time-varying systems. First, based on the time-varying Lyapunov matrix and the
matrix polynomial condition, a sufficient condition of finite-time boundedness for periodic piecewise
time-varying subsystem is derived, and the finite-time extended dissipative performance is then analyzed.
Furthermore, considering two types of time-varying controller perturbations, the non-fragile controllers are
developed, which can guarantee the finite-time boundedness of periodic piecewise time-varying systems and
satisfy the extended dissipative performance at the same time. Finally, numerical examples demonstrate the
effectiveness of the proposed methods.

INDEX TERMS Periodic piecewise system, non-fragile control, extended dissipative control.

I. INTRODUCTION
Periodic characteristics extensively exist in various fields,
such as vibration system [1], hypersonic cruise vehicle [2],
spacecraft magnetic attitude control [3]. Among them,
the stability analysis and synthesis of discrete-time peri-
odic systems can be conducted based on the Floquet-
Lyapunov theory and the Lifting techniques. However, for
the continuous-time cases, the control problems are very
difficult to solve due to lacking the closed-form solutions to
Floquet factorisations [4]. Therefore, periodic piecewise sys-
tem, as an effective approximating approach of continuous-
time periodic systems, has attracted increasing interests
[7]–[13], [32], [33].

Periodic piecewise system consists of several subsystems
and has the fixed switching sequence and dwell time of each
subsystems. Besides its valuable theoretical properties, peri-
odic piecewise system also has many applications in practice,
including but not limited to power converters [5], and vibra-
tion systems [6]. Many results have been reported in [7]–[9],
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where the time-invariant subsystems are considered.
However, the time-invariant subsystem formulations may
render loss of some dynamic properties of the original sys-
tem [10]. Therefore, the time-varying subsystem description
may be more promising in practice, as have been investi-
gated in [10]–[13], [32], [33]. The stability, stabilisation and
L2-gain analysis of periodic piecewise time-varying systems
were investigated in [10] based on the continuous time-
varying Lyapunov function. The H∞ tracking controller with
time-varying periodic gains for periodic piecewise time-
varying systems was developed in [11]. A less conservative
result on reachable set estimation of periodic piecewise time-
varying systems was derived in [12] based on the Lyapunov
function with interval segmentation and a general reachable
set estimation condition. Moreover, for periodic piecewise
polynomial time-varying systems, the stability analysis and
H∞ control were studied in [13] and [14], respectively.
In practice, such as robot and missile control, the anal-

ysis and control of transient behaviour of a system over a
finite time interval is of great significance. Many results have
been reported like [15]–[19] since the concepts of finite-time
stability and finite-time control were first proposed in [20].
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In [7], for periodic piecewise constant subsystem, the finite-
time stability, L2 performance, and H∞ control strategy were
investigated. On the other hand, the study of different sys-
tem performances is also a focus in system analysis and
control. In [21], the concept of extended dissipative perfor-
mance was proposed, which can integrate several well-known
performance indices such as H∞, L2-L∞, passivity and
(Q, S,R)-dissipativity into a unified framework. The desired
performance can be transformed by adjusting the weight-
ing matrix parameters. Many results have been reported for
it [22]–[24]. The extended dissipative state estimation for
Markov jump neural networks with unreliable links was stud-
ied in [23]. For a class of uncertain discrete time switched
linear systems, the issues of finite-time extended dissipa-
tive performance condition was studied in [24]. However,
the analysis of the finite-time extended dissipative perfor-
mance for periodic piecewise time-varying system has not
been reported so far.

In the controller development, controllers are assumed to
accurately operate. However, in applications, the parame-
ters of the controller are often prone to slight perturbation
or deviation due to their own or external factors, thereby
deteriorating the control performance, or even destroying the
system [25], [26]. Therefore, non-fragile control has received
increasing attention in engineering applications [26]–[31].
The data-driven non-fragile filtering problem of the cyber-
physical system, and the non-fragile H∞ multivariate PID
controllers with derivative filters were reported in [27], [28].
The finite-time non-fragile control scheme of linear uncer-
tain positive systems was presented in [29]. In [30], for
linear time-invariant systems, the multiplicative non-fragile
controller was designed, of which controller parameters could
be transformed into solving the symmetric positive definite
solutions to algebraic Riccati inequalities. The non-fragile
synchronisation control scheme was provided in [31] for
complex networks with time-varying coupling delay and
missing data. Inspired by existing works, the non-fragile
control strategies of periodic piecewise time-varying system
were studied in [32], [33], but various performance indices
are not taken into account.

Motivated by the above works, the problem of finite-
time extended dissipative control for periodic piecewise time-
varying systems is studied in this paper. The analysis of the
finite-time extended dissipative performance combined with
finite-time boundedness is first carried out. Then, two types
of time-varying controller gain perturbations with periodic
time-varying parameters are considered. Based on it, the non-
fragile controllers to ensure the finite-time extended dissi-
pative performance of the system are designed. The main
contributions of this paper are twofold: (1) The condition
of finite-time extended dissipativity for periodic piecewise
time-varying systems is proposed for the first time, which
provides a choice for analyzing multiple performance of the
system simultaneously. (2) The non-fragile controllers which
ensure the finite-time boundedness and the extended dissipa-
tive performance are designed. The controllers can be solved

directly with the LMIs and are more desirable in engineering
application. This paper is organized as follows. The problem
descriptions of system are given in Section 2. Themain results
are given in Section 3. Numerical simulations are given in
Section 4, and the conclusions in Section 5.
Notation: Rn represents the n-dimensional Euclidean

space, ‖ · ‖ denotes the Euclidean vector norm of a matrix.
λmax(·), λmin(·) refer to the maximum, minimum eigenvalues
of a real symmetric matrix. I represents the identity matrix.
Given a real symmetric matrix P, the notation P ≤ 0
(respectively, P < 0) means that the matrix P is negative
semi-definite (respectively, negative definite), and the super-
scripts PT stands for the transpose of a matrix. sym(P) =
P + PT , and diag{·} stands for a diagonal matrix. In block
symmetric matrices, we use ∗ as an ellipsis for the terms
introduced, D+(·) denotes the upper right Dini derivative.

II. PROBLEM FORMULATION AND PRELIMINARIES
Consider a class of continuous-time periodic piecewise time-
varying systems:

ẋ(t) = Ai(t)x(t)+ Bi(t)u(t)+ Ei(t)w(t),

z(t) = Cix(t) (1)

where x(t) ∈ Rn, z(t) ∈ Rr , u(t) ∈ Rm and w(t) ∈
Rd are the system state, control output, input and external
disturbance, respectively. For t > 0, one has Ai(t) = Ai(t +
Tp), Bi(t) = Bi(t + Tp), and Ei(t) = Ei(t + Tp), where
Tp is a fundamental period of the system and is composed
of S subintervals [ti−1, ti), i ∈ S, S = {1, 2, . . . , S}. The
dwell time of the ith subsystem is defined as Ti = ti − ti−1,
where

∑S
i=1 Ti = Tp, t0 = 0, and tS = Tp. Ci is real

constant matrices with appropriate dimensions. The linear
time-varying matrices Ai(t) is denoted by

Ai(t) = Ai +
(t − `Tp − ti−1)

Ti
(Ai+1 − Ai), (2)

and Bi(t),Ei(t) are given in the similar interpolation formula-
tion, where Ai,Ai+1,Bi,Bi+1,Ei,Ei+1 are constant matrices.

Before stating the main contents in this section, an assump-
tion is first introduced.
Assumption 1: Matricesψ1, ψ2, ψ3, ψ4 satisfy the follow-

ing conditions:
1) ψ1 = ψ

T
1 ≤ 0, ψ3 = ψ

T
3 > 0, ψ4 = ψ

T
4 ≥ 0;

2) (‖ψ1‖ + ‖ψ2‖)ψ4 = 0.
To facilitate the conditions development, the following
definitions and lemmas are then introduced.
Definition 1 (Finite-Time Boundedness [7]): Given three

constants c1, c2, h with 0 < c1 < c2, 0 ≤ h, a time interval
0 < Tf and a positive definite matrix 0 < F, the periodic
piecewise time-varying system (1) with u(t) = 0 and the
time-varying external disturbance w(t) is said to be finite-
time bounded with respect to (c1, c2,F,Tf , h), if

xT (0)Fx(0) ≤ c1 ⇒ xT (t)Fx(t) < c2,∀t ∈ [0,Tf ],

∀w(t) :
∫ Tf

0
wT (t)w(t)dt ≤ h.
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Definition 2: Given real matrices ψ1, ψ2, ψ3 and ψ4 sat-
isfying Assumption 1, the periodic piecewise time-varying
system (1) is said to be extended dissipative if the following
inequality holds for any 0 ≤ Tf and all u(t) ∈ L2[0,∞]:∫ Tf

0
J (t)dt − sup

0≤t≤Tf
zT (t)ψ4z(t) ≥ 0,∀t ∈ [0,Tf ],

∀x(t) :
∫ Tf

0
xT (t)x(t)dt ≤ d (3)

where J (t) = zT (t)ψ1z(t) + zT (t)ψ2w(t) + wT (t)ψT
2 z(t) +

wT (t)ψ3w(t), and d is a fixed sufficient large positive scalar.
Remark 1 [21]: By designing appropriate parameters

weighted matrices, the extended dissipativity can evolve into
multiple performance indices. To be specific, (3) stands for
the H∞ performance when ψ1 = −I , ψ2 = 0, ψ3 = γ 2I
and ψ4 = 0; (3) becomes the L2 − L∞ performance when
ψ1 = ψ2 = 0, ψ3 = γ 2I and ψ4 = I ; (3) turns into the
passivity performance when ψ1 = 0, ψ2 = I , ψ3 = γ I
and ψ4 = 0; (3) transforms into the (Q, S,R)-dissipativity
performance when ψ1 = Q, ψ2 = S, ψ3 = R − βI and
ψ4 = 0.
Definition 3 [33]: Consider that there are two types of

gain perturbations in the controller, which are given as fol-
lows. (1) Norm-bounded additive perturbations:

1Ki(t) = HiGi(t)Xi(t), i ∈ S, (4)

(2) Norm-bounded multiplicative perturbations:

1Ki(t) = HiGi(t)X̃i(t)Ki(t), i ∈ S, (5)

and consider the time-varying matrices therein:

Xi(t) = Xi +
(t − `Tp − ti−1)

Ti
(Xi+1 − Xi),

X̃i(t) = X̃i +
(t − `Tp − ti−1)

Ti
(X̃i+1 − X̃i) (6)

where matrices Hi, Xi,Xi+1, X̃i and X̃i+1 are known matrices
with appropriate dimensions. Gi(t) for i ∈ S, are unknown
time-varying matrices and satisfying

Gi(t) ∈ 8 , {Gi(t)|Gi(t)GTi (t) ≤ I }. (7)
Remark 2 [21]: Note that the Xi(t) and X̃i(t) are time-

varying which introduces more free variables, and giving rise
to more plentiful perturbation characteristic of the controller.
Lemma 1 [10]: Consider the matrix polynomial

f (δ1, δ2, . . . , δm) given as,

f (δ1, δ2, . . . , δm)

= 60 + δ161 + δ1δ262

+ · · · +
( m∏
q=1

δq
)
6m (8)

where m ∈ N+ and m ≥ 2, 6k ∈ Rr×r , k = 0, 1, . . . ,m are
real symmetric matrices, δq, q = 1, 2, · · · ,m are variables

and δq ∈ [0, 1]. If

d∑
q=0

6q < 0, d = 0, 1, . . . ,m,

then the matrix polynomial f (δ1, δ2, . . . , δm) < 0.
Lemma 2 [28]: Given a real symmetric matrix µ, let h

and n be real matrices with appropriate dimensions, then

µ+ hξn+ nT ξThT < 0,

for all ξ satisfying ξξT ≤ I if and only if there exists a scalar
ε > 0 such that

µ+ εhhT + ε−1nTn < 0 (9)
Lemma 3 [34]: For any real matrices α, β of appropriate

dimensions, we have βTα + αTβ ≤ βTβ + αTα.

III. MAIN RESULTS
Constructing a Lyapunov function with periodic time-varying
matrices:

V (t) = Vi(t) = xT (t)Pi(t)x(t) (10)

where

Pi(t) = Pi +
t − `Tp − ti−1

Ti
(Pi+1 − Pi),

t ∈ [`Tp + ti−1, `Tp + ti) (11)

with Pi(t) = Pi(t + Tp), i ∈ S, and Pi > 0,Pi+1 > 0 are
constant matrices, PS+1 = P1, and

sup
i∈S

λmax(Pi)I ≥ Pi(t) ≥ inf
i∈S

λmin(Pi)I > 0. (12)

A. FINITE-TIME BOUNDEDNESS ANALYSIS
In this subsection, the finite-time boundedness of periodic
piecewise time-varying system is studied.
Theorem 1: Consider periodic piecewise time-varying

system (1) with u(t) = 0, given scalars αi > 0, αmax =

maxi∈S{αi}, i ∈ S, 0 < c1 < c2, h > 0, a time interval
Tf > 0 and a matrix F > 0, the system (1) is finite-
time bounded with respect to (c1, c2,F,Tf , h), if there exist
scalars λ1, λ2, λ3 and matrices Pi, Ui > 0, i ∈ S, with
PS+1 = P1, such that [

60
i �0

i
∗ 30

i

]
< 0, (13)[

60
i �0

i
∗ 30

i

]
+

[
61
i �1

i
∗ 0

]
< 0, (14)[

60
i �0

i
∗ 30

i

]
+

[
61
i �1

i
∗ 0

]
+

[
62
i �2

i
∗ 0

]
< 0, (15)

λ1F ≤ Pi ≤ λ2F, (16)

Ui ≤ λ3I , (17)

(λ2c1 + λ3h)eαmaxTf < λ1c2 (18)

where

60
i = ATi Pi + PiAi +

1
Ti
(Pi+1 − Pi)− αiPi,
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61
i = sym(ATi Pi+1 + A

T
i+1Pi − 2ATi Pi)

−αi(Pi+1 − Pi),
62
i = sym(ATi+1Pi+1 + A

T
i Pi − A

T
i Pi+1 − A

T
i+1Pi),

�0
i = PiEi,

�1
i = PiEi+1 + Pi+1Ei − 2PiEi,

�2
i = Pi+1Ei+1 − Pi+1Ei − PiEi+1 + PiEi,

30
i = −Ui,
λ1 = inf

i∈S
λmin (̂Pi), λ2 = sup

i∈S
λmax(̂Pi),

λ3 = sup
i∈S

λmax(Ui), P̂i = F−
1
2PiF−

1
2 .

Proof: To conduct the finite-time boundedness analysis
over [0, Tf ], we first take the derivative for the function (10),
it will evolve into the following form:

V̇ (t)− αiV (t)− wT (t)Uiw(t)
= ẋT (t)Pi(t)x(t)+ xT (t)D+Pi(t)x(t)
+xT (t)Pi(t)x(t)− αiV (t)− wT (t)Uiw(t),

= xT (t)
(
ATi (t)Pi(t)+ Pi(t)Ai(t)− αiPi(t)

+D+Pi(t)
)
x(t)+ wT (t)ETi (t)Pi(t)x(t)

+xT (t)Pi(t)Ei(t)w(t)− wT (t)Uiw(t), (19)

which can be rewritten as

V̇ (t)− αiV (t)− wTUiw(t) = χT (t)8(t)χ (t) (20)

where

χ (t) = [xT (t) wT (t)]T ,

8(t) =
[
811 812
∗ − Ui

]
with

811 = Ai(t)TPi(t)+ Pi(t)Ai(t)− αiPi(t)+D+Pi(t),
812 = Pi(t)Ei(t).

For t ∈ [`Tp + ti−1, `Tp + ti), ` = 0, 1, 2 . . . , i ∈ S, since
0 ≤ t−`Tp−ti−1

Ti
≤ 1, with (13)-(15) and Lemma 1, one has[

ρ(t) Pi(t)Ei(t)
∗ − Ui

]
< 0 (21)

where

ρ(t) = ATi (t)Pi(t)+ Pi(t)Ai(t)+D+Pi(t)− αiPi(t).

Then, one has [
811 812
∗ − Ui

]
< 0. (22)

Since condition (22) holds, it is obvious that

V̇ (t) < αiV (t)+ wT (t)Uiw(t). (23)

By integrating (23) from `Tp + ti−1 to `Tp + ti, one obtains

V (t) < eαi(t−`Tp−ti−1)V (`Tp + ti−1)

+λmax(Ui)
∫ t

`Tp+ti−1
eαi(t−τ )wT (τ )w(τ )dτ.

Note that the above αi > 0, it thus has∫ t

`Tp+ti−1
eαi(t−τ )wT (τ )w(τ )dτ

≤ eαi(t−`Tp−ti−1)
∫ t

`Tp+ti−1
wT (τ )w(τ )dτ.

Combining with the similar arguments in [7], one has

V (t) < eαi(t−`Tp−ti−1)
{
eαi(ti−1−ti−2)V (`Tp

+ti−2)+ λmax(Ui)
∫ `Tp+ti−1

`Tp+ti−2
eαi(`Tp+ti−1−τ )

×wT (τ )w(τ )dτ
}
+ λmax(Ui)eαi(t−`Tp−ti−1)

×

∫ t

`Tp+ti−1
wT (τ )w(τ )dτ

< eαi(t−`Tp−ti−2)
{
eαi(ti−2−ti−3)V (`Tp + ti−3)

+λmax(Ui)
∫ `Tp+ti−2

`Tp+ti−3
eαi(`Tp+ti−2−τ )

×

∫ t

`Tp+ti−1
wT (τ )w(τ )dτ + λmax(Ui)

×

∫ `Tp+ti−1

`Tp+ti−2
eαi(`Tp+ti−1−τ )wT (τ )w(τ )dτ

}
+λmax(Ui)eαi(t−`Tp−ti−1)

∫ t

`Tp+ti−1
wT (τ )w(τ )dτ

...

< eαitV (0)+ λmax(Ui)

×

{
eαi(t1−0)

∫ `Tp+t1

`Tp+0
wT (τ )w(τ )dτ

+eαi(t2−t1)
∫ `Tp+t2

`Tp+t1
wT (τ )w(τ )dτ

+ . . .+ eαi(t−ti−1)
∫ t

`Tp+ti−1
wT (τ )w(τ )dτ

}
< eαmaxt {V (0)+ sup

i∈S
λmax(Ui)h}. (24)

Let P̂i = F−
1
2PiF−

1
2 , and scalars c1 = x(0)T x(0),

λ1 > 0, λ2 > 0, λ3 > 0 satisfying

λ1 = inf
i∈S

λmin(̂Pi), λ2 = sup
i∈S

λmax (̂Pi), λ3 = sup
i∈S

λmax(Ui).

With conditions (16)-(18) and (12), given a finite t = Tf > 0,
one has

xT (Tf )Fx(Tf ) <
λ2c1 + λ3h

λ1
eαmaxTf < c2.

Therefore, the system (1) is finite-time bounded with repect
to (c1, c2,F,Tf , h). The proof is completed.
Remark 3: It is worth mentioning that the finite-time

boundedness of periodic piecewise time-invariant system can

VOLUME 8, 2020 136515



Y. Liu et al.: Finite-Time Non-Fragile Extended Dissipative Control

be found in [7]. However, that is only valid in the time-
invariant subsystem case and cannot be applied for the time-
varying subsystem case as in this work.

B. FINITE-TIME EXTENDED DISSIPATIVE ANALYSIS
In this subsection, the condition of finite-time extended
dissipative performance of periodic piecewise time-varying
system is derived.
Theorem 2: Consider periodic piecewise time-varying

system (1) with u(t) = 0, given scalars αi > 0, αmax =

maxi∈S{αi}, i ∈ S , 0 < c1 < c2, h > 0, d > 0, a time inter-
val Tf > 0 and matrices ψ1, ψ2, ψ3, ψ4,F > 0, the system
(1) is finite-time bounded and satisfies the extended dissipa-
tive performance, if there exist scalars λ1, λ2, λ4, λ5, λ6 and
matrices Pi, i ∈ S, with PS+1 = P1, such that[

6i,0 �i,0
∗ 3i,0

]
< 0, (25)[

6i,0 �i,0
∗ 3i,0

]
+

[
6i,1 �i,1
∗ 0

]
< 0, (26)[

6i,0 �i,0
∗ 3i,0

]
+

[
6i,1 �i,1
∗ 0

]
+

[
6i,2 �i,2
∗ 0

]
< 0, (27)

CT
i ψ4Ci −

1

eαmaxTf
Pi < 0, (28)

CT
i ψ4Ci −

1

eαmaxTf
Pi+1 < 0, (29)

λ1F ≤ Pi ≤ λ2F, (30)

eαmaxTf [λ4d + (λ5 + λ6)h] < λ1c2 (31)

where

6i,0 = ATi Pi + PiAi +
1
Ti
(Pi+1 − Pi)

−αiPi − CT
i ψ1Ci,

6i,1 = sym(ATi Pi+1 + A
T
i+1Pi − 2ATi Pi)

−αi(Pi+1 − Pi),

6i,2 = sym(ATi+1Pi+1 + A
T
i Pi − A

T
i Pi+1 − A

T
i+1Pi),

�i,0 = PiEi − CT
i ψ2,

�i,1 = PiEi+1 + Pi+1Ei − 2PiEi,

�i,2 = Pi+1Ei+1 − Pi+1Ei − PiEi+1 + PiEi,

3i,0 = −ψ3,

λ1 = inf
i∈S

λmin(̂Pi), λ2 = sup
i∈S

λmax (̂Pi),

P̂i = F−
1
2PiF−

1
2 , λ4 = sup

i∈S
λmax(CT

i Ci),

λ5 = sup
i∈S

λmax(ψT
2 ψ2), λ6 = sup

i∈S
λmax(ψ3).

Proof: To analyze the finite-time boundedness and the
extended dissipativity over t ∈ [0,Tf ], let us first consider
t ∈ [`Tp+ ti−1, `Tp+ ti), ` = 0, 1, 2 . . . , i ∈ S. Constructing
the Lyapunov function as (10) with continuous time-varying
Lyapunov matrix (11). Since 0 ≤

t−`Tp−ti−1
Ti

≤ 1,

with (25)-(27) and Lemma 1, one has[
π (t) Pi(t)Ei(t)− CT

i ψ2
∗ − ψ3

]
< 0 (32)

where

π (t) = ATi (t)Pi(t)+ Pi(t)Ai(t)− αiPi(t)

+D+Pi(t)− CT
i ψ1Ci

The inequality (32) can be rewritten as[
911 912
∗ − ψ3

]
< 0 (33)

where

911 = Ai(t)TPi(t)+ Pi(t)Ai(t)− αiPi(t)

+D+Pi(t)− CT
i ψ1Ci,

912 = Pi(t)Ei(t)− CT
i ψ2,

According to the similar derivation of (19), one obtains

V̇ − αiV (t)− J (t) = χT (t)9(t)χ(t)

where

χ (t) = [xT (t) wT (t)]T ,

9(t) =
[
911 912
∗ − ψ3

]
.

It is manifest that V̇ − αiV (t)− J (t) < 0 holds or not, which
is determined by inequality (33). Hence, following the proof
line of (24), it is easy to obtain the following form

V (t) < eαmaxt {V (0)+
∫ t

0
J (s)ds},

under zero initial condition V (0) = 0, one has

V (t) < eαmaxt
∫ t

0
J (s)ds, (34)

In what follows, let us now consider the left-hand side
of inequality (3) in Definition 2, that is,

∫ Tf
0 J (t)dt −

sup0≤t≤Tf z
T (t)ψ4z(t), which is denoted by φ(t). Since∫ Tf

0 J (t)dt ≥ 0, one can observe that φ(t) ≥ 0 when ψ4 =

0. Note, moreover, when ψ4 > 0, set the parameters in
Assumption 1 to ψ1 = 0, ψ2 = 0, ψ3 > 0, it follows that∫ t

0
J (s)ds =

∫ t

0
wT (s)ψ3w(s)ds.

Combining with (34), it is thus that for ∀t ∈ [0,Tf ], one has∫ Tf

0
J (s)ds >

∫ t

0
J (s)ds >

V (t)

eαmaxTf

≥
1

eαmaxt
xT (t)Pi(t)x(t) > 0,

with (28)-(29), then one obtains∫ Tf

0
J (s)ds ≥

1
eαmaxt

xT (t)Pi(t)x(t)

≥ xT (t)CT
i ψ4Cix(t) = zT (t)ψ4z(t).
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Hence φ(t) ≥ 0, that is,∫ Tf

0
J (s)ds− sup

0≥t≥Tf
zT (t)ψ4z(t) ≥ 0.

The proof of extended dissipativity is completed. Next, what
has to be proven is the finite-time boundedness. In the light
of inequality (34), combining with the the similar reasoning
of [22], it holds that

V (t) ≤ eαmaxTf
∫ Tf

0
J (s)ds,

when ψ1 ≤ 0, one obtains∫ Tf

0
J (s)ds ≤

∫ Tf

0
[zT (s)ψ2w(s)+ wT (s)ψT

2 z(s)

+wT (s)ψ3w(s)]ds,

which implies

V (t) ≤ eαmaxTf [
∫ Tf

0
[zT (s)ψ2w(s)+ wT (s)ψT

2 z(s)

+wT (s)ψ3w(s)]ds].

Hence, given P̂i = F−
1
2PiF−

1
2 , one has

xT (t)Fx(t) ≤
V (t)
λ1

≤
eαmaxTf

λ1
[
∫ Tf

0
[xT (s)CT

i ψ2w(s)

+wT (s)ψT
2 Cix(s)

+wT (s)ψ3w(s)]ds] (35)

where λ1 = infi∈S λmin(̂Pi) > 0. Utilizing the Lemma 3,
one has

xT (s)CT
i ψ2w(s)+ wT (s)ψT

2 Cix(s)

≤ xT (s)CT
i Cix(s)+ w

T (s)ψT
2 ψ2w(s).

Combining with (35), one obtains

xT (t)Fx(t) <
V (t)
λ1

<
eαmaxTf

λ1
[
∫ Tf

0
[xT (s)CT

i Cix(s)

+wT (s)ψT
2 ψ2w(s)+ wT (s)ψ3w(s)]ds

<
eαmaxTf

λ1
[λ4d + (λ5 + λ6)h]

where

λ4 = sup
i∈S

λmax(CT
i Ci), λ5 = sup

i∈S
λmax(ψT

2 ψ2),

λ6 = sup
i∈S

λmax(ψ3).

Then, one has

xT (t)Fx(t) <
eαmaxTf

λ1
[λ4d + (λ5 + λ6)h] < c2.

Relying on Definition 1, it is apparent that the system (1) sat-
isfies both finite-time boundedness and extended dissipative
performance. The proof is completed.

C. FINITE-TIME NON-FRAGILE EXTENDED
DISSIPATIVE CONTROL
Based on the results of previous subsections, the non-fragile
controllers of the periodic piecewise time-varying system
(1) are further studied in this subsection. Consider a non-
fragile periodic time-varying control law u(t) =

(
Ki(t) +

1Ki(t)
)
x(t), t ∈ [ti−1, ti), i ∈ S, the corresponding closed-

loop system is described as

ẋ(t) = Aci(t)x(t)+ Ei(t)w(t),

z(t) = Cix(t) (36)

where Aci(t) = Ai(t) + Bi(t)
(
Ki(t) + 1Ki(t)

)
, i ∈ S.

Ki(t) = Ki(t + `Tp), and1Ki(t) is the uncertain perturbation
of controller gain for the ith subsystem therein.

Based on Lemmas 1-3 and the above Theorems,
for the additive gain perturbations, that is, 1Ki(t) =
HiGi(t)Xi(t), i ∈ S, a non-fragile controller is developed
below.
Theorem 3: Consider periodic piecewise time-varying

system (36), given scalars αi > 0, αmax = maxi∈S{αi},
i ∈ S, 0 < c1 < c2, h > 0, d > 0, a time interval
Tf > 0 and matrices F > 0, ψ1, ψ2, ψ3, ψ4,Hi,Xi,Xi+1,
i ∈ S, the system (36) is finite-time bounded and satisfies
the extended dissipative performance, if there exist scalars
ε, λ1, λ2, λ4, λ5, λ6 and matrices Wi > 0,Qi, i ∈ S, with
WS+1 = W1, such that

Hac,i,0 < 0, (37)

Hac,i,0 +Hac,i,1 < 0, (38)

Hac,i,0 +Hac,i,1 +Hac,i,2 < 0, (39)[
−

1
eαmaxTf

Wi WiCT
i ψ4

∗ − ψ4

]
< 0, (40)[

−
1

eαmaxTf
Wi+1 Wi+1CT

i ψ4

∗ − ψ4

]
< 0, (41)

1
λ2
F−1 ≤ Wi ≤

1
λ1
F−1, (42)

eαmaxTf [λ4d + (λ5 + λ6)h] < λ1c2 (43)

where

Hac,i,0 =


6i0 �i0 4i0 5i0
∗ − ψ3 0 0
∗ ∗ − εI 0
∗ ∗ ∗ ψ1

 ,

Hac,i,1 =


6i1 �i1 4i1 5i1
∗ 0 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0

 ,

Hac,i,2 =


6i2 0 0 5i2
∗ 0 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0
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with

6i0 = sym(AiWi + BiQi)−
1
Ti
(Wi+1 −Wi)

−αiWi + εBiHiHT
i B

T
i ,

6i1 = sym(AiWi+1 + Ai+1Wi − 2AiWi + BiQi+1
+Bi+1Qi − 2BiQi)− αi(Wi+1 −Wi)
+εBiHiHT

i B
T
i+1 + εBi+1HiH

T
i B

T
i

−2εBiHiHT
i B

T
i ,

6i2 = sym(Ai+1Wi+1 − Ai+1Wi − AiWi+1 + AiWi

+Bi+1Qi+1 − Bi+1Qi − BiQi+1 + BiQi)
+εBi+1HiHT

i B
T
i+1 − εBi+1HiH

T
i B

T
i

−εBiHiHT
i B

T
i+1 + εBiHiH

T
i B

T
i ,

�i0 = Ei −WiCT
i ψ2,

�i1 = Ei+1 − Ei −Wi+1CT
i ψ2 +WiCT

i ψ2,

4i0 = WiXTi ,
4i1 = WiXTi+1 +Wi+1XTi − 2WiXTi ,

4i2 = Wi+1XTi+1 −Wi+1XTi −WiXTi+1 +WiXTi ,

5i0 = WiCT
i ψ1,

5i1 = Wi+1CT
i ψ1 −WiCT

i ψ1,

λ1 = inf
i∈S

λmin(Ŵi), λ2 = sup
i∈S

λmax(Ŵi),

Ŵi = F−
1
2W−1i F−

1
2 , λ4 = sup

i∈S
λmax(CT

i Ci),

λ5 = sup
i∈S

λmax(ψT
2 ψ2), λ6 = sup

i∈S
λmax(ψ3).

Then the periodic controller gain is given as

Ki(t) = Qi(t)W
−1
i (t), t ∈ [`Tp + ti−1, `Tp + ti),

` = 0, 1, 2, . . . , i ∈ S (44)

where Qi(t) and Wi(t) are continuous periodic time-varying
matrix functions and given as

Qi(t) = Qi +
t − `Tp − ti−1

Ti
(Qi+1 − Qi), (45)

Wi(t) = Wi +
t − `Tp − ti−1

Ti
(Wi+1 −Wi). (46)

Proof: Constructing a Lyapunov function with periodic
time-varying matrices:

V (t) = Vi(t) = xT (t)Yi(t)x(t), t ∈ [ti−1, ti) (47)

where Yi(t) = W−1i (t). For t ∈ [`Tp + ti−1, `Tp + ti), ` =
0, 1, 2, . . . , i ∈ S, since 0 ≤ t−`Tp−ti−1

Ti
≤ 1, with (37)-(41)

and Lemma 1, one has
E(t) T (t) Wi(t)XTi (t) Wi(t)CT

i ψ1
∗ − ψ3 0 0
∗ ∗ − εI 0
∗ ∗ ∗ ψ1

 < 0 (48)

where

E(t) = sym
(
Ai(t)Wi(t)+ Bi(t)Qi(t)

)
−D+Wi(t)

−αiWi(t)+ εBi(t)HiHT
i B

T
i (t),

T (t) = Ei(t)−Wi(t)CT
i ψ2.

Note that, forWi(t), i ∈ S,Wi andWi+1 are constantmatrices,
and WS+1 = W1. One can observe that Wi(t) is continuous,
and since Wi(t) > 0, one has W−1i (t) > 0 and continuous.
Moreover, since ψ1 = ψ

T
1 ≤ 0, utilizing Schur complement,

inequality (48) is equivalent toα(t) T (t) Wi(t)XTi (t)
∗ − ψ3 0
∗ ∗ − εI

 < 0 (49)

where

α(t) = sym
(
Ai(t)Wi(t)+ Bi(t)Qi(t)

)
−D+Wi(t)

−αiWi(t)+ εBi(t)HiHT
i B

T
i (t)

−WiCT
i ψ1CiWi(t).

Using the Schur complement again, then one obtains[
δ(t) T (t)
∗ −ψ3

]
< 0

where

δ(t) = sym
(
Ai(t)Wi(t)+ Bi(t)Qi(t)

)
−D+Wi(t)

−αiWi(t)+ εBi(t)HiHT
i B

T
i (t)

−WiCT
i ψ1CiWi(t)

+ε−1Wi(t)XTi (t)Xi(t)Wi(t).

SubstitutingD+Y−1i (t) by−Y−1i (t)D+Yi(t)Y−1i (t), andQi(t)
by Ki(t)Wi(t), respectively. Then, multiply both sides of it by
diag{Yi(t), I }. One has[
m(t) y(t)
∗ − ψ3

]
+ ε

[
k(t) 0
0 0

]
+ε−1

[
XTi (t)Xi(t) 0
∗ 0

]
< 0 (50)

where

m(t) = ATni(t)Yi(t)+ Yi(t)Ani(t)− αiYi(t)+D+Yi(t)
−CT

i ψ1Ci,

y(t) = Yi(t)Ei(t)− CT
i ψ2,

k(t) = Yi(t)Bi(t)HiHT
i Bi(t)

TYi(t)

with

Ani(t) = Ai(t)+ Bi(t)Ki(t).

It is noted that Gi(t) for i ∈ S satisfying Gi(t)GTi (t) ≤ I in
(7), combining with Lemma 2, (50) is equivalent to[
m(t) y(t)
∗ − ψ3

]
+

[
Yi(t)Bi(t)Hi

0

]
Gi(t)

[
XTi (t)
0

]T
+

[
XTi (t)
0

]
Gi(t)T

[
Yi(t)Bi(t)Hi

0

]T
< 0. (51)

Then, one has [
$ 11 $ 12
∗ − ψ3

]
< 0 (52)
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where

$ 11 = ATci(t)Yi(t)+ Yi(t)Aci(t)− αiYi(t)
+D+Yi(t)− CT

i ψ1Ci,
$ 12 = Yi(t)Ei(t)− CT

i ψ2

with

Aci(t) = Ai(t)+ Bi(t)
(
Ki(t)+ HiGi(t)Xi

)
.

Combining with inequality (33), upon the proof lines of
Theorem 2, one has

V̇ − αiV (t)− J (t) = χT (t)ג(t)χ (t) < 0

where

χ (t) = [xT (t) wT (t)]T ,

(t)ג =
[
$ 11 $ 12
∗ − ψ3

]
.

Following the same arguments in the proof of Theorem 2,
it can be easily obtained that the LMI conditions (37)-(43)
can ensure the closed-loop system (36) satisfying both the
finite-time boundedness and extended dissipative perfor-
mance under the non-fragile controller, which completes the
proof.

Consider the multiplicative gain perturbations 1Ki(t) =
HiGi(t)X̃i(t)Ki(t), i ∈ S, we can obtain the following
theorem.
Theorem 4: Consider periodic piecewise time-varying

system (36), given scalars αi > 0, αmax = maxi∈S{αi}, i ∈
S, 0 < c1 < c2, h > 0, d > 0, a time interval
Tf > 0 andmatrices F > 0, ψ1, ψ2, ψ3, ψ4,Hi, X̃i, X̃i+1, i ∈
S, the system (36) is finite-time bounded and satisfies
the extended dissipative performance, if there exist scalars
ε, λ1, λ2, λ4, λ5, λ6 and matrices Wi > 0,Qi, i ∈ S, with
WS+1 = W1, such that (40)-(43) hold and

Mmc,i,0 < 0, (53)
Mmc,i,1 +Mmc,i,1 < 0, (54)

Mmc,i,0 +Mmc,i,1 +Mmc,i,2 < 0 (55)

where

Mmc,i,0 =


60i �0i 40i 50i
∗ − ψ3 0 0
∗ ∗ − εiI 0
∗ ∗ ∗ ψ1

 ,

Mmc,i,1 =


61i �1i 41i 51i
∗ 0 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0

 ,

Mmc,i,2 =


62i 0 0 52i
∗ 0 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0


with

60i = sym(AiWi + BiQi)−
1
Ti
(Wi+1 −Wi)

−αiWi + εBiHiHT
i B

T
i ,

61i = sym(AiWi+1 + Ai+1Wi − 2AiWi + BiQi+1

+Bi+1Qi − 2BiQi)− αi(Wi+1 −Wi)

+εBiHiHT
i B

T
i+1 + εBi+1HiH

T
i B

T
i

−2εBiHiHT
i B

T
i ,

62i = sym(Ai+1Wi+1 − Ai+1Wi − AiWi+1 + AiWi

+Bi+1Qi+1 − Bi+1Qi − BiQi+1 + BiQi)

+εBi+1HiHT
i B

T
i+1 − εBi+1HiH

T
i B

T
i

−εBiHiHT
i B

T
i+1 + εBiHiH

T
i B

T
i ,

�0i = Ei −WiCT
i ψ2,

�1i = Ei+1 − Ei −Wi+1CT
i ψ2 +WiCT

i ψ2,

40i = QTi X̃
T
i ,

41i = QTi X̃
T
i+1 + Q

T
i+1X̃

T
i − 2QTi X̃

T
i ,

42i = QTi+1X̃
T
i+1 − Q

T
i+1X̃

T
i − Q

T
i X̃

T
i+1 + Q

T
i X̃

T
i ,

50i = WiCT
i ψ1,

51i = Wi+1CT
i ψ1 −WiCT

i ψ1,

λ1 = inf
i∈S

λmin(Ŵi), λ2 = sup
i∈S

λmax(Ŵi)

Ŵi = F−
1
2W−1i F−

1
2 , λ4 = sup

i∈S
λmax(CT

i Ci),

λ5 = sup
i∈S

λmax(ψT
2 ψ2), λ6 = sup

i∈S
λmax(ψ3)

where the controller gain is given in (44). The proof is omitted
here for brevity.
Remark 4: It should be noted that compared with the

norm-bounded additive perturbation, the multiplicative per-
turbation is related to the change of the controller gain, it thus
has a more general and realistic and may be more desirable
in applications.

The nominal controller without gain perturbation is synthe-
sized in the following corollary and is used in the comparison
of the aftermentioned simulation subsection to illustrate the
robustness of the non-fragile control. With the similar argu-
ments in the proof of Theorem 3, the condition is obtained as
follow.
Corollary 1: Consider periodic piecewise time-varying

system (36), given scalars αi > 0, αmax = maxi∈S{αi}, i ∈
S, 0 < c1 < c2, h > 0, d > 0, a time interval Tf > 0 and
matrices ψ1, ψ2, ψ3, ψ4,F > 0, the system (36) is finite-
time bounded and satisfies the extended dissipative perfor-
mance, if there exist scalars λ1, λ2, λ4, λ5, λ6 and matrices
Wi > 0, Qi, i ∈ S, with WS+1 = W1, such that (40)-(43)
hold and

Ec,i,0 < 0, (56)

Ec,i,0 + Ec,i,1 < 0, (57)

Ec,i,0 + Ec,i,1 + Ec,i,2 < 0 (58)
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TABLE 1. Optimized variables of four performances.

where

Ec,i,0 =

60,i �0,i 50,i
∗ 30,i 0
∗ ∗ ψ1

 ,
Ec,i,1 =

61,i �1,i 50,i
∗ 0 0
∗ ∗ 0

 ,Ec,i,2 =
62,i 0 0
∗ 0 0
∗ ∗ 0


with

60,i = sym(AiWi + BiQi)−
1
Ti
(Wi+1 −Wi)

−αiWi,

61,i = sym(AiWi+1 + Ai+1Wi − 2AiWi + BiQi+1
+Bi+1Qi − 2BiQi)− αi(Wi+1 −Wi),

62,i = sym(Ai+1Wi+1 − Ai+1Wi − AiWi+1 + AiWi

+Bi+1Qi+1 − Bi+1Qi − BiQi+1 + BiQi),

�0,i = Ei −WiCT
i ψ2,

�1,i = Ei+1 − Ei −Wi+1CT
i ψ2 +WiCT

i ψ2,

50,i = WiCT
i ψ1,

51,i = Wi+1CT
i ψ1 −WiCT

i ψ1,

30,i = −ψ3,

λ1 = inf
i∈S

λmin(Ŵi), λ2 = sup
i∈S

λmax(Ŵi)

Ŵi = F−
1
2W−1i F−

1
2 , λ4 = sup

i∈S
λmax(CT

i Ci),

λ5 = sup
i∈S

λmax(ψT
2 ψ2), λ6 = sup

i∈S
λmax(ψ3)

where the controller gain is given in (44). The proof is omitted
here for brevity.

IV. NUMERICAL EXAMPLE
In this section, simulation results are given to verify the
effectiveness of our proposed criteria.

Firstly, four cases of the extended dissipativity are given as
follows:
• Case 1: ψ1 = −I , ψ2 = 0, ψ3 = γ

2I , ψ4 = 0; (H∞)
• Case 2: ψ1 = ψ2 = 0, ψ3 = γ

2I , ψ4 = I ; (L2-L∞)
• Case 3: ψ1 = 0, ψ2 = I , ψ3 = γ I , ψ4 = 0; (Passivity)
• Case 4: ψ1 = −I , ψ2 = I , ψ3 = 100 − βI , ψ4 = 0.
(Dissipativity)

Consider a periodic piecewise time-varying system con-
sisting of three subsystems, of which the period of the system
is Tp = 2, and the dwell time for each subsystem is set to
T1 = 0.4,T2 = 0.6,T3 = 1. To the light of the linear

interpolation formula, the related parameters of the system
can be described as

A1(t) =
[
−1.8 0.12
5.02 − 0.17

]
+ 2.5(t − `Tp)

×

[
1.96 1.32
−2.79 − 0.08

]
,

A2(t) =
[
0.16 1.44
2.23 − 0.25

]
+

5(t − `Tp − 0.4)
3

×

[
−9.02 − 0.31
−2.82 − 2.83

]
,

A3(t) =
[
−8.86 1.13
−0.59 − 3.08

]
+ (t − `Tp − 1)

×

[
7.06 − 1.01
5.61 2.91

]
,

B1(t) =
[
−5.1
3.01

]
+ 2.5(t − `Tp)

[
1.1
−2.51

]
,

B2(t) =
[
−4
0.5

]
+

5(t − `Tp − 0.4)
3

[
2

2.52

]
,

B3(t) =
[
−2
3.02

]
+ (t − `Tp − 1)

[
−3.1
−0.1

]
,

E1(t) =
[
−1
0.5

]
+ 2.5(t − `Tp)

[
4
−2.5

]
.

E2(t) =
[
3
−2

]
+

5(t − `Tp − 0.4)
3

[
−4.5
3

]
.

E3(t) =
[
−1.5
1

]
+ (t − `Tp − 1)

[
0.5
−0.5

]
,

C1 =

[
0.9
0.7

]T
,C2 =

[
0.8
1

]T
,C3 =

[
1.01
−0.69

]T
,

and choose the disturbance w(t) = e−0.5t , let the initial
condition x0 = [0, 0]T . Given Tf = 5,F = I , α1 = 0.5,
α2 = 0.4, α3 = 0.8. It is easily seen that αmax = 0.8.
Based on the designed auxiliary matrix values, as shown
in cases 1-4, and according to Corollary 1, four optimized
performance indices under the nominal controller are listed
in the second column of Table 1. The corresponding variation
of controller gains Ki(t) is shown in Figure 1. One can see
that system the nominal controller has a good control effect
for guaranteeing the finite-time extended dissipative perfor-
mance of the periodic piecewise time-varying system.

Then, consider that there are two types of gain pertur-
bations in the controller of the investigated system, that is,
the norm-bounded additive form (4) and the norm-bounded
multiplicative form (5).
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FIGURE 1. Variation of Ki (t) under nominal controller over a period.

For the additive 1Ki(t), the parameters that satisfy the
perturbation definition are selected as follows:

H1 = 0.01,H2 = 0.08,H3 = −0.03,Gi(t) =
[
Gi1(t)
Gi2(t)

]T
,

X1(t) =
[
0.09 0
0.15 0.2

]
+ 2.5(t − `Tp)

[
−1.29 0
−0.15 ‘0

]
,

X2(t) =
[
−1.2 0
0 0.2

]
+

5(t − `Tp − 0.4)
3

[
1.7 0
0 − 0.4

]
,

X3(t) =
[
0.5 0
0 − 0.2

]
+ (t − `Tp − 1)

[
−0.41 0
0.15 0.4

]
.

For the multiplicative 1Ki(t), the parameters that satisfy
the perturbation definition are selected as follows:

H1 = 0.13,H2 = 0.15,H3 = −0.06,Gi(t) =
[
Gi1(t)
Gi2(t)

]T
,

X̃1(t) =
[
1.05
0.12

]
+ 2.5(t − `Tp)

[
−2.65
−0.38

]
,

X̃2(t) =
[
−1.6
0.5

]
+

5(t − `Tp − 0.4)
3

[
1.9
0

]
,

X̃3(t) =
[
0.3
0.5

]
+ (t − `Tp − 1)

[
0.75
−0.38

]
.

The above values of Gi(t) are assumed to be within the
interval (−1, 1), which can be obtained by setting Gi1(t) =

2∗rand(1, 1)−1,Gi2(t) = −
√
1− G2

i1(t)+2∗
√
1− G2

i1(t)∗
rand(1, 1).

TABLE 2. The values Gi (t) of additive perturbations.

Under the considered Gi(t) in Table 2 and Table 3 listed,
according to Theorem 3 and Theorem 4, the obtained Ki(t) is

TABLE 3. The values Gi (t) of multiplicative perturbations.

FIGURE 2. Variation of Ki (t) under non-fragile controller (additive) over a
period.

FIGURE 3. Variation of Ki (t) under non-fragile controller (multiplicative)
over a period.

shown in Figures 2-3 for additive perturbation andmultiplica-
tive perturbation, respectively. With the obtained controller,
four corresponding optimized performance indices under two
types of non-fragile controllers can be obtained, as shown
in the third and fourth column of Table 1, respectively.
Compared with the performance with nominal controller, one
can observe that both the proposed additive andmultiplicative
non-fragile controllers are reliable and robust under the gain
perturbations.

V. CONCLUSION
In this paper, the finite-time non-fragile extended dissipa-
tive control of periodic piecewise time-varying system is
investigated. Based on a continuous periodic time-varying
Lyapunov function, and a condition of matrix polynomial,
sufficient conditions of finite-time boundedness and extended
dissipativity for periodic piecewise time-varying system
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are presented. Then, considering two types of norm-bounded
controller gain perturbations with time-varying periodic
parameters, the non-fragile controllers that allows one to
optimize multiple performances conveniently and to satisfy
finite-time boundedness are developed for periodic piecewise
time-varying system. The gain of the proposed controller
could be obtained by solving LMIs. Finally, numerical exam-
ples are given to verify the effectiveness of the proposed
methods. The results may be extended to the time-delay
system [35]–[38] and nonlinear jumping system [39], [40] in
the future.
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