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ABSTRACT This paper proposes a mathematical fractional order modelling of Voltage Source Converters
(VSC). Fractional behaviour helps to model and describe a real object more accurately than the integer
order model. State-space equations of VSC is obtained using fractional calculus in d-q domain. The
Caputo derivative method is employed to eliminate complex definitions of fractional calculus and to get
approximate solution with optimal design of parameters. A detailed analysis is performed on developed
mathematical fractional order model of VSC including small-signal analysis and DC analysis. The stability
and time-domain transient analysis is carried out to validate the fractional order VSC for its application as
Distribution STATtic COMpensator (DSTATCOM) in power distribution system, using real-time simulator.
Fractional-order capacitor and inductor are designed and modelled for verification of fractional order
VSC through simulations. The real-time simulation results verify the effectiveness of proposed model.
It shows that fractional order model can describe the operating characteristics of VSC more accurately.
The comparative performance analysis demonstrates superior transient response in case of fractional order
devices as compared to integer order.

INDEX TERMS DSTATCOM, fractional calculus, real-time simulator, small-signal analysis, voltage source
converter.

NOMENCLATURE
ω Constant velocity
Cdc dc link capacitor
Idc Current across capacitor
Iload Load current
Ishunt Shunt current
Lshunt Shunt inductance
Lsource Inductance at source end
PCC Point of Common Coupling
Rload Load resistance
Rshunt Shunt resistance
Rsource Resistance at source end of grid
Vdc dc link voltage
Vinp Input voltage at PCC
VVSC Voltage across voltage source converter
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I. INTRODUCTION
In nature, all the systems have certain fractional charac-
teristics. The concepts of fractional calculus has recently
been applied to large number of linear and non-linear sys-
tems. Fractional calculus was considered earlier only a the-
oretical approach, but since last decade this technique has
emerged as a better practical approach. It is widely used in
several applications, such as, electrical systems, biological
systems, etc [1]. The fractional behaviour helps to model
a real object more accurately than the integer order model.
For the past several years, the integer order models were
used due to the absence of solution methods for fractional
equations [2]. Numerous methods are used for approxima-
tion of fractional derivatives and integrals. Among them
the fractional calculus can easily be used for wide area of
applications.

Inductors and capacitors, the key components of power
electronic converters, are usually considered as integer-order
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components in the traditional models of power electronic
converters. However, it cannot reflect their actual operat-
ing characteristics [3]. In recent years, the fractional-order
modelling of power electronic converters are approached by
considering the fractional-order characteristics of inductors
and capacitors [4].

Researchers have accomplished considerable progress in
the application of fractional order electrical circuits and com-
ponents. Number of models related to fractional order induc-
tors and capacitors are built [5]. The study on inductors and
capacitors shows their fractional nature and can be modelled
using fractional calculus to describe their electrical charac-
teristics [6]. Fractional order components provide flexibility
and freedom in circuit design [5]. Researchers have worked
on the fractional behaviour of inductors and capacitors under
different dielectrics [4], [7]. Fractional order capacitor is
developed using different fractal structure [8]. The fractional
order inductors of different orders can be developed based
on skin effect [9]. The fractional behaviour indicates the pos-
sibility of being deployed in practical applications of power
electronic converters.

Fractional modelling of power electronic systems i.e.
dc-dc converter, is reported in literature [10]–[12]. The
fractional-order modelling and analysis of a three-phase volt-
age source PWM rectifier (VSR) is presented recently consid-
ering the fractional-order characteristics of actual inductors
and capacitors. While the Caputo fractional calculus oper-
ator is used to describe the fractional-order characteristics
of an inductor and a capacitor, the fractional-order model
of a three-phase VSR is established in the three-phase static
coordinate system [3]. However, the stability analysis and
detailed analytical study to establish the fractional theory for
power electronic converters is missing. It needs to be carried
out to establish the fractional-order modelling for power
electronic converter applications. As reported, the frequency
domain analysis proves that the order of model has significant
influence on the stability performance of power electronic
converters [13], [14].

In this paper, fractional order modelling of Voltage Source
Converter (VSC) using fractional calculus is established and
analysed in detail. Caputo derivative is considered as smooth
fractional derivative and utilised to develop state-space model
of fractional order VSC. The mathematical modelling of frac-
tional order VSC is done considering fractional capacitor and
inductor as the integral part of VSC system. Detailed inves-
tigation is carried out on developed mathematical fractional
order model of VSC including small-signal and DC analysis.
Time-domain modelling and extensive stability studies are
presented with experimental verifications based on fractional
order inductor and capacitors. Results are in comparison
with the integer order VSC for performance evaluation of
fractional order VSC. This study is also validated by real-time
simulation experiments in order to verify VSC performance
and analysis. The stability studies and time-domain transient
analysis are carried out using real-time simulator to validate
the fractional order VSC, for its real-time application as

Distribution STATtic COMpensator (DSTATCOM) in power
distribution system.

The layout of paper is as follow: Section II introduces
background of fractional calculus. The fractional order mod-
elling of VSC is provided in section III. Average state space
analysis is discussed in section IV. Section V and section VI
describes the dc analysis and small signal analysis of VSC.
The performance of fractional order VSC is compared with
integer order VSC in section VII. Time domain analysis
on the fractional order system is reported in section VIII.
In section IX, the work is concluded.

II. INTRODUCTION OF FRACTIONAL CALCULUS
Fractional calculus is amathematical approach that deals with
integrals and derivatives of arbitrary and complex orders. The
operator aDqt , depending upon the sign of q denotes that it is
fractional integrator or fractional differentiator. The operator
is defines as:

aDqt =


∂q

∂tq
q > 0

1 q = 0∫ t

a
(∂τ )−q q < 0

(1)

where q is a fractional operator and a, t are the operational
limits [2]. Caputo derivative is considered as smooth frac-
tional derivative and is defined as follows:

aDqt f (t)=


1

0(n− q)

∫ t

a

f n(τ )
(t − q)q+1−n

∂τ n−1 < q<n

∂n

∂tnf (t)
q = n

(2)

where gamma (0) function is defined as

0(x) =
∫
∞

0
tx−1e−1∂t (3)

Taking laplace transform of (2). The equation can be
written as

L{aDqt f (t)}=s
qF(s)−

n−1∑
k=0

sq−k−1f k (0) n−1<q< n (4)

where n ∈ N . Laplace transform of caputo derivative as stated
by (2) while considering initial condition to be zero is given
as:

L{aDqt f (t)} = sqF(s) (5)

The fractional order differential equation can be represented
in the following form as stated by (6) [1].

anDqny(t)+ an−1Dqn−1y(t) . . . . . .+ a0Dq0x(t)

= bmDpmx(t)+ bm−1Dpm−1x(t) . . . . . .+ b0Dp0x(t) (6)

Dqn and Dpm are caputo fractional derivative. ak (k =
0 . . . n) and bk (k = 0 . . . n) are constants and qk (k = 0..n),
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pk (k = 0..n) are any arbitrary real and rational numbers.
Laplace transform of (6) is given as

G(s) =
Y (s)
X (s)
=
bmDpm . . .+ b1Dp1 + b0Dp0

anDqn . . .+ a1Dq1 + a0Dq0
(7)

Y (s) and X (s) represent the laplace transform of output
and input. In state-space model, fractional order linear time
invariant system can also be represented by (8) [15].

∂px(t) = Ax(t)+ Bu(t)

y(t) = Cx(t)+ Du(t) (8)

III. MATHEMATICAL MODELLING OF VOLTAGE
SOURCE CONVERTER
The three-phase line diagram of Distribution STATic
COMpensator (DSTATCOM) in power distribution system
which consists of IGBTs based VSC and a dc capacitor Cdc
is shown in Fig.1. The modelling of DSTATCOM is based
on synchronous reference frame theory. The d and q axis
are assumed to be rotating at a constant velocity ‘‘ω’’rad/sec
(ω = 2π f ) in an anticlockwise direction. Loading is consid-
ered as RL load.
The a − b − c variables are converted into d − q vari-

ables using park transformation [16]. During transforma-
tion three-phase quantities are transformed into stationary
reference frame and further into rotating frame. Following
assumptions are considered during transformation [17]:
• The zero sequence and sinusoidal components are
absent.

• Semiconductor devices in converter are ideal.
• Losses due to shunt impedance and harmonics are neg-
ligible.

• Voltage source is considered as balanced source.

FIGURE 1. Line diagram of power distribution system with voltage source
converter as DSTATCOM.

A. DIFFERENTIAL EQUATIONS AT SOURCE END
Applying KVL in Fig. 1 between voltage source and Point of
Common Coupling (PCC). The equations can be written as:

∂αIsourced
∂tα

=
ω ∗ Isourceq
Lsource

−
RsourceIsourced

Lsource

+
Vsourced − VMd

Lsource
(9)

∂αIsourceq
∂tα

= −
ω ∗ Isourced
Lsource

−
RsourceIsourceq

Lsource

+
Vsourceq − VMq

Lsource
(10)

B. DIFFERENTIAL EQUATIONS AT LOAD END
Applying KVL at load end in Fig. 1. The equation can be
written as:

∂αIloadd
∂tα

=
ω ∗ Iloadq
Lload

−
Rload Iloadd
Lload

+
VMd

Lload
(11)

∂αIloadq
∂tα

= −
ω ∗ Iloadd
Lload

−
Rload Iloadq
Lload

+
VMq

Lload
(12)

C. DIFFERENTIAL EQUATIONS AT SHUNT PART
Applying KVL in Fig. 1 between VSC and PCC. The equa-
tion at shunt end can be written as:
∂αIshuntd
∂tα

=
ω ∗ Ishuntq
Lshunt

−
Rshunt Ishuntd

Lshunt
+
VMd−Vvscd
Lshunt

(13)

∂αIshuntq
∂tα

=−
ω ∗ Ishuntd
Lshunt

−
Rshunt Ishuntq
Lshunt

+
VMq−Vvscq
Lshunt

(14)

D. STATE-SPACE REPRESENTATION OF
VOLTAGE SOURCE CONVERTER
Using power balance equation on VSC and dc-side of VSC is
given by (15)

Pdc = Pvsc (15)

where Pdc is the power on dc side of VSC and Pvsc is the
power on ac side of VSC. As Pdc = Vdc ∗ Idc where value of
Vdc ∗ Idc is given by (16)

Vdc ∗ Idc =
3
2
(Vvscd Ishuntd + Vvscq Ishuntq ) (16)

Current across a capacitor can be written as:

Idc = Cdc
∂βVdc
∂tβ

(17)

From (16) and (17), dc link voltage of fractional order β is
given as:

∂βVdc
∂tβ

=
3

2CdcVdc
(Vvscd Ishuntd + Vvscq Ishuntq ) (18)

The shunt current for dq variables of fractional order α can
be represented using (13) and (14) as:

∂αIshuntd
∂tα

=
1

Lshunt
(VMd−Vvscd−Rshunt Ishuntd+ωIshuntq )

(19)
∂αIshuntq
∂tα

=
1

Lshunt
(VMq−Vvscq−Rshunt Ishuntq−ωIshuntd )

(20)

The relation between capacitor voltage (Vdc), VSC volatge
(Vvsc) and the duty ratio (dabc) is given by:dadb

dc

 =
1/21/2
1/2

+ 1
Vdc

VvscaVvscb
Vvscc

 (21)
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By using Park’s transformation in (21), abc to dq0 trans-
formation is done and given by:

dd =
Vvscd
Vdc

(22)

dq =
Vvscq
Vdc

(23)

d0 =
1
2
+
Vvscd
Vdc

(24)

In general, state-space model can be written as similar
to (8),

Ẋ = [A]X + [B]U

Y = [C]X (25)

By using (18), (19), (20) and representing in state-space
model form is given below:

∂αIshuntd
∂tα

∂αIshuntq
∂tα

∂βVdc
∂tβ


=


−
Rshunt
Lshunt

ω −
dd

Lshunt
−ω −

Rshunt
Lshunt

−
dq

Lshunt
3

2Cdc
(dd )

3
2Cdc

(dq) 0


IshuntdIshuntq

Vdc



+


1

Lshunt
0

0
1

Lshunt
0 0


VMd
VMq
0

 (26)

V0 =
[
0 0 1

]IshuntdIshuntq
Vdc

 (27)

In (26) and (27), fractional state-space model is obtained
for VSC, where the additional parameters α and β represent
the fractional order of inductor (Lshunt ) and capacitor (Cdc),
respectively. Thus, from (26) and (27), state-space model
parameters A, B and C can be represented as follow:

A =


−
Rshunt
Lshunt

ω −
dd

Lshunt
−ω −

Rshunt
Lshunt

−
dq

Lshunt
3

2Cdc
(dd )

3
2Cdc

(dq) 0

 ;

B =


1

Lshunt
0

0
1

Lshunt
0 0

 ;
C =

[
0 0 1

]
(28)

where A is a state matrix, B is input matrix and C is output
matrix.

IV. AVERAGE STATE-SPACE MODEL OF FRACTIONAL
ORDER VSC
In this section, average state-space model of fractional order
VSC is developed by dividing state-space equation into ac
and dc parts. Averaging is done over a period of switching to

eliminate higher order switching harmonics. Average formula
thus obtained is further used for dc and and small-signal
analysis of fractional order VSC.

Averaging formula states that

< x(t) >T=
1
T

∫ t+T

t
x(τ )∂τ (29)

where x is any arbitrary variable of VSC [18].

∂ < x(t) >αT
∂tα

= 〈
∂αx(t)
∂tα
〉T (30)

The variables in VSC consists of dc and ac components
where ishuntd and îshuntd (t) are dc and ac terms. Various terms
can be represented in dc and ac terms as follows:

〈Ishuntd (t)〉 = ishuntd + îshuntd (t),

〈Ishuntq (t)〉 = ishuntq + îshuntq (t),

〈Vdc〉 = vdc + v̂dc(t),

〈c(t)〉 = D+ ĉ(t),

〈Vinp(t)〉 = vinp + v̂inp(t), (31)

where Vinp(t) =

VMd

VMq

0


Let c(t) be the switched on state of VSC, c(t) = Ton

T and D
is the duty cycle. For an ideal switch, the switching function
is expressed as

c(t) =

{
1 c on;
0 c off;

(32)

The dead zone case is excluded in this theoretical
work [19]. Average state-space model of (25) and (26) can
be written as (33):
∂α〈Ishuntd 〉

∂tα
∂α〈Ishuntq 〉

∂tα
∂β 〈Vdc〉
∂tβ

 =

−
Rshunt
Lshunt

ω −
dd

Lshunt
−ω −

Rshunt
Lshunt

−
dq

Lshunt
3

2Cdc
(dd )

3
2Cdc

(dq) 0


〈Ishuntd 〉〈Ishuntq 〉
〈Vdc〉



+


〈c(t)〉
Lshunt

0

0
〈c(t)〉
Lshunt

0 0


[
〈Vinp〉

]
(33)

The average value of used variable is replaced by their dc
and ac components as given in (34).

∂α(ishuntd + îshuntd (t))
∂tα

∂α(ishuntq + îshuntq (t))

∂tα

∂β (vdc + v̂dc(t))
∂tβ
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=


−
Rshunt
Lshunt

ω −
dd

Lshunt
−ω −

Rshunt
Lshunt

−
dq

Lshunt
3

2Cdc
(dd )

3
2Cdc

(dq) 0


×

(ishuntd + îshuntd (t))(ishuntq + îshuntq (t))
(vdc + v̂dc(t))



+


D+ ˆc(t)
Lshunt

0

0
D+ ˆc(t)
Lshunt

0 0

[vinp + v̂inp(t)] (34)

V. DC ANALYSIS OF VSC
DC analysis is done to determine the branch current and
dc-link voltage of the VSC. The ac values are omitted in case
of dc analysis and the averaged values obtained in (34) are
substituted in (25). Caputo derivative is zero for dc compo-
nents and the following equation can be achieved as stated
in (35).

0= [A]

ishuntdishuntq
vdc

+ [B]U (35)

ishuntdishuntq
vdc

=−[A]−1[B]U (36)

ishuntdishuntq
vdc

=− 1
1

×



Dd2q
2CdcL2shunt

−
D3dqdd

2CdcL2shunt

−
3dqddD

2CdcL2shunt

3d2dD

2CdcL2shunt
D
Rshuntdd
L3shunt

+
ωdq
L2shunt

−
dqRshuntD

L3shunt
+
ddωD

L2shunt


(37)

where 1 =
−Rshuntd2q

2LshuntCdcLshunt
−

3ωdqdd
2 CdcLshunt

+
3ωdddq
LshuntCdc

−
3 d2dRshunt
2L2shuntCdc
Equation (37) gives the shunt current for dq variables and

dc-link voltage provided to VSC.

VI. SMALL SIGNAL ANALYSIS OF VSC
Large signal analysis allows to find DC operating point of the
system whereas small signal analysis helps to find the result
of applying a small signal on top of the DC operating points
of the system. In small signal analysis, dc components are
neglected and considering only ac part of (34) is given as


∂α îshuntd (t)

∂tα
∂α îshuntq (t)

∂tα
∂β v̂dc(t)
∂tβ

=

−
Rshunt
Lshunt

ω −
dd

Lshunt
−ω −

Rshunt
Lshunt

−
dq

Lshunt
3

2Cdc
(dd )

3
2Cdc

(dq) 0


îshuntd (t)îshuntq (t)

v̂dc(t)



+


D

Lshunt
0

0
D

Lshunt
0 0


[
v̂inp(t)

]

+


vinp
Lshunt

0

0
vinp
Lshunt

0 0

[ĉ(t)] (38)

From (38), averaged small-signal analysis of VSC can be
rewritten as (39)-(41).
∂α(îshuntd (t))

∂tα
=−

Rshunt
Lshunt

îshuntd (t)+ωîshuntq (t)

−
dd

Lshunt
v̂dc(t)+

D
Lshunt

v̂inp(t)+
vinp
Lshunt

ĉ(t)

(39)
∂α îshuntq (t)

∂tα
=−ωîshuntd (t)−

Rshunt
Lshunt

îshuntq (t)

−
dq

Lshunt
v̂dc(t)+

D
Lshunt

v̂inp(t)+
vinp
Lshunt

ĉ(t)

(40)
∂β v̂dc(t)
∂tβ

=
3

2Cdc
(dd )îshuntd (t)+

3
2Cdc

(dq)îshuntq (t) (41)

Taking Laplace transform of (39)-(41), while considering
zero initial condition is stated below:

sα îshuntd (s)=−
Rshunt
Lshunt

îshuntd (s)+ωîshuntq (s)

−
dd

Lshunt
v̂dc(s)+

D
Lshunt

v̂inp(s)+
vinp
Lshunt

ĉ(s)

(42)

sα îshuntq(s)=−ωîshuntd (s)−
Rshunt
Lshunt

îshuntq (s)

−
dq

Lshunt
v̂dc(s)+

D
Lshunt

v̂inp(s)+
vinp
Lshunt

ĉ(s)

(43)

sβ v̂dc(s)=
3

2Cdc
(dd )îshuntd (s)+

3
2Cdc

(dq)îshuntq (s) (44)

Equation (44) can be rewritten as

îshuntd (s) =
2Cdc
3dd

sβ v̂dc(s)−
dq
dd
îshuntq (s) (45)

îshuntq (s) =
2Cdc
3dq

sβ v̂dc(s)−
dd
dq
îshuntd (s) (46)

By substituting (45) in (42) and re-writing as given below:

sα(
2Cdc
3dd

sβ v̂dc(s)−
dq
dd
îshuntq (s))

= −
Rshunt
Lshunt

(
2Cdc
3dd

sβ v̂dc(s)−
dq
dd
îshuntq (s))
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+ωîshuntq (s)−
dd

Lshunt
v̂dc(s)

+
D

Lshunt
v̂inp(s)+

vinp
Lshunt

ĉ(s) (47)

Assuming q component to be zero. Above equation can be
rewritten as

sα+β
2Cdc
3dd

v̂dc(s) = −
Rshunt
Lshunt

2Cdc
3dd

sβ v̂dc(s)−
dd

Lshunt
v̂dc(s)

+
D

Lshunt
v̂inp(s)+

vinp
Lshunt

ĉ(s) (48)

The transfer function of dc-link voltage and bus voltage at
PCC is given by (49).

Gv̂dc−v̂inp =
v̂dc
v̂inp
|ĉ(s)=0

=
D

(sα+β 2Cdc
3dd

Lshunt +
sβ2CdcRshunt

dd
+ dd )

(49)

In order to obtain transfer function for q variable, on sub-
stituting (46) in (43) and re-writing as given below:

sα(
2Cdc
3dq

sβ v̂dc(s)−
dd
dq
îshuntd (s))

= −ωîshuntd (s)−
Rshunt
Lshunt

(
2Cdc
3dq

sβ v̂dc(s)−
dd
dq
îshuntd (s))

−
dq

Lshunt
v̂dc(s)+

D
Lshunt

v̂inp(s)+
vinp
Lshunt

d̂(s) (50)

Gv̂dc−v̂inp

=
v̂dc
v̂inp
|ĉ(s)=0 =

D

(sα+β 2Cdc
3dq

Lshunt +
sβ2CdcRshunt

3dq
+ dq)

(51)

The relation between dc output voltage across VSC
and input voltage applied across VSC is given by (49)
and (51), respectively. The relationship between duty cycle
and output voltage is obtained by substituting (45) in (42)
while ignoring input voltage and as given in (52):

sα(
2Cdc
3dd

sβ v̂dc(s)−
dq
dd
îshuntq (s))

= −
Rshunt
Lshunt

(
2Cdc
3dd

sβ v̂dc(s)−
dq
dd
îshuntq (s))+ ωîshuntq (s)

−
dd

Lshunt
v̂dc(s)+

D
Lshunt

v̂inp(s)+
vinp
Lshunt

ĉ(s) (52)

Neglecting q component and considering input voltage equals
to zero in (52) gives:

sα+β
2Cdc
3dd

v̂dc(s)+
Rshunt
Lshunt

2Cdc
3dd

sβ v̂dc(s)+
dd

Lshunt
v̂dc(s)

=
vinp
Lshunt

ĉ(s) (53)

Gv̂dc−ĉ(s) =
v̂dc
d̂(s)
|v̂inp(s)=0

=
vinp

(sα+β 2Cdc
3dd

Lshunt +
sβ2CdcRshunt

dd
+ dd )

(54)

The transfer function given in (54) shows the ratio of output
dc-link voltage and duty cycle while considering input volt-
age equal to zero.

VII. PERFORMANCE EVALUATION OF FRACTIONAL
ORDER VSC
This section presents the performance analysis of Fractional
order model in comparison to integer order model. Table 1
shows the parameter used during analysis of VSC. The integer
order inductors and capacitors used for VSC modelling are
assumed to be accurate enough for the existing system. The
transfer function for integer ordermodel is obtained from (49)
while considering parameters of Table 1 and given by (55).

Gv̂dc−v̂inp=
0.0008

4.489e− 07s2+0.0002687s+6.4e−05
(55)

where fractional order of inductor (α) and capacitor (β) are
assumed to be an integer value of order one. The control gain
of VSC is stable for 0.1 to 0.9 duty cycle range [20]. The
averaged value of duty cycle is considered as 0.5 in (55)
and (56). Different fractional order values of α and β are
considered for the analysis of fractional order VSC.

The fractional order transfer function of VSC as stated
in (49) for α and β = 1.2 is given as

Gv̂dc−v̂inp=
0.0008

4.489e− 07s2.4+0.0002687s1.2+6.4e−05
(56)

To analyse the stability of system at different values of
(α, β), comparison between the bode plots of fractional and
integer order system is done and presented in Fig. 2. The sim-
ulation has been carried out using Matlab where FOMCON
library is used to perform fractional calculus. Gain margin
and phase margin in bode plot signifies about the stability
of system. For integer order transfer function case (where
(α, β) = 1), the gain margin is 4.0525+07 and phase margin
is 94.3045◦. The gain margin and phase margin of integer
order transfer function is compared with different fractional
order transfer functions to analyse the system. Greater the
gain margin and phase margin greater will be the stability of
the system. The gain margin starts deteriorating when values
of (α, β) is considered more than one.

The comparison between step response for integer and
fractional order system as given by (55) and (56) is shown
in Fig. 2. The purpose of considering the fractional order
more than one is to check the impact on the stability of
system. The step response in Fig. 2 for (α, β) = (1.2, 1.2)
and (1.6, 1.6) shows that integer order model for (α, β)
= (1, 1) is more stable in comparison to fractional order
model. Different values of fractional order is considered
in (49) where (α, β) = 0.9, 0.8 and 0.5 to evaluate the
performance of fractional order VSC on stability factor. Fig. 3
shows the performance at different fractional orders of VSC.
Table 2 shows the gain margin and phase margin obtained for
different values of α and β.

In fractional order model, the gain margin of the system
increases as value of (α, β) < 1. In case of (α, β) = 0.8 and
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TABLE 1. System parameters.

FIGURE 2. Frequency response and step response of transfer function for
integer order model and fractional order model.

0.5 the gain margin will become very large and the system
will remain stable for a very high range of frequencies.

Dc value of input voltage is considered 50V and the frac-
tional order transfer function of (54) at (α, β)= (0.8,0.8) can
be written as (57).

Gv̂dc−d̂(s)=
50

4.489e− 07s1.6 + 0.0002687s0.8 + 6.4e− 05
(57)

The random value of (α, β) are considered for simulation
and comparison case between 0.1 to 2. The transfer function
of (49) for fractional order case of VSC with (α = β = 0.8)
is provided in (58). The step response is plotted which have
same duty cycle and input voltage. The step response in Fig. 4
shows that in fractional order system becomesmore stable but
settling time increases as compare to integer order model as
stated by (55).

Gv̂dc−v̂inp=
0.0008

4.489e−07s1.6+0.0002687s0.8+6.4e−05
(58)

FIGURE 3. Frequency response of transfer function for integer order
model at (α, β) = (1,1) and fractional order model at (a) (α, β) = (0.9,0.9),
(b) (α, β) = (0.8,0.8), (c) (α, β) = (0.5,0.5).

TABLE 2. Frequency response at different fractional order.

VIII. TIME DOMAIN ANALYSIS
The layout of three-phase power distribution system is shown
in Fig. 5. A full-wave rectifier supplying RL load is consid-
ered as non-linear load and used for the analysis of fractional
order system. Initially pure resistive linear load of value of
100� is connected. But at 0.15 sec and 0.22 sec a non-linear
load i.e. full-wave rectifier has been added with (50�, 5mH )
and (100�, 0.00005mH ), respectively at dc side of recti-
fier. The detailed parameters of complete system is given
in Table-1.

A real-time simulator OP4510 (OPAL − RT )TM is used
for simulation. In real-time simulator two subsystem are
made known as master subsystem where hysteresis current
controller is used for controlling voltage source inverter
and console subsystem. In master subsystem the main con-
troller is kept and in console the simulation results are seen.
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FIGURE 4. Step response for integer order model at (α, β) = (1,1) and
fractional order model at (α, β) = (0.8,0.8).

The performance of system using fractional and integer order
inductor and capacitor are verified using ac source currents
and DC-link voltage.

FIGURE 5. Layout of power distribution system using real time simulator.

A. IMPLEMENTATION OF FRACTIONAL-ORDER DEVICES
To develop simulation model of fractional order VSC with
fractional order inductor and capacitor the chain fractance
method is used as the fractional order inductor and capacitor
are not present in simulation library. Similarly the real-time
experimental fractional order inductor and capacitor can be
physically realised using the chain fractance method due to
un-availability in the market until now [10].

Mathematically, the impedance of any α-order inductor is
defined as [10]:

Zα = (ω)α = (ω)αL[cos(
α5

2
)+ sin(

α5

2
)] (59)

where the magnitude of Zα should have a constant slope of 20
α db/dec and phases of α52 . Similarly, for capacitor of order
β, the impedance is defined as:

Zβ =
1

(ω)β
=

1
(ω)βC

[cos(
α5

2
)+ sin(

α5

2
)] (60)

where the magnitude of Zβ should have a constant slope of
−20 α db/dec and phases of −β52 .

From the frequency domain analysis, the value of α and
β in the range (0.5 ≤ (α = β) ≤ 0.8) is considered to
be more stable. In time domain analysis, the behaviour of

FIGURE 6. Fractional order inductor and capacitor in approximated
model. Here R11 = 7.16 k�, R12 = 340.84�, R13 = 34.25�,
R14 = 3.54 k�, R15 = 367 m�, R16 = 38 m�, R17 = 4 m�, R18 = 0.4 m�,
R19 = 42 m�, R20 = 5µ�, R21 = 20 m�, R22 = 160 m�, R23 = 1.5�,
R24 = 14.6�, R25 = 141�, R26 = 1.36 k�, R27 = 13.131 m�,
R28 = 126.742 k�, R29 = 1.222 M�, R30 = 102.85 M�, L11 = 95µH ,
L12 = 77µH , L13 = 131.6µH , L14 = 231.6µH , L15 = 408µH ,
L16 = 719.4µH , L17 = 1.268 mH , L18 = 2.235 mH , L19 = 3.934 mH ,
C11 = 6.5µF , C12 = 13.98µF , C13 = 24.5µF , C14 = 43.2µF , C15 = 76.2µF ,
C16 = 134.2µF , C17 = 236.6µF , C18 = 417µF , C19 = 736µF , C20 = 560µF .

FIGURE 7. Performance evaluation of integer and fractional order model
using real-time simulator for (a) Source voltage, (b) Load current,
(c) Source current for integer order model, (d) Source current for
fractional order model, (e) DC-link voltage.

fractional order inductor and capacitor is studied for (α =
β = 0.8) system. The approximate model of the fractional
order inductor ( Lshunt = 3mH and α = 0.8) and fractional
order capacitor ( Cbus = 2500µF and β = 0.8) is shown
in Fig. 6.

The rms voltage of 220V is provided and alignment
based on synchronous reference frame theory is used for the
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FIGURE 8. Total harmonic distortion of (a) Integer order model source
current, (b) Fractional order model source current, (c) Non-linear load
current.

generation of gate pulses [21]. The reference dc voltage of
600V is set. Fig. 7 shows the performance of VSC as DSTAT-
COM in power distribution system using fractional and
integer order based inductors and capacitors. The dynamic
response time under which source currents became sinusoidal
after injection of non-linear load in system at time-instant
of 0.15 sec is 0.5 msec using integer order inductors and
capacitors as shown in Fig. 7(c). Fig. 7(d) shows the dynamic
response using fractional order case is 1.2 msec. Fig. 7(e)
represent the dc-link voltage of fractional and integer order
models where the overshoot time of integer model is higher in
comparison to fractional order model. The transient response
is smooth in fractional order case and settling time is almost
similar for both models. Total Harmonic Distortion (THD)
reduction of source current for integer order model is from
20.05% to 0.97% and in fractional order model is from
20.05% to 0.61% as shown in Fig. 8.

IX. CONCLUSIONS
This paper proposes and presents a detailed mathemati-
cal modelling of Voltage Source Converter (VSC) using
fractional calculus and caputo derivative method. Caputo
derivative method eliminates complex definitions of frac-
tional calculus. Approximate solution with optimal design of
parameters can be obtained easily. Small-signal analysis and
average state-space model based analysis has been developed
for VSC. Performance analysis in terms of system stability
has been carried out for fractional order model with differ-
ent values of fractional order of inductor and capacitor i.e.
α and β, respectively, and are compared with the integer
order model. For the fractional-order VSC, state variables
were dependent on model orders. Therefore, the change of
fractional orders affects the stability and steady-state char-
acteristics of the VSC. It is inferred from the simulation
results, that when the orders of fractional devices reduces,
the stability improves; however settling time increases. These
phenomena have been explained by the mathematical analy-
sis of the proposed modelling approach, and confirmed by
extensive simulations results. Furthermore, the time-domain
analysis has been done using real-time simulator for VSC for

its application as DSTATCOM in power distribution system.
The fractional order inductor and capacitor are implemented
by using chain fractance method. The comparative results
demonstrate superior transient response in case of fractional
order devices as compared to integer order.
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