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ABSTRACT This paper presents a data-driven method for designing optimal controllers and robust con-
trollers for unknown nonlinear systems. Mathematical models for the realization of the control are difficult
to develop owing to a lack of knowledge regarding such systems. The proposed multidisciplinary method,
based on optimal control theory and machine learning with kernel functions, facilitates designing appropriate
controllers using a data set. Kernel-based system models are useful for representing nonlinear systems. An
optimal and an H-infinity controller can be designed by solving Hamilton—Jacobi (HJ) equations, which
unfortunately, are difficult to solve owing to the nonlinearity and complexity of the kernel-based models.
The objective of this study consists of overcoming two challenges. The first challenge is to derive exact
solutions to the HJ equations for a class of kernel-based system models. A key technique in overcoming this
challenge is to reduce the HJ equations to easily solvable algebraic matrix equations, from which optimal
and H-infinity controllers are designed. The second challenge is to control an unknown system using the
obtained controllers, wherein the system is identified as a kernel-based model. Additionally, this study
analyzes probabilistic stability of the feedback system with the proposed controllers. Numerical simulations
demonstrate control performances of both the derived optimal and H-infinity controllers and stability of the

feedback system.

INDEX TERMS Gaussian processes, H-infinity control, optimal control.

I. INTRODUCTION

There exist various unknown nonlinear systems that it is
useful to control. Examples of such systems are (semi-
)autonomous vehicles that comprise a human driver with
unknown nonlinear dynamics [1], [2] and batteries in electric
vehicles that should be managed by taking into account their
unknown dynamics [3]. It is desirable that such systems are
controlled optimally and safely, albeit their dynamics remain
partially unknown. This study focuses on controlling such
unknown nonlinear systems.

When model-based approaches are used to design con-
trollers for unknown systems, system identification is needed
to deduce mathematical models. Precise system model-
ing is crucial in controller design to realize high control
performance without the need for iterative experiments.
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Various model types have been developed to identify non-
linear systems in fields of system identification and machine
learning. Data-driven models using kernel functions are
promising because they describe nonlinear dynamics while
requiring limited knowledge regarding the dynamics. Such
kernel-based models include kernel ridge regression mod-
els [4], Gaussian processes (GPs) [5]-[7], and GP-based
state-dependent coefficient models [8]. Successful utilization
of the GPs can be seen in control systems [9]-[13]. This
study focuses on data-driven methods using kernel-based
models to design controllers for unknown systems. The data-
driven methods indicate that the controllers are designed
using data sets of the systems. Although estimate models
of the systems are developed from the data sets, true equa-
tions describing the systems are not used in the controller
design. Such methods are efficient for controlling unknown
systems, regarding which only limited information is
available.
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Various methods have been developed to control kernel-
based system models. Model predictive control [14]-[19] can
design (sub-) optimal controllers to minimize cost functions.
Local (sub-) optimal controllers near reference trajectories
have been calculated using differential dynamic program-
ming [20] and an iterative linear quadratic regulator [21].
Several promising techniques, such as the Dijkstra algo-
rithm [22] and a gradient-based method [11], have been
employed for controller design. Stabilizing controllers have
been proposed using sampling-based approaches [23], [24].
Unfortunately, several drawbacks are associated with the
use of these methods. First, the controllers are designed via
approximations that are sub-optimal for system models. Next,
designing the controllers involves high computational costs.
Lastly, stability of feedback system models with some con-
trollers is not guaranteed. An underlying cause of these draw-
backs is the difficulty in solving nonlinear optimal control
problems for the kernel-based models. This difficulty also
exists when employing other data-driven approaches based
on neural networks [25]-[28].

To overcome these drawbacks, this paper presents a
method to design optimal and Hy, controllers for a class
of kernel-based models. We design not only optimal con-
trollers but also H, controllers to ensure robustness against
disturbances. The proposed method derives exact solutions
to optimal control and H, control problems via an analytical
approach. The control problems can be automatically solved
without the need for huge computation once the system model
is obtained. Moreover, stability of the feedback system model
during the application of the designed controllers is automat-
ically guaranteed under certain assumptions. The proposed
controllers are data-driven; that is, a true system is identified
as a data-driven model, using which the controllers can be
designed. The resultant controllers consist of kernel functions
with a training data set.

The proposed method focuses on solving Hamilton—Jacobi
(HJ) equations [29], which are powerful tools for analyzing
optimal and H, control problems. Solving the HJ equations
yields optimal and Hs, controllers. Unfortunately, it is diffi-
cult to acquire exact solutions to the HJ equations for kernel-
based system models, though approximate solutions can be
obtained, e.g., in [23]. To address this difficulty, we find a
class of kernel-based models for which exact solutions to the
HIJ equations can be obtained. A key technique to find such
a model class involves reducing the HJ equations to easily
solvable algebraic matrix equations. The main originality and
novelty of this study involve the implementation of this tech-
nique. The algebraic equations consist of free parameters to
determine a kernel-based model and controllers. The param-
eters are selected such that the algebraic equations hold.
Satisfying the algebraic equations implies that the original
HJ equations are solved. The exact corresponding controllers
are subsequently obtained for the kernel-based model. If
the kernel-based model is equivalent to a true plant system,
the designed controllers stabilize it under certain assump-
tions. However, there almost always exists a modeling error

131048

between the true plant system and its kernel-based model.
This study analyzes probabilistic stability of the true system
when the proposed controllers are employed.

The remainder of this paper is organized as follows. Mathe-
matical notations are described in Section II. Section III states
two main problems associated with control problems that are
addressed in this study. The details of the proposed method
are described in Sections IV and V. Section IV addresses the
first problem, which refers to finding kernel-based models for
which exact solutions to optimal and H, control problems
can be obtained. Based on the solutions to the first problem,
Section V solves the second problem, which concerns the
development of a kernel-based system model and (stabiliz-
ing) controllers through the use of a data-driven approach. In
Section V-B, Algorithm 1 summarizes the method. Section VI
demonstrates the effectiveness of the proposed method via
numerical simulations. Section VII summarizes the advan-
tages of the proposed method compared to existing methods.
Section VIII concludes this paper and describes future work.
Contents of this paper have been presented in part at the
2018 American Control Conference [30].

Il. NOTATION
The following notations are used in this paper.

o Scalars are denoted by symbols in regular-weight font,
e.g.,t € RandJ € R.

o Vectors and matrices are denoted by bold letters, e.g.,
veR"andA € R* ¥,

o I,:the n x nidentity matrix

o [v];: the i-th component of a vector v € R”

e [A];: the component in the i-th row and j-th column of
a matrix A € R" *™"

e [A];. € R™: the i-th row vector of a matrix A € R" *"

e [A]l.; € R" the j-th column vector of a matrix
A c Rn Xm
o vec(A) == [[A]Tp ... 1A]T, 1T € R"™: the vector form

of a matrix A € R" *™

o vech@d) := [[Al1,1. [Al1 2. [AD2. ... [Al1 . - .,
[Aljjs - Al -, [Ala]t € RMED/2: the half-
vectorization of the upper triangular components of a
symmetric matrix A € R* X"

o diag(v) € R"*": the diagonal matrix whose diagonal
components are the components of a vector v € R”

o Ay ®Ap € R™MXMM: the Kronecker product of matri-
ces Ay € R™>*™Ma and Ay € R™*™  given by

[Aa]1,140 [Aal1,m,Ab

Aa ®Ap = : : €]
[Aa]na,lAb [Aa]na,maAb

o 3,8T(v) € R" *™: the partial derivative dgT(v)/dv of a

function g : R" — R with respect tov € R”

IIl. PROBLEM SETTING
This study focuses on Hs, control and optimal control
problems, both of which are introduced in Section III-A.
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Section III-B defines kernel-based system models to identify
unknown nonlinear systems. On the basis of these prelimi-
naries, the two main problems to be solved in this study are
described in Section III-C.

A. NONLINEAR H,, CONTROL AND OPTIMAL CONTROL
Consider a nonlinear system affine with respect to its input
and disturbance:

dx(t)/dt = f(x(t)) + Bu(t) + Baw(z), 2)

where x(1) € R™, u(t) € R™, and w(t) € R™ are the
state, control input, and disturbance, respectively, at the time
t € R. The symbols f : R™ — R* B e R=*M
and By € R™*™ are the drift term, input matrix, and
disturbance matrix, respectively. Let us assume the following:
Jf(x) is locally Lipschitz; f(0) = 0 holds; u(t) is continuous;
sup, [w(®)|| < oo holds; w(t) is continuous and square-
integrable; i.c., [~ lw(®)|*dr < oo. The drift term f(x)
indicates autonomous dynamics without any control input.
The state x drifts according to f(x) when the control input
and disturbance are not applied to the system.

This study considers a nonlinear H,, control problem. Let
z(t) be the performance output at ¢:

2(1) = [hx ()T, Ryqrue())"]" € R+, 3)

Here, h : R™ — R™ and Rgy; € R™>"™ are a continuous
function and matrix, respectively, both of which are arbitrar-
ily designed under the condition that the state cost function
g(x) := h(x)"h(x)/2 and input cost matrix R := RSTqusqr are
positive definite. For an L, gain parameter y € (0, 00), let us
define the cost function:

J(,w,x(0))
> 1
= /O 5 (12012 = 72wy ar

o° 1 1
= / (aee) + SuRu) = Sy Iw@)|?)dr. @)
0

The nonlinear Hy, control problem considered in this study
is to determine an Hy, state feedback controller that makes
the L, gain from w to z less than or equal to y. That is,

( /0 " leoirar)’ /( /0 Cwora) <y ®

for x(0) = 0 and any w such that 0 < [ [w(1)[|*dt < oco.
This inequality (5) indicates that J (u, w, 0) < 0.
Designing an Hy, controller reduces to solving the

Hamilton—Jacobi-Isaacs (HIT)
equation [31, Theorem 10.3-1]
Hun(®) := 3,V (®)'f ()
- %axvaS(y)axWx) +q(x)
=0, VxeR™, (6)
where
S(y):=BR'BT — %BdB(Tl. (7
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A solution V : R — R to the HJI equation (6) is termed
the value function that is assumed to be C! continuous and
positive definite. If such a positive definite solution V(x)
exists, the corresponding Hy, controller u,(x) is expressed
as

u.(x) ;= —R'BT9,V(x). 8)

Unfortunately, the HJI equation is difficult to solve if f(x) is
nonlinear. This difficulty is tackled in Section III-C.

Next, a nonlinear optimal control problem is introduced.
The H, control described above covers nonlinear optimal
control. Under the condition that B4 = 0 and w(t) = 0
hold for any 7 in (2), the optimal control problem corresponds
to designing a feedback controller that minimizes the cost
function:

rr}lin J(, w,x(0)) =0, 9

over all admissible controllers [31, Theorem 10.1-2]. The
optimal feedback controller for the problem (9) is expressed
as u.(x) with substitution of V(x) = V(x)|g,—o in (8). The
function V (x)|p,—o represents a positive definite solution to
the Hamilton—Jacobi—Bellman (HJB) equation given by

Hyjg(x) := Hun(x)|p;=0 =0, Vx € R™. (10)

Therefore, the HJB equation (10) is a special case of
the HJI equation (6). Subsequent sections exclusively con-
sider the HJI equation (6) for handling both optimal and
H, controllers.

B. IDENTIFICATION OF DRIFT TERMS USING
KERNEL-BASED FUNCTIONS

Let us focus on a partially unknown nonlinear system for
which the input matrix B is known but a true drift term f . (x) is
unknown. For example, such a partially unknown system can
arise owing to the interaction between autonomous vehicles
and manually operated vehicles [1]. A partially unknown
system can be expressed as

dx(?)/dt = f(x(?)) + Bu(t) + (1), (11

where w(f) € R™ denotes system noise or disturbance.
For controlling the system (11), f(x) in (2) corresponds to a
mathematical model of the true drift term f.(x) in (11). This
indicates that (2) is an approximation of (11). The disturbance
in (2) could be considered as the difference between the true
drift term and its model with noise; i.e., Baw(t) = f . (x(?)) —
f(x(t))+w(2). If there exists no noise/disturbance (w(t) = 0),
the optimal control problem for (2) with the setting of B4 = 0
can be considered.

The true drift term f .(x) can be identified as the drift term
model f(x) using a given training data set. The training data
set consists of D pairs of the states x; and true drift terms f', ;
that obey

Siwa =Fua) + @4,

Suppose that w; € R™ for each d is independently and iden-
tically distributed as a normal distribution with mean zero.

d=1,2,....,D). (12
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Measuring the values of x and dx/df — Bu in (11) can yield
such a data set.

Recall that kernel-based functions have the potential
to describe various nonlinear dynamics, as described in
Section I. This study focuses on kernel-based drift term
models f(x) expressed as

S x) = Cx)kyec(x), (13)
where
kvee®) := [k(x,x1), ..., k(x,xp)]T € RP. (14)

Here, the coefficient matrix C(x) € R™ xD s a function of x,
and k(x, x4) € R denotes a positive definite kernel function,
such as a squared exponential kernel or a polynomial kernel.
Suppose that k(x, x4) is C? continuous in x.

While practical systems may not be completely described
by (13), kernel functions have recently become popular and
promising for representing unknown nonlinear systems in
fields of system identification and machine learning [32].
Indeed, the kernel-based drift term model f(x) in (13)
includes several functions, such as kernel ridge regression
models [4], GP models [5], and GP-based state-dependent
coefficient models [8].

C. MAIN PROBLEMS
This study aims to solve two main problems.

Kernel-based drift terms f(x) can potentially represent
various nonlinear behaviors in a data-driven manner. Unfor-
tunately, it is difficult to solve the HJI equation (6) for f(x)
owing to nonlinearities. For addressing this difficulty, the first
problem is described as follows.

Problem 1: Find a set F of kernel-based drift terms f (x)
in the form of (13). For this set, an exact solution V (x) to the
HIJI equation (6) is to be obtained.

The set F is a set of functions and is clarified at the end of
Section IV. It is challenging to find a new set for which the
HIJT equation can be solved. In Section IV, Problem 1 is solved
under certain assumptions by reducing the HJI equation to an
algebraic matrix equation.

After Problem 1 is solved, the true drift term f(x) is
identified as a kernel-based model f(x) in the set F using
a training data set. A data-driven Hy, or optimal controller
u.(x) for the model f(x) is automatically obtained from (8)
because V(x) can be obtained. Note that the controller . (x)
may not be optimal for a true system owing to the existence
of modeling errors. To avoid unexpected control failures,
stability of the true feedback system involving u.(x) should
be ensured. Thus, the second problem is stated as follows.

Problem 2: For a given training data set (x4, f . d)dD: 1» find
a best estimate f(x) in the set F to represent the true drift
term f ,(x), and design an Hy, or optimal controller u.(x) that
stabilizes the true plant system in a probabilistic sense.

Section V addresses Problem 2 under certain assumptions
pertaining to the true system.
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IV. SOLUTION TO PROBLEM 1: KERNEL-BASED

HJI EQUATIONS

In this section, we propose a method to solve Problem 1 stated
in Section III-C. It is difficult to solve the HJI equation
directly because the kernel functions kyec(x) included in f (x)
increase the equation’s complexity. A key technique to over-
come this difficulty is to reduce the HJI equation to a solvable
algebraic matrix equation. Supposing that f(x) and V(x) are
parametric functions, we attempt to find a symmetric matrix
Myjr and nonlinear function ®(x) that decompose Hyj(x)
in (6):

1
Hun(x) = Ekvec(xf<I><x>TMHn<I><x>kvec(x>, (15)

where My contains free parameters that determine f(x)
and V(x). If such Myj and ®(x) exist, the algebraic matrix
equation Myy; = O is a sufficient condition for the HJI
equation (6) to be satisfied as follows:

My =0= Vx ¢ R™, Hygnkx)=0. (16)
The algebraic matrix equation Myyr = 0 is more tractable
compared to the original HJI equation (6) because the matrix
equation is independent of the kernels and state. Therefore,
we find a set of f (x) for which the matrix equation My = 0
can be solved.

On the basis of this framework, Section IV-A derives M 1
and ®(x) for a set of f(x). Section IV-B extends the derived
matrix equation Myj; = 0 such that it can be solved in an
analytical manner. A set F of kernel-based drift terms f(x)
can then be determined as a solution to Problem 1.

A. REDUCING THE HJI EQUATION TO AN ALGEBRAIC
MATRIX EQUATION

This subsection describes how the HJI equation (6) is reduced
to an algebraic matrix equation, to find M gy and ®(x) in (15).
The value function V(x) should be a flexible parametric
function so that the HJI equation is decomposed, as described
in (15). It is important to parameterize V(x) by considering
the form of the drift term f(x) because V(x) is related to
f(x) through the HJI equation. In a manner similar to f(x),
V(x) is parameterized using kernel functions kyec(x). Such
a parametrization is expressive and used to approximate or
design several functions, e.g., value functions [33], [34],
Lyapunov functions [35], [36], and controllability and/or
observability energy functions [37]. Additionally, sums of
basis functions approximate value functions [38], [39]. We
try to derive an exact V(x) for a set of f(x) apart from these
approximation methods.

Here, we represent the value function V(x) as a kernel-
based parametric function. Recall that the HJI equation (6)
is a partial differential equation of V' (x). It is suitable that a
parameter included in the partial derivative 9,V (x) is sepa-
rated from functions of x so that the HJI equation is decom-
posed, as shown in (15). The value function V(x) is assumed
to be expressed as the following kernel-based parametric
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function:

V) =[¥)p;, ..., ¥p@Pplhkvecx) e R,  (17)

where ¥,(x) € R and p, € R™ are a C? function
of x and a parameter, respectively. The function ¥ ;(x) is
arbitrarily defined such that the following conditions hold:

¥,0) =0, (18)
k(0,x4)0x ¥ 4(0) = 0, (19)
k(x,xg) = 0= ¥ (x) = 0. (20)

The conditions (18) and (19) were applied to ensure V(0) = 0
and 0,V (0) = 0. The condition (20) was introduced for the
following lemma, and it is not restrictive, because nonzero
kernel functions k(x,x;) # O for any x can be employed;
examples include squared-exponential kernels.

Kernel functions are regarded as basis functions to express
various types of nonlinear functions. It is reasonable to
employ same basis functions for determining the system
model f (x) and value function V (x). Furthermore, exact solu-
tions to the HJ equations can be obtained using the expression
in (17). By virtue of this expression, the partial derivative
9V (x) is linear in p;, as shown in the following lemma.

Lemma 1 (Partial Derivative of the Value Function): The
partial derivative 0,V (x) is given by

HVE) = (3" @ 1,)P(0kyec(x), 1)
where
pi=1p,....ppI"T e RWP, (22)
vec(® (x))
P(x) :=
vec(®,(x))
c RnanDXD, (23)

D (x) 1= ey (x, XY () + P () € R™M. (24)
The function cy(x,xg) € R™ is given by

) Ok (e, xq) [k (x, xq)  (k(x,xq) # 0)
cy(x,xg) = {O k(. x) = 0). (25)

Proof: The proof is given in Section A of Appendix. [

Remark 1: The function cy(x,x4) in (25) is expressed in

a simple form for specific kernels. For squared-exponential
kernels, k(x,x4) and cy(x, xq) are given by

k(x, Xq) = ay exp <_71(x —x)Tr ' (x — xd)>, (26)
cy(x,xg) = —T 7 x —xy). (27)
For rational quadratic kernels, k(x,x4) and cy(x,xg) are
k(x, xg) = af(l n Zi(x —x)'T (e — xd))_ab, (28)
ap

=20, T 1 x —x4)
2ap + (x —x) T (x —xg)

cy(x,xq) = (29)

VOLUME 8, 2020

Here,ar >0 € R, T > 0e R**", and ap > 0 € R are the
hyperparameters of the kernels.

Lemma 1 separates the constant parameter p; from the
state-dependent function ®(x)kyec(x) in dy V (x). Such a sep-
aration reduces the HJI equation (6) to an algebraic matrix
equation, as described in (16).

Theorem 1 (Kernel-Based HJI Equation): For given
parameters A € R=*mnxD b e RWD i (22), and Q = QT >
0 € RwDxmpnD | qynnose that V (x) obeys (17) and that f (x)
and q(x) are given by

F@) = A®(@)kyec(x), ] (30)
‘Z(x) = kvec(x)T‘I)(x)TQq’(x)kvec(x)‘ (€29

If the algebraic matrix equation

- =T =
My =(GRL)A+A (G ®1,)+20
— @RI )SWGE" ®1,,)
—0e RnanDxnpnxD (32)

holds, then the HJI equation (6) holds as well. Furthermore,
f@©) = 0 and the local Lipschitz continuity of f(x) are
satisfied.

Proof: The proof is given in Section B of Appendix. [

Remark 2: Theorem 1 is useful for solving not only the
Hyo control problem but also the optimal control problem
introduced in Section I1I-A. Recall that the optimal controller
is obtained by solving the HJB equation (10). If the alge-
braic matrix equation (32) is satisfied under the condition
S(y) = BR™'BT with B4 = 0, the HIB equation holds.

Remark 3: The HJI equation (6) is reduced to the alge-
braic matrix equation (32) independent of the kernels kyec(x)
and state x. It is easy to deal with such an algebraic equation
compared to the HJI equation that is dependent on x. If
Muyn = 0 holds, a set of f(x) obeying (30) corresponds
to a solution to Problem I under certain assumptions (see
Remark 4).

Remark 4: We must satisfy several assumptions to obey
fx)in(30), V(x)in(17), and g(x) in (31). Theorem 1 satisfies
all the assumptions for f(x), which are f(0) = 0 and the
local Lipschitz continuity. The positive definiteness of V(x)
and q(x) is also assumed; this is discussed in Remark 8 in the
next subsection.

Remark 5: The functions f(x), V(x), and g(x) are asso-
ciated with the parameters A, p, and Q respectively. The
parameter A can be determined according to the true drift
term f (x) (via identification methods; e.g., the least-squares
method). The parameters p and Q can be designed such that
the matrix equation (32) holds. Some numerical methods can
be used to obtain parameters that satisfy the matrix equation
approximately owing to it being independent of x. For exam-
ple, the following non-convex program is considered:

min [Mullf,, st p#0, =0, (33)
ﬁ’Q
where || - ||gro denotes the Frobenius norm. The constrained

optimization problem (33) can be relaxed by an uncon-
strained optimization problem using the barrier method [40,
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Sections 9.1.1 and 11.2.1] provided that the initial condition
satisfies Q > 0; for example,

. ~2 ~
min (Ml = mIn 6] = n2In (dev @), (34)
p.Q
where 11 and ny are coefficients. As an alternative to such
numerical approaches, an analytical approach for solving the
matrix equation (32) is presented in the next subsection.

B. ANALYTICAL APPROACH FOR FINDING A SET OF
KERNEL-BASED DRIFT TERMS

This subsection extends Theorem 1 such that the derived
matrix equation Mygy = O can be solved in an analytical
manner. Such an extension results in the following theorem
yielding one solution to Problem 1.

Theorem 2 (Analytical Kernel-Based HJI Equation): For
given parametersA € R™*" y :=[vT, .. vpT|T € R%P
withvg € R, p e R, and Q = QT > 0 € R suppose
that f (x), V(x), and q(x) are given by

f@) = A0 ®1,)P()kyec(x), (35)
V) = plyr w1, ... ¥p@vplhvec®),  (36)
q(x) = kyee®) @) v ® 1))

x Q" @I, )P )kyec(x). 37)

If the algebraic matrix equation

My = (v ®1,)(pA + pAT — p*S(y) +20)v" ® 1,,,)
— 0 c RnanDxnpnxD (38)

holds, then the HJI equation (6) holds as well. Furthermore,
f(©) = 0 and the local Lipschitz continuity of f(x) are
satisfied.
Proof: The proof is given in Section C of Appendix. [
Remark 6: If Q > 0 is set as

_ —pA+ADH+p?S(y)
0 =-FF—="1=", (39)

both the algebraic matrix equation (38) and HJI equation (6)
hold automatically. In this sense, Problem 1 can be solved
using a analytical approach. A set of f(x) obeying (35) is
thus a solution to Problem 1 under certain assumptions (see
Remark 8). The drift term f(x), state cost q(x), and value
function V (x) are determined from the parameters v, A, and
p. Section V proposes a method for determining the values of
the parameters such that f (x) corresponds to a best estimate
of a true drift term f . (x), considered in Problem 2.

Remark 7: As discussed in Remark 2 for Theorem I,
Theorem 2 is likewise efficient for solving not only the Hx,
control problem but also the optimal control problem by
setting S(y) = BR™'BT with B4 = 0.

Remark 8: Recall Remark 4 discussing the assumptions
for f(x), g(x), and V(x). Theorem 2 satisfies all the assump-
tions for f (x), which are f (0) = 0 and the local Lipschitz con-
tinuity. The positive definiteness of q(x) and V (x) is assumed.
The state cost function q(x) in (37) is positive definite if Q
in (39) is positive definite, (VT @ I,,,)®(x)kyec(x) # 0 holds
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forall x € R™ \ {0}, and (v" ® I,)®(0)kyec(0) = 0 holds.
Section V-B discusses how to select the values of the parame-
ters v, A, and p such that V(x) and q(x) are positive definite.
Numerical evaluations described in Section VI demonstrate
that V (x) and q(x) are positive definite at least approximately.

Furthermore, we show that Theorem 2 is consistent with
both linear true systems and linear kernels.

Theorem 3: (Kernel-Based HJI Equation for Linear Sys-
tems): Suppose that (35)—(37) in Theorem 2 hold. For matri-
ces Ay € R and Q. = Q?; > 0 € R%*™ suppose
that the pair (A, B) is stabilizable, that there exists a positive
definite symmetric matrix Py > 0 satisfying

PlA, +AlP, —PIS(y)P, +20, =0, (40)
and that the condition
1
rank([vech(xlx?), e, vech(xpxﬁ)]) = @ 41
holds, i.e., the matrix [vech(xlxD, - vech(xDx}))] has full
rank. If
fu(x) = Agpx, (42)
q(x) = x"Qyx, (43)
k(x,xg) = afx}x, 44)
Yax) = xyx, (45)

then there exist parameters p, v, A, and Q such that the
algebraic matrix equation (38) holds, V(x) and g(x) are
positive definite functions, and f (x) = f (x) holds.

Proof: The proof is given in Section D of Appendix. [

Remark 9: Theorem 3 validates the algebraic matrix equa-
tion (38) and positive definiteness of V(x) and q(x). There-
fore, Theorem 2 is consistent with linear systems and linear
kernels.

Consequently, F obtained as a solution to Problem 1 can be
defined as a set, all members of which are f (x) obeying (35)
under the assumption of V (x) and g(x) being positive definite
(refer Remark 8 for discussion pertaining to this assumption).
The next section addresses Problem 2 based on the set F.

V. SOLUTION TO PROBLEM 2: IDENTIFICATION AND
CONTROLLER DESIGN

For a given training data set (x4, f tr,d)dD=]’ we find a best
estimate f(x) in the set F to represent the true drift term
f(x) and design a stabilizing H, or optimal controller . (x).
The set F includes f (x) obeying (35), which constitutes the
solution to Problem 1. In the following analyses, f(x), V(x),
and g(x) obey (35), (36), (37), and (39) that depend on the
values of the parameters v, A, and p. The corresponding
controller u,(x) in (8) also depends on these parameters. The
corresponding functions are denoted by f (x; v, A), V(x; v, p),
q(x; v, A, p), and u,(x; v, p), respectively.

In this section, the true drift term f.(x) in (11) is identi-
fied as the kernel-based model f(x; v, A). The correspond-
ing functions V(x; v, p) and g(x; v, A, p) are simultaneously
determined. Applying the resulting controller u.(x; p, v) to
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the true system (11) yields the feedback system. Stability
of the feedback system is analyzed because the controller
u.(x; v, p) may not be optimal for the true system.

The idea behind developing the model f(x; v, A) and ana-
lyzing the stability is to employ GP regression, which is a
successful means to represent system uncertainty. The GP
regression is reviewed in Section V-A. Section V-B describes
determination of the model parameters in f (x; v, A) using the
GP model. In Section V-C, probabilistic stability of the true
feedback system is analyzed.

A. DRIFT TERM IDENTIFICATION USING GPs

This subsection reviews GP regression [5] and describes
application of GPs to ny-dimensional f.(x). The true drift
term f(x) in (11) is represented by a GP model using the
training data set (xg, fy, (,,)ﬁl):1 in Section III-B, where

X = [x1,%2,...,xp]T € RP>*™ (46)
. T Dxny
Fo:=lfe1:S w2 - fupl €R . 47

Let us assume that each component of f.(x) obeys an identi-
cal GP independently, and that the covariance of the noise w;
in (12) is equal to a1 ;. Then, the following relation holds:

[Ftr]-,s N K mat kyec(x)
[[ftr(xm} N (0’ [kvecmT k(x,x>D’ “8)

(K macla,ar = k(xq,Xxq) + 84, q070tn, (49)

where o, > 0 € Ris the hyperparameter and §, 4 is the Kro-
necker delta. The symbol K 5 € RP*P denotes an array of
the kernel functions as defined in (49), and kyec(x) € RP was
defined in (14). Let the hyperparameter vector 8 € Sy C R"
denote a ng-dimensional vector in a set Sg. The components
of @ consist of o, and all hyperparameters included within
the kernel functions. The hyperparameter vector @ is trained
to maximize the following log-likelihood function:

0. € arg maxInPr(Fy|X, 0)

BESg
Ny
= arg max lnl_[Pr([F[r]‘,ﬂX, 9), (50)
0€S9 s=1

where 0, is an optimal hyperparameter vector that maxi-
mizes the log-likelihood function. The problem (50) is solved
to obtain @, (in an local optimal sense) using optimiza-
tion methods, such as the conjugate gradient method [41].
Finally, the GP model obeys a normal distribution, the mean
Rs(x) € R™ and covariance diag(crf(x))2 with or(x) € R™
of which are defined by

pyp(x) = FoK ikvec(x), (51)

mat

[Gf(x)]s = \/k(x9 x) — kvec(x)TKx;;lnkvec(x) (52)

B. DETERMINING THE PARAMETERS OF THE
KERNEL-BASED MODEL

The true drift term f.(x) is identified as the kernel-based
model f (x; v, A). Here, a difficulty arises in the facts that the
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parameters v € R? andA e R™ > have many dimensions,
and that the kernel functions ke (x) include hyperparameters.
Such a multitude of parameters may lead to model overfitting.

To address this concern, we employ a two-stage identifica-
tion method to determine the parameters v, A, and p along
with the hyperparameters of the kernel functions kyec(x)
similarly to that in [8]. Recall that the kernel-based model
f(x; v,A) has a form similar to the GP mean model ;Lf(x)
in (51), namely, linear combinations of kernels. We first
derive the GP mean model py(x) using the training data
set, as explained in Section V-A. The hyperparameters of
the kernel functions kyec(x) are then obtained. In the second
stage, the kernel-based model f(x; v, A) is determined such
that the size of the following difference Af (x; v, A) between
the GP mean and kernel-based models is reduced:

Af (v, A) i= pp(x) — f(x; v, A). (53)

It is not straightforward to determine the values of the param-
eters v, A, and p because the state cost function g(x; v, A, p)
and value function V(x; v, p) also depend on the parameters
in the algebraic matrix equation (38). We propose a method
to obtain all of the parameters simultaneously, which yields
the kernel-based model f (x), state cost function g(x; v, A, p),
and value function V(x; v, p).

To obtain optimal parameters (v, Ay, p,) that minimize
the objective function g(v, A, p), the proposed method is
formulated as follows:

(v*aA*ap*) S arg ming(vaap)a (54)
v,Ap

D
s0.A,p) == Y (I1AfGas v, A2

d=1
+nvIV(&Ea; v, p) — Vref(fd)llz)

— g In(det(—pA — pAT + p*S(y)))
+ e (V12 + 1411, + P7), (55)

where x; e R (d = 1,..., f)) are predefined states. The
symbols ny > 0 € R,np > 0 € R,and g > 0 € R

are coefficients. The operator ZdDz {(--+)in(55) is employed
instead of the integration [ (- - )dx over a state space. Details
concerning the objective function g(v, A, p) are explained as
follows. The term || Af (¥4; v, A)||? is introduced to reduce the
difference between the GP mean and kernel-based models,
as discussed above. The term ny ||V (*¥4; v, p) — Viet(¥a)|?
helps satisfy the positive definiteness of V (x; v, p) by defin-
ing a positive definite function Vief(x), whereas this term is
not necessary for the positive definiteness, as demonstrated
in Section VI. The term ng In(det(- - - )) is the barrier function
employed based on the barrier method [40, Sections 9.1.1 and
11.2.1]. This function constrains the parameters so that the
positive definiteness of @ in (39) is satisfied. The state cost
function ¢g(x) in (37) becomes positive definite if Q is pos-
itive definite and (vT ® I n ) P@)kyec(x) # 0 holds for
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all x € R™ \ {0}. The last term nyeg(- - - ) regularizes the size
of the parameters.

The above problem (54) must optimize the many param-
eters v € R"P A € R™* and p € R. This problem is
difficult to solve owing to its high computational complexity.
We derive the following property to reduce the complexity.

Proposition 1 (Explicit Optimal Parameter): Suppose
that (35), (36), (37), and (39) hold so that f(x;v,A) is
included in the set F. The optimal v in (54) for each A and p
is explicitly given by the following function v of A and p:

VA, p) = (YA, p) YA, p) + nreeln,0) 'Y (A, )Ty,  (56)

where Y(A, p) € RDCAD)x,D andy € RO gre defined
as

Y(A,p)

Ak(xy, x1)®](x1) Ak(x1, xp)®p(X1)
Ak(f[), xD)<I>b(32D)
nvpk&1, xp)¥ p(x1)

Ak(.f,‘[), x1)<I>’1 (.fD)
nvpk(xy, x1)¥ (X))

| nvpk(Xp, x)¥ 1 (Xp) -+ nvpk(Xp, xp)¥ p(Xp) |

(57)
By (1)
— | Mr&p)
Y= iy Vet |- 58)
| v Vr‘;f(-’é[))_

Proof: The proof is given in Section E of Appendix. [J
By virtue of the above proposition, optimal solutions
(A, ps) can be given as follows:

(Ay, ps) € arg ming(v(A, p), A, p), (59)
A.p
where A and p become the only decision variables. The cor-
responding optimal v is then given by the following explicit
function:

Vi = V(Ay, Py). (60)

Gradient methods, such as the quasi-Newton and conjugate
gradient methods [41], can be used to obtain A, and p, in a
local optimal sense because the problem (59) concerns non-
convex optimization.

The proposed method is summarized in Algorithm 1. The
best drift term model f (x; v, A,) in the set F and the corre-
sponding H, or optimal controller u..(x; v, p,) are obtained
simultaneously using the training data set.

C. PROBABILISTIC STABILITY OF THE TRUE

FEEDBACK SYSTEMS

This subsection analyzes stability of true feedback sys-
tems when the proposed controller u.(x; v, p) is employed.
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Algorithm 1 Simultaneous Derivation of the Drift Term
Model and Hy, or Optimal Controller
Input: the L, gain parameter y and training data set
(xdaftr,d)gzl
Output: the drift term model f(x; v4, A,) and Hy, or opti-
mal controller u..(x; vy, ps)
1: Define the function ¥ ;(x) under the conditions (18)—(20)
2: Develop a GP model 7 (x) using the training data set as
shown in Section V-A
3: Determine the parameters A, and p, by solving (59)
4: Determine the parameter v, in (60)
5: Calculate f (x; vy, Ay), g(x; vy, Ay, py), and V(x; vy, py)
in (35), (36), and (37) under the definition (39)
6: Calculate u.(x; vy, ps) by substituting V(x; vy, ps)
into (8)

The GP model in Section V-A represents the uncertainty of
a true system as the standard deviation o (x). The following
assumption is introduced to analyze the stability on a given
bounded set X C R™.Let 8 > 0 € R be a given constant
and Fy(x; 8) € R™ be the following set:

Fie(x; B):={ms(x)+diag(B1, ..., Bn)oy(x) | Vs, |Bs| =B}
(61)

Assumption 1 (Inclusion of the True Drift Term in GPs):
For the given B > 0 € R, there exists a constant § € [0, 1)
such that the following relation holds with probability 1 — §:

Vx e X, f,x)eFulx;p). (62)

Assumption 1 implies that the true drift term f(x) is
included in the bounded model set F(x; 8) with a prob-
ability, albeit it may be difficult to check this property of
Assumption 1 for a system in practice. Note that a large
value of § yields a high probability 1 — § because the size
of Fi:(x; B) with nonzero o f(x) is monotonically increasing
in B; ie., Fyp(x; B) C Fr(x; /) forany 0 < B < B’. The
value of 1 — § depends on the smoothness (which means a
reproducing kernel Hilbert space norm) of the true system
(refer [42] for details).

Assumption 1 describes the relation between the GP
mean model py(x) and true drift term f'(x). Thus, combin-
ing Assumption 1 with the difference Af(x; v, A), defined
in (53), provides a characterization of the difference between
the true system f .(x) and kernel-based model f (x; v, A). This
characterization derives a property for probabilistic stability
of the true feedback system. This study focuses on the Lya-
punov stability theory. Because the Lyapunov inequality for
the true feedback system cannot be evaluated, we employ
another inequality.

Theorem 4 (Probabilistic Stability of the True Feedback
System): Suppose that (35), (36), (37), and (39) hold so that
f(x; v, A)is included in the set F. Suppose that Assumption 1
holds, that the true drift term f(x) in (11) is C U continu-
ous, and that the state x(t) obeys the true feedback system

VOLUME 8, 2020



Y. Ito et al.: Kernel-Based HJ Equations for Data-Driven Optimal and H-Infinity Control

IEEE Access

in (11) with the controllgr u.(x; v, p) applied and zero noise
o(t) = 0. For any set X C X the following relation holds
with a probability of at least 1 — §:

~ dv -~
Wkx)<0, VxeX = E(x(t); v,p) <0, Vx(t) € X,
(63)

where the function W : R™ — R is given as follows:

W (@) :=pg(x; v) Af (v, A)+Bp Y |[£0x; v)]slof ()]s
s=1

— 4G v)T(%2 (BR—IBT+%BdBE)+Q)c<x; v).
(64)

and
L0 v) 1= (1 @1, )®(X)kyec(x). (65)

Proof: The proof is given in Section F of Appendix. [

Remark 10: Theorem 4 indicates that the Lyapunov
inequality for the true feedback system can be estimated using
the proposed function W (x) in a probabilistic sense. Such a
probabilistic approach is based on [42]. If there exists a set
X wherein W(x) < 0 holds and V (x; v, p) is positive definite,
a region of attraction and small invariant set near the origin
can be estimated [43]. For the stability notion in this study,
any state in the region of attraction arrives in the invariant
set asymptotically. Section VI-D demonstrates evaluation of
the proposed inequality W (x) < 0 along with estimation of a
region of attraction and small invariant set.

Remark 11: The function W(x) consists of first- and
second-order terms with respect to |&(x;v)|. If Q is
positive definite, the second-order terms are negative for
1€(x; v)|| # O. Thus, it is expected that W(x) < 0 holds at
least for states x for which || ¢ (x; v)|| is sufficiently large.

Remark 12: Because of Assumption 1, a large value of B
ensures a high probability 1 — & for the stability. Reducing the
value of || Af (x; v, A)| increases an upper bound of admissi-
ble B to satisfy the inequality W (x) < 0. In this sense, deter-
mining the values of the parameters in accordance with (54)
is appropriate to enhance the probability 1 — 4.

In Section V, we have found the best drift term model
J(x; vy, Ay) in the set F and the corresponding Hy or opti-
mal controller u.(x; v, ps) along with the analysis of the
probabilistic stability, as summarized in Algorithm 1. Recall
that when solving the optimal control problem, optimality of
the proposed controller can be guaranteed under technical
assumptions, because an exact solution V(x) to the HIB
equation (10) can be obtained. While this optimality refers to
control of the model f (x; v,, A,) instead of the true system
S (%), it also corresponds to a general limitation due to treat-
ing unknown systems. The proposed H, controller focuses
on robustness to the error between the model and true system.
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VI. NUMERICAL EXAMPLES

In this section, the utility of the proposed method is demon-
strated by performing numerical simulations. Section VI-A
introduces the settings of the simulation. At the beginning
of subsequent Sections VI-B and VI-C, we describe how
to evaluate the effectiveness of the proposed method asso-
ciated with performance measures. Section VI-B describes
results obtained by using the proposed optimal controller.
The robustness of the proposed Hy, controller is evaluated
in Section VI-C. Stability analysis of the true feedback sys-
tem is described in Section VI-D. Section VI-E describes
a practical implementation of the proposed method on an
inverted pendulum subjected to a nonlinear torque. In addi-
tion, in Sections VI-B, VI-C, and VI-E, the proposed method
is compared with other standard methods and the effect of the
randomness of the simulation is evaluated.

A. PLANT SYSTEM AND SIMULATION SETTINGS
Let us consider the true system (11) with the drift term:

_ ~lxy + 0.5x]
fulx):= [O-S[x]z + 020 [x]2 + 0.3([x12>3] - (69)

The input matrix is given by B := [0, 1]T. The equation
(66) is not used for controller design but only serves as the
ground truth to evaluate the proposed method. The parameter
in the performance output z(¢) is set to Ryq; = 1, and thus,
R = Rqurqur = 1 holds. The training data set (xq, f, d)dD: 1
with D = 49 is given as follows. The states x4 within the data
set are sampled at regular intervals on [—3, 3] x [—3, 3]. The
drift terms f, ; within the data set are given by (12), wherein
each noise wy independently obeys the normal distribution
with mean zero and covariance 0.041 5. The L, gain parameter
issettoy = 3.

Settings of the proposed method with Algorithm 1 is
described as follows. In Line 1 of Algorithm 1, we define
Y. = [(x])?% (x]2)% [x]i[x]2]. In Line 2, the GP
modeling is implemented using the GPML package [44].
The squared-exponential kernel defined in (26) is applied,
where T is a diagonal matrix. To optimize the hyper-
parameter vector § = (I, ar,a,), we define 0 =
(1/2)[In[T']1 1, In[T122, Inay, Ine,]T € R*. The conjugate
gradient method [41] solves (50) with respect to 0, where the
initial value of @ is [0, 0,0, ln(O.l)]T. In Line 3, the coef-
ficients in the objective function g(v, A, p) in (55) are set
tony = 0,n9 = 35, and neg = 0.5. The predefined
states ¥4 with D = 121 are sampled at regular intervals
on [—3, 3] x [—3, 3]. The optimization problem described
in (59) is solved via the quasi-Newton (BFGS) method [41].
The values of the initial parameters are set as p = y and
A = (pS(y) — I»)/2, such that the positive definiteness of Q
in (39) holds.

Performance of the proposed optimal and H, controllers
are compared against those of existing optimal and Hyo
controllers developed for a linear model f(x) := ALincarX
identified from the training data set (termed Linear) and a lin-
earized model f(x) := (d Ky x)/ axT)| x=0X% around the origin
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TABLE 1. Average values of the cost function (67) for optimal control.

Linear Jacobi Proposed optimal controller
66.4 oo (diverged) 45.8

"3 02 a0 1 2 3
[x]1

(b) Jacobi

(a) Linear

[x]2

(c) Proposed controller

FIGURE 1. Control results for optimal control. The markers ¢ and o
indicate the initial and terminal states, respectively, with thin contour
lines representing the designed state cost function g(x).

(termed Jacobi). The optimal and Hy, controllers for Linear
and Jacobi models can be readily calculated, because the state
cost function g(x) in (37) reduces to a quadratic function
of x; i.e., gix) = ¢®)TQC(x), where ¢(x) = A_lf(x) is
linear in x. The control simulation is performed using the
Dormand—Prince method [45] with a sampling time of 0.005.

B. RESULTS FOR OPTIMAL CONTROL

This subsection evaluates control performance of the optimal
controller designed using the proposed method, where the
disturbance matrix is set to Bq = 0. There is no system noise
(w(t) = 0) in the true system considered in this evaluation.
The control performance is evaluated in terms of the cost
function over the time horizon [0, 20]:

20 1 -
/ (q(x(l‘)) T —u(r) Ru(t))dt. (67)
0 2

The true system in (11) is controlled from the initial states
x(0) :=[2.9cos(271/6),2.9 sin(2711/6)]T forl=1,...,6.
Table 1 lists the average values of the cost function (67)
with respect to the six initial states. Using the proposed
method, the average cost was successfully reduced from that
of the existing methods. Figure 1 depicts control results and
the state cost function g(x) that was obtained using the pro-
posed method. The proposed controller confirmed that for all
the initial states, the state trajectories terminated at the origin.
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(b) Value function V' (x).

FIGURE 2. State cost function g(x) and value function V(x) designed using
the proposed method.

(a) State cost function g(x).

In Fig. 1 (b), we consider that the divergence (while using
Jacobi controller) was caused by the initial states far from the
origin. Although Jacobi controller may stabilize the system
in a small neighborhood of the origin, the stability in a large
region is not guaranteed.

The effect of the randomness of the numerical simulation
is evaluated. The variation in the system model is caused
by the random noise included in the training data set. The
control performance depends on this variation because the
proposed controller is based on the system model. Let us
define the performance ratio as the ratio of the average cost of
the proposed controller divided by that of Linear controller.
The value of this ratio was calculated as 0.690 in the case of
Table 1. We evaluated the ratios for 20 different random seeds
to investigate statistical results of the control performance.
The values of the mean and sample standard deviation of the
ratio were 0.682 and 0.035, respectively.

We also evaluated the positive definiteness of the state cost
function g(x) and value function V(x), which is assumed in
Theorems 1, 2, and 4. The values of V(x) and g(x) were
evaluated for states x sampled at regular intervals of 0.01
on [—3, 3] x [—3, 3]. The positive definiteness was numeri-
cally (approximately) confirmed because, the values of V (x)
and g(x) were observed to be positive for all the sampled
states except the origin, as described in Fig. 2.

C. RESULTS FOR H., CONTROL

Control performance associated with the robustness of the
proposed H, controller is evaluated in this subsection. The
disturbance matrix is set to B4 = I». The control performance
is evaluated in terms of the L, gain from the disturbance to the
performance output over the time horizon [0, 20]:

(/020 ||Z(t)||2d,)§/</ozo

The system noise w(¢) in the true system (11) is regarded
as the disturbance. The true system is controlled from the
initial state at the origin x(0) = [0, 0]T, where six evalua-
tions under deterministic disturbances are performed along
with one hundred evaluations under stochastic disturbances.

1
le®IPdr)*.  (68)
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(b) Jacobi

[x]2

(d) Disturbance [w(t)]1

(c) Proposed controller for the first evaluation

FIGURE 3. Control results for H,, control under the deterministic
disturbance for the six evaluations with the initial state x(0) = [0, 0]T. The
markers o indicate the terminal states. The thin contour lines represent
the designed state cost function g(x).

TABLE 2. Average values of the L, gain (68) for H,, control under the
deterministic disturbance with respect to the six evaluations.

Linear Jacobi Proposed H . controller
0.747 oo (diverged) 0.638

TABLE 3. Average values of the L, gain (68) for H,, control under the
stochastic disturbance with respect to the one hundred evaluations.

Linear Jacobi Proposed H . controller
0.397 oo (diverged) 0.324

The deterministic disturbance for the [-th evaluation
(I = 1,...,6) is defined as the exponentially decay-
ing function o(t) = [cos(2m1/6), sin(2wl /6)]T X
50exp(—20¢). The stochastic disturbance w(z) for each
t € {0,0.02,0.04,...,498} and [ € {1,...,100} inde-
pendently obeys the uniform distribution on [—10, 10] x
[—10, 10], and @(?) is zero for t € {5,5.02, ..., 20}, where
o(t) for t ¢ {0,0.02,0.04, ...} is interpolated using spline
functions. Examples of @(¢) are depicted in Fig. 3 (d) and
Fig. 4 (d).

The average values of the L, gain (68) with respect to
all the evaluations under the deterministic and stochastic
disturbances are listed in Tables 2 and 3, respectively. For
both disturbances, using the proposed method reduced the
average L, gains from those obtained using the existing
methods. Figures 3 and 4 depict control results and the state
cost functions g(x) under the deterministic and stochastic
disturbances, respectively. In Fig. 3, the state trajectories
converged to the origin when the proposed controller was
applied. Figure 4 indicates that the state was maintained
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u W MJ W \ M

I
(d) Disturbance [w(t)]1
for the first evaluation

0

[x]2
[w®)

1
-10

0
0 6

(c) Proposed controller

FIGURE 4. Control results for H,, control under the stochastic
disturbance for the first twenty evaluations with the initial state

x(0) = [0, 0]". The markers o indicate the terminal states. The thin contour
lines represent the designed state cost function q(x).

when using the proposed controller without divergence even
though the true system was subjected to the stochastic distur-
bance. The performance ratios were evaluated for 20 different
random seeds to investigate statistical results of the control
performance. Let us redefine the performance ratio as the
ratio of the average L, gain of the proposed controller divided
by that of Linear controller. The mean and sample standard
deviation of the ratio under the deterministic disturbances
were 0.849 and 0.020, respectively. Under the stochastic
disturbances, the corresponding values were 0.813 and 0.012,
respectively.

The positive definiteness of the state cost function g(x)
and value function V(x) was evaluated in a manner similar
to that described for optimal control in Section VI-B. The
positive definiteness was numerically (approximately) con-
firmed, because the proposed H, control method obtained
results similar to those depicted in Fig. 2.

D. RESULTS PERTAINING TO STABILITY OF THE TRUE
FEEDBACK SYSTEM

Based on Theorem 4, the probabilistic stability of the true
feedback system is evaluated under the condition of no dis-
turbance (w(¢) = 0) when the proposed optimal controller
is employed. The inequality W(x) < 0 in (63) is evaluated
for states x sampled at regular intervals of 0.01 on X :=
[—3, 3] x [—3, 3]. Such grid evaluations provided an estimate
of the region X wherein W(x) < O holds in Fig. 5. A
region of attraction and small invariant set near the origin
were estimated using the obtained X, as depicted in Fig. 5.

131057



IEEE Access

Y. Ito et al.: Kernel-Based HJ Equations for Data-Driven Optimal and H-Infinity Control

[x]1

FIGURE 5. Stability evaluation with g = 3. The black region depicts an
estimate of the region X wherein W (x) < 0. The dashed outer line and
inner line indicate estimates of a region of attraction and small invariant
set near the origin, respectively.

Recall that any state in the region of attraction arrives in the
invariant set (see Remark 10). The drift term f,(x) in (66) was
included in Fy(x; B) for 8 = 3 at the sampled states. This
result numerically (approximately) confirmed that the true
feedback system with the proposed controller is practically
stable. Note that the stability is ensured for drift terms f . (x)
included in Fi.(x; 8); however, the drift term f.(x) in (66) is
not always included in Fy.(x; 8). The training data set involv-
ing random noise affects whether a target f,(x) is included or
not. The proposed H, controller obtained results similar to
those obtained for the optimal controller.

E. PRACTICAL EXAMPLE

This subsection describes the application of the proposed
method to a practical example. Consider an inverted pendu-
lum subjected to a nonlinear torque, as illustrated in Fig. 6.
The corresponding equation of motion is given by

ML?*p = MGLsinp + T(p, p) + kul, (69)

where 7, M, L, G, p [rad], ky, and u denote the time,
mass, length, gravity acceleration, angle, torque coefficient,
and control input of the pendulum, respectively. Let o and
p denote dp/dt and d?p/dr?, respectively. The nonlinear
torque T'(p, p) depends on p and p as follows:

T(p, p) = k1p + k20°p + k3pp> + k4>, (70)

By defining ¢t := t/k; and x := [p//cp,,[)/c,//cp]T with
constants «; and «,, the true drift term is expressed by

ftr(x) = |:"?G

[x]22
oL Sl + T ELxl) |
(71)

During evaluation, the parameters are set as follows:
M = 10 [kg], L = 20.0 [m], G = 9.80665 [m/s?],
k1 = 400 [N-ms], k> = 400 [N-m-s], k3 = 400 [N-m-s?],
ks = 200 [Nms’], &, = 1.0 [s], K, = 0.3, and
Ky = KpMLZ/KTZ. The other parameters, functions such
as ¥,(x), and settings are equivalent to those described in
Sections VI-A and VI-B.

The proposed controller was evaluated in terms of con-
trol performance of the optimal controller with B4 = 0
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FIGURE 6. Practical example: an inverted pendulum subjected to a
nonlinear torque T (p, g).

TABLE 4. Average values of the cost function (67) for optimal control
with the practical system (71).

Linear | Jacobi | Proposed optimal controller
49.5 56.7 39.8

and w(t) = 0. Table 4 lists the average values of the cost
function (67) with respect to the six initial states defined in
Section VI-B. With the proposed method, the average cost
was substantially reduced from that of the existing methods.
We also evaluated the performance ratios for 50 different
random seeds to investigate the control performance statis-
tically. The performance ratio is redefined as the ratio of
the average cost of the proposed controller divided by that
of Linear controller. The values of the mean and sample
standard deviation of the ratio were 0.791 and 0.018, respec-
tively. For the ratio of the average cost of the proposed con-
troller divided by that of Jacobi controller, the corresponding
values were 0.702 and 0.095, respectively. We confirmed
the effectiveness of the proposed method via the practical
example.

VIl. COMPARISON AGAINST EXISTING METHODS
The proposed method offers several advantages compared to
the existing methods [11], [14]-[24]. The following advan-
tages constitute the major contributions of this study.

(i) Exact solutions to optimal control and H, control
problems can be obtained for kernel-based system
models, whereas the existing methods only yield
approximate solutions.

(i) Once a system model is obtained, the control prob-
lems can be automatically solved without the need
for huge computation, whereas the existing methods
involve huge computations. This advantage makes
it easy to (re)tune the values of parameters (e.g.,
0, R, y) that affect the control policies.

(iii) Stability of a feedback system model with the pro-
posed controllers is automatically guaranteed under
certain assumptions. In contrast, the existing meth-
ods, except those in [16], [22]-[24], do not guarantee
stability.

(iv) The numerical example described in Section VI
demonstrates that the proposed controllers are supe-
rior to the other existing controllers (termed Linear
and Jacobi) in terms of control performance.
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VIil. CONCLUSION

This paper has presented a method to design nonlinear opti-
mal and Hs, controllers for partially unknown nonlinear
systems described by kernel-based functions. Major contri-
butions of this study towards solving Problems 1 and 2 are
summarized as follows. First, Theorems 1 and 2 reduce HJI
equations to algebraic matrix equations for a class of kernel-
based system models. The algebraic matrix equations can be
solved via analytical and/or numerical approaches, because
complex nonlinear functions of the state are not included
in the equations. Solving the matrix equations gives exact
solutions to the HJI equations, and thus, optimal and Hx,
controllers are obtained. Secondly, the true drift term is
identified as a kernel-based model. Data-driven optimal and
H controllers are designed based on the model. For a true
feedback system with the designed controllers, probabilistic
stability is analyzed using GPs and Theorem 4. Compared to
existing methods, the proposed method offers several advan-
tages, as described in Section VIIL.

In future work, the proposed method should be extended
for applications involving the control of unknown nonlinear
systems, e.g., autonomous vehicles involving human inter-
actions [1]. The realization of effective control requires the
development of mathematical models of such unknown sys-
tems, regarding which only limited information is available.
Data-driven approaches are important for overcoming this
difficulty owing to their ability to design appropriate con-
trollers using a data set. Additionally, we focus on a theoret-
ical extension of the proposed method to find other classes
of kernel-based models for which exact solutions to HIJI
equations can be obtained. Other extensions involve output
feedback control problems associated with state estimations.

APPENDIX

PROOFS

A. PROOF OF LEMMA 1

From the definition of V(x) in (17), the partial derivative
dxV(x) is calculated as follows under the condition given
in (20):

V() =

NE

(VaPaBk . ) + Bt ()P gk (x, X))

Y
Il

I
NE

(evee, x)¥ 4By + v g (IB )KCx, x0)

&
Il
_

I
NE

@/, (x)p Kk (x, xq). (72)

Y
Il
_

Using the property of vec(A,ApAc) = (AE ® Ay)vec(Ayp) for
given matrices A,, Ap, and A [46, (3.76)], the term <I>;i(x)p7d
in (72) becomes

vec(®(x)p,) = vec ,, B, (x)p,)
= () @ I, )vec(®/,(x)). (73)

P, )Py
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Because ﬁT = [13?, ..., Pplin (22) is the row vector,

b1 ®1n,,....hp @1, 1=p" @I, (74)
holds. Substituting (24), (73), and (74) into (21) yields (72).
This completes the proof. ]

B. PROOF OF THEOREM 1

Substituting 9y V(x) in (21), f(x) in (30), and g(x) in (31) into
the HJI equation (6) yields the relation described in (15) as
follows:

Hyg(x) = kyee@) @) (3" ® 1,)TA®(x)kyec(x)
- %kveax)%(x)T(ﬁT I1,)"

x SOP" @ I,) P ()kyec(x)
+ kyec ()T @(X) T QP (X)keyec (x)

1
= zkvec(xf<I><x>TMHn<I><x>kvec(x). (75)

Because of (75), Myy;r = 0O is a sufficient condition for
Hyji(x) = 0 to be satisfied for all x € R,

Next, substituting (18) and (19) into ®(x)kyec(x) yields
®(0)kyec(0) = 0. Note that ®(x)kyec(x) is a linear combi-
nation of dxk(x, x4)¥ 4(x) and k(x, x4)9x ¥ 4(x). This relation
leads to the local Lipschitz continuity of ®(x)kyec(x), because
k(x,xq) and ¥ 4(x) are C 2 continuous. Therefore, f(0) = 0
holds, and f(x) is locally Lipschitz continuous. This com-
pletes the proof. g

C. PROOF OF THEOREM 2

The statement can be proved in a manner similar to The-
orem 1. We replace ;1, p, and Q > 0 in Theorem 1 with
AT ®1I,), pv, and T ® I,,))"Qw" ®1,,) > 0, respec-
tively. Performing these replacements in (30), (17), (31),
and (32) satisfies (35)—(38). Therefore, the algebraic matrix
equation (38) corresponds to a special case of (32), and
thus, a sufficient condition that the HJI equation (6) holds
because of Theorem 1. The proof of f(0) = 0 and the local
Lipschitz continuity of f(x) are equivalent to those described
for Theorem 1. This completes the proof. ]

D. PROOF OF THEOREM 3
Let ¢4 € R be a parameter. We consider the setting of
vy = cqor € Rand p = 1. Using the relations (44) and (45),
we represent ¥4 (x)vg in (36) as follows:

Ya(X)vg = caapxyx = cak(x, Xq). (76)

Let us define a symmetric matrix Py as

D
f’tr =2 Z cdafxdxg. a7
d=1
From (36) and (77), V(x) is given as
D D
V@) = Y caktx xa)? =x"( Y caofrax v
d=1 d=1
1 pa
= Ex Pyx. (78)
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For any symmetric matrix ﬁtr, the definition (77) is equivalent
to the following vectorized form:
D
vech(Py) = 2 Z cdotjgvech(xdxg) e RuFD2 - (79)
d=1

From the condition (41), for any symmetric matrix i’tr, there
exist [cq, €2y s cp] such that (79) and (77) hold. Therefore,
we choose P, = Py that satisfies the positive definiteness
of V(x). In addition, the partial derivative of V(x) calculated
in (78) is equivalent to the relation (21) with p = 1 as follows:

(V@) =Pyx = (0" @ 1,,)P@)kyec(x). (80)
Substituting this relation into (35) and (37) yields

f(x) = APqyx, (81)

q(x) = x"PLQPx. (82)

We obtain the positive definite 0 = P;TQHP; L's 0t
satisfy (43) and (82), where g(x) is positive definite. Choosing
A = A P! satisfies f (x) = f(x). Using these parameters
with p = 1 along with the condition (40), the algebraic matrix
equation (38) holds owing to the following relation:

(pA + pAT — p*S(y) +2Q)
= AePy ' +PTAY - S(y) + 2P QP!

= P (PiA + APy — PiS(y)Py +20,)P;
=0. (83)
This completes the proof. U

E. PROOF OF PROPOSITION 1
Using the relation between (21) and (73), f (x) in (35) can be
represented as follows:

fv,p) =A0T @1,) P )kyec(x)

D
=AY @ (x)vak(x, xg)
d=1
= [Ak(x, x)®|(x), ..., Ak(x, xp)®p(x)]v. (84)

The value function V (x) defined in (36) is expressed as

D
Viv,p) =Y ¥a&)prak(x, xa)
d=1
= [pk(e, x)¥ @), ..., pk(x, xp)¥ p()Iv. (85)

By substituting (84) and (85) into the expression for g(v, A, p)
described in (55), g(v,A,p) is given as the following
quadratic function of v:

g, A, p) = YA, p)v — yII> + nregIVII* + gc(A, p),  (86)

where g:(A, p) is a function of A and p and is independent
of v. Therefore, for each fixed A and p, (54) represents a regu-
larized least-squares minimization problem with respect to v.
The solution to the problem is explicitly obtained as described
in (56), where the matrix (Y(A,p)"Y(A. p) + tregln,p) i
nonsingular because nee > 0 holds. This completes the
proof. O
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F. PROOF OF THEOREM 4

In this proof, the parameters (v, A, p) included in functions
are omitted for the sake of brevity. For example, V(x; v, A) is
simply denoted by V (x). For the value function V(x) in (36)
and true system (11) with u,(x) applied and w(r) = 0,
Assumption 1 leads to the following relation with a proba-
bility of at least 1 — §:

av -
37 ) = %V O (f () + Bu(x(1))
< V() (p(x(1) + Bu,(x(1)))

+BY

s=1

[0 V(x()]slop(x(@)]s|, Vx() € X

(87)
Using the definition of Af (x; v, A) in (53) yields
3V (@) pp(x) = V() (f (x) + Af (X)) (88)

Because the HJI equation (6) holds, using the definition of
u.(x) in (8), the following relation can be obtained:

%V @) (f () + Bu,(x))
1
= (30:V 'S0V (@) - qx)
+ 0,V (x)" Bu(x)
—1 _ 1
= S Ve (BR BT + ﬁBng) BV (x)
—qx). (89)
Substituting (88) and (89) into (87) yields
dav
E(x(t))

< V() Af (x(1))

+BY

s=1
1 _ 1
GOSN (BR BT + ﬁBdBdT> BV (x(1))

—qx(), Vx() € X, (90)
with a probability of at least 1 — §. Here, the relation
qx) = ;‘(x)TQC(x) holds because of (37) and (65). Addition-
ally, the relation 9,V (x) = p&(x) is obtained from Lemma 1.
Substituting these relations replaces (90) with the following
inequality:

[V (x()]slof (x(2))]s

dv

E(X(t)) = W), Vx(@)eX. O
Therefore, the statement (63) holds with a probability of at
least 1 — & owing to (91). This completes the proof. ]
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