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ABSTRACT Millimeter wave (mmWave) massive multiple-input multiple-output (MIMO) systems can
obtain sufficient beamforming gains to combat severe path loss in signal propagation. The hybrid (ana-
log/digital) beamforming with multiple data streams can be utilized to further improve mmWave spectral
efficiency. In this paper, we focus on the hybrid beamforming design of a downlink mmWave massive
multi-user MIMO (MU-MIMO) system based on full-connected structure, and aim to maximize the sum
rate of the overall system as an objective function. In the analog beamforming stage, a piecewise successive
iterative approximation (PSIA) algorithm is proposed to design the analog beamformer and combiner. This
algorithm not only has a linear property, but also can obtain closed-form solutions. In the digital beamforming
stage, the piecewise successive approximation method is utilized to design the digital beamforming based
on the criterion to avoid the loss of information, which can help reduce the computational complexity and is
also implemented simply. The results show that the proposed scheme achieves good sum-rate performance in
the mmWave massive MU-MIMO system, and outperforms the state-of-the art MIMO hybrid beamforming
design schemes, even when the number of base station antennas is not very large.

INDEX TERMS Millimeter wave, massive MIMO, multi-user, hybrid beamforming, sum rate.

I. INTRODUCTION
The developments of traditional wireless communication
technologies seem to encounter bottleneck constraints due to
the limited bandwidths. To meet the great requirements of
wireless communication, millimeter wave (mmWave) com-
munication has been considered as a key technology for the
next-generation wireless communication systems [1], [2].

MmWave communication generally corresponds to
30–300 GHz tremendous frequency bands available to
support Gigabits per second (Gb/s) data rate transmis-
sion. This has gained considerable attention in wireless
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fronthaul/backhaul, indoor, cellular (hotspot and small cell),
device-to-device (D2D) communications, etc [3], [4]. How-
ever, the inherent shortcoming of the short wavelength of
mmWave is that it has very different channel propagation
characteristics such as the severe propagation path loss (PL),
rain attenuation, high penetration loss, high delay resolution,
high directivity, and human blockage [5]–[7]. Therefore,
it is challenging for mmWave to implement in practice.
Fortunately, the tremendously reduced wavelength enables
the equipment to put the large-scale antenna arrays in a much
smaller space. Thus, mmWave systems can integrate massive
multiple-input multiple-output (MIMO) transceiver elements
to provide a sufficiently powerful received signal, which
can enhance the signal gain and spectral efficiency [8], [9].
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In addition, the high directivity can help the design of beam-
forming techniques to direct the signal in a certain direction,
which overcomes the high PL problem and establishes rea-
sonable signal-to-noise ratio (SNR) links [10].

Although the rationales of beamforming are the same
regardless of the carrier frequency, signal processing in
mmWave systems is subject to a set of important prac-
tical constraints. For example, traditional MIMO systems
often perform digital linear beamforming at baseband, which
enables controlling both the signal’s phase and amplitude and
supporting multi-stream multi-users communications [11],
[12]. However, the baseband beamforming (the digital beam-
forming) requires not only dedicated baseband processor,
but also radio frequency (RF) hardware and analog-to-digital
converter (ADC) for each antenna element. When a large
number of antennas is deployed, the high hardware cost,
complexity, and power consumption of digital beamform-
ing architecture become unaffordable to be implemented
in practice. Therefore, it forces mmWave systems to rely
heavily on the analog or RF beamforming processing [13].
Both beamforming and combining of analog beamforming
processing are implemented by a network of analog phase
shifters controlling the phase of the transmitted signal at each
antenna element in the RF domain, which have been applied
to mmWave wireless local area network (WLAN) systems
to provide a simpler architecture [14], [15]. Compared to
the digital beamforming processing, since the substantially
reduced number of RF chains, there are implementation
benefits in terms of lower hardware complexity and lower
power consumption. However, the analog beamforming is
subject to additional constraints, e.g., spatial multiplexing of
the beams is impossible, an RF chain only shapes one beam
in a cycle and is only applied to one data stream scenario,
which cannot improve the spectral efficiency. Moreover,
the phase shifters are controlled digitally and obtain only
quantized phase values. Therefore, these constraints limit the
development of analog beamforming. For a better tradeoff
between the performance and costs, a hybrid beamforming
approach that combines analog and digital beamforming is
proposed for the mmWave massive MIMO systems. Since
the hybrid beamforming achieves similar performance to the
full-digital one with much lower power consumption and
hardware complexity, it has attracted a great deal of research
attention [16], [17].

The achievable sum rate and the mean squared error (MSE)
are two important optimization objectives for the hybrid
beamforming design problems [18], [19]. Since the former
is an important performance evaluation standard in mmWave
systems, the design aims to maximize the sum rate for hybrid
beamforming in this paper. However, many challenges have
arisen from maximizing data rates under the constraints
derived from the hybrid architecture. Currently, this problem
is solved by twomethods in the existing research work. One is
to jointly design the analog and digital beamformer/combiner
and the other is a two-stage method, wherein the analog

beamformer/combiner is designed separately from the digital
beamformer/combiner.

The joint design methods are widely used for hybrid beam-
forming to approach full-digital performance for single-user
MIMO (SU-MIMO) and multi-user MIMO (MU-MIMO)
scenarios. For SU-MIMO systems, by fully exploiting the
sparsity of the channel, a least square (LS) and an approach
utilizing matching pursuit (MP) can decompose full-digital
beamforming into a separate analog and digital beamforming
for mmWave channels [20], [21]. Based on employing an iter-
ative algorithm and approaching the non-convex optimization
with a convex problem, the method aiming at full-digital
single-user solutions can be utilized to jointly design an
analog and digital precoder/combiner [22]. For MU-MIMO
systems, a weighted sum mean square error (WSMSE) mini-
mization approach is proposed to jointly design analog and
digital beamforming, which aims to approximate the per-
formance of the block diagonalization (BD) solution for
full-digital beamforming [23]. An over-sampling codebook
(OSC)-based hybrid minimum sum-mean-square-error (min-
SMSE) precoding scheme for mmWave MU-MIMO systems
to optimize the BER is proposed in [24].

The two-stage method is widely utilized for designing
hybrid beamforming for MU-MIMO communications to
approximate the capacity. Specifically, most MU schemes
prefer harvesting energy based on the channel matrix in the
analog stage, and further eliminating the inter-user interfer-
ence based on the baseband beamformer which takes the
influences of the channel matrix and the RF beamformer
into account in the following digital stage. The widely
used method is the zero forcing (ZF). For example, a low-
complexity hybrid BD scheme is proposed to harvest the large
array gain through the RF beamforming and combining, and
then digital BD processing is performed by the generalized
ZF in conjunction with an equal gain transmission (EGT)
scheme [25]. A hybrid beamforming design method based
on the Modified Generalized Low Rank Approximation of
Matrices (MGLRAM) is proposed to perform the ZF com-
bined with an iterative procedure [26]. Further, maximizing
the sum rate of the equivalent baseband channel in the ana-
log stage, followed by excluding inter-user interference in
the digital stage, is investigated in [27] and [28]. The pro-
posed hybrid regularized channel diagonalization (HRCD)
scheme is utilized by simple non-iterative processing for
digital beamforming, and EGT method for analog beam-
forming [29]. Furthermore, an approach based on the cri-
terion of minimizing mean square error to maximize the
signal-to-leakage-plus-noise ratio of each user in the digital
stage is studied in [30]. Beside the above design criterion,
the authors of [31] introduced a method based on leveraging
BD technology to eliminate the inter-user interference in the
analog stage and minimize the mean square error of each
data stream to harvest energy in the digital stage. Note that
there are other schemes that utilize the two-stage method to
design SU-MIMO communications. For instance, a method
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that maximizes the single-user spectral rate by optimizing
analog processing with fixed digital processing is proposed in
[32]. A low-complexity iterative matrix decomposition based
hybrid beamforming (IMD-HBF) scheme is proposed to
obtain the optimal analog and digital solutions [33]. Among
the above two-stage design schemes, hybrid beamforming
can realize the optimal full-digital beamforming if and only
if the number of RF chains is twice the number of data
streams, e.g., the method is presented and discussed in [28],
but this approach is implemented at the expense of high power
consumption and costs. Then, the method of leveraging the
BD technology to eliminate the inter-user interference will
reduce the system performance since the overlap of the row
subspace of each user channel matrix becomes significant
when the number of users is large. Although the method
presented in [33] outperforms the BD technology, it has a
high number of iterations, which enhances the computational
complexity of the system.

In this current paper, we focus on the hybrid beamform-
ing design of mmWave massive MU-MIMO system with
full-connected structure, where the single BS equipped with a
large antenna array is assumed to serve several multi-antenna
multi-stream users. Employing the two-stage method, per-
fect channel state information (CSI) is derived to design the
analog and digital beamformer/combiner. The main contribu-
tions of this paper can be summarized as follows.
• In the analog beamforming stage, we minimize the MSE
between the equivalent analog transceiver signals to
reduce the information loss of signals in the analog
channel transmission, which can achieve the purpose
of maximizing the mutual information of the analog
transceiver signals. Meanwhile, a piecewise successive
iterative approximation PSIA) algorithm is proposed to
design the analog beamforming in the internal iteration.
The proposed design scheme can obtain the optimal
saturation value with fewer iterations.

• In the digital beamforming stage, the piecewise suc-
cessive approximation method is utilized to design the
digital beamformer and combiner, which is based on
the criterion to avoid the loss of information at each
stage. The complexity of the proposed design method is
lower than that of the baseband BD technology which is
combined to design digital beamforming by the state-of-
the art schemes such as EGT-BD [25], MGLRAM [26],
HyEB [27], and HySBD [28], etc. In addition, the per-
formance of the proposed design method is superior to
the baseband BD technology in terms of eliminating the
inner-user and inter-user interferences.

• Under the condition that the number of RF chains is the
same as the number of data streams, the performance of
the proposed hybrid beamforming system outperforms
the state-of-the art for hybrid beamforming systems.
Further, the proposed design scheme has higher and
more stable power efficiency than the existing schemes.
Even when the number of BS antennas is not very large,
the proposed design also shows superior performance in

terms of sum rate. In addition, the solutions obtained in
this paper are closed-form ones.

The remainder of this paper is organized as follows.
Section II briefly introduces the channel and system models
of the mmWave massive MU-MIMO system. The original
problem of the system design is formulated and discussed in
Section III. Section IV presents and discusses the simulation
results of the proposed hybrid beamforming design scheme.
Finally, conclusions are drawn in Section V.
Notations: Bold upper-case and lower-case letters repre-

sent matrices and column vectors, respectively; (·)−1, (·)T ,
and (·)H denote inversion, transpose, and conjugate trans-
pose, respectively; The Frobenius norm of the matrix A and
the 2-norm of the vector a are expressed as ‖A‖F and ‖a‖2,
respectively. A (i, j), A (:, j), and A (i, :) respectively denote
the (i, j)th complex element, jth column vector, and ith row
vector of matrix A, and |A (i, j)| is the amplitude; A (i : j, :)
and A (:, i : j) represent the matrix consists of vectors from
rows i to j and columns i to j of the matrix A, respectively;
IN is the identity matrix of size N × N ; CN (0, σ 2) is the
complex Gaussian distribution with mean 0 and the variance
σ 2; 6 A denotes the operation of getting the angle of each
entry in matrix A; Dl×l and Cm×n describe a real diagonal
matrix of dimension l × l and a complex matrix of dimension
m× n, respectively; tr {·} and Re (·) indicate the trace and real
part taking operators, respectively; vec (·) and unvecm×n (·)
are the vectorization and maxicization, respectively; (·)`,`
denotes the `th diagonal element of a matrix. Expectation
operator is denoted by E [·]. The determinant and block diag-
onalization operation of a matrix are respectively expressed
as |·| and blk (·).

II. SYSTEM DESCRIPTION
In this section, we present the mmWave signal and channel
model considered in this paper.

A. SYSTEM MODEL
Consider the downlink of the mmWave massive MU-MIMO
system with full-connected subarray structure shown
in Fig. 1 in which a BS serves K users simultaneously. The
BS is equipped with a large number, NBS , of antennas and

FIGURE 1. Block diagram of the mmWave massive MU-MIMO system with
hybrid beamforming structure.
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MBS RF chains, and each user is equipped with NMS antennas
and MMS RF chains to support NS data streams in a parallel
mode. To enable multi-stream communication and reduce
the complexity of the hardware, the number of RF chains is
constrained by KNS ≤ MBS ≤ NBS for the BS and NS ≤
MMS ≤ NMS for each user. As can be seen in Fig. 1, the trans-
mitted symbol s with the total transmit power constraint Pt
first passes through a diagonal power allocation matrix P ∈
DKNS×KNS which distributes power to the transmitted symbol
sk of each user and satisfies ‖P‖2F = Pt . Then, the symbol
s after power allocation is processed by digital beamforming
using a baseband beamformer FBB ∈ CMBS×KNS . After beam-
forming in the baseband domain, an RF beamformer FRF ∈
CNBS×MBS is applied for analog beamforming. Therefore,
the discrete-time transmitted signal is finally represented
as xs = FRFFBBPs, where the transmit power of s =
[sT1 , . . . , s

T
K ]

T
∈ CKNS×1 is supposed to be normalized such

that E
[
ssH

]
=

1
KNS

IKNS . Since FRF is implemented by using
analog phase shifters, its elements are constrained to satisfy(
FRF (:, i)FHRF (:, i)

)
`,`
= N−1BS , i.e., all elements of FRF have

the same amplitude. To guarantee the total transmitted power
constraint, FBB is normalized to satisfy ‖FRFFBB‖2F = KNS .
Meanwhile, no other hardware-related constraints are placed
on the baseband beamformer.

For simplicity, we consider a block fading channel model
[34], e.g., the narrowband flat fading channel model, which
yields a received signal of each user

yk = HkFRFFBBPs+ nk , (1)

where yk ∈ CNMS×1 is the kth received vector, Hk ∈

CNMS×NBS is the channel matrix from BS to the kth user,
and nk ∈ CNMS×1 is the corresponding complex additive
white Gaussian noise vector in which the elements follow the
independent and identically distributed (i.i.d.) complex Gaus-
sian distribution with zero mean and variance σ 2, i.e., nk ∼
CN

(
0, σ 2

)
. To enable beamforming, we assume that the CSI

is known perfectly and instantaneously to both the BS and
each user. In practical systems, CSI at the receiver can be
obtained via training, then shared with the BS via limited
feedback from the receiver to the BS [35].

At the receiver, each user employs its analog phase shifters
and digital combiner to obtain the processed received signal

ŝk =WkH
BBW

kH
RFHkFRFFBBPs+WkH

BBW
kH
RFnk , (2)

where Wk
RF ∈ CNMS×MMS is the analog combining matrix

and Wk
BB ∈ CMMS×NS is the digital combining matrix for

the kth user. Similar to analog beamforming, the analog
combining is implemented by using phase shifters. There-
fore, Wk

RF also satisfies the constant amplitude constraint(
Wk

RF (:, i)
(
Wk

RF (:, i)
)H)

`,`
= N−1MS . When Gaussian sym-

bols are transmitted over the mmWave channel, the achiev-
able sum rate is given by [36]

R = log2

(∣∣∣∣IKNS + 1
KNS

R−1n H̃H̃H
∣∣∣∣) , (3)

where H̃ = WH
BBW

H
RFHFRFFBBP, and Rn = σ 2WH

BBW
H
RF

WRFWBB is the noise covariance matrix after com-
bining. WRF = blk

(
W1

RF , . . . ,W
K
RF

)
and WBB =

blk
(
W1

BB, . . . ,W
K
BB

)
are the analog and digital combiners

of K users, respectively. H =
[
HH

1 , . . . ,H
H
K

]H is the total
channel matrix. Defining the baseband channel of the kth user
as H̄k = WkH

RFHkFRF , the transmitted ith data stream of the
kth user, ŝki , can be further expressed as

ŝki = WkH
BB(i, :)H̄kFBB(:, ki)

√
Pkiski

+

NS∑
j=1,j 6=i

WkH
BB(i, :)H̄kFBB(:, kj)

√
Pkjskj

+

K∑
m=1,m 6=k

NS∑
l=1

WkH
BB(i, :)H̄kFBB(:,ml)

√
Pml sml

+WkH
BB(i, :)W

kH
RFnk , (4)

where ki = (k−1)NS+ i, ski is the ith entry of the signal sk of
the kth user sent by BS, and

√
Pki is the corresponding power

allocation. The first term on the right side of (4) indicates the
desired signal, and the other three terms represent inner-user
interference, inter-user interference, and noise, respectively.
Hence, the sum rate in (3) can be rewritten as

R =
K∑
k=1

NS∑
i=1

log2(1+ SINRki ), (5)

where SINRki is the signal to interference to noise
ratio (SINR) of the signal ŝki , which can be calculated by the
ratio of the desired signal energy in (4) to the interference
plus noise energy of the remaining terms. The SINRki is
formulated as

SINRki =
S̃ki

Ĩki + Ñki

S̃ki =
∣∣∣WkH

BB(i, :)H̄kFBB(:, ki)
√
Pki
∣∣∣2

Ĩki =
NS∑

j=1,j 6=i

∣∣∣WkH
BB(i, :)H̄kFBB(:, kj)

√
Pkj
∣∣∣2

+

K∑
m=1,m6=k

NS∑
l=1

∣∣∣WkH
BB(i, :)H̄kFBB(:,ml)

√
Pml

∣∣∣2
Ñki = σ

2
∥∥∥Wk

RFW
k
BB(:, i)

∥∥∥2
F
, (6)

where k ∈ {1,2, . . . ,K }, i ∈ {1,2, . . . ,NS}.

B. CHANNEL MODEL
The mmWave propagation has limited spatial selectivity
or scattering, which will lead to high free-space path
loss. However, traditional MIMO channel models cannot
accurately reflect this characteristic. Similarly, the mas-
sive tightly-packed antenna arrays adopted in mmWave
transceivers lead to high levels of antenna correlation. If the
statistical fading distribution in traditional MIMO analysis is
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used in the mmWave channel modeling, it becomes inaccu-
rate [11]. Therefore, we adopt a narrow band channel model
with uniform linear arrays (ULAs), such as the extended
Saleh-Valenzuela model, to obtain the mathematical structure
of mmWave channel accurately [37].

We assume that the scattering channel has Nc scattering
clusters, each of which consists of Np propagation paths.
Therefore, the discrete-time narrowband channel matrix of
the kth user can be expressed as

Hk = γ

Nc∑
i=1

Np∑
l=1

αkil3MS

(
θkil

)
3BS (φkil)aMS (θ

k
il )aBS (φ

k
il)
H
,

(7)

where γ =
√

NBSNMS
NcNp

is a normalization factor, and the

channel matrix satisfies E
[
‖Hk‖

2
F

]
= NBSNMS . αkil is the

complex gain of the lth ray in the ith scattering cluster for
the kth user, which follows the independent Gaussian distri-
bution, i.e., αkil ∼ CN (0, 1). θkil and φ

k
il represent the azimuth

angles of arrival/departure (AoAs/AoDs) of the lth ray in the
ith scattering cluster for the kth user, which obey the trun-
cated Laplacian distribution [25]. The functions 3MS

(
θkil

)
and 3BS (φkil) denote the transmit and receive antenna array
gain at the corresponding angles of departure and arrival.
Finally, aMS (θkil ) and aBS (φkil) are the normalized antenna
array response vectors at an azimuth angle of θkil and φkil ,
respectively. For the sake of simplicity but without loss of
generality, we assume that when both the BS and each user
adopt ULAs, the array response vector aMS (θkil ) and aBS (φkil)
can be presented as [37]

aMS (θkil ) =
1
√
NMS

[
1,ejβd sin(θ

k
il ), . . . ,ej(NMS−1)βd sin(θ

k
il )
]T
,

(8)

aBS (φkil) =
1
√
NBS

[
1, ejβd sin(φ

k
il ), . . . ,ej(NBS−1)βd sin(φ

k
il )
]T
,

(9)

where j =
√
−1, β = 2π

λ
, λ is the carrier wavelength of the

signal, and d is the inter-element spacing, e.g., d = λ
2 .

III. MULTIUSER HYBRID BEAMFORMING DESIGN
This section discusses the hybrid beamforming design of
the downlink mmWave massive MU-MIMO system with the
full-connected structure. The design goal is to maximize the
sum rate of the system expressed in (3), hence the optimiza-
tion problem can be formulated as

(FRF ,WRF ,FBB,WBB,P)
= argmax

(FRF ,WRF ,FBB,WBB,P)
R

s.t. FRF (i, j) ∈ FRF ,WRF (i, j) ∈WRF ,∀i, j,

WRF = blk
[
W1

RF , . . . ,W
K
RF

]
,

WBB = blk
[
W1

BB, . . . ,W
K
BB

]
,

‖P‖2F = Pt ,

‖FRFFBB‖2F = KNS , (10)

whereFRF andWRF are the feasible sets of constant-modulus
complex numbers of FRF and WRF , respectively. Since
both the objective function and the constraints are noncon-
vex, the original problem in (10) is nonconvex. Solving the
original problem in (10) directly, the five matrix variables
(FRF ,FBB,WRF ,WBB,P) need to be jointly optimized, and
finding the global optima of the joint optimization problems
with similar constraints is intractable for the MU-MIMO
case [38]. Therefore, we utilize the two-stage design method
to obtain the analog and digital beamforming solutions of
the original problem, thereby reducing the difficulty of the
solution process. The proposed PSIA method is utilized to
obtain the closed-form optimization solutions of FRF and
WRF , where each total iteration includes one external and
m internal iterations. Then, the equivalent baseband channel
H̄ is exploited to design the optimal digital beamformer FBB
and combinerWBB. Finally, the power allocation matrix P is
designed by using waterfilling.

A. DESIGN OF INITIAL ANALOG COMBINING MATRIX
Assuming the signal transmission mode can be described as

s → x
H
→ x̂ → ŝ, where x is the transmitted symbol in the

analog stage, i.e., x = FBBPs, and x̂ is the corresponding
received signal, i.e., x̂ = WH

RFHFRFx +WH
RFn. Due to FBB

obtained by the piecewise successive approximation method
in the digital stage is a unitary matrix, i.e., FBBFHBB = IKNS ,
E ‖x‖22 =

Pt
KNS

can be derived. To avoid the data loss,
we firstly utilize the minimum MSE (MMSE) between x and
x̂ in the analog stage as the objective function to obtain the
analog combining matrix WRF_init with the optimal phase.
ThenWRF_init is used as the initial value of the analog beam-
forming design to maximize the baseband channel capacity,
so as to reduce the number of internal iterations of the design
in the analog stage.

According to the previous analysis, the analog combiner
WRF_init is not only constrained to be constant-modulus, but
also constrained to be block-diagonal. Therefore, theMMSE-
based analog combining problem is formulated as follows

WRF_init = min
WRF_init

(
E
∥∥x− x̂

∥∥2
2

)
s.t.Wk

RF_init (i, j) ∈WRF_init ,∀i, j,

WRF_init = blk
[
W1

RF_init , . . . ,W
K
RF_init

]
,

(11)

It is worth noting that the expectation operation in (11) is
difficult to be handled. For this reason, we first assume the
analog beamformer FRF is fixed, then the objective function
in (11) can be rewritten as

E
(∥∥x− x̂

∥∥2
2

)
= E

(∥∥∥x−WH
RF_inityx

∥∥∥2
2

)
= tr

(
E
[
xxH

]
− 2Re

(
E
[
yxyHx

]
WRF_init

)
+WH

RF_initE
[
yxyHx

]
WRF_init

)
, (12)
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where yx = HFRFx + n. By introducing a constant matrix
W̃ = E

[
xyHx

]
E
[
yxyHx

]−1, the second term of (12) can be
re-expressed as

E
[
xyHx

]
WRF_init = W̃E

[
yxyHx

]
WRF_init (13)

Since W̃E
[
yxyHx

]
W̃H is a constant value, (12) can be refor-

mulated by using (13) as follows

tr
(
W̃E

[
yxyHx

]
W̃H
− 2Re

(
W̃E

[
yxyHx

]
WRF_init

)
+WH

RF_initE
[
yxyHx

]
WRF_init

+E
[
xxH

]
− W̃E

[
yxyHx

]
W̃H

)
=

∥∥∥∥W̃R
1
2
x −WH

RF_initR
1
2
x

∥∥∥∥2
F
+ constant (14)

It can be seen from (14) that the solution of the objective
function is independent of the constant term, by removing the
constant term in (14), the minimization problem in (12) can
be equivalent to solving the following problem as

(P)WRF_init = argmin
WRF_init

∥∥∥∥W̃R
1
2
x −WH

RF_initR
1
2
x

∥∥∥∥2
F

s.t.Wk
RF_init (i, j) ∈WRF_init , ∀i, j,

WRF_init=blk
[
W1

RF_init , . . . ,W
K
RF_init

]
,

where
Rx = E

[
yxyHx

]
=

Pt
KNS

HFRFFHRFH
H
+ σ 2IKNMS ,

W̃ = E
[
xyHx

]
E
[
yxyHx

]−1
= FHRFH

H
(

Pt
KNS

HFRFFHRFH
H
+ σ 2IKNMS

)−1
.

(15)

Although (11) has been transformed into the problem
with no-expectation operation, there are still other con-
straints in (P). To tackle the block-diagonal constraint in
WRF_init , the matrix operator can be converted into a vec-
tor operator, based on the properties of Kronecker prod-
uct: vec (XGY) =

(
YT
⊗ X

)
vec (G), where ⊗ represents

the Kronecker product between two matrices. Meanwhile,
to satisfy the constant-modulus constraints, we initialize∣∣WRF_init (i, j)

∣∣ = 1. The problem (P) can be reformulated
as

wRF_init = argmin
wRF_init

∥∥d− AwRF_init
∥∥2
2

s.t.
∣∣∣Wk

RF_init (i, j)
∣∣∣ = 1, ∀i, j,

wRF_init = vec
(
blk

[
W1

RF_init , . . . ,W
K
RF_init

])H
, (16)

where d = vec
(
W̃R

1
2
x

)
and A =

(
R

1
2
x

)H
⊗ IKMMS .

It is observed from (16) that the variable wRF_init has many
zero elements. Since these zero elements do not contribute
anything in the procedure of matrix multiplication, hence that

the zero elements in wRF_init can be removed [18]. The new
variable vector is given by

ŵRF_init = vec
(
ŵ1
RF_init , . . . , ŵ

K
RF_init

)
, (17)

where ŵk
RF_init = vec

(
WkH

RF_init

)
, k = 1, . . . ,K . Replacing

wRF_init by ŵRF_init , the block-diagonal constraint in (16) is
eliminated. Therefore, (16) can be rewritten as

min
x

∥∥∥d̃− Ãx̃
∥∥∥2
2

s.t.
∣∣x̃∣∣ = 1, (18)

where d̃ and Ã are respectively the vectors and matrices
generated from d and A after removing the columns corre-
sponding to the zero elements in wRF_init , x̃ = ŵRF_init ,
and the vector "1" denotes the all-one vector. Inspired by
the SCF algorithm [39], the constant-modulus constraint can
be eliminated by considering (18) in real domain. Hence,
consider the sequence of constraint

Re
(
B(n)x̃

)
= 1, (19)

with

B(n) (i, j) =

{
ej
6 x̃(n−1)l , if i = j = l,

0, otherwise,
(20)

where x̃(n)l , l = 1, 2, . . . ,L is the lth element of x̃(n), L =
KNMSMMS , and (n) denotes the nth optimization procedure.
Replacing the constant-modulus constraint in (18) by (19),
(18) can be rewritten as

(
Q(n)

)min
x̃

∥∥∥d̃− Ãx̃
∥∥∥2
2

s.t. Re
(
B(n)x̃

)
= 1.

(21)

To illustrate the constraint (19) is adjusted to satisfy
the constant-modulus constraint, let x̃(n−1) be the solution
which satisfies the constraint Re

(
B(n−1)x̃(n−1)

)
= 1, and

the constant-modulus affine solution of x̃(n−1) is given by
x̃(n−1) = ej 6 x̃

(n−1)
. If x̃(n) = x̃(n−1), then B(n) = B(n+1),

and the constraints of the next problem Q(n+1) are the
same as problem Q(n), i.e., Re

(
B(n+1)x̃(n+1)

)
= 1 and

Re
(
B(n)x̃(n)

)
= 1 are equivalent. Thus, x̃(n+1) = x̃(n)

is derived which means the algorithm converges. Other-
wise, the constraint is updated through the constant-modulus
affine solution of x̃(n) according to (20). As a conclusion,
the obtained solution converges to a constant-modulus one
by the adaptive constraint.

For transforming the cost function into the completely
equivalent real-valued version, let s̃(n) =[
Re
{
x̃(n)

}T
Im
{
x̃(n)

}T ]T
be the optimal solution ofQ(n) and

x̃(n) be the complex version defined as

x̃(n)l = s̃(n)l + js̃
(n)
l+L , l = 1, 2, . . . ,L, (22)
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where s̃(n)l is the lth element of s̃(n). In this case, the matrix
B(n) is defined as

B(n) (i, j) =


cos

(
6 x̃(n−1)l

)
, if i = j = l,

sin
(
6 x̃(n−1)l

)
, if i = l, j = l + L,

0, otherwise.

(23)

Therefore, the optimal solution of complex-valued problem
Q(n) can be obtained by solving the completely equivalent
real-valued problem as follows

(
Q̃(n)

)min
s

∥∥∥d̂− Âs̃
∥∥∥2
2

s.t. B(n)s̃ = 1,
(24)

where

d̂ =
[
Re
(
d̃
)T

Im
(
d̃
)T]T

Â =

Re
(
Ã
)
−Im

(
Ã
)

Im
(
Ã
)

Re
(
Ã
)
 .

Note that, Q̃(n) is a convex optimization problem with
linear equality constraints. Therefore, according to (24),
the Lagrange function of Q̃(n) is given by

L
(
s̃,λ

)
=

∥∥∥d̂− Âs̃
∥∥∥2
2
− λH

(
B(n)s̃− 1

)
= tr

{(
d̂− Âs̃

)H (
d̂− Âs̃

)
− λH

(
B(n)s̃− 1

)}
= 2ÂH Âs̃− 2ÂH d̂+ d̂H d̂− λH

(
B(n)s̃− 1

)
,

(25)

where λ is the Lagrange multiplier. Let the partial derivative
of (25) with respect to s and λ are ∂L(s̃,λ)

∂ s̃ = 0 and ∂L(s̃,λ)
∂λ
=

0, respectively. Thus, we have the equation set as follows[
2ÂH Â −

(
B(n)

)H
−B(n) 0

][
s̃
λ

]
=

[
2ÂH d̂
−1

]
. (26)

Since the coefficientmatrix (Lagrangematrix) of the equation
set is non-singular, Lagrange matrix is invertible. Then the
inverse matrix can be expressed as[

2ÂH Â −
(
B(n)

)H
−B(n) 0

]−1
=

[
C −DH

−D Z

]
. (27)

Based on the properties of inverse matrix: X−1X = I, we can
derive

2ÂH ÂC+
(
B(n)

)HD = I2KNMSMMS

−2ÂH ÂDH
−
(
B(n)

)HZ = 02KNMSMMS×KNMSMMS

−B(n)C = 0KNMSMMS×2KNMSMMS

B(n)DH
= IKNMSMMS

(28)

Since ÂH Â is the Hermitian matrix, its inverse matrix exists.
Then C, D, and Z can be expressed as

C =
(
2ÂH Â

)−1
−

(
2ÂH Â

)−1(
B(n)

)H(
B(n)

(
2ÂH Â

)−1(
B(n)

)H)−1B(n)(2ÂH Â
)−1

D =
(
B(n)

(
2ÂH Â

)−1(
B(n)

)H)−1B(n)(2ÂH Â
)−1

Z = −
(
B(n)

(
2ÂH Â

)−1(
B(n)

)H)−1
(29)

Both sides of (26) are multiplied by the inverse of the
Lagrange matrix, the solution of Q̃(n) can be obtained as

s̃(n) = 2CÂH d̂+ DH1, (30)

where λ = −2DÂH D̂ − Z1. Although the problem in
(30) cannot obtain an optimal amplitude solution, an optimal
phase solution can be obtained.

B. ANALOG BEAMFORMING AND COMBINING
MATRICES DESIGN
In the previous subsection, the analog combining matrix
WRF_init with optimal phase has been obtained. Thus,
the PSIA method is utilized to solve the optimal analog
beamforming FoptRF and combining Wopt

RF in this subsection.
According to the rationales of information theory, when the

inner-user and inter-user interference are eliminated and the
downlink broadcast channel capacity of the overall baseband
channel H̄ can be reached, the capacity of the system is equal
to the mutual information between x and x̂, i.e., R = I

(
x, x̂

)
[28]. Since the proposed digital beamforming is designed
based on SVD, the resulting solutions are unitary matrices
and can make the baseband channels of different users mutu-
ally orthogonal. In addition, the digital beamforming matrix
satisfies ‖FRFFBB‖2F = KNS . Therefore, maximizing the
capacity of the overall system can be approximately equal to
maximizing I

(
x, x̂

)
, i.e., R ≈ I

(
x, x̂

)
, and the expression of

I
(
x, x̂

)
is described as

I
(
x, x̂

)
= log2

(∣∣IKMMS

+
Pt

σ 2KNS

(
WH

RFWRF

)−1
WH

RFHFRFFHRFH
HWRF

∣∣∣∣)
(31)

Assuming the designed analog combining matrix is a unitary
matrix, i.e.,WH

RFWRF =
1

NMS
IKMMS , (31) can be rewritten as

I
(
x, x̂

)
= log2

(∣∣∣∣IKMMS +
PtNMS
σ 2KNS

WH
RFHFRFFHRFH

HWRF

∣∣∣∣)
(32)

It can be seen from (32) that maximizing I
(
x, x̂

)
is equiv-

alent to maximizing
∥∥WH

RFHFRF
∥∥2
F, which means that the

maximum equivalent baseband channel is only related to the
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solution of analog beamforming FoptRF with WRF is fixed.
Thus, the problem of analog beamforming can be formulated
as

(P1)FRF = argmax
FRF

∥∥HcompFRF
∥∥2
F

s.t. FRF (i, j) ∈ FRF , ∀i, j, (33)

where Hcomp = WH
RF_initH. Inspired by the method

which tries to avoid the loss of information [28], the SVD
of composite channel is defined as 1

√
NBS

Hcomp =

Ucomp6compVH
comp, where Ucomp and Vcomp are the left and

right singular value vector matrices, respectively, and 6comp
is the singular value vector matrix sorted by descending order.
Therefore, the objective function in (33) can be reformulated
as∥∥HcompFRF

∥∥2
F = NBS

∥∥∥∥ 1
√
NBS

HcompFRF

∥∥∥∥2
F

= NBS tr
{
62
compV

H
compFRFF

H
RFVcomp

}
. (34)

Further, we define the following two partitions of thematrices
6comp and Vcomp as

6comp =

[
61
comp 0
0 62

comp

]
,Vcomp =

[
V1
comp V2

comp
]
,

(35)

where 61
comp ∈ CKNMS×MBS and V1

comp ∈ CNBS×MBS . Substi-
tuting (35) into (34) gives rise to the following approximate
expression of (34)

tr
{
62
compV

H
compFRFF

H
RFVcomp

}
' tr

{
612
compV

1H
compFRFF

H
RFV

1
comp

}
, (36)

As can be seen obviously from (36) that the objective func-
tion tr

{
612
compV

1H
compFRFF

H
RFV

1
comp

}
is maximized when the

unconstrained analog beamforming FRF = V1
comp. Unfortu-

nately, V1
comp does not satisfy constant-modulus constraint.

However, the Frobenius norm can be employed to compute
the distance between the unconstrained and the constrained
solutions. Therefore, FRF can be obtained by solving

min
FRF

∥∥∥V1
comp − FRF

∥∥∥2
F

s.t. FRF (i, j) ∈ FRF , ∀i, j. (37)

Then, the objective function in (37) is expanded as follows∥∥∥V1
comp − FRF

∥∥∥2
F

= tr
{(

V1
comp − FRF

)H (
V1
comp − FRF

)}
= 2MBS − tr

{
2Re

(
FHRFV

1
comp

)}
= 2MBS − 2

MBS∑
j=1

NBS∑
i=1

Re
{
|FRF (i, j)|

∣∣∣V1
comp (i, j)

∣∣∣ ejϕ(i,j)}
(38)

where ϕ (i, j) = 6 FRF (i, j) − 6 V1
comp (i, j). From (38),

we observe that when ϕ (i, j) = 0, i.e., 6 FRF (i, j) =
6 V1

comp (i, j), the objective function
∥∥∥V1

comp − FRF
∥∥∥2
F
is min-

imized. Therefore, the optimal beamforming matrix can be
expressed as

FRF =
1
√
NBS

ej
6 V1

comp (39)

Next, the obtained FRF is substituted into the objective func-
tion of maximizing the equivalent baseband channel to solve
the optimal analog combining WRF . Since WRF is block-
diagonal, the objective function is formulated as

(P2)Wk
RF = argmax

Wk
RF

∥∥∥Wk
RF Ĥ

k
comp

∥∥∥2
F

s.t.Wk
RF (i, j) ∈WRF ,∀i, j,

WRF = blk
[
W1

RF , . . . ,W
K
RF

]
, (40)

where Ĥk
comp = HkFRF , The SVD of Ĥk

comp is defined

as 1
√
NMS

Ĥk
comp = Ûk

comp6̂
k
compV̂

kH
comp. Moreover, Ũk

comp is

expressed as the first MMS columns of matrix Ûk
comp. Substi-

tuting this decomposition into (40) gives rise to the following
approximate expression

tr
{
6̂
k2

compÛ
kH
compWRFWH

RF Û
k
comp

}
' tr

{
6̃
k2

compŨ
kH
compWRFWH

RF Ũ
k
comp

}
, (41)

where 6̃
k
comp is an MMS × MMS diagonal matrix. Compared

(41) with (36), they are similar in nature. Hence, the optimal
solution of matrix Wk

RF can be expressed as

Wk
RF =

1
√
NMS

ej
6 Ũkcomp . (42)

Then, the total analog combining matrix WRF is obtained
by block diagonalization. It is worth noting that the initial
value of subproblems

{
P(n)i

}
i=1,2

(internal iteration) derives

from the problem P (external iteration). In the mth internal
iteration of the nth external iteration, the subproblemP(n)

(m+1)

1

is updated by the results of P(n)
(m)

2 , and the subproblem

P(n)
(m+1)

2 is updated by the results of P(n)
(m+1)

1 . Therefore,
the monotonically non-increasing of the sequences produced
by the subproblems

{
P(n)i

}
i=1,2

satisfy f (n)
(m+1)

∗ ≤ f (n)
(m)

∗

and eventually the objective values converge [18]. Then,
the convergence ofP(n) can be guaranteed byB(n). Therefore,
the proposed analog beamforming design method is mono-
tonically non-increase and eventually converges. In addition,
the stop criterion of the external iteration for the proposed
method is set as

∣∣f (n+1) − f (n)∣∣ ≤ ε, where ε is a small
factor, and f (n) is the objective value of (11) in the nth external
iteration, namely,

f (n) = tr
(
E
[
xxH

]
−2Re

(
E
[
xyHx

]
WRF_init

)
+WH

RF_initE
[
yxyHx

]
WRF_init

)
(43)
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In conclusion, the advantages of the analog beamformer
and combiner designed by the above methods are that the
channel information can be utilized more adequately to
improve the sum rate of system. The overall procedure of
the proposed analog beamforming scheme is summarized as
Algorithm 1.

Algorithm 1 The Proposed Analog Beamforming Design
Scheme
1: Input: H, Niter ;
2: Randomly generate the initial matrix FRF (satisfied with

the constant-modulus constraint);
3: while

∣∣f (n+1) − f (n)∣∣ > ε do;
4: Set n = 1;
5: Compute B(n) according to (23);
6: Compute s(n) according to (30);
7: Set x̃(n)l = s̃(n)l + js̃

(n)
l+L , l = 1, 2, . . . ,L;

8: GetW(n)
RF_init=

{
blk

[
unvecMMS×KNMS

(
e

(
j 6 x̃(n)

))]}H
and assign W(n)

RF =W(n)
RF_init ;

9: for m = 1 to Niter do
10: Compute F(n)

(m)

RF =
1
√
NBS

ej6 V
(m)
comp(:,1:MBS ),

where V(m)comp is derived by
1
√
NBS

W(n)(m)

RF H = U(m)comp6
(m)
compV

(m)(H)
comp ;

11: for k = 1 to K do
12: Compute

(
Wk

RF

)(n)(m)
=

1
√
NMS

ej
6 Ûk

(m)
comp(:,1:MMS ),

where Ûk(m)
comp is derived by

1
√
NMS

HkFRF = Ûk
comp6̂

k
compV̂

kH
comp;

13: end for
14: Obtain the total matrix

W(n)(m)

RF = blk
[(
W1

RF

)(n)(m)
, . . . ,

(
WK

RF

)(n)(m)];
15: end for
16: Set n = n+ 1;
17: end while
18: Output: FRF ,WRF

C. DIGITAL BEAMFORMING AND COMBINING
MATRICES DESIGN
This subsection discusses the design of digital beamforming
and combining matrices based on the analog beamforming
and combining matrices obtained in the previous subsection.
Considering the baseband BD scheme, which employs ZF to
eliminate inter-user interference by the null space orthogonal
bases of baseband channels of different users and ensure
zero inner-user interference by digital combiner in the dig-
ital beamforming stage. Thus, a MU-MIMO downlink chan-
nel can be decomposed into multiple parallel independent
SU-MIMO channels [40]. However, when the number of
users is large, the overlap of the row subspace of channel
matrix per user becomes significant, which results in a quite
poor performance [41]. Moreover, the operational dimen-
sion of baseband BD scheme also becomes large, thereby

increasing the computational complexity. However, in [28],
the criterion for trying to avoid the loss of information
is proposed to design the analog beamforming, which can
reduce the computational complexity. Therefore, inspired
by the scheme proposed in [25] and [28], we design the
digital beamforming and combining matrices by empolying
the criterion which tries to avoid the loss of information.
Meanwhile, the complexity analysis shows the advantages
over the baseband BD scheme.

The equivalent baseband channel is defined as H̄ =

WH
RFHFRF . According to (3) and (10), the problem of digital

beamforming design can be formulated as

(FBB,WBB)
= argmax

(FBB,WBB)

log2

(∣∣∣∣IKNS + 1
KNS

R−1n WH
BBH̄FBBPPHFHBBH̄

HWBB

∣∣∣∣)
s.t.WBB = blk

[
W1

BB, . . . ,W
K
BB

]
,

‖FRFFBB‖2F = KNS . (44)

Based on the criterion proposed in [28], the SVD of equiva-
lent baseband channel of each user is expressed as

1
√
NBS

H̄k = Ūk6̄k V̄H
k , (45)

Design the digital combining matrix Wk
BB as the first NS

column vector of Ūk , i.e., Wk
BB = Ūk (:, 1 : NS) , k ∈

{1, . . . ,K }, and bring it into (44), then the objective function
can be rewritten as

FBB = argmax
FBB

log2

(∣∣∣∣IKNS + NBS
KNS

R−1n H̄compFBBPPHFHBBH̄
H
comp

∣∣∣∣) ,
(46)

where

H̄comp =
1
√
NBS

WH
BBH̄

=
1
√
NBS


W1H

BB · · · 0
...

. . .
...

0 · · · W1H
BB


 H̄1

...

H̄K

 . (47)

The power allocation obtained by utilizing waterfilling will
be approximately performed by equal power allocation in
the digital stage, i.e., P ≈

√
Pt
KNS

IKNS for NBS approaches
infinity. Due to WRF derived in the above subsection is a
para-unitary matrix (i.e.,WH

RFWRF = IMBS ), we can obtain

Rn = σ
2WH

BBW
H
RFWRFWBB = σ

2IKNS . (48)

Thus, (46) can be further written as

FBB=argmax
FBB

log2

(∣∣∣∣IKNS+ NBSPt
σ 2KNS

FHBBH̄
H
compH̄compFBB

∣∣∣∣).
(49)
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It can be seen from (49) that the optimal digital beamforming
FBB of the maximized objective function can be obtained by
the first KNS columns of the right singular vector of H̄comp.
Defining the SVD of H̄comp as H̄comp = Ūcomp6̄compV̄H

comp,
then we set FBB = V̄comp (:, 1 : KNS).

Up to now, the optimal digital beamforming FBB and com-
biningWBB obtained to eliminate inter and inner-interference
can be illustrated in the following.

For a massive MIMO system with multi-antenna users,
the asymptotic orthogonality of different user channels has
been proven as the number of BS antennas is large [28]. Here,
we extend the conclusion to the baseband channelmodel, then
the correlation matrix of different user baseband channels
follows

lim
NBS→∞

1
NBS

H̄pH̄H
q = 0MMS×MMS , p, q ∈ {1, . . . ,K } ,

∀p 6= q. (50)

Proof: For a massive MIMO system with multi-antenna
users, the correlation matrices of different user analog chan-
nels satisfy the following asymptotic orthogonality [28]

lim
NBS→∞

1
NBS

HpHH
q = 0NMS×NMS , p, q ∈ {1, . . . ,K } ,

∀p 6= q. (51)

Then the correlation matrix of different user baseband chan-
nels can be expressed as

lim
NBS→∞

1
NBS

H̄pH̄H
q = lim

NBS→∞

1
NBS

WpH

RFHpFRFFHRFH
H
q W

q
RF ,

p, q ∈ {1, . . . ,K } , ∀p 6= q. (52)

Since the obtained analog beamforming FRF is a unitary
matrix, i.e., FRFFHRF = INBS×NBS , according to the properties
of (51), (50) holds up.

Substituting (45) into (50), (50) can be rewritten as

lim
NBS→∞

1
NBS

H̄pH̄H
q = lim

NBS→∞
Ūp6̄pV̄H

p V̄q6̄
H
q Ū

H
q

= 0MMS×MMS . (53)

Since Ūp is a unitary matrix, (53) can be further written as

lim
NBS→∞

6̄pV̄H
p V̄q6̄

H
q = 0MMS×MMS . (54)

Defining the following two partitions of matrices 6̄k and V̄k
as:

6̄k =

[
6̄

1
k 0
0 6̄

2
k

]
, V̄k =

[
V̄1
k V̄2

k

]
, k = 1, . . . ,K ,

(55)

where 6̄
1
k = 6̄k (1 : NS , 1 : NS) and V̄1

k = V̄k (:, 1 : NS).
Substituting (55) into (54), we have

lim
NBS→∞

6̄pV̄H
p V̄q6̄

H
q ≈ lim

NBS→∞
6̄

1
pV̄

1H
p V̄1

q6̄
1H

q

= 0MMS×MMS (56)

Since NS ≤ rank
(
H̄k
)
, then 6̄

1
k 6= 0NS×NS . Hence, we can

obtain

lim
NBS→∞

V̄H
p (1 : NS , :) V̄q (:, 1 : NS) = 0NS×NS (57)

i.e., every of the first NS right singular vectors belonged to
two different user equivalent baseband channels are asymp-
totically mutual orthogonal in massive MIMO regimen.

Using Wk
BB = Ūk (:, 1 : NS) , k = 1, . . . ,K , (45), and

(47), we can obtain

H̄comp =

 6̄1 (1 : NS , :) V̄H
1

...

6̄K (1 : NS , :) V̄H
K


=

 6̃1 · · · 0
...
. . .

...

0 · · · 6̃K


 ṼH

1
...

ṼH
K


= IKNS 6̃Ṽ

H , (58)

where 6̃k = 6̄k (1 : NS , 1 : NS), Ṽk = V̄k (:, 1 : NS),
k = 1, . . . ,K . Due to Ṽ is KNS -order square matrix, and
leveraging the conclusion of (57), it can be deduced that
Ṽ is the right singular vectors of H̄comp in massive MIMO
regimen, i.e., V̄comp (:, 1 : KNS) =

[
V̄1 (:, 1 : NS) , . . . ,

V̄K (:, 1 : NS)
]
as the number of antennas at BS approaches

infinity.
To sum up, when FBB = V̄comp (:, 1 : KNS), we have

H̄kFBB = Ūk6̃k , k = 1, . . . ,K . (59)

In other words, the data streams of different users can be
independently transmitted on subchannel H̄k Ṽk , so as to
eliminate inter-interference in baseband channel. In addi-
tion, let Wk

BB = Ūk (:, 1 : NS) , k = 1, . . . ,K , the inner-
interference can also be eliminated. For satisfying the con-
straint ‖FRFFBB‖2F = KNS , we adjust each column of FBB
to be FBB (:, i) =

FBB(:,i)
‖FRFFBB(:,i)‖F

, i ∈ {1, . . . ,KNS}. There-
fore, all the constraints in (44) are satisfied and the specific
procedure is summarized as Algorithm 2.

Then, we compare the computational complexity of the
proposed digital beamforming design method and the base-
band BD scheme in [25]. Since both of them need to compute
the equivalent baseband channel of each user, we compare
computational complexity from the solution procedure of
digital beamforming and combining.

It can be found from Algorithm 2 that the complexity
of the proposed scheme except computing the baseband
channels mainly comes from steps 4, 7, and 8. In step
4, the equivalent baseband channel H̄k ∈ CMMS×MBS of
each user performs SVD to obtain the digital combining
matrix, and the corresponding complexity is O

(
KM2

MSMBS
)

[42]. In step 7, the composite matrix H̄comp is obtained by
one multiplication of two matrices, hence the complexity is
O
(
K 2MMSNSMBS

)
. The last one originates from computing

the digital beamforming matrix FBB in step 8. Since this part
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Algorithm 2 The Proposed Digital Beamforming Design
Scheme
1: Input: H, FRF ,WRF ;
2: for k = 1 to K do
3: Compute the baseband channel for each user H̄k =

WkH
RFHkFRF ;

4: Compute Wk
BB = Ūk (:, 1 : NS), where Ūk is derived

by (39);
5: end for
6: Compute WBB = blk

[
W1

BB, . . . ,W
K
BB

]
;

7: Obtain the composite channel H̄comp =
1
√
NBS

WH
BBH̄;

8: Compute FBB = V̄comp (:, 1 : KNS), where V̄comp is
derived by H̄comp = Ūcomp6̄compV̄H

comp;
9: Adjust each column of FBB to be FBB (:, i) =

FBB(:,i)
‖FRFFBB(:,i)‖F

, i ∈ {1, . . . ,KNS};
10: Obtain the total equivalent baseband channel Htotal =

WH
BBH̄FBB;

11: Compute P by using waterfilling power allocation of the
total equivalent channel Htotal ;

12: Output: FBB, WBB, P

requires one SVD of the composite matrix H̄comp, the com-
plexity is O

(
K 2N 2

SMBS
)
.

To sum up, the overall computational complexity
of the proposed digital beamforming design scheme is
O
(
K 2N 2

SMBS
)
. In contrast, since the baseband BD scheme

proposed in [25] performs SVD for the matrix with dimen-
sion (K − 1)MMS × MBS to obtain the null space orthog-
onal basis of each user channel under the same parameter
configuration, the corresponding computational complexity
is O

(
K (K − 1)2M2

MSMBS
)
. In addition, due to the same

method is utilized to obtain the digital beamformer and
combiner in [26]–[28], the corresponding computational
complexity required by each literature for designing digital
beamforming is also O

(
K (K − 1)2M2

MSMBS
)
. Therefore,

the proposed design method enjoys much lower computa-
tional complexity compared with baseband BD scheme.

IV. NUMERICAL SIMULATION
To evaluate the performance of the proposed hybrid beam-
forming design scheme, the corresponding simulation results
are presented in this section. All simulation results are
obtained by averaging over 1,000 random channel realiza-
tions based on MATLAB platform. For simplicity, the prop-
agation environment is modeled as a Nc = 8 cluster with
Np = 10 rays per cluster. The AoAs/AoDs of all channels
are assumed to follow the uniform distribution within [0, 2π ].
In the simulation, we consider that the BS with NBS = 256
antennas andMBS = 16 RF chains servesK = 8 users, where
each user is equipped with NMS = 16 antennas andMMS = 2
RF chains to support NS = 2 data streams simultaneously.
The noise variance at each user is σ 2

= 1, and the SNR is
defined as Pt

σ 2
. Furthermore, we set the maximum number of

iterations as Niter = 7, and the factor in Algorithm 1 is set as
ε = 10−6 [18].

It is worth noting that we focus on the hybrid beamform-
ing design of massive MIMO system with full-connected
structure in the paper. We compare the performance of the
proposed scheme and the state-of-the art hybrid beamforming
design schemes, which include the least number of RF chains
(the least number of RF chains is equal to the number of
the transmitted streams) based HySBD scheme [28], the full-
digital dirty paper coding (DPC) method [43], the EGT-BD
based scheme [25], the iterative based MGLRAM method
[26] and HyEB approach [27]. Since the DPC implemented
with the iterative waterfilling algorithm has been certified to
be capacity-reaching in the broadcast channel, it is used as
the performance upper bound of the hybrid ones.

A. PERFORMANCE FOR SUM RATE
Fig. 2 compares the sum rate performance of different beam-
forming schemes versus SNR when the number of BS anten-
nas is large (NBS = 256). In the simulation, the number of
iterations is set to 20 in the MGLRAM and HyEB schemes.
It can be seen from this figure, since the baseband BD tech-
nology leads that the overlap of the row subspace of each
user channel matrix becomes significant, the performance
of the system decreases as the number of users increases.
However, the analog hybrid beamforming design scheme in
Algorithm 1 improves the capacity of the equivalent base-
band channel, and the digital hybrid beamforming derived
in massive MIMO regimen can eliminate both inner-user
and inter-user interferences. Therefore, we can observe from
Fig. 2 that the proposed hybrid beamforming design scheme
is superior to the state-of-the art for hybrid beamforming
ones. Meanwhile, the result also verifies the effectiveness
of the proposed design scheme in BS with a large number
of antennas. In addition, the HySBD is slightly better than
MGLRAM with the least number of RF chains.

To further investigate the performance of the proposed
design scheme in small antenna arrays, Fig. 3 demonstrates
the sum rate comparison for different beamforming schemes
versus SNR when the number of BS antennas is small

FIGURE 2. Sum rate comparison for different beamforming schemes
versus SNR, where NBS = 256.
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FIGURE 3. Sum rate comparison for different beamforming schemes
versus SNR, where NBS = 32.

(NBS = 32). We assume the BS with MBS = 16 RF chains,
each user withNMS = 4 antennas, and the least number of RF
chainsMMS = 2. As can be seen from the figure that although
the proposed design scheme is derived from the theoretical
analysis for a massive MIMO regimen, it is outstanding com-
pared with the state-of-the art schemes even if the number of
BS antennas is not very large.

B. PERFORMANCE FOR NUMBER OF BS ANTENNAS
Fig. 4 compares the sum rate performance of different beam-
forming schemes versus the BS antennas, where SNR = 0dB.
As can be seen from this figure, the sum rate performance
of different design schemes improves correspondingly as the
number of BS antennas increase, where the proposed design
scheme is better than others. When the number of BS anten-
nas is large, the performance gap between the proposed beam-
forming and other hybrid beamforming schemes (except for
HyEB) is small. However, compared with the small number
of BS antennas, the performance gap between the proposed
beamforming scheme and the DPC scheme is larger. Fur-
thermore, although the proposed scheme is derived from the
massive MIMO system, it works relatively well even with not
a very large number of BS antennas. For illustration, the sum
rate of the proposed beamforming scheme with NBS = 64
and NBS = 96 respectively approaches 86% and 88% of that

FIGURE 4. Sum rate comparison for different beamforming schemes
versus the number of BS antennas, where SNR = 0dB.

reached by the DPC scheme, while the sum rate of HySBD
with the same settings only approaches about 66% and 74%.

C. PERFORMANCE FOR NUMBER OF USERS
Fig. 5 compares the sum rate performance of different beam-
forming schemes versus the number of users, where the
number of users changes from 2 to 15, and the transmission
SNR is SNR = 0dB. We can observe from the figure that
the gap between different design schemes is very small when
the number of users is small (except for HyEB), e.g., k ≤ 3,
and the performance of all schemes is closer to that of the
DPC scheme. As the number of users increases, the sum
rate performance of different design schemes becomes large,
where the proposed design scheme is better than others.
Furthermore, it can also be explained that with the increase
of the scale of the system, the proposed design scheme effec-
tively eliminates the inner and inter-user interference, so as
to improve the performance of system.

FIGURE 5. Sum rate comparison for different beamforming schemes
versus the number of users, where SNR = 0dB.

D. PERFORMANCE FOR DATA STREAMS PER USER
Fig. 6 plots the sum rates achieved by different beamforming
schemes when the number of data streams per user is differ-
ent, where NS = 1, 2, and 4. Considering the costs and power
consumption, the simulation environment of the BS and each
user is set as the number of RF chains is equal to the number

FIGURE 6. Sum rate comparison for different beamforming schemes
versus SNR, where the data streams per user is set as NS = 1,2, and 4.
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of data streams, i.e.,MMS = NS , andMBS = KMMS . We find
that the performance of all different beamforming schemes
is similar and very close to that of the DPC scheme as the
number of data streams per user is small, i.e., NS = 1. When
the number of data streams supported by the system increases,
the gaps between the sum rates of different schemes become
larger correspondingly. However, the proposed hybrid beam-
forming scheme outperforms other schemeswhen the number
of data streams is different.

E. PERFORMANCE FOR POWER EFFICIENCY
As mentioned in Sec. I, the power consumption is a key
issue which deserves our consideration for different hybrid
beamforming schemes. In this subsection, we aim to compare
the power efficiency performance of different hybrid beam-
forming design schemes [44]. Considering the hybrid beam-
forming design based on full-connected structure, the power
consumption mainly includes the following parts: a) the
power amplifier (PA) connected to each antenna at the BS;
b) the low noise amplifier (LNA) at the receiver; c) the phase
shifter (PS) and the RF chain on both receiver and transmitter
sides; d) the digital baseband (BB) processor; e) the digital-
to-analog converter (DAC) on the receiver side and the ADC
on the transmitter side.

Considering the full-digital beamforming for MIMO, there
is a DAC, an RF chain, a PS and a PA for each antenna at
the BS. Then, a BB which adapts all the data streams to the
transmit antennas is required. At the receiver, each antenna is
equipped with an ADC, an RF chain, a PS, and an LNA, plus
a baseband digital combiner that combines all the outputs of
ADC to obtain the soft estimate of the transmitted symbols.
Therefore, the amounts of power consumed by BS and users
in full-digital MIMO architecture are expressed respectively
as

PDPC_BS = NBS (PRF + PDAC + PPA)+ PBB, (60)

PDPC_MS = K (NMS (PRF + PADC + PLNA)+ PBB) , (61)

where PBB, PRF , PLNA, PPA, PPS , PDAC , and PADC , are the
power of BB, the power of each RF chain, the power of each
LNA, the power of each PA, the power of each PS, the power
of each DAC, and the power of each ADC, respectively.
Different from the full-digital beamforming for MIMO, each
RF chain requires the same number of phase shifters as that
of all antennas to control the phase of all antennas in the
full-connected structure. Therefore, the amounts of power
consumed by BS and users in full-connected MIMO archi-
tecture are expressed respectively as

PTOTAL_BS = MBS (PRF + PDAC + NBSPPS)

+NBSPPA + PBB, (62)

PTOTAL_MS = K (MMS (PRF + PADC + NMSPPS)

+NMSPLNA + PBB) . (63)

To better compare the performance of different hybrid
beamforming design schemes, the power efficiency η is

used as the standard of measurement, which is expressed as
follows:

η =
R
P
(bps/Hz/J), (64)

where P is the total power consumption of the system.

FIGURE 7. Power efficient comparison for different beamforming
schemes versus SNR.

Fig. 7 presents the power efficiency performance of differ-
ent beamforming design schemes versus SNR. The simula-
tion parameters according to [44] are set as follows: PBB =
243mW, PRF = 40mW, PLNA = 30mW, PPA = 16mW,
PDAC = 110mW, and PADC = 200mW. Furthermore,
the power consumed by each PS is assumed to be 10mW
as in [45]. It can be seen clearly that the proposed scheme
can transmit the signal more efficiently with the same SNR
and power consumption, which means it has higher power
efficiency. Further, since the full-digital MIMO architecture
requires more hardware and produces higher power con-
sumption, its power efficiency performance is relatively low
compared with the full-connected architecture. Therefore,
the full-digital MIMO architecture is rarely used for signal
propagation in practical applications. In addition, as shown
in Fig. 2, based on the fact that the sum rates of the system
achieved by the HySBD and MGLRAM algorithms are sim-
ilar, hence the power efficiencies of the two algorithms are
approximate with the same power consumption.

FIGURE 8. Power efficient comparison for different beamforming
schemes versus the number of BS antennas, where SNR = 0dB.
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FIGURE 9. Power efficient comparison for different beamforming
schemes versus the number of each user antennas, where SNR = 0dB.

Figs. 8 and 9 compare the power efficiency performance
of different beamforming schemes versus the number of BS
and each user antennas, respectively, where SNR = 0dB.
The number of each user antennas is set as NMS = 4 for
different the number of BS antennas. It can be seen from (60)
and (62) that the power consumption of the PS is dominant
when the number of BS antennas increases. Thus, under
the number of large-scale BS antennas, the power consump-
tion of the full-connected structure is higher than that of
the full-digital structure. According to the simulation results
shown in Fig.4, the power efficiency of different schemes is
lower than that of the full-digital DPC scheme. The number
of BS antennas is set as NBS = 256 for different the number
of each user antennas. It can be seen from (61) and (63) that
the power consumption of the DAC is dominant when the
number of each user antennas increases. Since the sum rate
increases with more power consumption for the full-digital
DPC scheme, its power efficiency declines considerably as
the number of each user antennas increases. In summary,
the proposed hybrid beamforming design scheme has stable
and high power efficiency regardless of changing the number
of the BS and each user antennas.

F. PERFORMANCE FOR ITERATION
Fig. 10 shows the convergence of the proposed PSIA algo-
rithm in terms of the sum rate versus the increasing of the

FIGURE 10. Convergence of the proposed design scheme in the analog
beamforming stage, where K = 4.

number of iteration Niter, where K = 4. As can be seen
from the figure that the proposed PSIA algorithm converges
tremendously regardless of the number of BS antennas and
the value of SNR. Especially, the sum rate performance of the
system reaches 90% of the convergence value after one itera-
tion. In addition, after 7 iterations, the sum rate performance
of the system tends to saturate and no longer grows, reaching
the maximum value. Therefore, the maximum number of
iterations is set as Niter = 7 in all simulations.

V. CONCLUSION
In this paper, we have investigated the hybrid beamform-
ing design of a downlink mmWave massive MU-MIMO
system with full-connected structure. A two-stage linear
hybrid beamforming design scheme has been proposed to
obtain optimal close-form solutions. The criterion of trying
to avoid the loss of information has been adopted for the
sub-procedure of each communication in both analog and
digital stages to approach the performance of full-digital as
far as possible. Further, we have solved the initial problem
by approximating different optimal targets in the analog and
digital stages, respectively, which not only ensured the max-
imum channel capacity in each stage, but also maximized
the overall capacity of system. Finally, the simulation results
show that the performance of the proposed hybrid beamform-
ing design scheme outperforms the existing methods regard-
less of whether BS is equipped with large or small antenna
arrays. Since the proposed scheme for the hybrid beamform-
ing system is based on perfect CSI, perspectives of this work
include an extension to consider the case of imperfect CSI
as in [46], which is more practical in future applications.
In addition, considering the huge available bandwidth of
mmWave communications, the hybrid beamforming design
for massive MU-MIMO orthogonal frequency-division mul-
tiplexing (OFDM) systems can also be considered for our
future work.
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