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ABSTRACT Active brake control systems are able to use more accurate control designs on the real-time
knowledge of wheel slip such as tire braking forces and external momentums. A multi-objective Pareto type
optimization approach is used to evaluate the inconsistent points of the optimization design namely those
of minimizing the directional deviation while achieving maximum braking forces on wheels. Moreover, the
optimal target slip values defined by the braking purposes like as shorter stopping distance and stability
increment by keeping the vehicle in the straight line. This gets by the control of the longitudinal and lateral
slip dynamics of each wheel concerning to the road conditions. A controller is optimally brought up by
manipulating optimal control law with weights of two control inputs with mathematical and probabilistic
characterization. The first-passage probability of critical response levels is used to directly control the vehicle
directional stability. An impressive simulation technique based on Monte Carlo method named asymptotic
sampling is applied to define the required first-passage probabilities and the Latin Hypercube sampling
is used to design of experiments and to cover the design space. Afterwards, a Pareto-type optimization
approach is applied to a trade-off between the inconsistent points of the optimization design. The simulation
is conducted by the validated vehicle model and the results are indicated that the probability-based control
design is represented as a preferable braking performance in comparison with the other systems for braking
in sever conditions.

INDEX TERMS Brake by wire system, Latin hypercube sampling, Monte Carlo method, Pareto optimiza-
tion, probability.

NOMENCLATURE
Ap brake piston area
ax vehicle CG acceleration in the longitudinal direction
ay vehicle CG acceleration in the lateral direction
βi tire slip angle
β∗ generalized reliability index
β∗wu corresponding reliability index
β∗wr corresponding reliability index
Cyi cornering stiffness of each tire
Cxi longitudinal stiffness of each tire
DF failure region for the n-dimensional random vari-

able space
δf disturbance input
δi front wheel steering angle
1t time intervals
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ei tracking errors
f0, f initial factor
Fxi longitudinal force
Fyi lateral force
Fyf mean values of front tire forces
Fyr mean values of rear lateral tire forces
Fzi normal load of tire
Fzfl normal loads of left side for front wheels
Fzrl normal loads of left side for rear wheels
Fzfr normal loads of right side for front wheels
Fzrr normal loads of right side for rear wheels
Fz(t) vertical tire load
Fx(max) force intensity
h height of the sprung mass center of gravity
h1 predictive period
h2 predictive period
Iz moment of inertia
λ̇i longitudinal wheel slip lateral forces
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m vehicle mass
mw total mass of the tire and wheel
Mz external yaw moment
µb brake pad friction coefficient
µ tire-road coefficient of friction direction
Pbi braking actuator pressures
PF failure probability
rd desired value for the vehicle yaw rate
rw wheel radius on the pitch angle
si tire longitudinal slip ratio
ψ̇ yaw rate
ψ̈ angular acceleration
Tb braking torque
Tw track width
vx longitudinal velocity of the vehicle
vy lateral velocity of the vehicle
wi weighting ratio
wr weighting ratio related to the external yaw

moment
wu weighting ratios related to the corrective
Wk independent identically distributed (i.i.d.)

random variables of the braking force
� angular wheel velocity
Xi random variables of braking forces
Xk identically distributed Gaussian variables
χ state vector
8−1(·) inverse standardized Gaussian distribution

function

I. INTRODUCTION
Newly engineering science has benefited from probability
knowledge with the safety approach. It has recognized and
adopted concerning to accuracy and adaptability to be used
in different subjects [1]–[5]. It has affected the process of
developing technologies during the time periods of rapid
developments [6]–[9]. On the other hand, the probability
with safety approach incorporated with decision making are
an intellectual method to analyze the engineering situations
regarded as problems with uncertain input and output param-
eters and affects the outcomes while the action or process is
not as anticipated [3], [10], [11]. Therefore, accountability
of structural safety is necessary, and it can be provided by
means of probability and decision making. The probability
with safety approach is appropriate to use in new systems to
make and preserve safety bymoving toward a consistent point
of possible ways [12], [13].

Although the braking system is designed for the safety
of the vehicle, it can be possible to equip this system with
protective designs to certify safety in braking situations
entirely. Therefore, this aim may be achievable by conflicting
between the optimal design objectives of an active braking
system [14], [15]. Probabilistic base design and optimization
can enable us to determine the probable optimal situations
during the braking concerning to the random evolutionary
operation of the braking [2], [16]–[19]. Solving this conflict

can be possible by employing an accumulated weighting ratio
to the particular objectives or a non-dominated resolution
system which is-called Pareto set may be used [20]–[26]. The
act of carefully pre-choosing of appropriate entrants is used
to make a decision by the Pareto set [27]–[29]. Also, Pareto
analysis tries to recognize and individuate the problems by
utilizing the statistical methods and reach the optimum deal-
ing with the difficult situation [30], [31]. Pareto analysis
is an especial way of finding out the principal causes of
difficult situations by using thought procedure simulation to
indicate the schemes of repeated situations which stand in
the way of making improvement of the situation [32], [33].
An efficient Monte Carlo based simulation [34]–[36]can be
used to calculate the first passage probabilities [1], [17],
[37]–[39]. Significant studies concerning the decision mak-
ing and performing optimization process using random
behaviour of actions have developed [1], [17], [21], [40], [41].

Recently, researchers in vehicle engineering are devised
multicriteria Pareto optimization approaches for investigating
the optimal decision tradeoffs [42]–[44]. The Pareto opti-
mization framework considering discrepant driving sched-
ules is used to evaluate the optimal fuel-cell durability in
electric vehicles [42], [45]. The Pareto optimization of a five-
degree of freedom vehicle vibration model is used to design
an optimal vehicle vibration model [43], [46] and vehicle
dynamics design [47].

Anti-lock braking system (ABS) is a famous active safety
apparatus. It is so useful for severe braking situations. This
system defines the minimum stopping distance by optimizing
the value of the longitudinal wheel slip [48]. Also, the exter-
nal yaw momentum is used to modify indirectly the vehicle
directional stability [49], [50]. The conventional ABS just
considered the longitudinal dynamics, in the way that the
maximum force of braking is generated by the optimizing
wheel slip in the longitudinal terms. So the conventional
ABS is effective on the braking manoeuvre along a sym-
metric road. On the other hand, the braking manoeuvre on
the asymmetric path like as a split-µ road creates an objec-
tionable yaw moment on the vehicle because friction coef-
ficient varies significantly on the right and left tires. The
unexpected yaw moment causes the vehicle to deviate from
the straight line and decrease the directional stability of the
vehicle [51], [52]. Hence, preventing the vehicle deviation in
braking manoeuvre and the minimum braking distance have
the same important effect on the asymmetric road (split-µ)
in hard braking which cannot be achieved entirely by the
conventional ABS [53]. Therefore, braking on the split-µ
road is considered in this paper to investigate and cover the
most difficult braking situations.

It has shown that the control systemswith wheel slip design
are more proper to adjust the braking forces besides their
adaptability to different vehicles, operating and road con-
ditions [52], [54], [55]. Therefore, maximum braking force
to achieve minimum stopping distance can be defined by
keeping each wheel at a specified tire slip or optimally dis-
tribute on all wheels which is possible by using brake-by-wire
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systems [56]–[58]. Referring to the brake-by-wire devices,
they are categorized into two kinds: electro-hydraulic brake
(EHB), and electro-mechanical brake (EMB) which employs
the hydraulic and the electric power, respectively [59], [60].
Possibility of measuring the braking torque and braking pres-
sure has used to define and calculate the tire braking force
concerning the wheel dynamics.

On the other hand, the EHB brake by-wire systems
are more comprehensive because of measuring the braking
torque cannot be possible. As an alternative, measuring of
the braking pressure concerning the brake disk-pad friction
characteristics [61]–[63] have applied to the estimation of the
braking force. In addition, brake pad wearing, brake ageing,
heat, moisture and other probable process have a considerable
effect on the friction characteristics [64]. So, in the EHB case,
an adaptive control system is needed to adjust the wheel slip
with respect to the control input which has formulated in
terms of braking pressure, not braking torque and it is sig-
nificantly affected by the road friction coefficient estimation
and braking force which defined by a tire model with respect
to the brake disk-pad friction variation.

The main objectives in previous studies are related to just
minimizing the stopping distance, only keeping the direc-
tional stability of vehicle [65], [66]. Some researches include
both goals by defining an extra wheel steering corrector
for the braking system [67], [68]. Others have developed
an integrated sliding base controller in order to reduce the
undesired yaw moment [69] by controlling the longitudinal
slip of each wheel separately on the split-µ road [70], [71]
and different road surface conditions [72], [73]. This kind
of controllers is worked through steer-by-wire, connected to
conventional ABS. Furthermore, several studies are tried to
use complementary condition of minimizing the lateral devi-
ation in braking manoeuvre in the dynamics of system [74].
In another study, the H-infinity technique is used to design
the steering controller compatible with the yaw moment gen-
erated through asymmetrically distribution of braking forces
on a split-µ surface is proposed [75]. Some designs have
developed the PID controller to apply the front wheel slip
ratio for controlling the yawing motion during the braking on
a split-µ road [76]. Also, some controllers are designed by
concerning longitudinal and lateral dynamics and applying
the extremum seeking algorithm to enhance the stability on
hard braking condition [77].

In summary, research to design optimal and protective con-
trollers has focused on investigating and conflicting between
the braking parameters, which are creating the undesired
moments to increase the stability and minimize the stopping
distance. However, owing to the fact that integrated sliding
base controllers optimize the braking operation and revenue,
but itself is insufficient to accurately predict brake situa-
tions. Therefore a probabilistic base design and optimization
method are used in this research to investigate and enhance
the braking controller system through the Pareto approach
and gain the optimum dealing at the severe braking situation
which does not survey yet.

FIGURE 1. Vehicle model for four-wheel driving and steering [79].

The contribution of the research is to introduce and inves-
tigate a controller design by using the slip dynamics and
Tire-road coefficient estimation and distribution of braking
forces. Subsequently, a Pareto-type optimization approach
on a probabilistic basis which is applied to the problem
of optimizing the braking purposes like as shorter stopping
distance and stability of the vehicle in the straight line dur-
ing severe braking. The objective is formulated using an
efficient computationally method conducted on probability-
based design optimization of the active braking by wire
system (especially EHB) on split-µ roads through develop-
ing Pareto based control system concerning enhancing the
stopping distance and maneuverability of braking. Subse-
quently, an optimization procedure is applied with respect to
the response surface approach and using an efficient Monte
Carlo based simulation to calculate the first passage prob-
abilities. Simulations are performed on the vehicle braking
performance in different strategies which are without control,
Stand-alone control, integrated control and probability con-
trol. Afterwards, the results of different strategies compared
with the other control strategies to define the effeteness.
Then a cost function based on Pareto analysis is constructed
on the probability outcomes to put out a comprehensive
compromise between conflicting optimization objectives in
design.

This paper is organized as follows. Modelling of the vehi-
cle and tire forces distributions and their dynamic systems are
presented in section II. A nonlinear controller is designed for
controlling the sliding modes by presenting the slip dynamics
in section III. Tire-road coefficient estimation is conducted in
section IV. A nonlinear controller for evaluating the external
yaw moment is designed in section V concerning to deter-
mine a target for external yaw moment by designing an opti-
mal algorithm for distribution of braking forces. In sectionVI,
the reliability model is designed and conducted to the braking
system problem. The results of simulations are presented in
section VII and are enhanced by using real-time tire-road
friction conditions. The results are presented and evaluated
for braking control design and reliability control design and
followed by the Pareto optimization. In section VIII, the con-
clusive remarks are presented.
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FIGURE 2. (a) Force diagram of a wheel, (b) hydraulic disc brake diagram [80], [81].

II. VEHICLE AND TIRE BRAKING FORCE MODELLING
A vehicle dynamic model with five degrees of freedom,
including lateral, longitudinal, and yawing movements,
which has been experimentally validated [78], is employed.
Since the focus of this research is on braking control for
stopping distance and lateral stability, pitch, roll, and verti-
cal motions are ignored. The vehicle dynamic equations of
motion are given as follows. The force diagram of the vehicle
model is illustrated in Figure 1.

m
(
v̇x − ψ̇vy

)
=

4∑
i=1

(Fxicosδi)+
4∑
i=1

(Fxi − Fyisinδi)

m
(
v̇y + ψ̇vx

)
=

4∑
i=1

(Fxisinδi)+
4∑
i=1

(Fyicosδi + (Fxi)

¨Izψ =
4∑
i=1

(−1)i ls
(
Fxicosδi − Fyisinδi

)
+

2∑
i=1

lf (Fxicosδi + Fyisinδi)

−

4∑
i=1

ly(Fxicosδi + Fyisinδi)+Mz (1)

where Iz and m are the mass moment of inertia and mass
of the vehicle, respectively. vx , vy represent the longitudinal
and lateral velocities of the vehicle, and Fxi, Fyi indicate
the forces in longitudinal and lateral directions for the i th
tire, respectively, with the specification for each wheel as
i = 1 = fl, i = 2 = fr, i = 3 = rl, i = 4 = rr . The
yaw rate is shown by ψ̇ , the angular acceleration is ψ̈ and δi
expresses the angle of steering for the ith wheel. Concerning
Fyl and Fyr are the mean values of front and rear lateral tire
forces with equations:Fyf =

(
Fyfl + Fyfr

)
2

Fyr =
(Fyrl + Fyrr )

2

(2)

The tire force in the longitudinal direction is generated
by employing braking in the wheel and the friction gener-
ated between the surface of the road and a tire, as shown

in Figure 2(a). Concerning the hydraulic braking system, it is
possible to define the wheel torque through the parameters
and the pressure of brake, see Figure 2(b).

Twi = −2PbiApiRbiµb (i = 1 to 4) (3)

The average value of the brake pad friction coefficient of
all disk brakes represented by µb and Ap is the area of brake
piston. Concerning Eq. (3) the dynamics equations of the
wheel can be rewritten as follows:

Jwiω̇i = Twi − rwFxi = −2PbiApiRbiµb − rwFxi (4)

III. SLIP DYNAMICS AND DESIGN OF
NONLINEARSLIDING MODE CONTROLLER
The longitudinal wheel slip controller has designed con-
cerning a nonlinear model for four wheels of the vehicle
with 5-DOF constitute of vehicle velocity in the longitudinal
direction and all four wheels rotational speed. Estimation of
friction between the disk and pad and force of tires is done
by the monitoring model concerning the friction variation
between the brake disk and pad. The unknown variables in
the nonlinear vehicle model as represented in Eqs. (1) and (4)
are the longitudinal tire forces Fxi, lateral tire forces Fyf , Fyr
and brake disk-pad friction coefficient µb which it is hard to
measure by physical sensors. Estimation of these unknown
variables is possible by augmenting them as state variables
in the state equation. The derivatives in terms of time for
the augmented variables are supposed to be zero. Therefore,
observing model is defined concerning the nonlinear state
Eqs. (1) and (4):

ω̇i =
−2PbiApiRbiµb − rwFxi

Jwi
(i = 1 to 4) (5)

µ̇b = 0
Ḟxi = 0 (i = 1 to 4)
Ḟyf = 0
Ḟyr = 0

(6)

The output variables of the observing model are repre-
sented in the output Eq. (7) which are the accelerations in
longitudinal and lateral directions, yaw rate, and velocities of
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four wheels.

u=



ax
ay
ψ̇

ω1
ω2
ω3
ω4


=



1
m


4∑
i=1

(Fxicosδi)

+

4∑
i=1

(Fxi − Fyisinδi)



1
m


4∑
i=1

(Fxisinδi)

+

4∑
i=1

(Fyicosδi + (Fxi)


ψ̇

ω1
ω2
ω3
ω4



(7)

The tire forces is considered to define by the tire brush
model [73] with the assumption of small longitudinal slip.
The tire forces are defined by assuming there is no coupling
relationship between the tire forces in the longitudinal and
lateral directions as follows:

Fxi = Cxisi −
1
3
(Cxisi)2

µFzi
+

1
27
(Cxisi)3

(µFzi)2

Fyi = 2µFzi



∣∣∣∣Cyitan
βiµFzi

∣∣∣∣−
1
3

∣∣∣∣CyitanβiµFzi

∣∣∣∣2+
1
27

∣∣∣∣CyitanβiµFzi

∣∣∣∣3


sgn (βi) ,

∣∣∣∣Cyitan
βiµFzi

∣∣∣∣ ≤ 3

(8)

where, Cyi and Cxi are represented the cornering stiffness
and the longitudinal stiffness for tires, respectively. The tire
longitudinal slip ratio is represented by si and βi indicates
the slip angle of the tire. The coefficient of friction between
tire and road and the normal load of tire are represented as
µ and Fzi respectively. Since the parameters of vehicle are
identified, the normal tire loads can be defined as:

Fzfl = mwg+
Mglr −Mhax −Mhaylr

2(lr + lf )

Fzrl = mwg+
Mglr +Mhax −Mhaylr

2(lr + lf )

Fzfr = mwg+
Mglr −Mhax +Mhaylr

2(lr + lf )

Fzrr = mwg+
Mglr +Mhax +Mhaylr

2(lr + lf )

(9)

where, Fzfl,Fzrl,Fzfr ,Fzrr are the normal loads of left and
right side for front and rear wheels respectively. The total
mass of the wheel and the height of the sprung mass centre of
gravity are represented bymw and h, respectively. The vehicle
CG acceleration in the longitudinal and lateral directions are
represented by ax , ay. The relative difference between the

longitudinal vehicle velocity and the wheel velocity is used
to define the wheel slip. It generated between a tire and road
surface during braking and is defined as:

λ =
vx − rwω

vx
(10)

The slip dynamics equation is defined by differentiating
Eq. (10) and substituting Eq. (4) as follows:

λ̇ = −
v̇x
vx
(λ− 1)−

rw
Jwvx

(rwFb − 2PbApRbµb) (11)

The EHB actuator pressure of each tire is used to design the
control system as the control input to drive the wheel slip and
the target point. Therefore, to get this purpose, a predictive
method will be used to design an optimal nonlinear control
law.

The nonlinear vehicle model with 5-DOF defined by
Eqs. (1) and (11) can be expressed in the state space form.
Using Eq. (1) the longitudinal motion can be written as
mu̇ =

∑
Fxi, where u is the longitudinal velocity, Fxi is the

longitudinal tire force and m is the total mass of the vehicle.
Considering the longitudinal slip of each tire as the outputs
of the system, it can be written:χ̇1 = f1(χ )

χ̇i = fi (χ)+
rw
Jwχ1

Tbi (i = 2 to 5)
(12)

using Eq. (4) gives:

χ̇i = fi (χ)+
rw
Jwχ1

Tbi (i = 2 to 5) (13)

where the nonlinear tire brush model has been incorporated
in f1 and fi. It should be mentioned that the system outputs are
considered as the tires longitudinal slip. Concerning equation
Tb = 2PbApRbµb we can write:

χ̇i = fi (χ)+
2ApiRbiµbirw

Jwχ1
Pbi (i = 2 to 5) (14)

χ̇i = fi (χ)+
rw
Jwχ1

(
rwFb +

Jwv̇x
rw

(λ− 1)
)

(i = 2 to 5) (15)

u = [χ2 χ3 χ4 χ5] (16)

where the state vector represents by χ = [vλ2(fL) vλ3(rL)
vλ4(fR) vλ5(rR)] and the outputs vector is u. The braking
actuator pressures are expressed by Pbi as the control inputs.
Concerning Eq. (8), the nonlinear brush tire model has been
used to define Fxi and Fyi. The Taylor series expansion is used
to anticipate the next time interval of nonlinear responses of
vehicle, χi(t + h1). Subsequently, a minimization method is
applied continuously to estimate tracking errors and finally
defining the current control Pbi(t). On the other hand, h1
is the predictive period and a real positive number. Hence,
to assess the next instant tracking errors, a performance index
with respect to the point-wise minimization process is needed
which is written as:

J1 [Pbi (t)] =
1
2

5∑
i=2

wie2i (t + h1) (i = 2 to 5) (17)
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where, weighting ratios and tracking errors are denoted by wi
and ei, respectively. ei can be determined as follows:

ei (t + h1) = χi (t + h1)− χid (t + h1) (18)

It can be seen that the performance index does not have
the control inputs weighting condition in case of complete
tracking because the control inputs Pbi have no limitation,
and this case remarked as the cheap control [82], [83]. In this
situation regarding nonlinear brush tire model and its force
capability, the brake pressure can be assigned to reach the
maximum achievable braking force and its amount will be in
an acceptable range to be employed. The performance index
Eq. (17) can be expanded as a function of the control input.
Therefore for each tire, the longitudinal slip response should
be defined in the next time interval. Hence, a Taylor series of
qth-order at t term is used to approximate of each χi(t + h1)
as follows:

χi (t + h1)=χi (t)+h1χ̇i (t)+
h21
2!
χ̈i (t)+ · · · +

hq1
q!
χ
(q)
i (t)

(19)

The expansion order q determines the highest order deriva-
tive for each output in estimation and is applied to attain the
minimum control effort concerning to the nonlinear system
relative degree [84]. It can be seen that the well-defined
relative degree of the system has a value of ρ = 1 for
all the outputs. Concerning the inputs first appear explicitly,
the outputs are determined by the derivatives at the lowest
order. Therefore, the first-order Taylor series is useful and
adequate to expand the outputs.

χi (t + h1) = χi (t)+ h1χ̇i (t) (20)

Eq. (9) can be rewritten concerning to Eq. (4) as:

χi (t + h1)=χi (t)+ h1

(
fi+

2ApiRbiµbirw
Jwχ1

Pbi

)
(21)

In the same way, the desired longitudinal wheel slips are
expanded as:

χid (t + h1) = χid (t)+ h1χ̇id (t) (22)

Substituting the Eqs. (14) and (22) into Eq. (17) gives the
function of control input which results from the expansion of
performance index. Using the optimal condition:

∂J1
∂Pbi
= 0 (23)

gives the braking pressure control laws for four wheels:

Pbi=−
Jwχ1

2ApiRbiµbirw

[
ei+h

(
fi−λ̇i

)]
(i=2 to 5) (24)

The conventional ABS controller try to define the lon-
gitudinal wheel slip (λ̇i) at the proper value for each tire,
then using the braking forces at the maximum level can be
possible during the braking. Therefore, it can be seen that
particular longitudinal slip values lead to the tire force at the
maximum level, which can be called the optimum wheel slip.

Easily differentiation of the longitudinal force in terms of the
wheel slip ratio leads to the optimum value for each tire as
follows [84]:

∂Fxi
∂λi

∣∣∣∣
λi

= 0 (25)

where, Fxi is the tire force in a longitudinal direction and has
been defined by the brush tire model Eq.(10). Dependence of
the optimum wheel slip on the tire model precision can be
lead to inexact determination in practice which is affected by
uncertainties in its parameters or discrepancies of tire model.
As regards, updating the reference wheel slip in this way is
more effective in comparison with considering all conditions
with a constant reference wheel slip. Therefore, enhanced
performance can be achieved by the accurate recognition of
tire model parameters. On the other hand, on a split-µ road
and severe braking situation, the optimum distribution of tire
forces should be used to define the desired longitudinal slip
value for tires separately. Thus, external yaw moment will be
turned out due to decrease in amount of maximum braking
force of tires individually, and it tries to keep the vehicle
on the straight line whenever reaching to shorter stopping
distance.

IV. TIRE –ROAD FRICTION COEFFICIENT ESTIMATION
The active vehicle control system can be enhanced by the
valuable source of information which provided by the capa-
bility in predicting the friction coefficient in real-time con-
ditions to increase the proficiency of systems using wheel
slip control [55], [77]. Estimation of the wheel slip value can
be dealing with the ability to recognize the peak of the tire-
road friction curve combined with the capability of identify-
ing. The full parameterization of the tire-road friction curve
itself is needed. Particularly, a properly parameterized friction
model can be applied to formulate of the curve fitting solution
in the identification approach—the curve fitting estimation
use to define the slip value compatible with the curve peak.
The Burckhardt friction model [85] is applied to achieve this
goal.

The identification problem can be established by the
available variables ω, vx , λ and Tb. The longitudinal tire-
road force is obtained by the assumption of the propor-
tional relationship between the normal force and longitudinal
force [85]:

Fx = Fzµ(λ) (26)

Considering different road conditions can be varied the
µ(λ), Eq. (11) can be written as:

λ̇=−
1
vx

(
(1−λ
m
+
r2w
Jw

)
Fzµ (λ)−

2rw
vxJw

PbApRbµb (27)

Suitable data collection for the tire-road friction curve
µ (λ) estimation can be found by inverting Eq. (27) to achieve
data points of type µ (ω,vx ,Tb, λ). It should be noted that
the braking torque Tb can be defined concerning to pro-
portionality to the pressure in the hydraulic braking circuit
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(if vx cannot be defined directly and needs to be estimated).
Angular wheel velocity ω can be assumed to be able to be
measured. Then, λ can be defined concerning the ω and vx .
Substituting ωr

/
(1−λ) as vx with respect to Eq. (27) gives

µ (λ) as:

µ (λ; t) =

−2(1−λ(t))Pb(t)ApRbµb
Jwω(t)

− λ̇(t)

1−λ(t)
rwω(t)

Fz(t)
(
1−λ(t)
m +

r2w
Jw

) (28)

where the dependence on time is made explicit in order to
point out that Eq. (28) holds at each time instant. Concerning
the dependence on ω (t) , λ (t) , λ̇(t),rw and Pb(t), the noise-
free measurements of such variables can be lead to exact esti-
mation of µ (λ;t). It should be noted that Eq. (28) is affected
by the error estimation which comes from noisy sensors using
to measure ω (t) and Pb(t), speed estimation using to define
λ (t), the dependence of the vertical load Fz(t) and the wheel
radius rw on the pitch angle and tire characteristics (which
vary from the static value). Also, it can be seen from the
Eq. (8) (the longitudinal tire force model), the vertical load
Fz(t) can be considered as a measuring factor on the curve of
friction and subsequently do not affect the maximum point.
Consequently, it has been found that Eq. (28) is a nonlinear
function that depended on data and noise and noisy esti-
mation of µ (λ;t) can be determined. Therefore, Burckhardt
model used to prepare appropriate parameterizations which
can be applied to formulate the tire-road friction relation and
found the curve-fitting problem. The Maximum Likelihood
Approach (ML approach) is used to fit the tire-road friction
curve in identification strategy. Themethod applied the fitting
error criterion with an iterative minimization by means of a
quasi-Newton method which is explained in appendix.

V. EXTERNAL YAW MOMENT-NONLINEAR
CONTROLLER DESIGN
The lateral vehicle dynamics can be defined by the nonlin-
ear 5-DOF four-wheel model and has applied to stabilize
the vehicle-handling dynamics and set up the external yaw
moment controller. The degrees of freedom considered as
the lateral velocity and yaw rate, recalling from Eq. (1) the
equations of motion governed as:

v̇y = −ψ̇vx +
1
m


4∑
i=1

(Fxisinδi)

+

4∑
i=1

(Fyicosδi + (Fxi)



ψ̈ =
1
Iz



4∑
i=1

(−1)i ls
(
Fxicosδi − Fyisinδi

)
+

2∑
i=1

(lf Fxicosδi + Fyisinδi)

−

4∑
i=1

(lyFxicosδi + Fyisinδi)+Mz


(29)

where ψ̇ and δi are represented for the yaw rate and the
steering angle of front wheels. vx is the lateral velocity andFxi
and Fyi is the longitudinal and lateral tire forces respectively
(have been described by the brush tire model Eq.(8)). The
differential longitudinal forces produce the required external
yaw moment, represented by Mz and it should be defined
by the control law. The lateral velocity in Eq. (29) can be
written in the normal case to consist of the vehicle side-slip
angle (β = vy

/
v). Subsequently, outputs of the system can

be considered as the tires longitudinal slip respectively and it
is thus possible to write the equations in the state space form.
Denote χ = [uλ1 λ2 λ3 λ4] as the state vector, where u is the
forward velocity and λi are longitudinal wheel slips, it can be
defined:

χ̇1 = κ1(χ, δf ) (30)

χ̇1 = κ2
(
χ, δf

)
+
Mz

Iz
(31)

u = [χ1 χ2 χ3 χ4] (32)

where u is the system output vector. Mz is the external yaw
moment control input and δf is the disturbance input. κ1 and
κ2 are denoted the nonlinear brush tire model. Using the
same procedure as has been used for the ABS slip controller
design by the prediction method, leads to define external
yaw moment by a nonlinear control law in optimal condition.
ThereforeMz is the control input and considered as weighting
ratio. It is incorporated in the index of performance in contrast
with the ABS slip controller design. In this case, the max-
imum braking forces should not be decreased inordinately,
and the lowest value of external yaw moment needed to be
considered. On this point of view, this case is supposed to be
as expensive control. The yaw rate seeking inaccuracy at the
next instance and the control consequence are assessed by the
pointwise minimization performance index as follows:

J2 [Mz(t)]=
1
2
wr
[
ψ̇ (t+h2)−ψ̇d (t+h2)

]
+
1
2
wu
[
M2
z (t)

]
(33)

where weighting ratios are presented by wr and wu and
related to the external yaw moment and the corrective lateral
forces of the wheels. They use to define the relative error
and the required force in minimizing the performance index.
Predictive period is h2 and ψ̇d is the proper yaw rate value
for the vehicle. In the manoeuvring in the straight line, ψ̇d is
equal to zero. Applying a similar way like as the ABS design,
Taylor series is used to define the responses of the system and
subsequently, the control input Mz is employed to define the
performance index Eq. (33). Hence, the optimal condition is
applied:

∂J2
∂Mz
= 0 (34)

and resulted to:

Mz (t) = −
Iz

h2(1+ γ I2z h
−2
2 )

[
eψ̇ + h2(κ2 − ψ̈d )

]
(35)
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where the tracking error of the current yaw rate represented
by eψ̇ and can be demonstrated as:

er (t) = ψ̇ (t)− ψ̇d (t) (36)

also, γ is the weighting ratio and considered as:

γ =
wu
wr
≥ 0 (37)

It can be seen that the external yawmoment can be adjusted
concerning the weighting ratio value. The limit situations are
indicated that the external yaw moment is zero (Mz (t) = 0)
when γ = ∞, and mutually considering γ = 0, there is no
decrease in the value of control input and the tracking can
be achieved in a perfect way. These cases are considered as
expensive and cheap controls, respectively. Thus, the tracking
accuracy can be made a deal with the control energy concern-
ing the adjustable parameter γ in the control law.

A. DETERMINATION OF EXTERNAL YAW MOMENT TARGET
It has been shown that theweighting ratio γ affects the control
inputs and uncertainties of modelling. The effects of these
parameters can be defined concerning to effects on the control
performance. Therefore, the nominal based control law Eq.
(35), is applied to the actual model Eq. (30) as follows:

ψ̈ = κ2 −
1

h2(1+ γ I2z h
−2
2 )

[
eψ̇ + h2(κ̂2 − ψ̈d )

]
(38)

It should be noted that the symbol ‘‘^’’ is used to indicate
the nominal model. The yaw rate tracking error dynamics can
be defined by using a manipulated way in writing the derived
Eq. (38) as:(
ėψ̇ +

1

h2(1+ γ I2z h
−2
2 )

)
eψ̇

=
(
κ2 − κ̂2

)
+

(
1−

1

(1+ γ I2z h
−2
2 )

) (
κ̂2 − ψ̇d

)
(39)

Mentioning that errors of estimation, unmodeled dynamics
and changes in the parameters of vehicle dynamics can devi-
ate κ̂2 from the nominal model. On the other hand, κ̂2 has
a proportional relation to the internal yaw moment, which
is resulted of tire lateral force. Concerning the saturation
of tire force, it can be realized that function κ̂2 is bounded
and the constants S1> 0 and S2> 0 can be considered as∣∣κ2 − κ̂2∣∣≤S1 and ∣∣κ̂2 − ψ̈d ∣∣ ≤ S2. Rewriting Eq. (39) using
the bounds to the error dynamics leads to:(
ėψ̇+

1

h2(1+γ I2z h
−2
2 )

)
eψ̇ ≤S1+

(
1−

1

(1+γ I2z h
−2
2 )

)
S2

(40)

Applying zero initial condition to the first-order differen-
tial equation gives the tracking error limits as:

−em ≤ eψ̇ ≤ em forall t ≥ 0 (41)

FIGURE 3. Distribution of braking forces on the vehicle sides.

where

em =
(
1+ γ I2z h

−2
2

)
Fh2 + (γ I2z h

−2
2 )h2S2 (42)

Afterwards, it is possible to define the tracking error limits
with the weighting ratio γ terms:

em = S1h2 +
γ

h2
I2z (F + S2) (43)

Eq. (43) shows that the control input reduces by the track-
ing error where the uncertainties of the modeling function
S1 and the weighting ratio γ generate the tracking error.
Especially if there is no decrease in control input and inde-
terminacy of the modelling, it can be possible to define the
yaw rate tracking error by:

ėψ̇ +
1
h2
eψ̇ = 0 (44)

Considering Eq. (44), a particular linearized case of
input/output has defined which indicate that yaw rate perfect
tracking is retained for all t , because the initial yaw rate
tracking error has zero value. Therefore, all h2 ≥ 0 provided
the linear and exponentially stable system.

B. AN ALGORITHM FOR DISTRIBUTION
OF BRAKING FORCES
In the present research, the split-µ road is considered because
the road may be perceived as hazardous when the vehicle
accelerating, cruising or braking hardly. Therefore an algo-
rithm is propounded to indicate the distribution of braking
forces properly on the split-µ road condition. The maxi-
mum braking forces Fxi(max) (i = 1, 2, 3, 4) and the stabiliz-
ing yaw moment Mz are the inputs of the algorithm which
defined by the conventional ABS relations and the control
law Eq. (35), respectfully. The outputs can be determined
concerning getting the minimum stopping distance and min-
imum deviation in braking manoeuvring. The braking forces
of wheels Fxi(max) (i = 1, 2, 3, 4) are distributed (Figure 3)
and are defined in the optimal condition and gives the outputs.
Therefore, at the situation, there is no reduction in the braking
forces and they are at maximum amounts, the differential
longitudinal forces try to provide theMz(max) as follows:

Mz(max) =

[ (
Fx2(max) + Fx4(max)

)
−(

Fx1(max) + Fx3(max)
) ]

Tw
2

(45)

The track width is shown by Tw and according to the
load transferring in the longitudinal and lateral directions in
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manoeuvres, the tires have different maximum forces. Sub-
sequently, a comparative scale concerning the external yaw
moment Mz(max) with the required yaw moment Mz (defined
by control law Eq. (35)) can be applied which three cases can
be predicted:

Case I(M z(max) = M z): is the ideal situation and
the maximum braking forces are not decreased to pro-
vide the necessary stabilizing yaw moment, it means
Fxi= Fxi(max) (i = 1, 2, 3, 4).

Case II(M z(max) < M z): the necessary yaw moment is
provided by decreasing the one side forces. Thus, the forces
of Fx2 and Fx4 should be preserved at their maximum values
Fxi= Fxi(max) (i = 2, 4) and on the other hand Fx1 and Fx3,
are decreased to remunerate the necessary yaw moment. The
relation between the forces to define the reduced forces is as
follows:

Mz(max)=
[(
Fx2(max)+Fx4(max)

)
−(Fx1+Fx3)

] Tw
2

(46)

Mz computed by using the control law. At first step Eq. (46)
can be computed for the forces Fxi (i = 1, 3). Since the load
transfer is conducted from the rear axle to the front, Fx3 is
chosen to decrease and Fx1 is put at the maximum value
Fx1= Fx1(max). For more decrement, it can be possible by
setting Fx3 to zero and define the Fx1 by the Eq. (48). On the
other hand, setting the zero value for Fx1 and Fx3 and the
maximum value for Fx2 and Fx4, leads to the maximum yaw
moment.

Case III(M z(max) > M z): in this case, the position of the
braking forces on the wheels will be shifted on the other side
and other processes are the same.

It should be noted that concerning to vehiclemodel (Fig. 1),
the force distribution can be shown as Fx1 = Fxfl , Fx2 = Fxfr ,
Fx3 = Fxrl , F41 = Fxrr .

VI. RELIABILITY MODEL
Higher accuracy and robustness in the braking distribution
algorithm can be achieved by performing a compromised
optimization procedure on the inputs and outputs of algorithm
which inputs are braking forces at maximum values, the sta-
bilizing yaw moment (Mz) and the outputs are the stopping
distance and the directional stability. The braking forces are
modelled as non-stationary random variables. Hence, the
braking distribution algorithm design can be possible using a
proper dynamic response characterization by the probabilistic
process, such as the first-passage critical response probabil-
ity. In this scenario, to achieve minimum braking distance
meanwhile adjusting and regulating the yaw rate at zero value
and confining the angle of side-slip, the steering and braking
controls should be allied to decrease the contribution of the
external yaw moment.

In general, random variables x1, · · · ,xn with an
n-dimensional space have the failure probability of PF
as [86]:

PF =
∫
DF

fx1,··· ,xn (x1, · · · , xn)dx1 · · · dxn (47)

where fx1,··· ,xn (x1, · · · ,xn) dx1 · · · dxn denotes the joint prob-
ability function of the random variables x1, · · · ,xn. The fail-
ure region for the n-dimensional random variable space is
represented byDF and is called the failure domain. According
to the first-passage probability principle, the first response
value which occurs largely than an assigned threshold n is
considered as failure. Therefore, the generalized reliability
index β∗ is introduced as:

β∗ = 8−1(1− PF ) (48)

where 8−1(·) denotes the inverse of the standardized Gaus-
sian distribution function. The random variables Xi (braking
distance) are considered to be Gaussian. They are distributed
with zeromean and standard deviation σ and are independent.
Assuming a limit state function g(X ) possibly highly non-

linear and the failure can be indicated by g < 0. Consider
the standard deviation of the identically distributed Gaussian
variables Xk ; k = 1, 2 . . . , n as σ . A suitable sampling
technique can be tried to define the functional dependency
between the generalized safety index β∗ and the standard
deviation σ . In order to get this aim, some limited cases of
analytical considerations can be used.

The assessment of first-passage probabilities in random
braking can be possible by applying frequently applied
approach based on the first-order reliability method [2], [38].
This approach can be further elevated by the importance
of sampling [87], [88]. Concerning the first-order reliability
method (FORM) [89]–[91], the linearized limit state func-
tion [22] with respect to the most probable failure point is
used to define the probability of failure. The failure condition
in the standard Gaussian spaces g(u∗) ≤ 0, where the u∗

is represented the most probable failure point and has the
minimum deviation β∗ with respect to the source of origi-
nation. Consider braking issue; it is possible to call this as
the braking design point in the first-passage problem [75],
[87], [92]–[94]. As regards in order to conduct the prob-
lem, the optimization procedure should be applied to define
u∗ and β∗. It should be noted that the optimization procedure
may converge so slowly or the global minimum point does not
converge with respect to the considered algorithms [95]–[99]
which can be tested for the present application. In this case,
to demonstrate the braking forces with adequate accuracy,
an enormous number of random variables are needed. Even
though the successful convergence can be achieved, but the
computational process is considerable. Estimation of one
gradient needs nonlinear dynamic analyses with employing a
large number of resolution. Concerning the computation pro-
cess particularly for gradient estimation indicate that apply-
ing FORM to define the safety indices concerning the space
design of the variables Mz thoroughly and γ seems to be not
conceivable.

Thus, an asymptotic sampling method [1] based on the
Monte-Carlo approach [100] is used to rapidly determine
the first passage reliability safety indices. This method con-
sidered in n-dimensional identically distributed Gaussian
space, it depends on the asymptotic behaviour of the failure
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probability concerning σ as the variables standard deviation.
Subsequently, zero failure probability is achieved [101]. The
dimensional independence of this method has a significant
advantage. The accuracy can be controlled with respect to
the specific limit state surface geometry g(u) = 0, the sam-
ples quantity and the failure probability. It can be seen that,
using an extrapolation method, can be utilized the asymptotic
behaviour of the safety index β∗ in asymptotic sampling
concept. Here, dependency of β∗ and the random variables
standard deviation σ can be indicated functionally as:

β∗ = A.f +
B
f
; f =

1
σ

(49)

It can be seen that when f → 0, the necessary asymp-
totically linear behaviour can be satisfied by concerning that
σ → 0. The regression analysis with commonly least-squares
fitting is used to define the coefficients A and B based on
Monte Carlo estimations of β∗ for different values as support
points. We can modify the fitting procedure with respect to
the scaled safety index by Eq. (49) as:

β∗

f
= A+

B
f 2

(50)

Rewriting Eq. (49) allows the regression analysis to present
identical weights for all support points (Figure 5). The prin-
cipal steps of the asymptotic sampling method is shown as a
flow chart in Figure 5. Paying attention to the algorithm at
first an initial factor f0 is selected and because of the absence
of any previous information, the helpful set is to consider
f0 = 1. The other important measurable factor is N0 which
represents the quantity of failure domain samples, because
safety index β∗(f ) accuracy is affected by the number of
samples. Normally in primary steps, the real samples number
NF will be so small in the failure domain. Therefore, in this
situation, the factor f start to be reduced (f = 0.9 or less
factors) until acceptable largeNF can be reached by repeating
the simulation procedure. Also, simulations and decreasing
way of f is followed until adequate number k concerning
pairs f and β∗ can be achieved. In this research, N0 = 10
and k = 5 have been chosen. After the determination of the
parameters, applying a regression on the data pairs gives the
function relation β∗(f ). Extrapolating β∗(f ) to f = 1 results
to the safety index as shown in Figure 4. More information
on different applications and the accuracy of the method has
been discussed in [1], [21], [99].

On the other hand, concerning applying this method in
braking scenario and braking simulations, the continuous
time for braking periods should be discretized. This can be
defined by representing the braking force by a sequence of
independent identically distributed (IID.) random variables
Wk . It is supposed that the random variables have a constant
amount with respect to 1t time intervals. The variables Wk
have zero mean and a variance σ 2

Wk
, which are related to the

force intensity Fx(max) and the time interval of 1t by:

σ 2
Wk
=
Fx(max)
1t

(51)

FIGURE 4. Asymptotic sampling method extrapolation process [1], [37].

FIGURE 5. Fundamental flow-chart of asymptotic sampling method [1].

Subsequently, in order to apply the reliability analysis,
it is considered that the braking force can be demonstrated
by a sequence of IID. random variables Uk which have a
unit standard deviation. Therefore, the variables Wk can be
defined by:

Wk =

√
Fb(max)
1t

Uk (52)
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FIGURE 6. Overview of design, optimization, and control procedure of the system.

VII. SIMULATION AND ANALYSIS
The overview of the design, optimization, and control proce-
dure of the proposed control system is shown in Figure 6.
Here, the performance of the designed control system for
the vehicle on the braking situation concerning to differ-
ent strategies is simulated and analyzed. Road condition is
considered to be a split-µ surface for all evaluations. The
5-DOF nonlinear vehicle model which has validated in the
previous studies Smith and Starkey [78] is used to validate
and compare the simulations. Therefore, the accuracy and the
capability of the designed control system can be defined con-
cerning the unstructured uncertainty in unmodelled dynam-
ics. The discrepancy of the simulation model and each layer
of controller design model can be leads to this uncertainty.
Thus 5% uncertainty is presumed to be happen related to
the structure, tire and vehicle parameters like as the tire
stiffnesses (longitudinal and lateral) and the total mass and
the yaw axis moment of inertia, respectively. Also, the same
uncertainty can be considered for the possible inaccuracy
in the assessment of the road coefficient of friction. In this
research, the brake pressure actuator dynamics considered to
be fast, and it is not assumed in the slip controller design
(mentioned that the assumed uncertainty value is arbitrary).

In order to evaluate the vehicle stability control system
based on the wheel slip control (both wheel slip and yaw

moment control) with applying probabilistic design, the
CarSim, Simulink and design of experiments joint software
simulation are used. The braking manoeuvring on a split-
road in the severe condition is proposed with road frictions
of coefficient is 0.8 (wet asphalt) and 0.18 (snowy road). It is
assumed that the vehicle speed in travelling is 120 km/h in the
straight line, suddenly the vehicle needs to stop by hard brak-
ing. The road has a coefficient of friction 0.8 (wet asphalt)
for both sides at the time braking is started. Simultaneously
the right side of the road changes to the snowy road with
the coefficient of friction 0.18, between 10m to 20m and
again comes back to the 0.8 for the wet asphalt (left side
has the constant coefficient of friction at 0.8 at all times).
The expected goals are to decrease the braking distance with
keeping in the straight line. The vehicle parameters are shown
in Table 1.

A. ANALYSIS OF REAL-TIME TIRE-ROAD FRICTION
CONDITIONS
In this paper, the estimation strategies are used and have
tried to define the acceptable performance levels corner-
ing to the braking application. Considering to the accuracy
requirements which are dependent to the vehicle electronics
and control devices characteristics,±5% accuracy estimation
assumed for the peak of the friction curve and is proper for
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TABLE 1. Parameters of vehicle used for the simulation [85].

ABS control as reported in [102]. Moreover, the information
of estimator should be reliable concerning to time instant to
use in the braking controller. Therefore, the parameters wheel
speed (ω), vehicle speed (vx) and braking torque Tb consid-
ered to be defined on noisy simulations and white noises have
zero mean which have added. The estimations conducted
with 20 samples with the maximum likelihood estimation
approach (ML approach). The parameter assessment results
by the ML approach is shown in Table 2.

TABLE 2. The µ(λ) estimation results based on ML simulation data on
noisy simulation data.

It should be noted that according to achieve good and
accurate estimations of the unknown parameters, the ML
estimator needs to update continuously. On this view, it can
be presumed that the varying acceleration can give us effi-
cient information for estimation. Therefore, a wide range of
variation should be considered in the computer simulations
by applying the slip controller for the input information of
estimator to define a varying reference. Hence, the reference
slip is decided to be 0.1 [Hz] as a sinusoidal signal concerning
different simulations, different magnitudes are estimated. The
sinusoidal slip reference magnitude varying from 0.005 to
0.4 during the simulations on the braking condition and
results are summed up in Table 3 and Table 4. The averaged
inputs are used in the repeated simulations. The estimated
friction curves are presented in Figure 7(a) and (b). The
friction curves are estimated after approximately 4 seconds of
driving on snowy and wet asphalt roads. The actual friction
curve achieved by the Burckhardt friction model has shown
in Figure 7(a) and (b).

Concerning Figure 7(a) and (b), it is found that the good
estimation of the initial slope µ for the friction curve has
conducted and on the higher slip references, the curve estima-
tion is more reliable. It should be noticed that defining good

FIGURE 7. Friction curve estimations simulations for different slip
reference magnitudes on: (a) wet asphalt, (b) on snow.

TABLE 3. The λmax estimation performances results bases on ML
simulation data on wet asphalt condition with true values of
λmax = 0.1410 and µ = 0.8096.

estimation of the friction curve peak needed that the slip can
gain values near λmax (this is not considered for the lowest
slip reference). Also, it can be seen that the friction curve has
a low slope in the adjacency of the λmax and indicate that a
large part of the available friction can be considered whether
the λmax is not correctly estimated. Therefore, evaluating of
the available friction amount in terms of stabilized slip at λ̂max
compared to λmax is considered and λmax estimations con-
cerning to wet asphalt, snowy surfaces and magnitudes of slip
reference are presented. The λmax true value is also presented
in Tables 3 and 4.
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TABLE 4. The λmax estimation performances result based on ML
simulation data on snowy condition with true values of λmax = 0.0605
and µ = 0.1887.

B. BRAKING CONTROL SIMULATIONS AND ASSESSMENT
In this section, simulations are conducted on the vehicle brak-
ing performance concerning with and without control sys-
tems. Therefore, the stand-alone braking control in different
situations of direct yaw moment control (γ = 0, cheap con-
trol), without direct yaw moment control (γ = ∞, expensive
control), integrated control (applying weighting ratio on the
side slip and external yaw moment) and probability approach
are simulated for controlled system. Finally, the probability
approach results compared with the other control strategies
to define the effeteness.

1) WITHOUT CONTROL STRATEGY
The driver has tried to stop the vehicle by hard braking and
subsequently, all the wheels become locked. The braking
forces of tires are shown in Figure 8. It can be seen that
because of changes on the road friction coefficient on the
braking path, a large contrast on the forces of tires on the left
and right side has generated by braking (within 0.5 to 1 s) and
leads to vehicle slide.

2) STAND-ALONE STRATEGY
The stand-alone strategy for braking control is conducted
to regulate the vehicle motions at extreme amounts on the
longitudinal and lateral directions. Concerning the control
law Eq. (37) and the weighting ratio at limit conditions, cases
(1) the braking control without direct yaw moment control
(γ = ∞) and (2) fully used direct yaw moment control
(γ = 0,) are discussed. At the first case, the maximum
braking forces are used to decrease the braking distance to the
minimum (conventional ABS). In the second case, the con-
troller tried to remain the vehicle in the straight direction.
Comparison of the right side braking forces of tires and the
left side tires are shown in Figure 8. It can be seen that the
difference of braking forces at maximum values in the right
and left side tires have a significant effect on the vehicle
controlling which the directional stability cannot improve at
the conventional ABS (γ = ∞) as shown in Figure 8(b), but
enhance the directional stability by applying proper distribu-
tion of braking forces in case γ = 0, as shown in Figure 8(c).

3) INTEGRATED STRATEGY
In the integrated control case, a compromise is tried to achieve
between the vehicle deviation from the straight direction and
the stopping distance by applying the control law Eq. (37)
and conducting the weighting ratio γ . Therefore, the con-

FIGURE 8. Comparison of the braking forces for four cases: (a) without
control, (b) with control (γ = ∞, expensive control), (c) with (γ = 0, cheap
control), (d) Integrated control.

troller makes an effort to reduce the distance of stopping
until the vehicle does not pass the admissible deviation limit.
Thus, improvement of the directional stability can be possible
by defining minimum possible values for the external yaw
moment. This can be possible by concerning sufficient yaw
rate near zero value, which resulted to minimum braking dis-
tance. Consequently, the weighting ratio γ increment leads to
the reduction of yawmoment with respect to some acceptable
tracking error for the yaw rate at zero value. Then, the nec-
essary moments created by the distribution of braking forces
transversely. Distribution of braking forces of the vehicle on
the right and left side concerning different control strategies
on the split-µ road are presented in Figure 8(d).
A better comparison of the controls system can be con-

ducted by evaluating the Yaw rate, side-slip angle and
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FIGURE 9. Comparison of the yaw rate and the side-slip angle for four cases: without control, with control
(γ = ∞, expensive control), with (γ = 0, cheap control), Integrated control.

FIGURE 10. Comparison of the vehicle trajectory for four cases: (a) without control, (b) with control (γ = ∞, expensive control), (c) with
(γ = 0, cheap control), (d) Integrated control.

external yaw moment. Hence, the side-slip angle and the yaw
rate responses concerning the time dependency are evaluated

in Figure 9(a) and (b). Also, the vehicle trajectories are fig-
ured out in Figure 10. As a consequence, an unanticipated
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TABLE 5. Summary of weighting ratio γ assessment performance
concerning to stopping distance and maximum directional
deviation.

yaw moment in the without control case leads to deviation
in the vehicle directional stability. The stand-alone case indi-
cates that fully used direct yaw moment control (γ = 0) is
control braking by the quickly tracking of the desired yaw
rate value (rd = 0) and try to maintain the angle of side-
slip to be close to zero. The vehicle trajectory at γ = 0
shows an enhancement on the directional stability of vehicle
which is conducted by the generation of proper external yaw
moment in cost of a decrease in the maximum braking force
on the one of vehicle sides. But unfortunately, a considerable
increment in stopping distance has observed. Table 5 Shows
the Stopping distance and maximum deviation of the vehicle
for the limit values of the weighting ratio. On the other hand,
minimum stopping distance can be defined by decreasing
the external yaw moment value at the limit point. Hence,
the weighting ratio γ (control law Eq. (37)) has increased,
but it should be noted that the tracking error for the yaw rate
at zero value is unavoidable. The stopping distance for the
cases of γ = 0 and γ = ∞ are 37.98 m and 36.25 m,
respectively. Also, the vehicle trajectories are confirmed the
achieved outcomes (shown in Figure 10).

The case of integrated control conducted by trying to
achieve a balance between the desirable values of stopping
distance reduction and keeping the vehicle on the straight
line. Therefore, weighting ratio has regulated concerning the
limit values in the control law Eq. (37). The road margins
width and location of the vehicle are considered to define
permissible deviation range for the vehicle manoeuvring dur-
ing braking. Therefore, by assuming 4 m road width, the
maximum deviation of 0.45 m can be acceptable. Different
values of the γ with respect to the stopping distance and
deviation are presented in Table 5.

As a result, the value of γ = 0.59e−9 leads to a more stable
situation considering simulation conditions in the integrated
control case which the minimum achieved stopping distance
is 37.08 m and comparing with case γ = 0 the distance
has shorter value is about 0.9m. The vehicle trajectory for
this case is displayed in Figure 9 with enhancing on stopping
distance and vehicle stability. Thus, as Table 5 demonstrated
both dynamics on the longitudinal and lateral directions
have a scientific effect on the vehicle stability concerning to
control brake track and vehicle directional steering on hard
braking with respect to the road condition.

Paying attention to Figure 9, it is indicated that the slip has
well stabilized by the slip controller at the reference value in
the integrated, cheap (γ = 0) and expensive (γ = ∞) control
strategies. The slip has settled in 2 % of the reference in 1.5 s
for the two control strategies (Integrated and cheap controls)
which is slightly slower happened for the expensive control.
Also, in the braking simulation, the vehicle velocities start
to decrease by oscillatory increasing in the slip and yaw rate
responses.

Accordingly, the control system dependency on the
weighting ratio γ can be seen in Figure 9 and Figure 10,
which increase of γ leads to a reduction of external yaw
moment and as a consequence the yaw rate and directional
deviation are increased. Besides, a reduction in stopping dis-
tance is due to the increase in the values of the weighting ratio
(Table 5).

C. RELIABILITY CONTROL ANALYSIS
Tomonitor the vehicle braking stability by the reliability anal-
ysis, the main design requirements should be defined. There-
fore the first-passage probabilities are applied to estimate the
reliability indices for the weighting ratios quantities which
are assumed as: (1) Maximum value of wu and (2) Maximum
value of wr . These ratios are important to indicate the error
and energy relation in the assessment of the performance
index at minimum value concerning the external yawmoment
and wheels corrective lateral forces. The analytical study is
applied by the first-passage analysis and the threshold values
are confined inwu = (5×10−13)ŵu for the maximum control
on the vehicle directional deviation and wr = (5× 10−12)ŵr
for the minimum stop distance of the vehicle by using the
braking forces of wheels at maximum value. It should be
noted that β∗wu and β∗wr are the corresponding reliability
indices and the above threshold values are adjusted through
some trials.

The procedure of reliability braking simulation is dis-
cretized at the time interval 1t = 0.005 s for each braking
and the total duration of 5s. From this aspect, it means that
the braking process is illustrated by 1000 random variable
simulations. Asymptotic sampling method (explained in reli-
ability modelling) with five support points (k = 5) is used
to define the first-passage probabilities. Each support points
is based on 200 Monte Carlo samples. To describe more,
system parameters variation causes wide variation in the first-
passage probabilities. Therefore, the searchmethod described
in flow chart Figure 5 has been applied to define the factor f
in an increasing way. The method automatically continued
until five support points have been defined which have stable
probability estimates.

In general, each reliability indices and each point (γ,Mz) in
the design space need almost 1000Monte Carlo samples. The
uniformly distributed Latin Hypercube sampling method is
used to cover the variation of braking force and the coefficient
of friction (with respect to the time variation of coefficient
friction) by using simulation design and using 100 sample
points. The intervals chosen are−500N .m ≤ M z≤ 2000N .m
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FIGURE 11. First-passage reliability βw u∗ and β∗wr indices of maximum
performance depending on weighting ratio γ and external yaw moment
Mz (MLS smoothing).

and the weighting ratio changes between zero and infinitive.
The optimization process is involved β∗wuand β

∗
wr and con-

ducting by dynamic analyses with about 300,000 runs. Each
analysis run takes time for about 2s on a normal PC; thus
about 166 h of computation time is needed totally.

First-passage reliability β∗wuand β∗wr maximum perfor-
mance indices are determined by weighting ratio (γ ) and
external yaw moment (Mz) and represented in Figure 11.
It should be noted that the calculated design spaces of β∗wu and
β∗wr have a considerable fluctuation which comes from the
lack of statistical certainty of reliability indices estimated by
the Monte-Carlo method. Therefore, in order to eliminate the
fluctuations, smoothing techniques [17], [29] which employ
to improve the response surface methods is applied [103].
Here, the smoothing procedure has been conducted by the
Moving Least Squares method [104]–[107]. The reliability
index β∗wu is smoothed with respect to the design space and
has been shown in Figure 11(a). In order to keep the maxi-
mum directional deviation small, directional stability of the

FIGURE 12. The admissible domain of weighting ratio γ and external yaw
moment Mz for maximum performance problem.

vehicle is provided by external yaw moment. The braking
force reduction is intentionally and applied to create the
moment at external yaw direction and stopping the vehicle.
Therefore a large external yaw moment Mz and a smaller wu
(small weighting ratio γ ) is helpful.

The first-passage safety index β∗wr for the maximum stop-
ping distance depending on weighting ratio γ and external
yaw momentMz is shown in Figure 11(b). It can be seen that
the primary variable to keep the maximum stopping distance
small has the lower values of wr (large weighting ratio γ ).
On the other hand, small values of wr with reliability index
β∗wr decrease the braking distance by employing braking
forces at maximum value to the wheels. Figure 11(a) and
(b) are compared the reliability indices. It can be noticed that a
small region of weighting ratio (γ ) and external yaw moment
(Mz) in total design space are overlapped with respect to
reliability indices β∗wr and β∗wu . This small region can be
used to define appropriate large values of all β∗-values. Here,
it is assumed that all safety indices are needed to have val-
ues larger than 7; thus the design space is reduced to the
smaller part that indicated the admissible domain, as shown
in Figure 12.

It can find out even though the admissible domain has
been defined in design space, the indices of maximum per-
formance based on first-passage probabilities demonstrate
incompatible objectives with respect to weighting ratio and
external yaw moment. Therefore, in order to improve the
decision making, applying a Pareto type approach might be
brought up.

Consider a multi-objective minimization problem. It has
m scalar valued objective functions, which identify by
fk : Dx⊂Rn

H⇒R. Then X∗ can be considered as a non-
dominated value if [108]:

fk (X∗) ≤ fk (X)∀k∀X ∈ Dx
and

∃l : fl (X∗) < fl (X)∀X ∈ Dx

(53)
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FIGURE 13. Pareto set points for multi-objective performance
optimization problem: (a) reliability indices at maximum values,
(b) probability-based performance optimization cost function at
minimum setpoint values.

To define the solution set of all non-dominated equations
for an m-objective problem, all the solutions Xα should be
assembled concerning to the all cumulated optimization prob-
lems of the form:

fα =
m∑
k=1

αk fk (X)→ Min. (54)

where αk have positive values of the coefficient which sat-
isfying

∑m
k=1 αk = 1. The coefficients can be provided by

considering uk as the random numbers. uk are uniformly
distributed in the interval [0, 1] and normalized as:

αk =
uk∑m
k=1 uk

(55)

Concerning that the calculation is performed by using
the response surface, which has been provided by the MLS
smoothing procedure, the calculation attempt can be ignored.
On the other hand, if the number of problems is more,
using the alternative method which using the evolutionary
strategies [106], [108], [109], is more convenient. These
approaches and their applications are illustrated profoundly
in [110], [111]. Referred to the problem here, the objec-
tive functions are defined by applying the reliability indices

TABLE 6. Summary of performance assessment concerning to stopping
distance and maximum directional deviation for probability-based
control strategy.

directly, as shown in Figure 13(a). The Pareto set just com-
posed of the boundary points of the design space, and it
cannot be possible to reach a real agreement. In order to
untangle this situation, the failure probabilities are applied
instead of the reliability indices. Therefore, the aggregated
objective function should be minimized as:

C = α1 ·8
(
−β∗wu

)
+ α2 ·8

(
−β∗wr

)
(56)

Applying the probabilities instead of the reliability indices
conducted to an anticipated cost function including the pos-
sible consequences which are considering the possibility of
failure in braking controller or parts of the controller too.
Figure 13(b) shows the transparent compromise area are
which is determined by the Pareto set.

Concerning Figure 13, it can be found that the external
yaw moment is confined less by applying the multi-
objective optimization than the weighing ratio in charge
of the performance and stability of the braking system.
Also, it can be seen that the probability area encom-
passes the admissible area with respect to all reliability
indices with values larger than 7. The results for probability-
based control strategy are shown in Table 6. In this
region, the optimal weighting ratio of the order of
γ = 3.383e−10, and the optimal external yaw moment is
about Mz = 1.286e2. The Comparison of performance for
different control strategies included the probability case has
shown in Figure 14.

The probability control strategy results are compared with
other strategies in Figure 14. As can be found from perfor-
mance graphs in Figure 14 (a), (b) and (c), meanwhile the
stopping distance is reduced by adjusting zero yaw rate and
confining the side-slip angle at the same instant, the braking
control is applied for integrating the steering control to deduct
the external yaw moment contribution. Also, it can be seen
that in the probability, integrated and fully-used direct yaw
moment (λ = 0) control strategies, the zero yaw rate is
closely adjusted.

It should be noted that in the probability and integrated
control strategies, the possible responses domain is small
and as a consequence, the vehicle directional stability and
stopping performance is enhanced. However, the contribution
of external yaw moment in the probability strategy is remark-
ably decreased. Although there is a considerable reduction in
the contribution of the external yawmoment in the probability
strategy (Figure 14 (c) and (d)), this considerable reduction is
conducted by the optimal probability base optimization of the
steering and braking control. So, the shorter stopping distance

VOLUME 8, 2020 128401



A. Karamoozian et al.: Probability Based Survey of Braking System: A Pareto-Optimal Approach

FIGURE 14. Performance comparison of different control strategies: (a) braking force of tires (reliability case), (b) yaw rate (all cases),
(c) the side-slip angle (all cases), (d) external yaw moment (all cases), (e) vehicle trajectory (reliability case).

can be achieved due to the less decrease in the braking forces
at maximum value.

The probability control strategy enhanced the stopping
distance and it has decreased about 0.89m in comparison with
the braking with an integrated control strategy. Simultane-
ously, a considerable reduction can be seen in the vehicle
directional deviation Figure 14(e) (the vehicle trajectory).
The weighting ratio of control input (γ ) determined from the
‘‘admissible’’ area which Pareto multi-objective optimization
is depicted in Figure13(b). The importance of control inputs
can be explained by the relative effect on the decrease or
increase of the weights to each other. In this way, the vehicle
performance in hard braking enhances while the weights of

external yaw moment (wu) are decreased and simultaneously
the corrective lateral forces of the wheels (wr ) are increased.

VIII. CONCLUSIONS
A probabilistic basis control system for vehicle braking and
directional stability concerning to the optimal design on the
nonlinear algorithm for appropriate tire braking forces distri-
bution and external moments is presented. The main purpose
of this controller is to enhance the braking performance by
adjusting the maximum value of braking forces of the vehicle
wheels as low as possible and subsequently generate the
minimum stabilizing yaw moment. The nonlinear vehicle
responses are predicted and are applied to develop the control
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laws in different layers of analysis. Two control inputs are
considered, and the optimal weights of the control law are
tried to define. Therefore, the objective functions in the whole
design space of the input variables weighting ratio (γ ) and
external yaw moment (Mz) are demonstrated by a Moving
Least squares response surface based on a Latin Hypercube
design of experiments. Concerning the design parameters
of the braking control, an enormous number of computa-
tions needed to define the probabilities of failure. Therefore
to tackle and manage the computing process, an efficient
technique based on Monte-Carlo simulation which is called
asymptotic sampling has been employed.

The braking system controller system has been utilized by
a Pareto-type optimization approach. A cost function includ-
ing the first-passage probabilities of the maximum distance
of stopping and maximum directional deviation has applied
to formulate the objectives with respect to the external yaw
moment and the wheel corrective lateral forces. Therefore,
applying this method has enabled to perform the calcula-
tion of reliability problems with the high-dimensionality by
conducting a small number of limit state assessments (about
several hundred). Also, this approach gives a considerable
privilege of non-dimensionality of its outcomes and efficacy.
It has been demonstrated that the very low braking failure
probability (β∗ = 7) consisting up to 105 random variables
have a possibility to be conducted with a small sample size of
simulation (103 samples) with appropriate precision. There-
fore, the objective functions have carried out with a reliable
presence in the whole design space.

As a main final outcome, the control law parameters in
optimal condition has been restricted in a comparatively
tight and narrow range. Consequently, a compromise on
the derived range of the directional deviation and stopping
distance has conducted. The simulation results have indi-
cated that the presented probability-based control system has
enhanced directional stability. It has resulted in the shorter
stopping distance (about 0.89m) and improves about 70%
steering performance during the hard braking (0.09m devi-
ation from the straight line) in comparison with the other
braking control system.

APPENDIX
FRICTION BETWEEN TIRE AND ROAD REAL TIME
IDENTIFICATION STRATEGY
Estimation of µ(λ) can be possible by set up a curve fitting
based problem; subsequently λmax is defined by the estimated
results based by friction fitted curves. Therefore, a standard
quadratic error function at minimum values is applied as:

J (ϑ) =
1
N

N∑
i=1

ε(λi, ϑ)2 (A-1)

where samples number represented by the N and ε(λi, ϑ)
defined the error of estimation as:

ε (λi, ϑ) = µ (λi)− µ̂(λi, ϑ) (A-2)

Subsequently in order to do fitting process on the tire-
road friction curve the Maximum Likelihood Approach is
used [112], [113]. Using a quasi-Newton method with an
iterative minimization technique is conducted to indicate the
error fitting with respect to the Eq. (30) [112], [113]. The
method using each iteration to adjust the vector’s parameters
based on:

ϑ (r+1)
= ϑ (r)

+

(
N∑
i=1

ξ (λi)ξ (λi)T
)−1 ( N∑

i=1

ξ (λi)ε(λi)

)
(A-3)

where

ξ (λi)=−
dε (λi)T

dϑ

[
1−e−λiϑr2ϑr1λie−λiϑr2 − λi

]T
(A-4)

It should be noted that An ad hoc empirical approach is
used to initialize the vector’s parameter which is the decisive
step in the ML approach. Practically, Burckhardt model is
used to approximate the wheel slip low values as:

µ (λ, ϑr ) ∼= (ϑr1ϑr2 − ϑr3) λ− ϑr1ϑ
2
r2λ

2 (A-5)

Considering the very small range of variation in the param-
eter ϑr3, an average value can be consider as initial value for
parameter ϑ̂r3(0). Afterwards, the initial values ϑ̂r1(0) and
ϑ̂r2(0) can be define by using quadratic approximation on
corresponded first initial available data to low slip values.
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