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ABSTRACT For search and rescue (SAR), the dynamic connectivity issue caused by mobility of aerial node
will severely influence the actual performance in aerial backbone network (ABN). To capture true aerial
mobility feature, some application-oriented aerial mobility model (AMM) has been developed. However,
existing 3D AMM cannot satisfy some specific demands for in SAR, especially smooth 3D trajectory and
rapid connectivity coverage. In this paper, we propose authentic 3D mobility model based on spiral line
(3D SLMM), such as Z-Or-SLMM and Z-Non-SLMM. Firstly, we review the basic concept of 2D SLMM.
Then, we develop authentic 3D SLMM based on 2D SLMM. Meanwhile, we validate synthetic trajectory
of 3D SLMM through the real traces. In the further, we investigate somemathematical features of 3D SLMM,
such as mathematical expression and the distribution of spatial nodes. Finally, we evaluate some keymobility
property of 3DSLMM.The result shows that Z-Or-SLMMandZ-Non-SLMMall have specificmathematical
expression and uniform distribution of spatial nodes at steady status. Besides, the Z-Or-SLMM and Z-Non-
SLMM all possess authentic and smooth 3D trajectory. Specially, the aerial node in Z-Or-SLMM merely
takes 1.5 minutes to cover 100% target region of 200m∗200m.We believe that the 3D SLMM can be directly
deployed in the actual scene, and provide many helpful and credible guidelines in the design and analysis of
realistic ABN.

INDEX TERMS Aerial backbone network, mobility model, smooth trajectory, rapid coverage.

I. INTRODUCTION
In the age of the Internet of everything, the novel 5G tech-
nique (e.g. MMW [1], [2], D2D [3]–[5]) can bring various
possibilities to urban rescue [6], [35], [36]. In the event
of a disaster, the temporary connectivity should be pro-
vided to victims through the aerial backbone network (ABN)
organized by many aerial nodes [7], [31]. As first and
foremost step, the aerial node should rapidly cover whole dis-
aster area to search and rescue (SAR) each victim [32]–[34].
In fact, the actual coverage efficiency may be influenced
by some inevitable factors (e.g. environment or radio
interference), such that the performance of ABN will be
largely decreased [9]. Hence, reliable ABN is required for
SAR [8], [29].

Compared with the fixed wing, the rotary wing UAVwhich
can be deployed flexibly and conveniently become an eli-
gible choice to perform SAR [10], [11]. Due to mechanical
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and aerodynamic constrain, the rotary wing UAV should
maintain sufficient space-time correlation during entire flight
(i.e. smooth 3D trajectory) [12], [13], [30]. Certainly, the spe-
cial mobility of UAV will cause dynamic connectivity issue
(e.g. connection break [38], delay jitter [39], [40]), thereby
severely influence the property of ABN, especially routing
protocol [14]–[16]. Therefore, the realistic aerial mobility
model (AMM) should be developed [17].

In the preliminary stage, some random mobility
model (RMM) has been proposed to simulate movement
of human or vehicle (e.g. RW [18], RWP [19], [20] and
RD [21]–[23]). Regretfully, these RMM cannot model aerial
trajectory because of the sharp change of direction [17].
As advanced version, the GM introduced quite limited
space-time correlation also cannot guarantee the smoothness
of trajectory [24], [25]. Except RMM, some AMM has been
presented for the specific application. As a typical example,
the aerial node can transport the cargo according to the
plan of flight (FP) [26]. In addition, the DPR [27] and
ST model [28] has been developed to imitate the aerial node
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in the mission of supervision. Besides, the aerial node in the
SRCM could search entire disaster area to rescue victim [8].
In previous work, we proposed SLMM for SAR in which the
aerial node can rapidly cover whole target region with smooth
trajectory [29].

However, most AMM merely concern aerial mobility
restricted into the 2D space, such that the research work of
AMM related to actual 3D scenario is quite limited. In addi-
tion, existing 3D AMM cannot meet the specific demands
of SAR without smooth 3D trajectory and rapid connectivity
coverage.

In this paper, we develop authentic 3D SLMM in which
the aerial node using smooth 3D trajectory can uniformly
and rapidly cover whole target region. Firstly, we outline
the basic concept of 2D SLMM, as the necessary theoretical
cornerstone. Then, we develop authentic 3D SLMM based
on SLMM, such as Z-Orthogonal SLMM (Z-Or-SLMM)
and Z-Non-orthogonal SLMM (Z-Non-SLMM). Meanwhile,
we propose novel flexible boundary model (FBM) to
cope with some special situations in SAR. In the further,
we investigate some mathematical features of 3D SLMM
(e.g. mathematical expression, the distribution of spa-
tial nodes). Meanwhile, we propose a novel method of
front and top view (FTV) to validate the analytical result
of 3D SLMM. The result shows that the Z-Or-SLMM and
Z-Non-SLMM all possess uniform distribution of spatial
node at steady status. Moreover, we study some key mobil-
ity features of 3D SLMM. The simulation shows that the
Z-Or-SLMM and Z-Non-SLMM all have smooth 3D trajec-
tory. Besides, the aerial node in the Z-Or-SLMM can rapidly
cover whole target area, compared with other 3D mobility
model. In addition, we find that the FBM can flexibly and
effectively restrict 3D trajectory of aerial node according to
actual requirements.

To the best of our knowledge, the 3D SLMM, as our
main contribution, is first and authentic 3D AMM for SAR.
In addition, the FBM is first and reliable 3D boundary model
to deal with the special situation in SAR (e.g. scramble or
limited scene). Besides, the FTV is first and valid method
to validate the distribution of spatial node of 3D mobility
model. In short, we believe that the 3D SLMM, as a crucial
supplement of 3D AMM, can be directly deployed in the
actual scene, and providemany useful and credible guidelines
in the design and analysis of realistic ABN.

The rest of this paper is organized as follows. In Section II,
we review some related works. Then, we outline the concept
of 2D SLMM in Section III. In Section IV, we develop
authentic 3D SLMM based on 2D SLMM. In the further,
we investigate some mathematical features of 3D SLMM in
Section V. Then, we discuss some key mobility properties
of 3D SLMM in SectionVI. Finally, the conclusion and future
work is provided in Section VII.

II. RELATED WORKS
In this section, we review some related works to investigate
whether existing 3D AMM can satisfy specific demands

for SAR, especially smooth 3D trajectory and rapid connec-
tivity coverage.

As the extended version, the aerial node in 3D RWP
can randomly select any way points within entire
3D space [41], [42]. Obviously, its trajectory is quite simple
(See Figure 1), so that it just imitates macro mobility feature
in wide scene (e.g. aviation). Due to the change of sharp
direction, the aerial node in 3D RWP cannot capture micro
mobility feature in actual scene (e.g. smooth 3D trajectory).
With the random altitude, the aerial node in 3D RWP cannot
provide rapid and reliable connectivity coverage to the device
on the ground. Hence, the 3D RWP is not eligible for SAR.
Similarly, the FP also is unreal for SAR, which possesses the
same mechanism in essence [26].

FIGURE 1. The trajectory of 3D RWP.

In [43], 3D mix model (3D MM) is proposed to study
3Dmobility feature of aerial node (e.g. covering probability).
In fact, the 3D MM is combination between RWP and RW,
thereby it still cannot overcome the inherent weakness of
RMM. Hence, 3D MM is not suitable for SAR.

Except above 3D RMM, some application-oriented
3D AMM has been developed.

To capture true mobility in surveillance, the aerial node
in 3D GM can select speed and direction according to the
Markov chain (See Figure 2) [24], [44]. Compared with other
3D RMM, 3D GM has more space-time correlation. But
quite limited space-time correlation in 3D GM still cannot
guarantee smooth 3D trajectory during flight. On the other
hand, stable connectivity coverage could be ensured at a
certain degree due to continuous change of altitude. Hence,
3D GM also is not credible for SAR.

Similarly, the comprehensive 3D AMM called 3D ST has
been presented [12], [13], such as Z-Independent ST
(See Figure 3) and Z-dependent ST (See Figure 4).
The 3D ST can capture real mobility feature at turning
moment, thereby partly guarantee smoothness of 3D trajec-
tory. Meanwhile, the selection of continuous altitude, which
is an important foundation for covering rapidly, can be pro-
vided in 3D ST. However, some inherent defects of 2D ST
are still inherited into 3D ST (e.g. the change of sharp
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FIGURE 2. The trajectory of 3D GM.

FIGURE 3. The trajectory of Z-Independent ST.

FIGURE 4. The trajectory of Z-Dependent ST.

direction at adjacent interval (See Figure 5)). Without smooth
3D trajectory, 3D ST also is not reasonable for SAR.

In the next section, we will outline the concept of
2D SLMM, as necessary theoretical cornerstone developed
the 3D SLMM.

III. THE BASIC 2D SLMM
In this section, we will outline the basic concept of 2D
SLMM. Firstly, we elaborate mechanism of 2D SLMM.

FIGURE 5. The trajectory of 2D ST.

Then, we introduce the annular boundary model (ABM)
in 2D SLMM.

A. THE MECHANISM OF 2D SLMM
To imitate realistic aerial mobility, we present some mobility
hypothesis in 2D SLMM. Firstly, we utilize angular speed to
reflect the speed of aerial node, and assumed that it is the
uniform distribution within the certain range. Then, the mov-
ing time interval is the exponential distribution with certain
coefficient, and the pausing time interval is the uniform distri-
bution within the certain range. In addition, the thread pitch
of spiral line is half of connected range of devices, and the
initial position of aerial node is the origin of coordinates.

Then, we describe the mechanism of 2D SLMM. For the
sake of clarity, we give its trajectory at first (see Figure 6).

The node selects some parameters of mobility before
movement, which includes the angular speed, the ending time
and the time interval of moving and pausing. Then, the node
follows the spreading trajectory of spiral line until the moving
time interval elapses, after that it hovers over the current
location during the pausing time interval. Once approaches
the boundary, the node immediately switches from the current
trajectory to the new trajectory which will follow the spiral
line of contracting inwardly. Similarly, the node will spread
againwhen it approaches the center of trajectory of spiral line.
Finally, the nodewill repeat the entire process until the ending
time has been finished.

B. THE ANNULAR BOUNDARY MODEL
In 2D SLMM, we extend the concept of buffer to circular
zone to develop ABM. Compared with rectangular boundary
model, ABM can reflect the real situation beside boundaries
of region. Obviously, the ABM could effectively limit the
trajectory of 2D SLMM into circular buffer (see Figure 7).
In contrast, the aerial node will reach boundary with-
out ABM, thereby might suffer the effect of boundary
(see Figure 6)

Importantly, some key properties of 2D SLMM have been
studied in our previous works (e.g. mathematical results, key
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FIGURE 6. The trajectory of 2D SLMM.

FIGURE 7. The trajectory of 2D SLMM with ABM.

mobility features and network performance). For the sake of
space, more details can be found in [29].

Next, we will develop authentic 3D SLMM based on
2D SLMM, such as Z-Or-SLMM and Z-Non-SLMM.

IV. THE AUTHENTIC 3D SLMM
In this section, we will develop authentic 3D SLMM, such
as Z-Or-SLMM and Z-Non-SLMM. Firstly, we elaborate
mechanism of Z-Or-SLMM and Z-Non-SLMM, respectively.
Then, we propose a novel flexible boundary model (FBM)
according to the concept of flexible constraint. Finally,
we validate the trajectory of 3D SLMM though the real traces.

A. THE MECHANISM OF 3D SLMM
According to the different features, the authentic 3D SLMM
could be classified as Z-Or-SLMMand Z-Non-SLMM. Then,
we introduce their mechanisms respectively.

1) THE Z-Or-SLMM
In the Z-Or-SLMM, the movement of aerial node mainly
includes two aspects. An aspect is horizontal movement
in XOY plane, and another aspect is the vertical elevation
in Z direction. Certainly, the horizontal movement is inde-
pendent and orthogonal with the vertical. This situation is
suitable for most aerial flight (e.g. aviation or aerial trans-
portation [26]).

Similarly, we give some mobility hypothesis in
the Z-Or-SLMM. For the XOY plane, we suppose that the
angular speed and the pausing time interval is the uniform
distribution, which is similar with 2D SLMM. Moreover,
the moving time interval is the exponential distribution with
certain coefficient. In addition, the initial position of the
aerial node is the origin. For the Z direction, we assume
that the altitude of node elevate at a constant speed, and the
maximum hovering altitude and the thread pitch has been
selected before.

Under the above assumptions, we introduce themechanism
of Z-Or-SLMM. For the sake of clarity, we give its synthetic
trajectory before (see Figure 8).

FIGURE 8. The synthetic trajectory of Z-Or-SLMM.

At the beginning, the node selects some key mobility
parameters before movement (e.g. angular and vertical speed,
hovering altitude, moving and pausing time interval). Then,
the node move in the XOY plane until the moving time inter-
val elapses, according to the spreading trajectory of spiral
line. After that, it will hover over the current location during
the pausing time interval.Meanwhile, the aerial node increase
altitude in Z direction at a constant speed, until it reaches
hovering altitude. After that, the node will keep at hovering
altitude whatever move or hover.

Once boundary approaches, the node switches from the
current trajectory to the contracting trajectory of spiral line.
Similarly, the node will spread again, as long as it approaches
the center of trajectory of spiral line. After each cycle, the
node will update many mobility parameters. Finally, the node
repeat entire process, until the ending time has been
finished.
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2) THE Z-Non-SLMM
In Z-Non-SLMM, the horizontal movement is dependent and
non-orthogonal with the vertical. In fact, this situation just
occurs in some special aviation (e.g. military flight or air
show [13]).

Similarly, we give some mobility assumptions in
Z-Non-SLMM. Firstly, we suppose that the horizontal and
vertical angular speed is the uniform distribution. Then, the
moving time interval is the exponential distribution with
certain coefficient. Besides, the pausing time interval is the
uniform distribution. In addition, the initial position of aerial
node is the origin.

For sake of clarity, we give a schematic diagram to elabo-
rate the mechanism of Z-Non-SLMM (See Figure 9,10).

FIGURE 9. The synthetic trajectory of Z-Non-SLMM.

FIGURE 10. The schematic diagram of Z-Non-SLMM.

Firstly, the node selects some mobility parameters before
movement (e.g. the horizontal and vertical angular speed,
moving and pausing time interval). According to these param-
eters, the current operating plane can be determined based on
standard plane. Then, the node move in the current operating
plane until the moving time interval elapses, according to the
spreading trajectory of spiral line. After that, it hovers over
current location during the pausing time interval.

Once boundary approaches, the node switches from the
current trajectory to the contracting trajectory of spiral line.
Similarly, the node will spread again, so long as it approaches
the center of trajectory of spiral line. After each cycle, some
mobility parameters will be updated, and the new operating
plane will be determined again. Finally, the node repeat entire
process, until the ending time has been finished.

B. THE NOVEL FLEXIBLE BOUNDARY MODEL
In recent years, the idea of flexibility has been introduced into
many new products (e.g. flexible material [45] and flexible
printed circuits [46]). In simple terms, flexibility means that
the object can self-adaptively adjust internal property, accord-
ing to external change.With some new symbols (See Table 1),
we abstract the idea of flexibility inmathematical form below.

w = f (x)

y = S + f (w× C) (1)

TABLE 1. The new symbols in flexibility.

Obviously, the object variable in equation (1) can self
adaptively vary though the effect of flexible coefficient with
the change of effect variable.

Then, we propose a novel boundary model (i.e. FBM)
based on the idea of flexibility. Specially, we consider flexible
constraint of 3D take-off path to minimize departure time.

According to equation (1), the effect variable is the dis-
tance of deviating central axis, which reflects the relationship
between the node and boundary. Besides, the object variable
is real time location of aerial node, which embodies authentic
situation of aerial flight. In addition, the bound variable is
the thread pitch of trajectory of spiral line. And the constant
variable is minimumbuffer distance, which ensures necessary
safety of aerial node.

Next, we introduce FBM into Z-Or-SLMM to investigate
the actual effect of flexible constraint (See Figure 11,12).

Clearly, the spacing distance in normal departure path is
uniform, and its span can gradually increase to range (See
Figure 11). It is because the thread pitch of spiral line is
always constant in the Z-Or-SLMM, thereby the distance
between the node and central axis could gradually add.

In contrast, the spacing distance gradually decreases in
the departure path with FBM, and its span can be greatly
limited by FBM to the range (See Figure 12). That is because
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FIGURE 11. The normal departure path.

FIGURE 12. The departure path with FBM.

the thread pitch of spiral line can be affected by flexible
coefficient, so that its thread pitch can decrease with the
increase of relative distance.

Comparedwith the normal, the 3D departure path is shorter
under FBM. It means that real time location of nodes can be
greatly confined to a limited 3D space, so that an expected
departure time can be obtained by selecting appropriate flex-
ible factor. Hence, FBM is very suitable to cope with some
special situations in SAR (e.g. emergency takeoff or quite
limited scene).

C. THE VALIDATION OF TRAJECTORY OF 3D SLMM
In the [29], we have extracted some important mobility
parameters from the real traces collected in actual scene
(e.g. angular speed, moving and pausing time interval)
(See Figure 13).

Here, we directly introduce these extracted mobility
parameters into 3D SLMM to validate the authenticity of
synthetic trajectory (See Figure 14, 15).

Clearly, the traces-based trajectory is almost similar to the
synthetic trajectory whatever under Z-Or-SLMM or Z-Non-
SLMM. It means that 3D SLMM can accurately imitate true
aerial mobility features in the actual scene. Hence, 3D SLMM
is suitable and credible for SAR.

Next, we will discuss some key mathematical features
of 3D SLMM, such as the mathematical expression, and the
3D distribution of spatial node at steady status.

V. THE MATHEMATICAL FEATURE OF 3D SLMM
In this section, wewill discuss some keymathematical feature
of 3D SLMM. Firstly, we abstract the specific mathematical

FIGURE 13. The real traces of flight with ENU coordinate.

FIGURE 14. The traces-based trajectory of Z-Or-SLMM.

FIGURE 15. The traces-based trajectory of Z-Non-SLMM.

expression of 3D SLMM. Then, some key properties of 3D
SLMM are given in the form of theorem. Finally, we propose
a novel method of front and top view (FTV) to validate the
3D distribution of spatial node of 3D SLMM.
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A. THE MATHEMATICAL EXPRESSION OF 3D SLMM
Here, we abstract specific mathematical expression of
Z-Or-SLMM and Z-Non-SLMM, respectively. For the sake
of clarity, we define some new symbols in 3D space
(See Table 2).

TABLE 2. The new mobility symbols in 3D space.

1) THE Z-Or-SLMM
According to the mechanism, the horizontal movement is
orthogonal and independent with the vertical direction in the
Z-Or-SLMM. Hence, the actual movement of nodes can be
analyzed in horizontal and vertical aspects, respectively.

For horizontal aspects, the movement of node still keeps
the same trajectory of 2D SLMM, and the corresponding
expression can be expressed below.

1ϕ = Wϕ × Tmove

Dstart =
√
X2
start + Y

2
start (2)

If the node follows spreading or contracting trajectory,
entire movement will abide by under left or right equations,
respectively.

ϕ = ϕcurrent +1ϕ ϕ = ϕcurrent −1ϕ

Ispiral = Dstart+Bspiral×ϕ Ispiral=Dstart+Bspiral×(−ϕ)

X = Ispiral × cos (ϕ) X = Ispiral × cos (−ϕ)

Y = Ispiral × sin (ϕ) Y = Ispiral × sin (−ϕ) (3)

For vertical aspects, the node elevates altitude at a constant
speed, until it reaches hovering altitude. Hence, the vertical
movement follows under formulas.

1Z = Vz × Tmove
Z = Zcurrent +1Z (4)

Combined both aspects, the real time location of node can
be obtained (i.e. (X ,Y ,Z )).

2) THE Z-Non-SLMM
In the Z-Non-SLMM, the horizontal movement is dependent
with the vertical. Hence, we abstract its mathematical expres-
sion below.

1θ = Wθ × Tmove
1ϕ = Wϕ × Tmove
θ = θcurrent +1θ

ϕ = ϕcurrent +1ϕ

γ =

√
θ2 + ϕ2

Dstart =
√
X2
start + Y

2
start + Z

2
start (5)

If the node follows the spreading or contracting trajectory
of spiral line, the relevant movement will obey under left or
right formulas, respectively.

Ispiral = Dstart+Bspiral × γ Ispiral=Dstart+Bspiral×(−γ )

X = Ispiral × sin(θ)× cos(ϕ)

X = Ispiral × sin(−θ)× cos(−ϕ)

Y = Ispiral × sin(θ)× cos(ϕ)

Y = Ispiral × sin(−θ)× cos(−ϕ)

Z = Ispiral × cos(θ) Z = Ispiral × cos(−θ ) (6)

B. THE KEY PROPERTY OF 3D SLMM
Based on specificmathematical expression, we give some key
properties of 3D SLMM in form of theorem.
Theorem 1: We assume that the thread pitch B0 and the

maximum polar angle ϕmax can be kept constant. Then,
the PDF of spatial nodes at steady state in the Z-Or-SLMM
approximately is the uniform distribution, and can be
expressed as below.

PZ−Or−SLMM

=
1
B0

[
ϕmax

√
ϕ2max + 1+ ln

(
ϕmax +

√
ϕ2max + 1

)]
(7)

Notes that the proof of theorem 1 is provided in
Appendix A.
Theorem 2: We assume that the horizontal and vertical

speed of aerial node is independent identically distributed,
and the thread pitch B0 and the maximum polar angle ϕmax
can be kept constant. Then, the PDF of spatial nodes at steady
status in the Z-Non-SLMM is approximately the uniform
distribution, and can be expressed as below.

PZ−Non−SLMM =
1

B0ϕmax

[
1+

√
1+ sin2(ϕmax)

]
(8)

Notes that the proof of theorem 2 is provided in
Appendix B.
Theorem 3: We assume that the ending time of aerial

node is sufficient in the Z-Or-SLMM. Then, the FDF of
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Z-Or-SLMM can be expressed as below.

FZ−Or−SLMM (ϕ)

=
ϕ

B0

[
ϕmax

√
ϕ2max + 1+ ln

(
ϕmax +

√
ϕ2max + 1

)]
(9)

Theorem 4: We assume that the ending time of aerial
node is sufficient in the Z-Non-SLMM. Then, the FDF of
Z-Non-SLMM can be expressed as below.

FZ−Non−SLMM (ϕ) =
ϕ

B0ϕmax

[
1+

√
1+ sin2(ϕmax)

]
(10)

Notes that the proof of theorem 3 and 4 are provided in
Appendix C.

C. THE VALIDATION OF DISTRIBUTION OF SPATIAL NODE
OF 3D SLMM
Here, we propose a novel method of front and top view (FTV)
to investigate 3D distribution of spatial node of 3D SLMM.

1) THE MECHANISM OF FTV
In the FTV, we define the negative direction of axis of x as the
front direction (See Figure 16). In other words, the front view
is projection of nodes in YOZ plane. Similarly, the negative
direction of axis of z is defined as the top direction, thereby
the top view is projection of nodes in XOY plane.

FIGURE 16. The main direction in the FTV.

In this way, we can split 3D PDF of spatial nodes into
two 2D PDF to investigate distribution in front view and top
view respectively. Then, we can evaluate the approximate
3D distribution of spatial nodes at steady status according to
the front and top view.

Certainly, the distribution of spatial nodes is independent
with each other in front and top view due to orthogonality.
Thus, the 3D approximate distribution of spatial nodes can
be restructured by the 2D distribution in front and top view.

2) THE VALIDATION OF 3D PDF
With the FTV, we estimate 3D distribution of spatial nodes
at steady status in some 3D mobility models (e.g. 3D-RWP,
3D-GM, 3D-ST and 3D-SLMM) (See Figure 17-22).

In the 3D RWP, most nodes are unevenly dis-
tributed in central area whatever in front and top view
(See Figure 17), so that the 3D distribution of spatial nodes is

FIGURE 17. The PDF of front and top view of 3D RWP.

FIGURE 18. The PDF of front and top view of 3D GM.

FIGURE 19. The PDF of front and top view of Z-Independent ST.

FIGURE 20. The PDF of front and top view of Z-Dependent ST.

not uniform at steady status. That is because any waypoint is
randomly selected in 3D space, thereby most destination will
be selected in central area with high possibility according to
the theory of central limitation (i.e. density wave [50]).

Similarly, most nodes are unevenly concentrated within
the central area in front and top view under 3D GM
(See Figure 18), thus its 3D distribution of spatial nodes is
also not uniform at steady status. It is because current speed
and direction is always dependent with the previous, thereby
adjacent destination of node exists quite higher correlation.
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FIGURE 21. The PDF of front and top view of Z-Or-SLMM.

FIGURE 22. The PDF of front and top view of Z-Non-SLMM.

In Z-Independent ST, the node is mainly concentrated
within certain horizontal range in front view. In contrast,
most nodes are distributed in some hotspots in the top view
(See Figure 19). Thus, it is not uniform 3D distribution at
steady status. It is because the horizontal movement is always
independent with the vertical, thereby most nodes can obtain
effective control of altitude. Besides, the adjacent location not
deviates much due to smooth turning path.

Under the Z-Dependent ST, most nodes are merely
distributed in some hotspots in front and top view
(See Figure 20). An eligible reason is the node can freely
move in entire 3D space without effective control of altitude.
Hence, its 3D PDF is also uneven at steady status.

Ignored minor effect of takeoff, most nodes in
Z-Or-SLMM, as theorem 1 say, can be concentrated at
hovering altitude in front view. Finally, the node evenly
access entire area in top view (See Figure 21). The cause is
because the horizontal movement always is orthogonal and
independent with the vertical, thereby the horizontal spread
greatly maintains the uniform distribution of 2D SLMM.
In addition, most nodes can be effectively limited at hovering
altitude in Z-Or-SLMM. Hence, the theorem 1 is credi-
ble, and its 3D PDF of spatial nodes is uniform at steady
status.

In the Z-Non-SLMM, most nodes are distributed within
circular area whatever in front and top view (See Figure 22).
It is because horizontal movement is not independent with
the vertical, so that the node can maintain the uniform distri-
bution of 2D SLMM in both horizontal and vertical aspects.
The phenomenon greatly validates theorem 2, that is the
PDF of spatial nodes is the uniform distribution in the whole
3D space at steady status.

3) THE VALIDATION OF 3D FDF
In [29], we find that the FPF evaluate 2D distribution of spa-
tial nodes with higher precision, compared with PDF. Here,
we introduce FTV into FDF to investigate 3D distribution of
spatial nodes of 3D SLMM.

In 3D RWP, we more clearly see that most node still is
unevenly distributed in the front and top view (See Figure 23).
It is because the destination of node can be randomly selected
in whole 3D space.

FIGURE 23. The FDF of front and top view of 3D RWP.

In 3D GM, many nodes are mainly distributed within the
certain region in front view. Meanwhile, most nodes are con-
centrated in the top of top view (See Figure 24). The credible
reason is the adjacent position of node always deviates minor
due to the higher correlation of speed and direction.

FIGURE 24. The FDF of front and top view of 3D GM.

In Z-Independent ST, most nodes are concentrated in bot-
tom of front view (See Figure 25). It is because the altitude
of node can be continuously varied. In contrast, many nodes
are distributed in some hotspots regions of top view. It is
because the radius of nodes is always randomly selected
before movement.

In Z-Dependent ST, most nodes are distributed in some
hotspot areas in the front and top view (See Figure 26). An eli-
gible explanation is the altitude and horizontal location of
node are able to freely change due to the loss of orthogonality.

In Z-Or-SLMM, most nodes are distributed in the top of
front view (See Figure 27). That is because most nodes,
as the theorem 3 say, will be mainly concentrated at hovering
altitude, compared minor effect of takeoff. Besides, all nodes
are distributed in the central region of top view. It is because
the node can uniformly visit whole horizontal region, so long
as it reaches hovering altitude.
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FIGURE 25. The FDF of front and top view of Z-Independent ST.

FIGURE 26. The FDF of front and top view of Z-Dependent ST.

FIGURE 27. The FDF of front and top view of Z-Or-SLMM.

In Z-Non-SLMM,most nodes can be distributed in the cen-
tral region in front and top view (See Figure 28). Ignored the
effect of lack of data, the result greatly verifies the theorem 4
that the node can evenly move in whole 3D space.

FIGURE 28. The FDF of front and top view of Z-Non-SLMM.

Next, we will investigate some key mobility features of
3D SLMM, such as the smoothness of 3D trajectory and
3D connectivity coverage.

VI. THE MOBILITY FEATURE OF 3D SLMM
In this section, we will investigate some mobility feature
of 3D SLMM. Firstly, we mathematically define some key
metric of 3D mobility, such as the smoothness of 3D tra-
jectory and 3D connectivity coverage. Then, we evaluate
mobility feature of 3D SLMM with these metric.

A. THE 3D MOBILITY METRICS
Here, we mainly focus the smoothness of 3D trajectory and
3D connectivity coverage.

1) THE SMOOTHNESS OF 3D TRAJECTORY
Based on digital signal processing (e.g. [51], [52]), we pro-
pose a novel metric (i.e. the degree of smoothness) in [29]
to quantitatively evaluate smoothness of 2D trajectory. Here,
we extend this metric to 3D space.
Definition 1: We assume that the 3D trajectory can be

written as the form of parametric vector.

r = (X ,Y ,Z ) = (x(t), y(t), z(t)) (11)

Then, the relative vector of first and second order derivative
is obtained as below formulas, respectively.

r ′ = (x ′(t), y′(t), z′(t))

r ′′ = (x ′′(t), y′′(t), z′′(t)) (12)

Hence, its curvature can be expressed below.

K (t) =

∣∣r ′ × r ′′∣∣
|r ′|

3
2

(13)

Thus, the degree of 3D smoothness can be obtained as
below.

SM (t) = K ′(t) (14)

Specially, this 3D trajectory is considered as smooth if the
next condition is true.

lim
t→∞

SM (t) > 0 or lim
t→∞

SM (t) < 0 (15)

2) THE 3D CONNECTIVITY COVERAGE
As we know, the connectivity is related to many factors
(e.g. sending powers, altitudes, channels, environments and
receiver property).

The coverage probability of connectivity has been eval-
uated in many works, based on signal to interference radio
(e.g. [42], [43], [47], [49], [53]). Certainly, it will bring much
high complexity when we mainly analyze network property.

Here, we redefine connectivity with second definitions
in [48]. In this way, we utilize the valid connected range as
the result of considering all influence factors of connectivity.
In other words, the pairs of aerial node x, y could connect with
each other, if the Euclidean distance d(x, y) between them is
less than or equal to the valid connected range Rcom. That is

C(x, y) =

{
1, d(x, y) ≤ Rcom
0, other

(16)
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In which the 1 means valid connectivity, and the 0 means
lost connectivity.

According to geometrical relationship, the 3D covered area
can be expressed at below (See Figure 29).

P(t) =

{
π(R2com − h

2), h > hlow
0, other

(17)

FIGURE 29. The schematic diagram of valid connection.

In which the h means current altitude of aerial node, and
hlow means the minimum threshold of valid altitude.
Here, we propose two metric to estimate the capacity of

connectivity coverage in different aspects (i.e. the ratio of
coverage and the convergence time).
Definition 2: We assume that the area of target zone and

covered zone could be marked as S and P(t), respectively.
Then, we define the ratio of coverage CR as below.

CR = sup(
P(t)
S

) (18)

In addition, we should introduce a new symbol before
another definition (i.e. x = G [y(x)]). It means that the
corresponding variable x when the value of function equal
with y(x).
Definition 3: Similarly, we define the convergence timeCT

as below.

CT = infG
[
sup(

P(t)
S

)
]

(19)

Clearly, the CR means that the maximum ratio of cov-
ered zone in entire zone (See Definition 2). Similarly, the
CT means that the corresponding time when aerial node
reaches maximum coverage ratio (See Definition 3). There-
fore, the reliability and timeliness of connectivity coverage
could be estimated.

B. THE EVALUATION OF 3D MOBILITY FEATURE
Next, we evaluate some key mobility features of 3D SLMM
though simulation.

Here, we imitate a disaster rescue scene where most archi-
tecture has been destroyed by the earthquake. We assume
that the potential searching region is 200m∗200m, and the
initial location of aerial node is the center of the whole region.
Besides, we suppose that the connected range of aerial node
is 12m, and the valid threshold of altitude is 5m.

For the mobility of each node, we select some eligible
parameters in different model to guarantee that the mobility
of each step can be kept almost consistent. For example,
we select 5 m/s as maximum running speed in 3D RWP
and 3D GM. Besides, we select 5m/s and pi/2 rad/s as the
maximum vertical and angular speed in 3D ST and 3D
SLMM, respectively. Moreover, the mean and variance of
pausing and moving time interval is selected as 1 and 2 in
3D ST and 3D SLMM, respectively. In addition, the hovering
altitude is configured as 15m in 3D ST and 3D SLMM. And,
the coefficient of correlation is 0.8 in 3D GM.

Then, we execute this simulation at Matlab2019.

1) THE SMOOTHNESS OF 3D TRAJECTORY
We evaluate smoothness of 3D trajectory of different models
(e.g. 3D RWP, 3D GM, 3D ST, 3D SLMM).

For the sake of credibility, we perform at least 30 times
under each model. Then, we calculate differential coefficient
in equation (12), utilizing numerical approximation. Mean-
while, we reduce its data volume by multiplying by certain
coefficient and summing subsection. After that, we obtain the
optimal result as below.

In 3D RWP, the SM(t) always is almost 0 (See Figure 30).
But it does not imply that its 3D trajectory is smooth, and the
change of sharp direction not occurs (See Figure 1). A cred-
ible reason is that the any path between adjacent waypoint
is always straight line which the curvature is zero. Similarly,
the similar situation occurs in 3D GM (See Figure 31). It is
because its 3D trajectory is constituted by the subsection of
straight line which the curvature is 0 (See Figure 2). Certainly,
3D RWP and 3D GM can capture macro mobility of aerial
node in wide scene (e.g. aviation [26] or aerial cargo [54]).

FIGURE 30. The smoothness of trajectory of 3D RWP.

Obviously, the SM(t) occurs 7 and 9 jumping points
in Z-Dependent and Z-Independent ST, respectively
(See Figure 32, 33). It implies that their 3D trajectory might
occur 7 and 9 unsmooth points respectively. That is because
the 3D ST still inherit inner defect of 2D ST (See Figure 5),
so that some unsmooth points might be produced at adjacent
time interval. Thus, the 3D trajectory of 3D ST is not smooth.
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FIGURE 31. The smoothness of trajectory of 3D GM.

FIGURE 32. The smoothness of trajectory of Z-Dependent ST.

FIGURE 33. The smoothness of trajectory of Z-Independent ST.

In 3D SLMM, the SM(t) all can be kept almost 0 (See
Figure 34, 35). It is because the 3D SLMM greatly maintains
similar smooth trajectory of 2D ST (i.e. the aerial node always
follows smooth trajectory of spiral line) (See Figure 6).
Therefore, their 3D trajectory is smooth.

2) THE 3D CONNECTIVITY COVERAGE
We estimate the capacity of 3D connectivity coverage
under the typical model providing valid connectivity to

FIGURE 34. The smoothness of trajectory of Z-Or-SLMM.

FIGURE 35. The smoothness of trajectory of Z-Non-SLMM.

ground devices (e.g. 3D RWP, 3D GM, Z-Independent ST,
Z-Or-SLMM). Other mobility models facing with spe-
cial flight are not discussed here (e.g. Z-Dependent ST,
Z-Non-SLMM).

To reduce complexity, we sample each 3D trajectories
with low precision, and calculate the covered area at each
sample point. In addition, we reckon the area of entire zone,
and obtain their preliminary results. To improve credibility,
we complete at least 100 times to calculate their 95% confi-
dence interval. Finally, we obtain optimal results as below.

At aspects of CR, the CR reaches almost 87% in 3D RWP
(See Figure 36). That is because the aerial node can provide
valid connectivity to the device on the ground, so long as its
altitude is within effective altitude range. Hence, the CR grad-
ually improves with the increase of number of way points.

In 3D GM, the CR can be kept almost 0. A reasonable
cause is the aerial node cannot exceed the threshold of valid
altitude in limited time due to the high correlation of speed
and direction.

In Z-independent ST, the CR is approximate 68%. It is
because the aerial node will randomly move in entire
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FIGURE 36. The coverage of 3D connectivity under different models.

3D space without effective altitude control, thereby the aerial
node cannot provide connectivity once its altitude reaches the
effective altitude range. Thus, its covered area is quite limited.

In contrast, the CR can approach 100% whatever under
Z-Or-SLMM which the thread pitch (TP) is 0.5m or under
Z-Or-SLMM which TP and the flexible factors (FC) is
0.5m and 1.0m. Under Z-Or-SLMM of same TP, the CR is
decreased to 72% when FC is 0.1. That is because the 3D
trajectory can be effectively limited by FBM at departure
stage, so that a little benefit of coverage may be lost.

However, the CR can improve gradually with the increase
of FC. For example, the CR is almost 72% when FC is 0.1,
but the CR could approach 92% when FC is 0.8. The eligible
explanation is that 3D trajectory can be gradually recovered
when the flexible constraint is relaxed, thereby the loss of
CR can be reduced.

Moreover, the change of TPwill influence the CRwhen FC
is same. As a typical contrast, the CR is almost 74% when TP
is 0.1m, but the CR rapidly approaches 100% when the TP is
1m. It is because the TP change spacing distance of trajec-
tory, which will influence the covered area on the ground.
Hence, the CR will gradually reduce with the decrease
of TP.

For the aspect of CT, the CT lasted more than 28 minutes
in 3D RWP. This is because it’s the aerial node may exceed
effective altitude range with high probability because of ran-
dom location, thereby cannot provide valid connectivity to
the device on the ground.

Obviously, the CT is quite large in 3D GM. It is because
the aerial node may cost more time to reach certain altitude
threshold, due to the high correlation of adjacent location.
In Z-Independent ST, the CT is less than 1 minute. It is
because the aerial node can rapidly reach steady status, with
utilizing random radius and continuous altitude.

In Z-Or-SLMM, the CT approach 1.5minuteswhen TP and
FC are 1.0m and 0.8 respectively. It is because the aerial node

can provide valid connectivity, as long as its altitude beyond
certain valid threshold. Thus, most target has been covered by
aerial node at the departure stage.

Under Z-Or-SLMM of same FC, the change of TP largely
influences the CT. For example, the CT is almost 27 min-
utes when TP is 0.1m, and the CT is almost 2.8 minutes
when the TP is 0.5m. In other words, the CT will gradually
decrease with the increase of TP. An eligible reason is that the
TP determines the spacing distance of spiral line, thereby the
aerial node can rapidly access the whole region when the
TP is large.

Compared with the situation without FC, the CT is
improved to 13.5 minutes when TP is 0.5 and FC is 0.1. The
possible reason is that the FC greatly limits the 3D trajectory
at departure stage, thereby the benefit of relevant coverage
may be lost.

Besides, the CT gradually reduces with the increase of FC
when TP is same. For example, the CT is almost 14.5 minutes
when FC is 0.1, but the CT approach 5.5 minutes when FC
is 0.4, and the CT is almost 3.6 minutes when FC is 0.8. That
is because the benefit of related coverage has been regained
with the decrease of FC, so that the CT will be gradually
reduced.

VII. CONCLUSION AND FUTURE WORKS
In this paper, we propose authentic 3D SLMM for ABN.
Firstly, we review the basic concept of 2D SLMM. Then,
we propose authentic 3D SLMM based on 2D SLMM, such
as Z-Or-SLMM and Z-Non-SLMM. Meanwhile, we pro-
pose a novel flexible boundary model (FBM). The result
shows that the FBM can effectively limit 3D trajectory of
Z-Or-SLMM at the departure stage. In addition, we val-
idate synthetic trajectory of 3D SLMM through the real
traces. Then, we investigate some mathematical features
of 3D SLMM (e.g. mathematical expression, the distribution
of spatial nodes). Furthermore, we propose a novel method of
front and top view to validate mathematical property
of 3D SLMM. The simulation shows that Z-Or-SLMM and
Z-Non-SLMM all possess uniform distribution of spatial
node at steady status. In the further, we define some new
metric to evaluate 3D mobility features of 3D SLMM. The
result proves that Z-Or-SLMM and Z-Non-SLMM all have
smooth 3D trajectory. Compared with other 3D models,
the aerial node can rapidly cover the whole target region
under the Z-Or-SLMM. Moreover, the flexible constraint can
affect 3D coverage efficiency. In other words, appropriate
flexible constraint is beneficial, but too much flexible con-
straint will severely influence the 3D coverage efficiency in
turn.

In the future, we hope to evaluate network performance
under 3D SLMM by other network simulator although
NS2 may not support 3D network. Besides, we will inves-
tigate how the FBM affect network property in ABN.
Finally, the dynamic connectivity issue should be studied
under 3D SLMM.
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APPENDIX A
Proof: To prove the theorem 1, we provide some assump-

tions before. Firstly, we assume that some parameters can
be kept constant during entire flight (e.g. hovering alti-
tude hhover , thread pitch B0, vertical velocity Vz). Besides,
we assume that the mean of angular velocity could be indi-
cated asw0 to simplify this proof. In addition, the time of each
cycle and the maximum outspreading radian are expressed as
TCycle, ϕmax, respectively. Due to the symmetry relationship,
the outspreading and contracting time approximate with a
half of TCycle.

ϕmax =

Tcycle
2∑
0

1ϕ (20)

Next, we start to prove the theorem 1. Here, the curvilinear
equation of the Z-Or-SLMM can be expressed as below.

X (t) = B0 cos(w0t)
Y (t) = B0 sin(w0t)
Z (t) = Vzt

(21)

in which the t express the current running time of the node.
According to the definition, the PDF of Z-Or-SLMM can

be showed as below.

PZ−Or−SLMM =
1

Lspiral
(22)

in which the Lsprial express the arc length of whole trajectory
of Z-Or-SLMM.

Then, we begin to calculate Lsprial . Clearly, the whole pro-
cess of flight consists of the departure stage and the hovering
stage. Due to mutual independence, we can analyze each
stage respectively. That is

Lspiral = Ldeparture + Lhover (23)

Obviously, the node will move according to the SLMM
approaching the hovering altitude. Hence, we utilize directly
the previous result of the SLMM to express the arc length at
the hovering stage.

Lhover=B0

[
ϕmax

√
ϕ2max + 1+ln

(
ϕmax+

√
ϕ2max+1

)]
(24)

In the further, we will reckon Ldeparture. Clearly, the time
reaching the hovering altitude can be expressed at below.

thover =
hhover
Vz

(25)

Next, we express this curvilinear equation of Z-Or-SLMM
as the form of vector.

r(t) = (X (t),Y (t),Z (t))

= (B0 cos(w0t),B0 sin(w0t),Vzt) (26)

And its first derivative can be showed at below.

r ′(t) = (−B0w0 sin(w0t),B0w0 cos(w0t),Vz) (27)

Then, the module value of its first derivative is shown at
below.∣∣r ′(t)∣∣ = √(X ′(t))2 + (Y ′(t))2 + (Z ′(t))2

=

√
(−B0w0 sin(w0t))2 + (B0w0 cos(w0t))2 + V 2

z

=

√
(B0w0)2 + V 2

z (28)

Therefore, the whole arc length at the departure stage can
be reckoned at below.

Ldeparture

=

∫ thover

0

∣∣r ′(t)∣∣ dt
=

∫ thover

0

√
(B0w0)2 + V 2

z dt =
√
(B0w0)2 + V 2

z · t
∣∣thover
0

= thover
√
(B0w0)2 + V 2

z =
hhover
Vz

√
(B0w0)2 + V 2

z (29)

Certainly, the arc length at the departure stage is minor
compared with the hovering stage. Here, we ignore the quite
limited effect of the departure stage to further simplify the
result. So the arc length of entire flight can be expressed at
below.

Lsprial = Ldeparture + Lhover

= B0

[
ϕmax

√
ϕ2max + 1+ ln

(
ϕmax +

√
ϕ2max + 1

)]
+
hhover
Vz

√
(B0w0)2 + V 2

z

≈ B0

[
ϕmax

√
ϕ2max + 1+ ln

(
ϕmax +

√
ϕ2max + 1

)]
(30)

Combined the equation (22) and (30), the PDF of Z-Or-
SLMM can be calculated.

PZ−Or−SLMM

=
1

Lspiral

=
1

B0
[
ϕmax

√
ϕ2max + 1+ ln

(
ϕmax +

√
ϕ2max + 1

)]
=

1
B0

[
ϕmax

√
ϕ2max + 1+ ln

(
ϕmax +

√
ϕ2max + 1

)]
(31)

At this point, the proof has been completed.

APPENDIX B
Proof: To prove theorem 2, we should propose some useful

assumptions at before. Firstly, we assume that the horizontal
and vertical velocity are independent identically distributed,
thereby their mean value marked as w0,w1 can be used to
simplify this proof (i.e. w0 ≈ w1). In addition, the thread
pitch B0 can be kept constant and the preset flight time t0
have been selected. Besides, the time of each cycle and the

VOLUME 8, 2020 125605



D. He et al.: Authentic 3D Mobility Model Based on Spiral Line for Aerial Backbone Network

maximum outspreading radian can be marked as Tcycle, ϕmax,
respectively. Similarly, the under relationship remain valid.

ϕmax =

Tcycle
2∑
0

w01t (32)

Next, we begin to prove theorem 2. Here, the curvilin-
ear equation of the Z-Non-SLMM can be expressed as
below. 

X (t) = B0 sin(w0t) cos(w1t)
Y (t) = B0 sin(w0t) sin(w1t)
Z (t) = B0 cos(w0t)

(33)

in which the t express the current running time of the
node.

According to the definition, the PDF of the Z-Non-SLMM
can be expressed at below.

PZ−Non−SLMM =
1

Lspiral
(34)

Then, we will mainly reckon Lspiral . Similarly, we express
this curvilinear equation of Z-Non-SLMM as the form of
vector.

r(t)

= (X (t),Y (t),Z (t))

= (B0 sin(w0t) cos(w1t),B0 sin(w0t) sin(w1t),B0 cos(w0t))

(35)

And its first derivative can be showed at below.

r ′(t) = (X ′(t),Y ′(t),Z ′(t)) (36)

Therein,
X ′(t) = B0 [w0 cos(w0t) cos(w1t)− w1 sin(w0t) sin(w1t)]
Y ′(t) = B0 [w0 cos(w0t) sin(w1t)+ w1 sin(w0t) cos(w1t)]
Z ′(t) = −B0w0 sin(w0t)

In the further, the square of its first derivative can be
expressed as below.

(X ′(t))2

= B20

w2
0 cos

2(w0t) cos2(w1t)
−2w0w1 sin(w0t) cos(w0t) sin(w1t) cos(w1t)
+w2

1 sin
2(w0t) sin2(w1t)


(Y ′(t))2

= B20

w2
0 cos

2(w0t) sin2(w1t)
+2w0w1 sin(w0t) cos(w0t) sin(w1t) cos(w1t)
+w2

1 sin
2(w0t) cos2(w1t)


(Z ′(t))2

= B20w
2
0 sin

2(w0t) (37)

And, the module value of the square of its first derivative
can be showed as below.∣∣r ′(t)∣∣ = √(X ′(t))2 + (Y ′(t))2 + (Z ′(t))2

=

√
B20
[
w2
0 cos

2(w0t)+ w2
1 sin

2(w0t)+ w2
0 sin

2(w0t)
]

= B0
√
w2
0 + w

2
1 sin

2(w0t) (38)

Hence, the arc length of the Z-Non-SLMM can be reck-
oned at below.

Lspiral

=

∫ t0

0

∣∣r ′(t)∣∣ dt
= B0

∫ t0

0

√
w2
0 + w

2
1 sin

2(w0t)dt

x=w0t
= B0

∫ w0t0

0

√
1+

w2
1

w2
0

sin2(x)dx

w1
w0
≈1
= B0

∫ w0t0

0

√
1+ sin2(x)dx

= B0

[
x
√
1+ sin2(x)

∣∣∣∣w0t0

0

−

∫ w0t0

0
x · d(

√
1+ sin2(x))

]
= B0

[
w0t0

√
1+ sin2(w0t0)

−

∫ w0t0

0
x ·

sin x cos x√
1+ sin2(x)

dx

]

= B0

[
w0t0

√
1+ sin2(w0t0)

−
w0t0
2

∫ w0t0

0

sin x√
1+ sin2(x)

d(sin x)

]
y=sin x
= B0

[
w0t0

√
1+ sin2(w0t0)

−
w0t0
2

∫ sin(w0t0)

0

y√
1+ y2

dy

]

= B0

[
w0t0

√
1+ sin2(w0t0)

−
w0t0
4

∫ sin(w0t0)

0

1√
1+ y2

d(1+ y2)

]
z=1+y2
= B0

[
w0t0

√
1+ sin2(w0t0)

−
w0t0
4
· 2z

1
2

∣∣∣∣1+sin2(w0t0)

1

]

= B0

[
w0t0

√
1+ sin2(w0t0)

−
w0t0
2

(
√
1+ sin2(w0t0)− 1)

]
= B0 ·

w0t0
2

[
1+

√
1+ sin2(w0t0)

]
(39)
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Due to the relationship of symmetry, the arc length of each
cycle of the Z-Non-SLMM can be found as below.

lim
t0→Tcycle

Lspiral

= 2B0 ·
ϕmax

2

[
1+

√
1+ sin2(ϕmax)

]
= B0ϕmax

[
1+

√
1+ sin2(ϕmax)

]
(40)

Combined with the equation (34) and (40), the PDF of the
Z-Non-SLMM is expressed at below.

PZ−Non−SLMM =
1

Lspiral

=
1

B0ϕmax

[
1+

√
1+ sin2(ϕmax)

]
=

1
B0ϕmax

[
1+

√
1+ sin2(ϕmax)

]
(41)

At this point, this proof has been completed.

APPENDIX C
Proof: To prove the theorem 3 and 4, we assume that

the ending time is sufficient. In this case, the FDF could
approximate with the CDF. That is

F(ϕ) ≈ lim
t→∞

C(ϕ) (42)

For the Z-Or-SLMM, its CDF can be expressed as below.

CZ−Or−SLMM (ϕ)

= P(ϕ′ < ϕ)

=

∫ ϕ

−∞

PZ−Or−SLMM (ϕ′)dϕ′

=

∫ ϕ

−∞

1
B0

[
ϕmax

√
ϕ2max + 1

+ ln
(
ϕmax +

√
ϕ2max + 1

)]
dϕ′

=
ϕ

B0

[
ϕmax

√
ϕ2max + 1+ ln

(
ϕmax +

√
ϕ2max + 1

)]
(43)

Therefore, the FDF of Z-Or-SLMM can be reckoned at
below.

FZ−Or−SLMM (ϕ)

≈ lim
t→∞

CZ−Or−SLMM (ϕ)

=
ϕ

B0

[
ϕmax

√
ϕ2max + 1+ ln

(
ϕmax +

√
ϕ2max + 1

)]
(44)

Similarly, the CDF of Z-Non-SLMM can be expressed as
below.

CZ−Non−SLMM (ϕ)

= P(ϕ′ < ϕ)

=

∫ ϕ

−∞

PZ−Non−SLMM (ϕ′)dϕ′

=

∫ ϕ

−∞

1
B0ϕmax

[
1+

√
1+ sin2(ϕmax)

]
dϕ′

=
ϕ

B0ϕmax

[
1+

√
1+ sin2(ϕmax)

]
(45)

Hence, the FDF of Z-Non-SLMM is shown as below.

FZ−Non−SLMM (ϕ)

≈ lim
t→∞

CZ−Non−SLMM (ϕ)

=
ϕ

B0ϕmax

[
1+

√
1+ sin2(ϕmax)

]
(46)

At this point, this proof has been completed.
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