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ABSTRACT Background:Various computational models of the circle of Willis (CoW) have been developed
to non-invasively estimate the blood flow and hemodynamic parameters in intracranial arteries for the assess-
ment of clinical risks such as aneurysms, ischemia, and atherosclerotic plaque growth. This review aims to
categorize the latest computational models of CoW and summarize the innovative techniques. Summary
of Review: In traditional computational models of CoW, the computational complexity increased from
zero-dimensional models to one-dimensional and three-dimensional models. The applications extend from
estimating certain hemodynamic parameters to simulating local flowfield. The innovative techniques include
the combination of models with different dimensions, the extension of vascular structure including heart and
veins, as well as the addition of distal fractality, cerebral autoregulation, and intracranial pressure. There are
some nontraditional models based on fluid-solid-interaction, control theory, and in-vitro experiments. In all
kinds of models, the in-vivo data and non-Newtonian rheological models of blood have been widely applied
to improve the accuracy of hemodynamic simulation. Conclusion: Firstly, the selection of model depends on
its application scenario. The balance between computational complexity and physiological accuracy deserves
further investigation. Secondly, the improvement of CoW models relies on the large-scale validations and
the combination of various innovative modeling techniques.

INDEX TERMS Brain modeling, computational modeling, circle of Willis (CoW), Windkessel effect, pulse
wave, computational fluid dynamics (CFD), cerebral blood flow, intracranial arteries.

I. INTRODUCTION
The intracranial arterial stenosis (ICAS) could cause serious
clinical events such as ischemic stroke. The pathology, diag-
nosis, and treatment of ICAS are still under investigation [1].
The circle of Willis (CoW) forms an interconnected struc-
ture of intracranial arteries and provides alternative routes
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of blood flow in case of ICAS, protecting the brain from
ischemia [2]. However, the blood flow in CoW is difficult
to observe. Recently, various models have been proposed
to computationally investigate the blood flow in CoW. This
review aims to categorize and summarize these models from
a technical perspective.

A. ANATOMY OF CIRCLE OF WILLIS
The CoW connects the posterior and anterior cerebral circula-
tions (Fig.1). In anterior cerebral circulation, the blood flows
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FIGURE 1. Structure of the circle of Willis (CoW). The solid and hollow
arrows represent the directions of blood flows in afferent and efferent
arteries. Afferent arteries: internal carotid artery (ICA), basilar artery (BA),
vertebral artery (VA). Efferent arteries: middle cerebral artery (MCA),
anterior cerebral artery (ACA), posterior cerebral artery (PCA). Connecting
arteries: anterior communicating artery (ACoA), posterior communicating
artery (PCoA). All arteries are bilateral except ACoA.

from the left and right internal carotid arteries (ICA) into
middle cerebral artery (MCA) and anterior cerebral artery
(ACA). In posterior cerebral circulation, the blood flows
from left and right vertebral arteries (LVA and RVA) into
the basilar artery (BA) and finally the left and right posterior
cerebral arteries (PCA). The anterior communicating artery
(ACoA) connects bilateral ACAs. Each posterior communi-
cating artery (PCoA) connects the ipsilateral PCA and ICA.

B. CLINICAL SIGNIFICANCE
The CoW is the primary collateral system protecting the
brain from ischemia when occlusions occur in the intracra-
nial arteries [2]. When a stenosis less than 86% occurs in
an afferent artery, an intact CoW could re-route the blood
flows in the circle to maintain the normal efferent flows [3].
However, with anatomical variations of CoW among individ-
uals, intact CoW structure exists in less than 50% of general
population [4], [5]. Due to the complicated hemodynamics,
the arteries in CoW are susceptible to atherosclerosis and
aneurysm [6]. Conversely, the existence of atherosclerotic
plaques and aneurysms could influence the hemodynamics of
CoW [7]. Therefore, the hemodynamic analysis is important
to understand the physiological and pathological phenomena
of CoW.

C. RATIONALE OF REVIEWING COMPUTATIONAL
MODELS OF COW
Despite the clinical significance, the blood flow in CoW is
difficult to observe, requiring invasive methods or expensive

clinical imaging techniques. However, the blood flow in CoW
could be non-invasively simulated with computational mod-
els. Furthermore, some hemodynamic parameters (pressure,
wall shear stress, etc.) are impossible to be continuously
recorded with current techniques, but could be estimated
using computational models. Thus, computational modeling
of CoW has attracted investigational interests in recent years.
Various computational models of CoW have been developed
and applied in the pathophysiological and clinical studies of
intracranial arteries.

Nevertheless, currently there is a lack of a comprehensive
review on the computational models of CoW regarding to
their computational (or theoretical) basis, advancements, lim-
itations, and applications. To comprehensively understand
and categorize the state-of-the-art techniques applied in the
modeling of CoW, and to summarize the technical innova-
tions, we reviewed the related literature on simulation and
modeling of CoW in recent 6 years.

II. LITERATURE SEARCH
With the keywords ‘‘circle of Willis’’ combined with
‘‘modeling’’ or ‘‘simulation’’, publications between 2013 and
2019 were searched on the database of PubMed, Web of
Science Core Collection, IEEE Xplore Digital Library, and
https://scholar.google.com.More than 80 articles were found.
Excluding the unrelated results, and thosewritten in other lan-
guages with parallel English versions, 80 items were finally
selected. There were 3 book chapters, 4 theses, and 73 jour-
nal articles or conference papers. Two journal articles were
written in Japanese and German [8], [9]. All the other items
were in English.

The reviewed models were classified into traditional
and nontraditional models. Traditional models could be
categorized by their dimensions: the zero-dimensional
(0D, or lump-parameter) models based on the Windkessel
effect, the one-dimensional (1D) models based on simplified
Navier-Stokes equations, and three-dimensional (3D) com-
putational fluid dynamics (CFD) models based on the 3D
geometry of arteries. Nontraditional models include the fluid-
structure-interaction (FSI) models, the in-vitro experimental
models, and the models based on control theory. To improve
the accuracy of simulating blood flow and hemodynamic
parameters, innovative modeling techniques such as combi-
nation of 0D, 1D, and 3D modes, addition of intracranial
pressure, and non-Newtonian rheological models of blood,
have been applied in the CoW models.

In the following sections, the 0D, 1D, 3D, and
nontraditional models were discussed categorically. In each
category, the computational basis and model composition
were introduced. The details of technical innovations were
analyzed regarding to the applications in physiological and
pathological studies. Finally, from a technical view, we sum-
marized the innovations and limitations of the models in
different categories, and suggested some directions for future
works.
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FIGURE 2. Three 0D (Windkessel) models of intracranial arteries. The P,
Q, R, C, and L denote blood pressure, flow rate, resistance, capacitance,
and inductance. The subscripts of i, o, p, and d denote inlet, outlet,
proximal, and distal. The resistance (R), capacitance (C), and inductance
(L) elements simulate the effects of vessel resistance, vessel compliance,
and blood inertia.

III. TRADITIONAL MODELS
A. ZERO-DIMENSIONAL MODELS
1) MODEL STRUCTURE
The structure and parameters of 0D (lump-parameter,
or Windkessel) models are derived from the electrical anal-
ogy of elastic intracranial arterial walls. The resistance (R),
capacitance (C), and inductance (L) elements simulate the
effects of vessel resistance, vessel compliance, and blood
inertia. Fig.2 shows three common 0D models of intracranial
arteries: the R, RC, and RCL models. In the RC and RCL
models, the resistances are divided into the proximal (p) and
distal (d) parts. According to the Poisueille’s law, the flow
resistance in an artery is inversely proportional to the square
of its cross-section area: R = 8µl/A2, where R, µ, l and A
denote the flow resistance, the blood viscosity, the length and
cross-section area of the artery [10]. The distal resistance (Rd)
is in 1-2 higher magnitude order than the proximal resistance
(Rp) [11]. Compared with 3-element 0D RC models, adding
more R, C, and L elements to simulate distal branches could
improve the accordance of derived flow velocity with the
physiological measurement results, in the cost of increased
computational complexity [12].

2) METHODS TO IMPROVE ACCURACY
Fractality is an important property of the cerebrovascular
flow resistance [13].With decreasing diameter, the flow resis-
tance show fractal growth in small arteries, arterioles, and
capillaries. The 0D fractal structure of distal flow resistance
can be used as the outlet condition in 1D and 3D models
(Fig.3b, c). The 0D models with fractal distal flow resistance
have been applied in calculating the transfer function and the
arrival time map of the brain [14], and in estimating the effect
of arterial obstructions in CoW on the blood flow in distal
tissues [15].

The effect of bifurcation on flow resistance is often
neglected in 0D models, which could cause inaccurate esti-
mation of blood flow. Chnafa et al. investigated the pressure

drop at intracranial arterial bifurcations. The results indi-
cated that, compared with 3D models, lower dimensional
(0D and 1D) models could overestimate the blood flow due
to the omission of pressure drops at arterial bifurcations [16].

To improve the accuracy of simulating blood flow in
CoW, physiological regulation of cerebral blood flow has
been considered in some 0D models. Autoregulation is an
important mechanism to maintain the intracranial blood flow
within the normal range. A static simulation based on 0D RC
model showed that autoregulation could effectively preserve
the intracranial blood flow during arterial occlusion (blood
flow reduction: 1.0% and 7.1% with and without autoregula-
tion) [17]. Besides the CoW, another anatomical structure for
cerebral circulation regulation is the leptomeningeal anasto-
moses (LA) which connect the terminal cortical branches of
major intracranial arteries. Phan et al. compared the ability
of LA and CoW in maintaining the cerebral blood flow when
occlusion occurred in ICA, MCA, and distal branches [2].
They concluded that CoW could maintain the blood flow
perfusion in distal brancheswhen occlusion happened in large
intracranial arteries, while LA could maintain the perfusion
even when occlusion happened in distal small branches.

The intracranial pressure (ICP) could influence cerebral
blood flow by changing the contraction of arterial wall,
therefore has been included in some 0D models. ICP is
defined as the pressure on the brain tissues and outside the
intracranial arterial wall, which influences the intracranial
arterial blood flow and could be simulated by 0D models.
Sethaput simulated the intracranial artery blood flow with
traumatic brain injury and hydrocephalus [18]. The results
indicated that both the elasticity of arterial wall and the ICP
contributed to the Windkessel effects in intracranial arteries.
Another study of ICP based on 0D model included two
technical innovations [19]. Firstly the non-Newtonian effect
was considered. The blood is a non-Newtonian fluid due to its
shear-thinning caused by the distinct behavior of erythrocytes
under different shear rates. The Newtonian fluid model is
widely applied for simplification. Here the non-Newtonian
viscosity was derived from the hematocrit value. Secondly,
veins were included in the model. The limitations were the
static simulation and the lack of in-vivo validation.

3) APPLICATIONS
The 0D models of CoW have been applied in the simula-
tion of different physiological conditions by adding in-vivo
boundary conditions, refined flow resistances, and regulating
mechanisms of cerebral blood flow. Zhang et al. used an
intracranial RCL network to study the effects of body position
changes on the intracranial blood flow, and concluded that
CoW plays a significant role in maintaining the balance of
cerebral blood supply during postural change [20]. As afore-
mentioned, 0D models have been widely used in simulating
the occlusion of intracranial arteries. Using RCL models,
Abdi et al. built an arterial tree which started from common
carotid artery with a heart model added, to investigate the
effect of ICA occlusion [10], [21] and aneurysm [22] on
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FIGURE 3. Computational models of CoW and boundary conditions. (a) A 0D model. The structure of arterial tree (left), the 0D
elements (middle), and boundary conditions (right). Arteries and outlets were simulated by RLC and RC elements. The patient-specific
inlet flow rate at ascending aorta was derived by the PC-MRI [24]. (b) A 1D model. The 0D fractal tree model was adopted as outlet
condition (left). In-vivo flow rates at ICAs and VAs were applied at the inlets (middle). Three different outlet conditions were used:
absorbing, constant pressure of 20mmHg, and a three-element RCR 0D model. The flow rate and pressure were derived in three
different outlet conditions and compared (right) [30]. (c) A 3D model. The inlet flow was derived from PC-MRI. At the outlet, the 1D and
0D models simulated the distal intracranial arteries and microcirculation (arterioles, capillaries, and venules) respectively [9].
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the intracranial blood flows. Zhang et al. used RCL mod-
els to evaluate the compensatory capability of CoW during
unilateral ICA occlusion by observing the symmetric degree
of blood flows in bilateral hemispheres [23]. Transcranial
Doppler measurements were used for validation. The results
presented the formation of collateral circulation through the
ACA and the ipsilateral PCoA during ICA occlusion.

In different applications, the 0D models differ in structural
complexity. RCL models could be patient-tailored by
adjusting the parameters with Kalman filters according to the
in-vivo data [24].

When focusing on the aorta blood flow, the CoW could be
omitted in simulation due to its limited effect on extracranial
blood distribution [25]. With 0D Windkessel elements and
1D wave transmission elements, Manini et al. built a vessel
network from the aorta inlet to the veins [26]. The capacitance
of vein was delineated by a non-linear pressure-diameter rela-
tionship. Moreover, the extravascular pressure was included.
Considering its ability to simulate the surgical operations,
further validation of this model based on in-vivo data is
significant for clinical applications.

B. ONE-DIMENSIONAL MODELS
Due to the simplified structure, 0D models could not reflect
the pulse wave propagation and the changes of hemodynamic
parameters along the arteries. These hemodynamic effects are
important in patient monitoring by diagnostic devices such
as transcranial Doppler or continuous blood pressure moni-
tor [27]. One-dimensional models were therefore proposed.

1) MODEL STRUCTURE
The 1D models represent the changes of hemodynamic
parameters along the arteries, using simplifiedNavier-Strokes
equations:

∂A
∂t
+
∂Q
∂z
= 0

∂Q
∂t
+
∂

∂z

(
Q2

A

)
+
A
ρ

∂P
∂z
+ KR

Q
A
= 0

where A, Q, P, t, z, and ρ denote the arterial cross-section
area, flow rate, pressure, time, length along the arterial axis,
and blood density. KR is a resistance parameter related to the
viscosity of blood [28].

To make the system solvable, another equation of A and P,
which indicate the material property of artery wall, is added:

P− P0 =
Eh0

r0
(
1− σ 2

) (√ A
A0
− 1

)
where h is the thickness of the arterial wall, and the sub-
script 0 denotes the reference state. E is Young’s modulus
and σ is the Poisson ratio. The equations can have different
forms [27], [29].

2) METHODS TO IMPROVE ACCURACY
With different parts of arteries included, 1D models of
CoW differ in their geometrical and structural complexity.

Some models included only the intracranial arteries and used
the in-vivo flow rate at the inlets [30], [31]. Many models
started from the aorta [3], [27], [32]–[36] while veins could
be added [8]. In some models, with the veins at the outlets,
0D heart models were added at the inlet [28], [37], [38].
Autoregulation could be simulated by using flow-dependent
resistance at the outlets [27]. Huang et al. proposed a com-
prehensive cardiovascular system model which included a
lumped model of the circulation between the heart and the
lungs, 1D models of arteries and veins, and 0D Windkessel
models of microcirculation [39].

Besides comprehensive vascular structure, the viscoelastic
arterial wall model and the combination with physiolog-
ical parameters have been applied in some 1D models.
With the patient-specific 1D model based on the geometry
derived from magnetic resonance angiography, Huang et al.
compared a linear elastic wall model and a viscoelastic
Kelvin-Voigt biomechanical wall model. Compared with
the in-vivo measurement of cerebral blood flow velocity,
the average root-mean-square relative differences of linear
elastic wall model were less than 4.3%. The viscoelastic wall
model achieved even lower differences [40]. To estimate ICP
from cerebral blood velocity and blood pressure, Wang et al.
combined a 1D CoW model with a Windkessel model which
included cerebral blood flow, cerebrospinal fluid, and ICP.
They developed a data-augmented method with a Bayesian
data assimilation (DA) framework based on Kalman filter-
ing, and successfully estimated ICP from in-vivo measure-
ment of blood pressure and blood velocity in MCA, with
error less than 2mmHg [41]. In summary, 1D models could
non-invasively estimate more hemodynamic parameters
which are difficult to measure, compared with 0D models.

As in 0D models, some 1D models applied in-vivo data
[28], [30], [40]–[42] while the majority 1D models still need
in-vivo validation [3], [8], [27], [28], [31], [34]–[39], [43].
1D fractal arterial trees could be applied as the outlets of
intracranial arteries [30]. Compared with 0Dmodels, the arte-
rial radius is variable in 1D models [32]. In 0D models,
fractal structures were mainly used to simulate distal resis-
tance. Misgeld et al. included the fractals of resistances,
capacitances, and inductances in their 1D model [8], [44].
They derived the fractal parameters from the biomechanical
properties of arterial walls and investigated the pulse wave
transmission.

Similar with 0D models, 1D models could not reflect
the flow distribution on the cross-sections of the arteries or
the shear thinning effect. Therefore, Newtonian fluid model
was widely used in 1D models for simplification while
non-Newtonian fluid models were applied in some models to
simulate the Fåhræus–Lindqvist rheological effect [30], [32].

3) APPLICATIONS
1D models present the transmission of pulse wave in CoW.
Related physiological phenomena could be simulated: the
multiple stenosis in intracranial arteries [42], the effects
of arterial occlusion [33], [34] or abnormal structure of
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CoW [39] on intracranial blood flow, the effect of distal flow
resistances on the collateral flow pattern in normal CoW [35],
the collateral flow patterns in dysplastic CoW [3], the detec-
tion of cerebral vasospasm [43], the estimation of intracranial
pressure from cerebral blood flow velocity and blood pres-
sure [41], the aging effect on cerebral blood flow [37], and
the pharmacokinetics in the intracranial arteries [36].

C. THREE-DIMENSIONAL CFD MODELS
1) MODEL STRUCTURE
The 0D and 1Dmodels could simulate the overall distribution
of blood flow but not the local flow field. The three dimen-
sional (3D) models were therefore proposed to describe
the local flow field, and to estimate some hemodynamic
parameters such as wall shear stress.

3D models are based on the Navier-Strokes equations:

ρ

(
du
dt
+ u · ∇u

)
= −∇p+ µ∇2u+ f

−∇u = 0

where ρ and µ are the density and viscosity of blood, while
u, p and f denote the velocity, pressure and body force [45].
With boundary conditions added, the 3D equations could be
numerically solved using CFD method (Fig.3c). In this part,
our discussion was limited to the 3D CFD models with rigid
wall assumption. The FSI models and 3D in-vitro models
would be detailed later as nontraditional models.

2) METHODS TO IMPROVE ACCURACY
Geometry is a decisive factor of the accuracy of CFD simu-
lation. Individual differences in intracranial arterial anatomy
limited the efficiency of manual extraction of arterial geome-
try for CFD simulations [46]. In the 3Dmodels, the geometric
models could be categorized into the idealized and in-vivo
ones. The idealized models are built by the computer-aided
design (CAD) tools. An idealized model could be a simple
one based on several geometric parameters [47], a local 3D
geometry coupled with 0D artery tree at inlet and outlets [48],
or a structure rebuilt from the in-vitro model [49], [50].
More patient-specifically, some idealizedmodels were recon-
structed from the central lines extracted from the clinical
imaging of intracranial arteries [51]–[53] or an intact arterial
structure starting from the aorta [5], or derived from changing
the topology of CoW reconstructed from patient-specific CT
images [54]. In-vivo geometric models were reconstructed
directly from the patient-specific imaging data. They can
present intracranial arteries only [9], [55]–[62] or with aorta
and extracranial arteries included [45], [63].

Boundary conditions are important for 3DCFD simulation.
0D [48], [59], [62] and 1D models [47] were adopted as
boundary conditions in some 3D models. Yamada et al.
jointed 1D models to the outlets of their 3D model, and
attached 0D models to the outlets of 1D models, forming
a cascading arterial tree (Fig.3c) [9]. Berg et al. used the
in-vivo flow rate at the inlet and distributed it to outlets by 0D
flow resistances according to Murray’s law [55]. To simulate

the reversed Robin Hood syndrome, Piechna et al. used
the 0D flow resistance with autoregulation as the outlet con-
dition [49].

The differences in boundary conditions between in-vivo
and literature data, and between individuals, could lead to
inaccuracy in CFD simulations [64]. The flow rates derived
from in-vivo measurement were widely adopted as the inlet
condition [9], [51], [55], [58], and could be applied at the
aorta inlet and external carotid artery outlet [45].

Various hemodynamic parameters, such as in-vivo velocity
[63], unified velocity for all the afferent arteries [56], and
blood pressure [5], [52], [53], [61], were adopted as outlet
conditions. Zero pressure was not a physiologically realis-
tic outlet condition [45] but could be used to estimate the
pressure drop along the arteries [58]. In Ghaffari et al.’s
model, the outlet pressure was adjusted according to in-vivo
measurements to achieve patient-specific simulation [51].
Mamatyukov et al. used the blood pressure and flow velocity
measured by a 0.014-inch dual-sensor wire for model vali-
dation [65]. In some studies, the inlet and outlet conditions
were set according to the results of in-vitro experiments
[50], [54], [57] or 1D simulation [60], [66].

3) APPLICATIONS
Firstly, 3D CFD models could simulate physiological and
pathological phenomena such as the anatomical variation of
CoW [52], [54], the intracranial stenosis and aneurysm [9],
[50], [54], [55], [67], the carotid stenosis [48], the surgery
of aneurysm [65], the Reversed Robin Hood Syndrome [49],
and the travel trajectories of intracranial emboli under steady
flow [56]. Secondly, 3D CFD could simulate some clinical
treatments such as the bypass surgery for moyamoya dis-
ease [58], the cardiopulmonary bypass procedure [63], and
the endovascular mechanical recanalization [62].

Some hemodynamic phenomena could only be investigated
with 3D models. Reorowicz et al. included the turbulence
effects in their model [5]. Considering the tortuosity and
varying radius of intracranial arteries, Ghaffari et al. proposed
a new meshing method that could improve the efficiency and
accuracy of CFD calculation [51].

4) COMPARISON BETWEEN 0D, 1D, AND 3D MODELS
The differences between 0D, 1D and 3D models are
summarized in Table 1. Firstly, the 0D and 1Dmodels present
only the flow and pulse wave while the 3D CFD models
present the flow field. Therefore 3D models could be used
to estimate any hemodynamic parameter. Secondly, 0D and
1D models are highly simplified in geometry, whereas 3D
models basically preserve the real geometry of intracranial
arteries despite the inaccuracies in imaging, segmentation,
and amendments.

Especially, the 3D models are more appropriate to
simulate the complex geometry of CoW. The intracranial
arteries are highly curved, making CoW particularly
susceptible to atherosclerosis and aneurysms [60], [62]. 0D
and 1D models simulate the pulse wave propagation at low
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TABLE 1. Comparisons between 0D,1D, and 3D models of the circle of Willis.

TABLE 2. Main innovative techniques in the modeling of the circle of Willis.

computational costs. But the calculation was based on the
approximately unidirectional steady flow without sudden
changes in the cross-sectional area. Therefore, 0D and 1D
models require additional empirical laws to simulate some
geometric structures such as vessel curvatures, stenoses, and
aneurysms [31]. The local hemodynamic conditions around
these geometric structures are necessary to investigate the
pathological phenomena but could not be presented in 0D
or 1D models.

Compared with 0D and 1Dmodels, in the 3D models more
non-Newtonian rheological models have been applied such
as the Carreau model [45], [53], [54], the Carreau-Yasuda
model [55], the power-law model [5], the Casson model [47],
and more complicated models in which the viscosity was
derived from the hematocrit value [9], [68].

Focusing on the pulse wave transmission, the 0D and 1D
models were mainly transient. However, in the 3D CFDmod-
els, the transient simulation consists of the solutions of many

VOLUME 8, 2020 156267



H. Liu et al.: State-of-the-Art Computational Models of Circle of Willis With Physiological Applications: A Review

FIGURE 4. Some nontraditional CoW models. (a) A patient-specific FSI model for simulating embolism in the CoW. The probability of cardiac emboli
reaching CoW was estimated based on emboli size and instance of release in a cardiac cycle [75]. (b) An in-vitro model. Firstly the flexible silicone model
was built based on the geometry reconstructed from MRI imaging (left). The boundary conditions were imposed at the inlets and outlets of the
model (middle) to derive the flow rate and pressure (right) [84].

independent time-steps, therefore needs more computational
sources. When only time-averaged estimation of hemody-
namic parameters is needed, the static 3D CFD simulation
could be an appropriate option [49], [52]–[54], [56], [58],
[62], [63].

IV. NONTRADITIONAL MODELS
In traditional models, the elasticity of artery wall was highly
simplified (the capacitance in 0D models, the unified arte-
rial wall in 1D models) or neglected (the assumption of
rigid arterial in 3D models). It has been proven that rigid
wall assumption could cause 8% - 50% overestimates of the
maximum wall shear stress in some local regions [61, 66].
Considering the effect of arterial wall elasticity on the flow
field, the FSI models have been proposed to simulate the
interaction between blood flow and arterial wall deformation.

We found 8 FSI models of CoW. Ivanov et al. measured
the material properties (Poisson’s ratio, elastic modulus, etc.)
from more than 100 human arterial samples of CoW for FSI
modeling [69]. The FSI models could simulate the blood
flow in CoW [70] and its fluctuations under cervical rotator
manipulation [71]. With in-vivo measurement of blood flow
velocity by transcranial Doppler as inlet condition, capillary
blood pressure as outlet condition, and age-related elastic
modulus of arterial wall, Jahed et al. investigated the effects
of different hemodynamic and mechanical parameters (wall
shear stress, blood pressure, mechanical stress, displacement)
on the formation of aneurysms [72]. They found strong effects
of these parameters on the size of aneurysm and the risk
of aneurysm rupture at arterial bifurcations or the neck of
aneurysm. Based on in-vivo measurement of cerebral blood
flow velocity and clinical imaging (CT, MRI), Razaghi et al.
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built a comprehensive FSImodel including CoW, brain, skull,
CSI, and neck to estimate the effect of traumatic brain injury
on the risk of cerebral aneurysm rupture. They found the
increase in the pressure and blood velocity in intracranial
arteries after injury [73]. In estimating the risk of embolism
in CoW, compared with the 3D CFD model [56], the FSI
model more specifically reflected the effects of size and
rigidity of the embolus on the occurrence of embolism [74].
Furthermore, Mukherjee et al. divided the embolism pro-
cess into three independent steps, and estimated the risks
of embolism from a probabilistic view using FSI simulation
(Fig.4a) [75]. They applied the FSImodel in 24 cases and con-
cluded that anatomical variations of CoW significantly influ-
enced embolus distribution to the six major cerebral arteries
while MCA territory was least sensitive to the influence of
anatomical variations [76].

Based on the ordinary differential equations abstracted
from the 0D and 1D models, Sui et al. proposed a non-linear
difference control model of CoW and used it to estimate the
cerebral blood flow [77], [78]. Based on the models they
investigated cerebral infarction [79] and the acupunctural
treatment [11], [80]. This model is potential for clinical use
but needs further validation using in-vivo data.

Finally, in-vitro experimental models of the CoW have
been proposed. In 3D CFD models, there were geometric
models reconstructed from in-vitro models [49], [50], [54]
and experiments on in-vitro model for validation [60]. The
CFD simulation could assist designing the in-vitro phan-
toms [57]. In in-vitro experimental models, the geometry was
reconstructed from patient-specific imaging data. Specific
fluid and elastic materials were used to simulate the blood and
arterial walls. In-vitro experiment models have been applied
in investigating the interaction between anterior and posterior
cerebral circulations with serious ICA stenosis [81], validat-
ing patient-specific 1D models [82], explaining the liability
of the CoW to aneurysms [83] , and estimating the effects
of geometric variations on the formation of aneurysms in the
CoW (Fig.4b) [84].

V. SUMMARY AND CONCLUSION
A. SUMMARY
Due to its significance in clinical and physiological studies,
the modeling of CoW has attracted much attention. With sim-
plified geometries, the 0D and 1D models (12 and 19 items)
were mainly used to estimate the blood flow distribution or
certain physiological parameters. In this review, the majority
of the recent models are the 3D models (28 items). With
the ability to simulate the local fluid field, the application
background of 3D models expanded from estimating physio-
logical parameters to simulating the diagnosis and treatment
of specific diseases (Table 1). Compared with 3D CFD mod-
els, the FSI models (7 items) could simulate the flow field
more accurately at a higher computational cost. Therefore
FSI models were only applied in the situations where the
elasticity of artery wall or embolus was indispensable. The
models based on control theory (5 items) were innovative in

simulating the CoW-oriented treatments but needed further
validations. The in-vitro experimental models (9 items, 4 pure
in-vitro studies) enabled the direct observation of blood flow
in CoW, but the outlet resistance and capacitance are needed
for more accurate simulation.

Compared with these earlier studies, recent traditional
(0D, 1D, and 3D) models have been developed with more
complex structure (3D-1D-0D coupling, Fig.3c), and more
components added to simulate different physiological and
pathological conditions. The non-traditional models provided
novel perspectives of modeling CoW. The details of the inno-
vations and their applications will be analyzed below.

B. TECHNICAL INNOVATIONS
Some state-of-the-art techniques in CoW modeling were
summed up in Table 2. In the 0D and 1D models, major
innovations included more advanced elements to simu-
late certain anatomical structure (veins, heart, cerebrospinal
fluid, etc.) or physiological phenomena. In the 3D models,
the innovations included more advanced models to describe
the rheological and mechanical properties, the turbulence
model, and other details related to local flow field. In all
these models, in-vivo data were important towards providing
patient-specific estimation of blood flow in the CoW.

C. APPLICATIONS: MODEL SELECTION
The selection of model depends on the application scenario.
Static simulations are appropriate if the transient fluctuation
is not the focus. The 0D and 1D models are acceptable for
estimating the blood flow in the CoW. Existing 0D and 1D
models have shown good accordance with clinical measure-
ment in estimating blood flow [23], [24], [28], [30], [31].
However, 3D CFD models are necessary if the local flow
field is focused. Though 0D and 1D models can reflect the
physiology, it is important to calibrate these models to fit
patient-specific 3D CFD or FSI models to achieve the relia-
bility in estimating hemodynamic parameters. To investigate
the interaction among blood flow, arterial wall, and embolus,
FSI models should be applied at a higher computational
cost.

Calculations could be finished in seconds for 0D and 1D
models, but in hours and days for CFD models, and even
longer for FSI models. A parallel study on coronary arteries
indicated that the time length for a FSI simulation could be
more than 20 times of that for the corresponding CFD sim-
ulation [85]. It is computationally unaffordable to simulate
the whole human circulatory system which consists of more
than 50,000 miles of blood vessels. The seamless and reliable
coupling among FSI, 3DCFD, 1D, and 0Dmodels plays a key
role in reducing the computational complexity.

D. LIMITATIONS
Firstly, the structure of arteries needs to be extended. Some
0D and 1D models started from the aorta, or included the
whole cardiovascular system including heart, veins, and cap-
illaries while the majority of 3D and FSI models included
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only the CoW. It has been shown that compared with local-
ized arterial model, the extended vessel structure could
improve the accuracy of estimating wall shear stress in
aneurysms [66].

Secondly, many physiological details are often neglected
such as the non-Newtonian effect of blood, the viscoelastic-
ity of artery wall, and the effect of ICP on cerebral blood
flow.

Thirdly, the application of patient-specific imaging data
and hemodynamic parameters is limited. Patient-specific
arterial geometry was widely applied in 3D and FSI models.
In the majority of 0D and 1D models, and all the control
theory models, results were validated by comparing with
the data in literature, or not validated. For in-vitro models,
the bidirectional flow in a cardiac cycle was difficult to
perform at outlet [82]. Currently, it is difficult to measure the
flow velocity in intracranial arteries. Therefore, there are few
patient-specific models of CoW that are fully validated by
in-vivo measurement.

Finally, most of the existing studies have not been applied
in clinical diagnosis and treatment. On the one hand, the num-
ber of patient-specific models did not exceed 30 in all the
computational studies (in Ivanov et al.’s study, more than
100 cases were included but have not been simulated indi-
vidually [69]). Large-scale validations are still needed before
further clinical application. On the other hand, for 3D and FSI
models, the computational complexity limited the real-time
clinical application.

E. FUTURE DIRECTIONS
Considering the limitations of current CoW models, some
improvements could be considered in future studies. Firstly,
the extended arterial structure and other physiological effects
(non-Newtonian blood model, viscoelastic artery wall model,
and ICP) are needed to improve the accuracy of models in
estimating hemodynamic parameters. Secondly, large-scale
validation is need for the clinical application of the models.
Thirdly, to achieve fast estimation of hemodynamic parame-
ters in local flow field, the combination of low-dimensional
(0D and 1D) and high-dimensional (3D, FSI) models
deserves further investigation.
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