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ABSTRACT In this paper, a dynamic fractional order sliding mode control method based on a double
feedback fuzzy neural network controller is proposed to deal with the unknown parameters and upper
bound of uncertainty. Firstly, the switching function of the dynamic fractional order sliding mode control is
designed, which not only fixes switching function of the ordinary sliding mode control, but also increases
the fractional order, so that the switching function has a higher degree of freedom. In addition, the expert
experience of fuzzy logic and the self-learning ability of neural network are used to improve the control
accuracy and estimate the upper bound of uncertainty. Meanwhile, by using Lyapunov stability theory, the
adaptive laws of unknown parameters in the system are derived to realize online adjustment, which increases
the robustness of the system. Finally, the simulation results show that the proposed control method is more
effective than the ordinary adaptive sliding mode control method in terms of convergence speed, parameter
fitting effect, output signal tracking speed and tracking error.

INDEX TERMS Fractional order, dynamical sliding mode control, fuzzy system, neural network, micro
gyroscope.

I. INTRODUCTION
Gyroscope is an angular motion detection device, which was
first used in navigation. With the development of science
and technology, the types of gyroscopes have increased, and
the application fields have become more and more exten-
sive, such as automobile safety, smartphone [1], aircraft,
etc. With its own advantages, micro gyroscope has become
one of the important directions for the future development
of gyroscopes. Due to the limitation of the technology, its
accuracy is far lower than that of traditional gyroscopes,
and various control methods can be used to improve its
accuracy and performance. In [2], by comparing the working
state of the gyroscope with the reference model, the key
system parameters can be estimated online using adaptive
control method. In [3], a sliding mode control method based
on system identification is presented to control autonomous
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aerial vehicles. Song et al. [4] presents a parameter-based
sliding mode finite-time bounded control to study the mean
square finite time bounded control of uncertain stochastic
systems. Therefore, sliding mode control is used to improve
the accuracy and unbiased tracking of output signals in micro
gyroscopeswith uncertainty and external disturbance. Fei and
Feng [5] proposed an adaptive fuzzy super-twisting sliding
mode control, to improves the performance of the system.
In [6], Chen and Fei derived a fractional order adaptive sliding
mode controller to estimate the unknown parameters in micro
gyroscope.

The mathematical model of neurons in neural networks
was first proposed by Mcculloch and Pitts in 1943. It has
been widely used in image processing [7], load forecast-
ing [8], medical device [9] and pattern recognition [10].
The greatest advantage of artificial neural networks is that
the observed data is continuously learned as a mechanism
for approaching arbitrary function. In order to improve the
robustness of the single-link flexible manipulator control,
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an adaptive neural approximator is used to compensate for
the system uncertainty, and a sliding mode control method is
designed to rapidly move the system joint to a predetermined
position and suppress the vibration on the manipulator [11].
Saeed et al. [12] discusses the process of vehicle route deci-
sion making by using cognitive memory to store the route
experience. It utilized the artificial neural networks to mini-
mize the learning error rate and achieve the cognitive route
decision. In [13], Qian and Fan proposes a terminal sliding
mode control method to control the load frequency of renew-
able energy power generation system, and designes radial
basis function neural networks to approximate the entire
uncertainty of the system. In [14], a new robust backstepping
slidingmode controller for twelve-rotator UVA based on self-
recurrent wavelet neural network is proposed to estimate the
lumped uncertainty, improve the accuracy, and enhance the
robustness. Novel adaptive neural network controllers are
proposed for a class of dynamic system and active power
filters in [15]–[18].

Because the discontinuity of the reaching law in the ordi-
nary sliding mode control is transferred directly to the con-
trol, which causes system chattering. The first-order dynamic
sliding mode control corrects the switching function of the
ordinary sliding mode control. The modified switching func-
tion is not only related to the system state, but also to
the system control input. It transfers the discontinuities to
the first derivative of the control and reduces the chatter-
ing. In [19], a global dynamic sliding mode control method
is presented to meet the high-performance requirement of
PMSM speed servo system for non-sinusoidal oscillation
control system of continuous casting crystallizer. In [20],
Fethalla et al. proposed a closed-loop system consisting of
dynamic sliding mode controller and backstepping controller,
which is combined with a nonlinear disturbance observer to
track the attitude trajectory of a quadrotor UAV. In [21], [22],
a dynamic sliding mode controller with integral switching
gain and an adaptive neural dynamic terminal sliding mode
controller is presented to approximate the harmonic compen-
sation performance of APF. In [23], an intelligent dynamic
sliding mode control method based on field programmable
gate array is presented, and recurrent wavelet neural network
estimator is used to control the motion position of linear
ultrasonic motor. When designing a sliding mode controller,
the advantages of fractional calculus algorithm can be utilized
to ensure the fast response of the closed-loop system in the
presence of disturbances. The method combining fractional-
order calculus algorithm with sliding mode control is used
in satellite systems [24] and permanent magnet synchronous
motor [25], [26]. In [27], [28] by adding fractional order
on the nonsingular terminal sliding surface, fuzzy neural
controllers are proposed to enhance the tracking accuracy of
the control system.

Based on the discussion of the advantages of the
above methods, this paper proposes a neural network
dynamic sliding mode control method based on fractional

calculus for micro gyroscope. The specific contributions are
summarized as:

(1) After modifying the switching function of the ordinary
sliding mode control, the switching function of the dynamic
fractional order sliding mode control is obtained and the
discontinuous term in the reaching law is transferred to the
derivative of the control, which effectively reduce the chat-
tering. Meanwhile, the fractional order term is added to the
modified switching function to enhance the continuity of the
sliding mode control and improve the convergence speed of
the system.

(2) Combining fuzzy system and neural network, and intro-
ducing recursive links inside and outside the fuzzy neural
network to constitute a double feedback fuzzy neural net-
work, which solves the problem that the parameters in the
fuzzy system rule set and membership function can only
be selected by experience. Adjusting weight learning and
induction learning are carried out at the same time, with the
dynamic mapping ability, which improves the disturbance
rejection ability and generalization ability of the system.

(3) In the case of unknown parameters in the system and
the fuzzy neural network, the Lyapunov stability theory in
adaptive control is used to derive an adaptive law to estimate
unknown parameter values, which is robust to parameter
changes and disturbances, and can better realize the system
output signals tracking without deviation.

The rest of this paper is as follows. The second part is the
analysis and modification of the micro gyroscope’s dynamics
model. The section III is the design of dynamic fractional
order slidingmode control. In the fourth part, the double feed-
back fuzzy neural network is designed to estimate the lumped
uncertainty of the system. Then, the dynamic fractional order
sliding mode control method using double feedback fuzzy
neural network is designed. In the sixth part, the proposed
method is simulated to verify the feasibility. The section VII
is the summary of the paper.

II. GYNAMICS ANALYSIS OF MICRO GYROSCOPE
In order to analyze the dynamic model of micro gyroscope,
firstly, the rotation coordinate axis is set up, and the x-axis
is the driving vibration direction, the y-axis is the direction
for detecting vibration, and the z-axis is the direction of the
system input angular velocity. Fig.1 is the schematic diagram
of micro gyroscope structure.

Considering the influence of structure error, the basic
dynamic equation of micro gyroscope is as follows:

mẍ + dxx ẋ + dxyẏ+ kxxx + kxyy = ux + 2m�zẏ (1)

mÿ+ dxyẋ + dyyẏ+ kxyx + kyyy = uy − 2m�zẋ (2)

where dxx , dyy and dxy are driving direction, detecting direc-
tion and coupling damping coefficient respectively, kxx , kyy
and kxy are driving direction, detecting direction and coupling
stiffness coefficient respectively,�z is the system input angu-
lar velocity,m is the mass of mass block, ux and uy are control
inputs.
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FIGURE 1. Schematic diagram of micro gyroscope structure.

The dimensionless dynamic model is obtained by dividing
the two sides of equation (1)-(2) by mass block m, natural
resonance frequency squared ω2

0 and reference length q0. The
expression is as follows:

ẍ∗ + d∗xx ẋ
∗
+ d∗xyẏ

∗
+ ωxxx∗ + ωxyy∗ = u∗x + 2�∗z ẏ

∗ (3)

ÿ∗ + d∗xyẋ
∗
+ d∗yyẏ

∗
+ ωxyx∗ + ωyyy∗ = u∗y − 2�∗z ẋ

∗ (4)

where x∗ = x
q0
, y∗ = y

q0
, d∗xx =

dxx
mω0

, d∗xy =
dxy
mω0

, d∗yy =
dyy
mω0

, ω∗xx =
kxx
mω2

0
, ω∗xy =

kxy
mω2

0
, ω∗yy =

kyy
mω2

0
, u∗x =

ux
mω2

0q0
, u∗y =

uy
mω2

0q0
, �∗z =

�z
ω0
.

The (3) and (4) is rewritten in vector form as follows:

q̈+ Dq̇+ Kq = u− 2�q̇ (5)

where q =
[
x∗

y∗

]
, D =

[
d∗xx d

∗
xy

d∗xy d
∗
yy

]
,K =

[
ω∗xx ω

∗
xy

ω∗xy ω
∗
yy

]
, u =[

u∗x
u∗y

]
, � =

[
0 −�∗z
�∗z 0

]
.

Considering the parameters uncertainty and external dis-
turbance, the Eq. (5) can be expressed as:

q̈+ (D+ 2�+1D)q̇+ (K +1K ) q = u+ d (6)

where 1D and 1K are the uncertainty of D + 2�
and K , respectively; d is an external disturbance.
Let ψ = − (Dd + 2�) q̇ − Kq, fg = d − 1Dq̇ − 1Kq,
the micro gyroscope system mode can be rewritten as:

q̈ = ψ + u+ fg (7)

Because of the demand of dynamic sliding mode design
in the next part, the derivative of the system model needs to
be calculated. The derivative of the mathematical model is as
follows:

...
q = ψ̇ + u̇+ ḟg (8)

We assume that the upper bound of fg is Fd1 , satisfying∣∣fg∣∣ ≤ Fd1 and the upper bound of ḟg is Fd2 , satisfying
∣∣ḟg∣∣ ≤

Fd2 , where Fd1 and Fd2 are positive constants.

III. DYNAMIC FRACTIONAL ORDER SLIDING MODE
CONTROLLER
First, the ordinary sliding surface is designed as:

s = ce+ ė (9)

where e is a tracking error, e = q−qr , c is a positive constant,
qr is a reference trajectory.
The derivative of Eq. (9) is as:

ṡ = cė+ ë (10)

According to the ordinary sliding surface, the dynamic
fractional order switching function is constructed as follows:

σ = ṡ+ λ1s+ λ2Dα−1e

= ë+ (c+ λ1) ė+ λ1ce+ λ2Dα−1e (11)

where λ1 is a dynamic sliding surface parameter and λ2 is a
fractional order parameter, which are the positive constants.

The fractional order operation mainly includes the defini-
tion of Caputo fractional order calculus, Grunwald-Letnikov
fractional order calculus and Riemann-Lionville fractional
order calculus. The fractional order operation in (11) is the
definition of Caputo fractional order differential. Its expres-
sion is t0D

α
t f (t) =

1
0(m−α)

∫ t
t0

f (m)(t)
(t−τ)α−m+1

dτ . For the conve-
nience of expression, t0D

α
t is abbreviated to Dα in the paper.

When σ = 0, according to the stability of fractional order
system, we can get that ṡ+λ1s+λ2Dα−1e = 0 is a gradually
stable dynamic system [29], [30].

Differentiating (11) and substituting (7)-(8) and (10) into
the derivative of (11) get:

σ̇ = s̈+ λ1ṡ+ λ2Dαe

=
...
e + (c+ λ1) ë+ λ1cė+ λ2Dαe

=
(...
q −

...
q r
)
+ (c+ λ1) (q̈− q̈r )+ λ1cė+ λ2Dαe

=
(
ψ̇ + u̇+ ḟg −

...
q r
)
+ (c+ λ1)

(
ψ + u+ fg − q̈r

)
+ λ1cė+ λ2Dαe (12)

The dynamic fractional order equivalent control law is
obtained:

ueq = −
1

c+ λ1

[
ψ̇ + u̇eq −

...
q r + (c+ λ1) ψ − (c+ λ1) q̈r

+λ1cė+ λ2Dαe
]

(13)

Then a switching controller is designed as:

usw = −ρ
1

c+ λ1

s
‖s‖

(14)

where ρ is the coefficient of switching term, which is an
unknown parameter.

Thus, the control law u is designed as:

u = −
1

c+ λ1

[
ψ̇ + u̇−

...
q r + (c+ λ1) ψ − (c+ λ1) q̈r

+λ1cė+ λ2Dαe+ ρ
s
‖s‖

]
(15)

Lyapunov stability criterion: Consider a function V :
R n
→ R such that: V (x) = 0 if and only if x = 0; V (x) > 0
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if and only if x 6= 0; V̇ (x) = d
dtV (x) =

n∑
i=1

∂V
∂xi
fi (x) =

∇V · f (x) ≤ 0 for all values of x 6= 0. Then V (x) is called
a Lyapunov function and the system is stable in the sense of
Lyapunov.

To prove the stability of the system, design the Lyapunov
function as:

V1 =
1
2
σ Tσ (16)

Then, making derivative of the Lyapunov function gives:

V̇1 = σ T σ̇

= σ T
[(
ψ̇+u̇+ ḟg−

...
q r
)
+(c+λ1)

(
ψ+u+fg−q̈r

)
+λ1cė+ λ2Dαe

]
= σ T

[
ḟg + (c+ λ1) fg − ρ

σ

‖σ‖

]
≤ ‖σ‖

[
ḟg + (c+ λ1) fg − ρ

]
≤ −‖σ‖

[
ρ − Fd2 − (c+ λ1)Fd1

]
(17)

When ρ ≥ Fd2 + (c+ λ1)Fd1 is satisfied, V̇1 ≤ 0 is
guaranteed, that is, V̇1 is semi-negative definite, which can
proves the asymptotically stability of the system.

IV. DESIGND OF DOUBLE FEEDBACK FUZZY
NEURAL NETWORK
In the actual micro gyroscope system, the upper bound of the
lumped uncertainty in the system cannot be measured, it is
impossible to obtain the accurate switching term coefficient
ρ, which results in the control law u designed in the third part
cannot be used. Therefore, a fuzzy neural network is used to
approximate the switching term coefficient, and the true value
is replaced by the estimated value, which is used as the gain
of the switching term.

In practice, the input of neural network is affected by com-
plex factors such as operation, data preprocessing, resulting in
deviation. Using the self-learning and self-organizing ability
of the neural network and the fuzzy logic to express expert
experience, the combination of neural network and fuzzy
system can solve the problem that the parameters of fuzzy
system rule set and membership function can only be selected
by experience. The fuzzy system can modify the membership
function and fuzzy rules in the continuous learning by adjust-
ing the weight learning and inductive learning, and can ignore
the fuzziness in the reasoning process of the fuzzy system.
Hence, the combined system has the abilities of self-learning
and process quantitative data, which improve the disturbance
rejection ability and prediction accuracy.

For practical work, fuzzy neural network can solve static
problems, but it is not suitable for micro gyroscope system
with dynamic characteristics. In order to solve this problem,
a double feedback fuzzy neural network is constructed by
adding recursive links to the fuzzy network, which has the
capacity of dynamic mapping, enhances the dynamic approx-
imation ability of the network, has the ability to filter and
suppress noise. In the learning process, while forming the
fuzzy rules, the membership function is optimized to further

FIGURE 2. Neural network structural diagram.

optimize the network structure and improve the generaliza-
tion ability and robustness.

The double feedback fuzzy neural network proposed in this
paper is a four-layer neural network with two-layer closed-
loop dynamic feedback and fuzzy system. It mainly includes
input layer, membership function layer, rule layer and output
layer. The structure is shown in Figure 2. The input of neural
network is

[
q q̇

]T and the output is the upper bound estimate
ρ̂ of the lumped uncertainty in the micro gyroscope.

Layer 1: Input Layer
The input signal is X = [x1, x2, · · · , xk ]T ∈ Rk×1. Each

node is directly connected with each component xk of the
input vector. The output signal of the output layer is exY , and
the output layer is connected with the input layer by the outer
layer weightWro. The output of each node is described as:

θk = xk ·Wrok · exY (18)

where Wro = [Wro1,Wro2, · · · ,Wrok ]T ∈ Rk×1, θ =
[θ1, θ2, · · · , θk ]T ∈ Rk×1.

Layer 2: Membership Function Layer
Each node in this layer represents a membership function,

which is represented by a Gaussian function. The center
vector is
c = [c11, c12, · · · , c1m, c21, c22, · · · , c2m, · · · , ck1,

ck2, · · · , ckm]T ∈ Rnum×1, for num = k × m, the base width
is
b = [b11, b12, · · · , b1m, b21, b22, · · · , b2m, · · · , bk1, bk2,
· · · , bkm]T ∈ Rnum×1, and the feedback connection weight of
the inner regression fuzzy neural network is
r= [r11, r12,· · · , r1m, r21, r22,· · · , r2m, · · · , rk1, rk2, · · · ,

bkm]T ∈ Rnum×1. Let the output of this layer is
µ = [µ11, µ12, · · · , µ1m, µ21, µ22, · · · , µ2m, · · · , µk1,

µk2, · · · , µkm]T , µ ∈ Rnum×1, that is:

µki=exp

[
−
‖θk+rki · exµki−cki‖2

b2ki

]
, for i = 1, 2, . . . ,m

(19)

where the layer feedback signal is defined as exµki, µki
represents the i-th membership function of xk .
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FIGURE 3. Controller block diagram.

Layer 3: Rule layer
The output of each node in the layer is the product of all

the input signals of that node, namely:

lj =
2∏

k=1

µkj, for j = 1, 2, . . . ,m (20)

where l = [l1, l2, · · · , lm]T ∈ Rm×1.
Layer 4: Output Layer
The neurons in this layer are connected to the neurons in

the rule layer by the weight W = [W1,W2, · · · ,Wm]T ∈
Rm×1. The output is the sum of all the input signals in this
layer and the output signal is fed back to the neurons in the
input layer through the outer layer gain. The output Y is
expressed as:

Y = W T l = W1l1 +W2l2 + · · · +Wmlm (21)

V. DESIGN OF DYNAMIC FRACTIONAL ORDER SLIDING
MODE CONTROLLER WITH DOUBLE FEEDBACK FUZZY
NEURAL NETWORK
Using the neural network designed in the previous section,
the upper bound of the lumped uncertainty of the system is
approximated:

ρ̂ = Ŵ T l̂ (22)

where the input of the neural network is x =
[
q q̇

]T , q and q̇
are the measurable signals in the system, Ŵ is the estimated
value of the fuzzy neural network weight, and l̂ is the function
about x, ĉ, b̂, r̂, Ŵro. The neural network is used to adaptively
learn the upper bound of the lumped uncertainty of the micro
gyroscope. The parameters of the center vector, the base
width vector, and the weight of the membership function in
the neural network are adjusted automatically according to
the designed adaptive law and updated in real time online.

Consequently, true value is replaced by the estimated value
and the dynamic fractional order sliding mode control law
with double feedback fuzzy neural network u′ is expressed
as:

u′ = −
1

c+ λ1

[
ψ̇ + u̇′ −

...
q r + (c+ λ1) ψ − (c+ λ1) q̈r

+λ1cė+ λ2Dαe+ ρ̂
s
‖s‖

]
(23)

In order to design an adaptive law for unknown parameters
in the system, adaptive laws for unknown parameter estimates

D̂, K̂ , �̂, Ŵ , ĉ, b̂, r̂ and Ŵro are designed using Lyapunov sta-
bility theory instead of their own unknown true values. Adap-
tive control enables the system output signal to better track
the output response of the reference model. The designed
adaptive law is independent of the object parameters, easy to
implement, has good dynamic characteristics and disturbance
rejection ability.

There are optimal neural network weight, optimal center
vector c∗, optimal base width b∗, optimal inner feedback
weight r∗ and optimal outer feedback weight W ∗ro, we can
get the bound of lumped uncertainty ρ = W ∗T l∗ + ε, where
ε is the mapping error, and define the estimated error of the
parameter as:

D̃ = D̂− D∗ K̃ = K̂ − K∗ �̃ = �̂−�∗

W̃ = Ŵ −W ∗ c̃ = ĉ− c∗ b̃ = b̂− b∗

r̃ = r̂ − r∗ W̃ro = Ŵro −W ∗ro l̃ = l̂ − l∗ (24)

And:

˙̃D = ˙̂D ˙̃K = ˙̂K ˙̃� = ˙̂�
˙̃W = ˙̂W ˙̃c = ˙̂c ˙̃b = ˙̂b

˙̃r = ˙̂r ˙̃Wro =
˙̂Wro
˙̃l = ˙̂l (25)

The deviation between the true value and the estimated
value of the upper bound of the uncertainty is calculated as:

ρ̃ = ρ − ρ̂

= W ∗T l∗ − Ŵ T l̂ + ε

= W̃ T l̂ + Ŵ T l̃ + W̃ T l̃ + ε (26)

Taylor expansion of the rule layer output signal l̃ yields:

l̃ =
∂l
∂c

∣∣∣∣
c=c∗

(
c∗ − ĉ

)
+
∂l
∂b

∣∣∣∣
b=b∗

(
b∗ − b̂

)
+

∂l
∂r

∣∣∣∣
r=r∗

(
r∗ − r̂

)
+

∂l
∂Wro

∣∣∣∣
Wro=W ∗ro

(
W ∗ro − Ŵro

)
+1

= lc · c̃+ lb · b̃+ lr · r̃ + lWro · W̃ro +1 (27)

where l ∈ R5×1, lc =


∂l1
∂cT
∂l2
∂cT
...
∂lk
∂cT

 =


∂l1
∂c1

∂l1
∂c2
· · ·

∂l1
∂ci

∂l2
∂c1

∂l2
∂c2
· · ·

∂l2
∂ci

...
...
. . .

...
∂lk
∂c1

∂lk
∂c2
· · ·

∂lk
∂ci


k×m·i

,

lb =


∂l1
∂bT
∂l2
∂bT
...
∂lk
∂bT

 =


∂l1
∂b1

∂l1
∂b2
· · ·

∂l1
∂bi

∂l2
∂b1

∂l2
∂b2
· · ·

∂l2
∂bi

...
...
. . .

...
∂lk
∂b1

∂lk
∂b2
· · ·

∂lk
∂bi


k×m·i

, lr =
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∂l1
∂rT
∂l2
∂rT
...
∂lk
∂rT

 =

∂l1
∂r1

∂l1
∂r2
· · ·

∂l1
∂ri

∂l2
∂r1

∂l2
∂r2
· · ·

∂l2
∂ri

...
...
. . .

...
∂lk
∂r1

∂lk
∂r2
· · ·

∂lk
∂ri


k×m·i

, and lWro =


∂l1
∂W T

ro
∂l2
∂W T

ro
...
∂lk
∂W T

ro

 =


∂l1
Wro1

∂l1
∂Wro2

· · ·
∂l1
∂Wroi

∂l2
∂Wro1

∂l2
∂Wro2

· · ·
∂l2
∂Wroi

...
...

. . .
...

∂lk
∂Wro1

∂lk
∂Wro2

· · ·
∂lk
∂Wroi


k×m·i

Then (28) is rewritten as:

ρ̃ = W̃ T l̂ + Ŵ T
(
lc · c̃+ lb · b̃+ lr · r̃ + lWro · W̃ro

)
+ ε0

(28)

where the approximation error is defined as
ε0 = W̃ T l̃ + ε +1.
By substituting (24) into (23), the estimated control law u′′

is:

u′′=−
1

c+ λ1

[
˙̂
ψ+u̇′′−

...
q r+(c+ λ1) ψ̂−(c+ λ1) q̈r

+λ1cė+ λ2Dαe+ ρ̂
s
‖s‖

]
(29)

where ψ̂ = −
(
D̂+ 2�̂

)
q̇− K̂q,

˙̂
ψ = −

(
˙̂D+ 2 ˙̂�

)
q̇ − ˙̂Kq −

(
D̂+ 2�̂

)
q̈ − K̂ q̇ and u′′ is

adaptive dynamic fractional order sliding mode control law
with double feedback fuzzy neural network.

The dynamic fractional order switching function (11) and
the first derivative of the dynamic fractional order switching
function (12) can be modified to:
σ ′ =

(
ψ+u′′+fg−q̈r

)
+(c+λ1) ė+λ1ce+λ2Dα−1e

σ̇ ′ =
(
ψ̇+u̇′′+ ḟg−

...
q r
)
+(c+λ1)

(
ψ + u′′+fg − q̈r

)
+λ1cė+ λ2Dαe

(30)

Design a new Lyapunov function:

V2 =
1
2
σ ′Tσ ′ +

1
2
tr
{
D̃M−1D̃T

}
+

1
2
tr
{
K̃N−1K̃T

}
+

1
2
tr
{
�̃P−1�̃T

}
+

1
2η1

W̃ T W̃ +
1
2η2

c̃T c̃+
1
2η3

b̃T b̃

+
1
2η4

r̃T r̃ +
1
2η5

W̃ T
roW̃ro (31)

where MT
= M > 0,NT

= N > 0,PT = P > 0;
η1, η2, η3, η4 and η5 are the neural networks learning rates
and they are all positive constants.

Let:

ζ =
1
2
tr
{
D̃M−1D̃T

}
+
1
2
tr
{
K̃N−1K̃T

}
+
1
2
tr
{
�̃P−1�̃T

}
+

1
2η1

W̃ T W̃ +
1
2η2

c̃T c̃+
1
2η3

b̃T b̃

+
1
2η4

r̃T r̃ +
1
2η5

W̃ T
roW̃ro (32)

Substituting (30) into the derivative of (31) obtains:

V̇2 = σ ′T
[(
ψ̇ + u̇′′+ ḟg−

...
q r
)
+(c+ λ1)

(
ψ + u′′ + fg−q̈r

)
+λ1cė+λ2Dαe

]
+ ζ̇

= σ ′T
[
ḟg + (c+ λ1) fg + ψ̇ + (c+ λ1) ψ −

˙̂
ψ

− (c+ λ1) ψ̂
]
−ρ̂

σ

‖σ‖

]
+ ζ̇

≤ σ ′T
[
ḟg + (c+ λ1) fg + ψ̇ + (c+ λ1) ψ

−
˙̂
ψ − (c+ λ1) ψ̂

]
−
∥∥σ ′∥∥ [Ŵ T l̂ − ρ +ρ]+ ζ̇

= σ ′T
[
ḟg + (c+ λ1) fg + ψ̇ + (c+ λ1) ψ

−
˙̂
ψ − (c+ λ1) ψ̂ − ρ

]
+
∥∥σ ′∥∥ (W̃ T l̂ + Ŵ T l̃ + W̃ T l̃+ ε)+ ζ̇ (33)

Substituting (28) into (33) yields:

V̇2 ≤ σ ′T
[
ḟg + (c+ λ1) fg −

˙̃
ψ − (c+ λ1) ψ̃ − ρ

]
+
∥∥σ ′∥∥ [W̃ T l̂Ŵ T

(
lc · c̃+ lb · b̃

+lr · r̃ + lWro · W̃ro

)
+ ε0

]
+ ζ̇

≤ σ ′T
[
ḟg + (c+ λ1) fg +

(
D̃+ 2�̃

)
q̈

+ K̃ q̇+ (c+ λ1) D̃q̇+ (c+ λ1) 2�̃q̇

+ (c+ λ1) K̃ q̇− ρ
]
+
∥∥σ ′∥∥ [W̃ T l̂

+Ŵ T (lc · c̃ +lb · b̃+lr · r̃+lWro · W̃ro

)
+ε0

]
+ ζ̇

= σ ′T
[
ḟg + (c+ λ1) fg − ρ

]
+
∥∥σ ′∥∥ [W̃ T l̂ + Ŵ T

(
lc · c̃+ lb · b̃

+ lr · r̃+lWro · W̃ro

)
+ε0

]
+σ ′T

[
D̃q̈+(c+ λ1) D̃q̇

]
+ tr

{
D̃M−1 ˙̃DT

}
+ 2σ ′T

[
�̃q̈+ (c+ λ1) �̃q̇

]
+ tr

{
�̃N−1 ˙̃�T

}
+σ ′T

[
K̃q̇+ (c+λ1) K̃q

]
+tr

{
K̃P−1 ˙̃KT

}
+

1
η1

˙̃W T W̃

+
1
η2

˙̃cT c̃+
1
η3

˙̃bT b̃+
1
η4

˙̃rT r̃ +
1
η5

˙̃W T
roW̃ro (34)

Let:

tr
{
D̃
[
M−1 ˙̂DT + q̈σ ′T + (c+ λ1) q̇σ ′T

]}
= 0,

tr
{
K̃
[
N−1 ˙̂KT

+ q̇σ ′T + (c+ λ1) qσ ′T
]}
= 0,

tr
{
�̃
[
P−1 ˙̂�T

+ 2q̈σ ′T + 2 (c+ λ1) q̇σ ′T
]}
= 0,∥∥σ ′∥∥ W̃ T l̂ +

1
η1

˙̃W T W̃ = 0,
∥∥σ ′∥∥ Ŵ T lcc̃+

1
η2

˙̃cT c̃ = 0,∥∥σ ′∥∥ Ŵ T lbb̃+
1
η3

˙̃bT b̃ = 0,
∥∥σ ′∥∥ Ŵ T lr r̃ +

1
η4

˙̃rT r̃ = 0,∥∥σ ′∥∥ Ŵ T lWroW̃ro +
1
η5

˙̃W T
roW̃ro = 0 (35)
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When (35) is established, V̇2 ≤ 0 can be satisfied, and the
adaptive laws of D̂, K̂ , �̂, Ŵ , ĉ, b̂, r̂, Ŵro can be obtained as:

˙̂DT = −M
[
q̈σ ′T + (c+ λ1) q̇σ ′T

]
˙̂KT
= −N

[
q̇σ ′T + (c+ λ1) qσ ′T

]
˙̂
�T
= −2P

[
q̈σ ′T + (c+ λ1) q̇σ ′T

]
˙̂W = −η1

∥∥σ ′∥∥ l̂
˙̂cT = −η2

∥∥σ ′∥∥ Ŵ T lc
˙̂bT = −η3

∥∥σ ′∥∥ Ŵ T lb
˙̂rT = −η4

∥∥σ ′∥∥ Ŵ T lr
˙̂W T
ro = −η5

∥∥σ ′∥∥ Ŵ T lWro (36)

Substituting (36) into (34) obtains:

V̇2 ≤ σ ′T
[
ḟg + (c+ λ1) fg − ρ

]
+
∥∥σ ′∥∥ [Ŵ T

·1+ ε0

]
≤
∥∥σ ′∥∥ ∥∥ḟg + (c+ λ1) fg − ρ∥∥+ ε0 ∥∥σ ′∥∥
≤
∥∥σ ′∥∥ ∥∥Fd2 + (c+ λ1)Fd1 − ρ∥∥+ ε0 ∥∥σ ′∥∥ (37)

Because
∥∥Fd2 + (c+ λ1)Fd1∥∥ ≤ ρ̂, so ‖Fd2 + (c+ λ1)

Fd1 − ρ‖ ≤ −ε0, that is, V̇2 ≤ 0 is guaranteed,
which is negative semidefinite, that is, the system track-
ing track can reach the designed fractional sliding surface
and remain on the sliding surface. Integrating inequality
V̇2 ≤ −

∥∥σ ′∥∥ (‖ρ‖ − ∥∥Fd2 + (c+ λ1)Fd1∥∥− ‖ε0‖), we can
get

t∫
0

∥∥σ ′∥∥dt ≤ 1
‖ρ‖−

∥∥Fd2+(c+λ1)Fd1∥∥−‖ε0‖ [V2 (t)− V2 (0)].
Because V2 (t) is nonincreasing, and V2 (0), V2 (t) are

bounded, we can know that
t∫
0
‖σ ′‖(‖ρ‖ − ‖Fd2 + (c+ λ1)

Fd1‖ − ‖ε0‖)dt is bounded.
Barbalat’s Lemma: Suppose f (t) ∈ C1 (a,∞) and

limt→∞ f (t) = α where α < ∞. If f ′ is uniformly con-
tinuous, then limt→∞ f ′ (t) = 0.
According to Barbalat’s Lemma and its deductions,

the system is asymptotically stable. In addition, the track-
ing error and fractional sliding surface converge to zero
asymptotically.

VI. SIMULATION RESULTS
MATLAB/Simulink is used to simulate the proposed method.
The adaptive sliding mode control method and the fractional
sliding mode control method are compared with the proposed
method.

The parameters in the micro gyroscope system are set as:

m = 1.8× 10−7kg, dxx = 1.8× 10−6N · s
/
m,

dxy = 3.6× 10−7N · s
/
m, dyy = 1.8× 10−6N · s

/
m,

kxx = 63.955N
/
m, kxy = 12.779N

/
m,

kyy = 95.92N
/
m, �z = 100rad

/
s, q0 = 1µm,

ω0 = 1kHz.

FIGURE 4. Trajectory tracking. (a) Proposed controller. (b) Adaptive
sliding mode controller. (c) Fractional sliding mode controller.

Consequently, the infinite rigidification parameters of the
micro gyroscope in (5) are:

dxx = 0.01, dxy = 0.002, dyy = 0.01, ω2
x = 355.3,

ωxy = 70.99, ω2
y = 532.9, �z = 0.1.

In the simulation study, the initial conditions of the system
are set as: q1 (0) = 0, q̇1 (0) = 2.5, q2 (0) = 0, q̇2 (0) = 5.5.
The expected trajectories of the micro gyroscope are set as:
qr1 = sin(4.17t), qr2 = 1.2 sin(5.11t). The parameters of
the dynamic fractional order sliding mode switching function
are set as: c = 3, λ1 = 2, λ2 = 50, The order was set to
0.1, 0.2, 0.6, 0.85, 0.95, and the root mean square error was
compared, as shown in Table 1, to determine the order α =
0.85 of the fractional order. The adaptive fixed gain is set to:
M = diag (5, 5), N = diag (10, 10) ,P = diag (1, 1). The
estimated initial values of the three parameter matrices are
set as: D̂ (0) = 0.95 ∗ D, K̂ (0) = 0.95 ∗ K , �̂ (0) = 0.
The parameters in the double feedback fuzzy neural network
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FIGURE 5. Tracking error. (a) Proposed controller. (b) Adaptive sliding
mode controller. (c) Fractional sliding mode controller.

structure are set: k = 2, i = 5,m = 5. Namely, the initial
values of base width, weight, center vector, outer layer gain
and inner layer gain of neural network are respectively taken
as:

b =
[
1 1 1 1 1
1 1 1 1 1

]
,

W =
[
−1.6 −0.01 −0.01 −0.1 −0.1
−1.6 −0.01 −0.01 −0.1 −0.1

]
,

c =
[
−2.5 −1.25 0 1.25 2.5
−2.5 −1.25 0 1.25 2.5

]
,Wro =

[
20
20

]
,

Wr =

[
−0.2 −0.5 0 0.05 0.3
−0.2 −0.5 0 0.05 0.3

]
.

FIGURE 6. Convergence of sliding mode surfaces. (a) Proposed controller.
(b) Adaptive sliding mode controller. (c) Fractional sliding mode controller.

TABLE 1. RMSE of different orders.

The adaptive law gains of neural network are taken as:
η1 = 10, η2 = 15000, η3 = 1, η4 = 0.001, η5 = 0.5. The
random signal is taken as: d = [randn (1, 1) ; randn (1, 1)].

The simulation time is set to 60s. Fig. 4(a) shows
that the tracking properties obtained by using the
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FIGURE 7. dxx , dxy , dyy adaptive identification curve. (a) Proposed
controller. (b) Adaptive sliding mode controller. (c) Fractional sliding
mode controller.

TABLE 2. RMSE of different methods.

proposed dynamic fractional order sliding mode controller.
Fig.4(b) and (c) shows the tracking curves obtained by using
ordinary adaptive sliding mode controller and fractional

FIGURE 8. ω2
x , ωxy , ω2

y adaptive identification curve. (a) Proposed
controller. (b) Adaptive sliding mode controller. (c) Fractional sliding
mode controller.

sliding mode controller. Fig. 5 shows the tracking error of
the system. The root mean square errors of the proposed
methods are RMSEx = 0.0240 and RMSEy = 0.0107,
theRMSEx = 0.1690 andRMSEy = 0.3230 for ordinary slid-
ing mode control, and the RMSEx = 0.0721 and RMSEy =
0.0932 for fractional sliding mode control. Compared with
the tracking error and root mean square errors of tracking
error, the tracking error of the proposed dynamic fractional
sliding mode control system can converge to zero better and
track the reference track faster in a limited time. Fig. 6 shows
the convergence of the sliding surface using the three con-
trol methods. The switching functions of the three control
methods are different. The proposed method in this paper
can effectively reduce the chattering, and the convergence
speed of the system is high. The control system can reach
the sliding surface in a short time. Fig.7, Fig. 8 and Fig. 9 are
adaptive identification curves for unknown parameters of the
micro gyroscope system. In these three cases, the unknown
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FIGURE 9. �z adaptive identification curve. (a) Proposed controller.
(b) Adaptive sliding mode controller. (c) Fractional sliding mode controller.

FIGURE 10. Control input of x-axis and y-axis using proposed controller.

parameters can converge near their true values. However,
the proposed neural network dynamic sliding mode control
law has faster convergence speed and better performance. The
adaptive identification curves of the base width, the center
vector, the weight of the output layer, the inner gain and
the outer gain of the double feedback fuzzy network are
shown in Figs. 11-15 respectively. The parameters of the
fuzzy network can basically approach stable values.

FIGURE 11. Base width b1 adaptive identification.

FIGURE 12. Center vector c1 adaptive identification.

FIGURE 13. Weight W adaptive identification of output layer neural
network.

FIGURE 14. Inner gain r1 adaptive identification.

The method proposed in this paper is different from the
method in [6], compared with the method in [6], the method
proposed in this paper can approach the unknown parameters
of the system faster and reduce the chattering with better
performance as shown in Table 2.
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FIGURE 15. Outer gain Wro adaptive identification.

VII. CONCLUSION
A dynamic fractional order sliding mode control method
based on a double feedback fuzzy neural network is
presented. A fuzzy neural network controller with double
feedback mechanism is used to approximate the lumped
uncertainty, and the estimated value is used to replace its
true value as the gain of the switching control law. The
switching function of dynamic fractional sliding mode con-
trol can reduce the chattering, provide the higher degree
of freedom, and improve the convergence speed. Moreover,
Lyapunov stability theory can update the estimates of the
system unknown parameters in real time. The simulation
results show that, comparedwith the ordinary adaptive sliding
mode control method and fractional sliding mode controller,
the proposed control method improves the control accuracy
and the convergence speed, reduces the output signal tracking
error, thereby verifying the effectiveness and feasibility of the
proposed method.
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