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ABSTRACT In this paper, two types of failures are taken into account to extend the classical periodic
inspection policy for a single unit system when it has failed, in which type I failure can be rectified by
a minimal repair and type II failure should be removed by a corrective replacement. More specifically,
we investigate three extended periodic inspection models for a system subject to two kinds of distinctive
shocks, i.e., a general periodic inspection model where the system is checked at periodic time epochs over
an infinite time span (Policy A), a periodic inspection model with the consideration of quality warranty
where the system is periodically checked within a maximal inspection number (Policy B), and a random
periodic inspection model where the system is either periodically checked or randomly checked, whichever
takes place first (Policy C). For each extended model, the average maintenance cost in one renewal cycle
under special conditions is minimized to seek the optimal inspection interval theoretically and the numerical
example is arranged to authenticate it analytically. Last but not least, comparisons are made among the
extended models, indicating that the optimum solution varies from policy to policy.

INDEX TERMS Average cost rate, periodic inspection, quality warranty, random inspection, two types of
failures.

I. INTRODUCTION
For the purpose of retaining systems with a high reliability
and decreasing the huge losses caused by catastrophic fail-
ures, the significance of maintenance has been increasing
greatly with the progressive innovation of modern technology
in the past few decades [1]. Maintenance theories have been
actually applied not only to manufacturing, industrial, and
mechanical engineering but also to information, communi-
cation, and software engineering [2]. For advanced countries,
maintenance will be more important even than production,
manufacture, and construction on account that public infras-
tructure there has been finished and been rushed into an
intensive maintenance period.

Maintenance can be classified generally into two major
categories, i.e., preventive maintenance (PM) and correc-
tive maintenance (CM) in terms of MIL-STD-721B [3].
PM means that all maintenance behaviors are performed in
advance in an attempt to keep an item in a specified condition
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by providing systematic inspection, detection, and prevention
of incipient failures, whereas CM is the maintenance which
is implemented when the system has failed. According to
Wang [4], maintenance can also be classified into the fol-
lowing five types based on the degree to which the operating
condition of a system is restored by maintenance imple-
mentation: (1) perfect maintenance, where system operating
condition is restored to ‘‘as good as new’’ (AGAN); (2) min-
imal maintenance, in which system failure rate is not altered
by any maintenance actions and system operating condition
after maintenance is referred to ‘‘as bad as old’’ (ABAO);
(3) imperfect maintenance, where system operating state is
restored to somewhere between AGAN and ABAO; (4) worse
maintenance, where system condition becomes worse than
that just prior to its failure; and (5) worst maintenance,
in which maintenance makes system break down. It should
be acknowledged that both PM and CM could be a perfect,
minimal, imperfect, worse or worst one.

Replacement, which is often regarded as a perfect
maintenance, plays an important role in maintenance
theories [5], [6]. The most distinguished replacement policy
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for a system is based on whose age, which is called age
replacement, where the system is always replaced with a new
one at failure or at a constant age T (0 < T ≤ ∞) if it has
not failed up to T , whichever takes place first [7], [8]. For
large and complex systems comprising many kinds of units
such as computers and airplanes, it is reasonable to make
the planed replacement at periodic times T , 2T , · · · with
minimal repair at failures, and the policy of which is referred
to as periodic replacement [9], [10]. If a system consists of a
block or group of units, their ages are not readily observed
and only failures are known. Under this case all units are
periodically replaced independently of their ages in use and
this policy is called block replacement, which is commonly
employed for complex electronic systems and electrical
parts [11], [12].

Other than that, inspection is commonly applied as an
advanced technology to maintain a high system availability
for the reason that inspection arrangement enables to monitor
system defective states [13]. Through inspection, potential
defects are identified and preventive maintenance policies
can be carried out if needed [14], [15]. Consequently, severe
system failures are avoided in advance, impelling inspection
to be an effective measure to improve system performance.
Inspections can be conducted periodically at T , 2T , · · · or
non-periodically at successive times T1,T2, · · · . Any failure
is detected at the next checking time epoch and the defective
system is replaced immediately. Periodic inspection is widely
adopted in practice owing to its sufficient convenient imple-
mentation and adequate effectiveness [16], [17]. In the liter-
ature, two general inspection policies have been considered,
i.e., a hidden failure based inspection model, where system
failures are always detected only through inspections, and a
delay time based inspection model, where system failure is
regarded as a two-stage process, in which the first stage is
from the new installation to an initial point of a defect’s arrival
and the second stage is from that point to a revealed failure if
the defect is unattended [18], [19].

From the actual engineering point of view, not each ran-
dom shock arriving on a system has a traumatic influence
and correspondingly, the concept of two types of failures
is proposed [20]. It is always assumed that the system is
subject to two types of failures in terms of shocks, i.e., type I
failure (minimal failure) which can be rectified by a min-
imal repair and type II failure (catastrophic failure) which
should be removed by a corrective replacement [21]–[23].
This modeling framework was firstly proposed by Brown
and Proschan [20], in which an item is returned to be the
‘‘good as new’’ state with probability p and returned to be
a functioning state with probability q = 1 − p, but it is
only as good as a device of age equal to its age at failure.
Later in [24], Sheu considered a general age replacement
which incorporates minimal repair, planned and unplanned
replacements, and general random repair costs. He assumed
that an operating unit is completely replaced at a planned
age T (T > 0), and it is either replaced by a new one with
probability p(t) or undergoes minimal repair with probability

q(t) = 1− p(t) if the unit fails at t < T . More researches on
two types of failures are seen [25]–[28].

To the best of our knowledge, inspection policies for sys-
tems which are subject to two types of failures in terms
of shocks have not been addressed yet. In this paper, three
extended periodic inspection models are investigated for
a single unit system suffering from two types of failures,
in which type I failure is minimal failure and can be rectified
by a minimal repair, where system failure rate is undisturbed,
and type II failure is catastrophic failure and should be
removed by a corrective replacement. The expected long-
run maintenance cost rate in every model is designed as
an objective function, and the optimal solution is obtained
theoretically and verified numerically. Contributions of this
paper lie in three aspects:

• Two types of failures are incorporated into periodic
inspection policies when a single unit system subject to
a non-homogeneous Poisson shock process has failed.

• Three advanced periodic inspection models are devel-
oped, in which the average maintenance cost rate is min-
imized analytically to seek the optimal check interval.

• Comparisons among the three models are addressed in
order to illustrate which policy is better under rational
assumptions.

The outline of the remainder of this paper is organized as
follows. In Section 2, we state the basic problem of two types
of failures and present some notations. From Section 3 to
Section 5, three extended periodic inspection policies are
proposed, and in which model two types of failures are con-
sidered. More specifically, we investigate a general periodic
inspection model (Policy A) in Section 3 and extend it into
a periodic inspection policy considering quality warranty
(Policy B) in Section 4. Section 5 proposes a random inspec-
tion model for a single unit system, where the system is ran-
domly checked at successive time epochs, independent of its
failure time and also periodically checked (Policy C). System
failure is detected by either random or periodic inspection,
whichever occurs first. Comparisons among the three models
are made in Section 6 and we draw conclusions in Section 7,
as well as some future research directions.

II. PROBLEM STATEMENT AND NOTATIONS
A new system starts to operate from its installation and its
failure time X has a general distribution F(t) = P(X ≤ t)
with a finite mean µ ≡

∫
∞

0 F̄(t)dt < ∞ where 8̄(t) ≡ 1 −
8(t) for any function8(t). When F(t) has a density function
f (t) ≡ dF(t)/dt , the failure rate function is r(t) ≡ f (t)/F̄(t).
When the system fails at t , it is subject to one of two types of
failures. One is type I failure with probability p(t) which can
be rectified by a minimal repair and the other is type II failure
with probability q(t) = 1−p(t) which must be removed with
a new one. It is noted that r(t) is undisturbed by any minimal
repair.

Let {N (t), t ≥ 0} be a non-homogeneous Poisson pro-
cess (NHPP) with an intensity function r(t), {N1(t), t ≥ 0}
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and {N2(t), t ≥ 0} be the counting processes describing
the number of type I failures and the number of type II
failures in (0, t], respectively. Then, {N1(t), t ≥ 0} and
{N2(t), t ≥ 0} are two independent non-homogeneous
Poisson processes with intensities p(t)r(t) and q(t)r(t),
respectively [29]. Denoting Z be the waiting time of the first
occurrence of type II failure, we have Z = inf{t|N2(t) =
1, t ≥ 0}. Thus, the survival function of Z is

F̄Z (t) = P (Z > t)

= P (N2(t) = 0)

= exp
{
−

∫ t

0
q(x)r(x)dx

}
. (1)

It is also noted that the mean number of type I failures in
(0, t] is E [N1(t)] =

∫ t
0 p(x)r(x)dx. For a clear exposition in

this paper, a list of notations is provided.

X System failure time
Z Waiting time of the first occurrence of

type I failure
T , 2T , · · · Periodic inspection time epochs
Y1 ,Y2 , · · · Random inspection time epochs
F(t) System failure distribution
r(t) System failure rate function
F̄Z (t) Survival function of Z
G(t) Distribution of Yj (j = 1, 2, · · · )
{N (t), t ≥ 0} A NHPP with intensity
{N1(t), t ≥ 0} Number of type I failures in (0, t]
{N2(t), t ≥ 0} Number of type II failures in (0, t]
p(t) Probability of type I failure at system

failure
q(t) Probability of type II failure at system

failure
cm Cost of each minimal repair
ci Cost of each inspection
cc Cost of each number of random jobs
cd Downtime cost per unit of time
cr Replacement cost
C(T ) Expected long-run maintenance cost rate

III. GENERAL PERIODIC INSPECTION MODEL (POLICY A)
A. MODELLING FRAMEWORK
For the general periodic inspection model, the system is
periodically checked at T , 2T , · · · with a cost ci. Any type
I failure is minimally repaired with a cost cm and any type II
failure is detected at the next checking time point, then the
system is replaced by a new one with a cost cr upon the first
occurrence of type II failure immediately. It is assumed that
cr > ci and cr > cm. The preparation times for minimal
repair, periodic inspection, and replacement are negligible.
The process of general periodic inspection with checking
times T , 2T , · · · is shown as that in Fig.1.

Let D(t) be the expected maintenance cost of the system
over time interval (0, t]. Denoting Ki (i = 1, 2, · · · ) and
Ci (i = 1, 2, · · · ) be the length of the successive replacement
cycles and the operational cost over the renewal interval Ki,

FIGURE 1. Process of general periodic inspection policy.

respectively, we have a renewal reward process {(Ki,Ci)}.
According to the renewal reward theorem [30], we obtain

C(T ) = lim
t→∞

D(t)
t
=
E[C1]
E[K1]

. (2)

The costs of minimal repairs in the first replacement inter-
val K1 are

cm1 = cm
∞∑
k=0

∫ (k+1)T

0
p(t)r(t)dtP(kT < Z ≤ (k + 1)T )

= cm
∞∑
k=0

∫ (k+1)T

0

∫ (k+1)T

kT
p(t)r(t)dtdFZ (t). (3)

The costs of inspections in the first replacement intervalK1
are

ci1 = ci
∞∑
k=0

(k + 1)P(kT < Z ≤ (k + 1)T )

= ci
∞∑
k=0

∫ (k+1)T

kT
(k + 1)dFZ (t)

= ci
∞∑
k=0

F̄Z (kT ). (4)

The downtime costs in the first replacement interval K1 are

cd1 = cd
∞∑
k=0

((k + 1)T − t)P(kT < Z ≤ (k + 1)T )

= cd
∞∑
k=0

∫ (k+1)T

kT
((k + 1)T − t)dFZ (t)

= cd
∞∑
k=0

T F̄Z (kT )− cd

∫
∞

0
F̄Z (t)dt. (5)

The mean length of the first replacement interval K1 is

E[K1] =
∞∑
k=0

((k + 1)T )P(kT < Z ≤ (k + 1)T )

=

∞∑
k=0

∫ (k+1)T

kT
((k + 1)T )dFZ (t)

=

∞∑
k=0

T F̄Z (kT ). (6)
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Thus, the expected long-run maintenance cost rate
becomes

C(T ) =
cm1 + ci1 + cd1 + cr

E[K1]

=

cm
∞∑
k=0

∫ (k+1)T
0

∫ (k+1)T
kT p(t)r(t)dtdFZ (t)

+ ci
∞∑
k=0

F̄Z (kT )− cd
∫
∞

0 F̄Z (t)dt + cr

∞∑
k=0

T F̄Z (kT )
+cd . (7)

B. OPTIMIZATION
Note that C(T ) in Eq.(7) is a function of T and the aim is
to find an optimal T ∗ which minimizes C(T ). Differentiating
C(T ) with T and setting it equal to zero, we have[
∞∑
k=0

{
(k + 1)p [(k + 1)T ] r [(k + 1)T ]

∫ (k+1)T

kT
dFZ (t)

+

∫ (k+1)T

0
p(t)r(t)dt [(k + 1)f ((k + 1)T )− kf (kT )]

− ci
∞∑
k=0

kfZ (kT )

}]
∞∑
k=0

T F̄Z (kT )

−

[
cm
∞∑
k=0

∫ (k+1)T

0

∫ (k+1)T

kT
p(t)r(t)dtdFZ (t)

+ ci
∞∑
k=0

F̄Z (kT )

− cd

∫
∞

0
F̄Z (t)dt+cr

] ∞∑
k=0

[
F̄Z (kT )− kTfZ (kT )

]
=0, (8)

in which fZ (t) = dFZ (t)/dt .
In particular, when F(t) = 1−e−λt , p(t) = p (0 ≤ p < 1),

Eq.(7) becomes

C(TA)

=

cmλ(1− q)TA 1
1−e−λqTA

+ ci 1
1−e−λqTA

−
cd
λq + cr

TA
1−e−λqTA

+ cd

=

cmλ(1− q)TA+ci−
[
cd
λq − cr

] (
1− e−λqTA

)
TA

+cd , (9)

and Eq.(8) becomes

1− (1+ λqTA) e−λqTA =
ci

cd
λq − cr

. (10)

Let the left-hand side of Eq.(10) be Q(TA), i.e., Q(TA) =
1 − (1+ λqTA) e−λqTA . It is clear that Q(0) = 0, Q(∞) =
lim

TA→∞
Q(TA) = ∞, and Q(TA) increases strictly with TA.

Hence, when cd/(λq) − cr > 0, there exists an optimal
T ∗A satisfying Eq.(10) which minimizes C(TA) in Eq.(9).
Fig.2 shows the expected long-run maintenance cost rate for
different λ and q given that cm = 2, ci = 5, cd = 20, cr = 10.

FIGURE 2. Comparisons of C(TA) given that cm = 2, ci = 5, cd = 20,
cr = 10.

TABLE 1. Comparisons of T ∗A and C(T ∗A ) given cm = 2, ci = 5, cd = 20,
cr = 10.

Table 1 compares the optimal T ∗A and its corresponding
C(T ∗A ) for different q(t) given that cm = 2, ci = 5, cd = 20,
cr = 10.

From Fig.2 and Table 1, it is clear that the optimal periodic
inspection period T ∗A decreases with λ and q while the cor-
responding expected long run maintenance cost rate C(T ∗A )
increases with λ and q.

IV. PERIODIC INSPECTION MODEL WITH QUALITY
WARRANTY (POLICY B)
A. MODELLING FRAMEWORK
In actual engineering, the operating time of most units
would be finite, especially for those mission-oriented prod-
ucts [31], [32]. For example, missiles are composed of various
kinds of electric, electronic, and mechanical parts. They are
stored in a storage system and are ready to generate high
power in a very short time, under which condition themissiles
should be exchanged after the total inspection times have
exceeded a predetermined time or the total inspection num-
bers have reached a foreordained number in terms of quality
warranty. Hence, it is assumed that a pre-specified inspection
number due to quality warranty is N , i.e., the system is
correctively replaced at time NT even if it has not failed.
The preparation times for minimal repair, periodic inspection,
and replacement are still negligible. The process of periodic
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inspection considering quality warranty with checking times
kT (k = 1, 2, · · · ,N ) is shown as that in Fig.3, in which the
notations are the same with those in Section 3.

FIGURE 3. Process of periodic inspection policy with quality warranty.

Then, the costs of minimal repairs in the first replacement
interval K1 are

cm2 = cm

[
N−1∑
k=0

∫ (k+1)T

0

∫ (k+1)T

kT
p(t)r(t)dtdFZ (t)

+

∫ NT

0
p(t)r(t)dtF̄Z (NT )

]
= cm

N−1∑
k=0

∫ (k+1)T

kT
p(t)r(t)dtF̄Z (kT ). (11)

The costs of inspections in the first replacement intervalK1
are

ci2 = ci

[
N−1∑
k=0

(k+1)P(kT < Z≤ (k + 1)T )+NP(Z > NT )

]

= ci

[
N−1∑
k=0

∫ (k+1)T

kT
(k + 1)dFZ (t)+ NF̄Z (NT )

]

= ci
N−1∑
k=0

F̄Z (kT ). (12)

The downtime costs in the first replacement interval K1 are

cd2 = cd
N−1∑
k=0

((k + 1)T − t)P(kT < Z ≤ (k + 1)T )

= cd
N−1∑
k=0

∫ (k+1)T

kT
[(k + 1)T − t]dFZ (t)

= cd
N−1∑
k=0

T F̄Z (kT )− cd

∫ NT

0
F̄Z (t)dt. (13)

The mean length of the first replacement interval K1 is

E[K1]

=

N−1∑
k=0

[(k + 1)T ]P(kT < Z ≤ (k + 1)T )+ NTP(Z > NT )

=

N−1∑
k=0

∫ (k+1)T

kT
[(k + 1)T ]dFZ (t)+ NT F̄Z (NT )

=

N−1∑
k=0

T F̄Z (kT ). (14)

Thus, the expected long-run maintenance cost rate
becomes

C(N ,T ) =
cm2 + ci2 + cd2 + cr

E[K1]

=

cm
N−1∑
k=0

∫ (k+1)T
kT p(t)r(t)dtF̄Z (kT )

+ ci
N−1∑
k=0

F̄Z (kT )− cd
∫ NT
0 F̄Z (t)dt + cr

N−1∑
k=0

T F̄Z (kT )

+ cd .

(15)

B. OPTIMIZATION
If C(N ,T ) is jointly convex in (N ,T ), there exists an opti-
mal (N ∗,T ∗) which minimizes C(N ,T ) in Eq.(15). First,
we consider the optimization problem with respect to T for
a given N . It is clearly seen that lim

T→0
C(N ,T ) = ∞ and

lim
T→∞

C(N ,T ) = cd . Thus, there exists a positive T ∗ (0 <

T ∗ ≤ ∞) which minimizes C(N ,T ) for a specified N ≥ 1.
Differentiating C(N ,T ) with respect to T , we judge that the
optimal T ∗ satisfies[
cm

N−1∑
k=0

{
(k + 1)p((k + 1)T )r((k + 1)T )F̄Z (kT )− kp(kT )

× r(kT ) F̄Z (kT )−
∫ (k+1)T

kT
p(t)r(t)d tkf (kT )

}
−cdNF̄Z (NT )

− ci
N−1∑
k=0

kfZ (kT )

]
N−1∑
k=0

T F̄Z (kT )−

[
cm

N−1∑
k=0

∫ (k+1)T

kT
p(t)r(t)dt

× F̄Z (kT )+ ci
N−1∑
k=0

F̄Z (kT )− cd

∫ NT

0
F̄Z (t)dt + cr

]

×

[
N−1∑
k=0

F̄Z (kT )−
N−1∑
k=0

kTfZ (kT )

]
= 0. (16)

Then for a given T , forming the inequalities C(N+1,T )−
C(N ,T ) ≥ 0 and C(N − 1,T )− C(N ,T ) > 0, we have

L(N ,T ) ≥ cr and L(N − 1,T ) < cr , (17)

in which,

L(N ,T )=

cm

[
N−1∑
k=0

F̄Z (kT )
N∑
k=0

∫ (k+1)T
kT p(t)r(t)dtF̄Z (kT )

]
F̄Z (NT )

−

cm

[
N∑
k=0

F̄Z (kT )
N−1∑
k=0

∫ (k+1)T
kT p(t)r(t)dtF̄Z (kT )

]
F̄Z (NT )
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−
cd

F̄Z (NT )
×

[
N−1∑
k=0

F̄Z (kT )
∫ (N+1)T

0
F̄Z (t)dt

−

N∑
k=0

F̄Z (kT )
∫ NT

0
F̄Z (t)dt

]
.

In particular, when F(t) = 1−e−λt , p(t) = p (0 ≤ p < 1),
Eq.(15) becomes

C(NB,TB)

=

ci 1−e
−NBλqTB

1−e−λqTB
+ cmλ(1− q)TB 1−e−NBλqTB

1−e−λqTB

−cd 1−e−NBλqTB
λq + cr

1−e−NBλqTB
1−e−λqTB

TB
+ cd

=
ci
TB
+ cmλ(1− q)+ cd −

1− e−λqTB

λqTB

×

[
cd −

λqcr
1− e−NBλqTB

]
. (18)

Differentiating C(NB,TB) in Eq.(18) with respect to TB,
we have[
cd
λq
−

cr
1− e−NBλqTB

] [
1− (1+ λqTB)e−λqTB

]
−
crNBλqTBe−NBλqTB

(
1− e−λqTB

)
(1− e−NBλqTB )2

= ci. (19)

Denoting the left-hand side of Eq.(19) by QNB (TB),
we have lim

TB→0
QNB (TB) < 0 and lim

TB→∞
QNB (TB) = cd/(λq)−

cr . Hence, there exists an optimal T ∗B which satisfies Eq.(19)
as long as cd/(λq) − cr > ci. Furthermore, QNB+1(TB) −
QNB (TB), as shown at the bottom of the page.

It is clear that QNB+1(TB) > QNB (TB), i.e., QNB (TB)
increases strictly with NB and the optimal T ∗B decreases with
NB. When NB = 1, according to Eq.(19), T ∗1 satisfies

1− (1+ λqTB)e−λqTB =
λq(ci + cr )

cd
. (20)

When NB→∞, according to Eq.(19), T ∗∞ satisfies

1− (1+ λqTB)e−λqTB =
λqci

cd − λqcr
. (21)

Thus, the optimal T ∗B satisfies T ∗∞ ≤ T ∗B ≤ T ∗1 . Fig.4 and
Fig.5 show the expected long-run maintenance cost rate for
different λ and q given that NB = 1 and NB = 5, respectively,
in which cm = 2, ci = 5, cd = 20, cr = 10.

FIGURE 4. Comparisons of C(1, TB) given that cm = 2, ci = 5, cd = 20,
cr = 10.

Table 2 and Table 3 compare the optimal T ∗B and its cor-
responding C(NB,T ∗B ) given that NB = 1 and NB = 5,
respectively, in which cm = 2, ci = 5, cd = 20, cr = 10.

From Table 2 and Table 3, it is clear that the optimal
periodic inspection period T ∗B decreases with λ and q while
the corresponding expected long run maintenance cost rate
C(NB,T ∗B ) increases with λ and q for a given NB. In addi-
tion, the optimal T ∗B decreases with NB, satisfying that
T ∗∞ ≤ T

∗
B ≤ T

∗

1 .

V. RANDOM PERIODIC INSPECTION MODEL (POLICY C)
A. MODELLING FRAMEWORK
Most systems need to execute successive jobs in actual
engineering, leading to that it is impossible or impractical

QNB+1(TB)− QNB (TB)i = cr
(
1− e−λqTB

)
e−NBλqTB

1− (1+ λqTB)e−λqTB(
1− e−NBλqTB

) (
1− e−(NB+1)λqTB

)
+ crλqTB

(
1− e−λqTB

)
e−NBλqTB

[
NB(

1− e−NBλqTB
)2 − (NB + 1)e−λqTB(

1− e−(NB+1)λqTB
)2
]

= cr
(
1− e−λqTB

)
e−NBλqTB

1− (1+ λqTB)e−λqTB(
1− e−NBλqTB

) (
1− e−(NB+1)λqTB

)
+
NB
(
1− e−(NB+1)λqTB

)2
− (NB + 1)e−λqTB

(
1− e−NBλqTB

)2(
1− e−NBλqTB

)2 (1− e−(NB+1)λqTB
)2

= cr
(
1− e−λqTB

)
e−NBλqTB

1− (1+ λqTB)e−λqTB(
1− e−NBλqTB

) (
1− e−(NB+1)λqTB

)
+

e−λqTB
[
NB(e−λqTB − 1)(1− e−(2NB+1)λqTB )−

(
1− e−NBλqTB

)2](
1− e−NBλqTB

)2 (1− e−(NB+1)λqTB
)2
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FIGURE 5. Comparisons of C(5, TB) given that cm = 2, ci = 5, cd = 20,
cr = 10.

TABLE 2. Comparisons of T ∗B and C(1, T ∗B ) given cm = 2, ci = 5, cd = 20,
cr = 10.

TABLE 3. Comparisons of T ∗A and C(5, T ∗B ) given cm = 2, ci = 5, cd = 20,
cr = 10.

to maintain them in a strictly periodic fashion [33], [34].
Suppose that a single unit system is checked at periodic
time epochs T , 2T , · · · and also checked at successive times
Y1,Y2, · · · , where Y0 = 0 and Zj = Yj+1 − Yj (j =
0, 1 · · · ) are independently and identically distributed with a
distribution G(x). The distribution of Yj is represented by the
j − th fold convolution of Y0 = 0 with itself, i.e. G(j)(x) =
P(Yj ≤ x) and G(0)(x) ≡ 1 for x ≥ 0. The first occurrence
of type II failure is detected by either random or periodic
inspection, whichever comes first and then, the system is
replaced immediately, which is shown in Fig.6.

FIGURE 6. Process of random periodic inspection policy.

The probability that the first type II failure is detected by
periodic check is

p1 =
∞∑
k=0

∫ (k+1)T

kT


∞∑
j=0

∫ t

0
Ḡ [(k+1)T−x]dG(j)(x)

dFZ (t)
=

∞∑
k=0

∞∑
j=0

∫ (k+1)T

kT

∫ t

0
Ḡ [(k + 1)T − x]dG(j)(x)dFZ (t),

(22)

and the probability that it is checked by random check is

p2 =
∞∑
k=0

∫ (k+1)T

kT


∞∑
j=0

∫ t

0
[G((k + 1)T − x)− G(t − x)]

× dG(j)(x)

dFZ (t)
=

∞∑
k=0

∞∑
j=0

∫ (k+1)T

kT

∫ t

0

∫ (k+1)T−x

t−x
dG(v)dG(j)(x)dFZ (t),

(23)

where should note that p1 + p2 ≡ 1.
Let cc be the cost of each random check at Y1,Y2, · · · and

the other parameters be the same with them in Section 3.
Thus, the costs of minimal repairs in the first replacement
interval K1 are

cm3 = cm


∞∑
k=0

∞∑
j=0

∫ (k+1)T

kT

∫ t

0

∫ (k+1)T

0
Ḡ [(k + 1)T − x]

× p(v)λ(v)dvdG(j)(x)dFZ (t)


+ cm


∞∑
k=0

∞∑
j=0

∫ (k+1)T

kT

∫ t

0

∫ (k+1)T−x

t−x
[G((k+1)T−x)

−G(t − x)] p(v)λ(v)dvdG(j)(x)dFZ (t)

 . (24)
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The costs of periodic inspections in the first replacement
interval K1 are

ci3 = ci


∞∑
k=0

∞∑
j=0

∫ (k+1)T

kT

∫ t

0
(k + 1)Ḡ [(k + 1)T − x]

× dG(j)(x)dFZ (t)


+ ci


∞∑
k=0

∞∑
j=0

∫ (k+1)T

kT

∫ t

0
k [G((k+1)T−x)−G(t−x)]

dG(j)(x)dFZ (t)

 . (25)

The costs of random inspections in the first replacement
interval K1 are

cc3

= cc


∞∑
k=0

∞∑
j=0

∫ (k+1)T

kT

∫ t

0
jḠ [(k+1)T−x]dG(j)(x)dFZ (t)


+ cc


∞∑
k=0

∞∑
j=0

∫ (k+1)T

kT

∫ t

0
(j+ 1) [G((k + 1)T − x)

− G(t − x)] dG(j)(x)dFZ (t)

 . (26)

The downtime costs in the first replacement interval K1 are

cd3 = cd


∞∑
k=0

∞∑
j=0

∫ (k+1)T

kT

∫ t

0
[(k + 1)T − x] Ḡ

× [(k + 1)T − x] dG(j)(x)dFZ (t)


+ cd


∞∑
k=0

∞∑
j=0

∫ (k+1)T

kT

∫ t

0

∫ (k+1)T−x

t−x
(x+v−t)dG(v)

dG(j)(x)dFZ (t)

 . (27)

The mean length of the first replacement interval K1 is

E[K1] =
∞∑
k=0

∞∑
j=0

∫ (k+1)T

kT

∫ t

0
(k + 1)T Ḡ

× [(k + 1)T − x] dG(j)(x)dFZ (t)

+

∞∑
k=0

∞∑
j=0

∫ (k+1)T

kT

∫ t

0

∫ (k+1)T−x

t−x
(x + v)

× dG(v)dG(j)(x)dFZ (t). (28)

Thus, the expected long-run maintenance cost rate
becomes

C̃(T )

=
cm3 + ci3 + cc3 + cd3 + cr

E[K1]

=

cm

{
∞∑
k=0

∞∑
j=0

∫ (k+1)T
kT

∫ t
0

∫ (k+1)T
0 Ḡ[(k+1)T−x] p(v)λ(v)dv

dG(j)(x)dFZ (t)

}
+cm

{
∞∑
k=0

∞∑
j=0

∫ (k+1)T
kT

∫ t
0

∫ (k+1)T−x
t−x p(v)

λ(v) [G((k + 1)T − x)− G(t − x)] dvdG(j)(x)dFZ (t)

}

+ci

{
∞∑
k=0

∞∑
j=0

∫ (k+1)T
kT

∫ t
0 (k + 1)Ḡ [(k+1)T−x]dG(j)(x)

dFZ (t)

}
+ ci

{
∞∑
k=0

∞∑
j=0

∫ (k+1)T
kT

∫ t
0 k

[G((k + 1)T − x)− G(t − x)] dG(j)(x)dFZ (t)

}
+ cc{

∞∑
k=0

∞∑
j=0

∫ (k+1)T
kT

∫ t
0 jḠ [(k+1)T−x]dG(j)(x)dFZ (t)

}
+cc{

∞∑
k=0

∞∑
j=0

∫ (k+1)T
kT

∫ t
0 (j+ 1) [G((k+1)T−x)−G(t−x)]

dG(j)(x)dFZ (t)

}
+cd

{
∞∑
k=0

∞∑
j=0

∫ (k+1)T
kT

∫ t
0 [(k+1)T−x]

Ḡ [(k + 1)T − x] dG(j)(x)dFZ (t)

}
+ cd

{
∞∑
k=0

∞∑
j=0∫ (k+1)T

kT

∫ t
0

∫ (k+1)T−x
t−x (x+v−t)dG(v) dG(j)(x)dFZ (t)

}
+cr

∞∑
k=0

∞∑
j=0

∫ (k+1)T
kT

∫ t
0 (k+1)T Ḡ [(k+1)T−x]dG(j)(x)dFZ (t)

+

∞∑
k=0

∞∑
j=0

∫ (k+1)T
kT

∫ t
0

∫ (k+1)T−x
t−x (x+v)dG(v)dG(j)(x)dFZ (t).

(29)

B. OPTIMIZATION
Actually, it is rather troublesome to optimize C̃(T ) in Eq.(29)
due to its constructional complexity. Hence, we tend to carry
out another randomperiodic inspection policy, i.e., the system
is only checked at periodic time epochs T , 2T , · · · . Eq.(29)
becomes

Ĉ(T ) =
ĉm3 + ĉi3 + ĉc3 + ĉd3 + cr

E[K1]

=

cm
∞∑
k=0

∫ (k+1)T
kT

∫ (k+1)T
0 p(t)r(t)dtdFZ (t)

+ ci
∞∑
k=0

∫ (k+1)T
kT (k + 1)dFZ (t)

+cc
∞∑
k=0

∫ (k+1)T
kT [M (k+1)T−M (t)]dFZ (t)

+cd
∞∑
k=0

∫ (k+1)T
kT [(k+1)T−t]dFZ (t)+cr

∞∑
k=0

∫ (k+1)T
kT ((k + 1)T )dFZ (t)

, (30)
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in which M (t) =
∞∑
j=1

G(j)(t) represents the expected number

of random jobs during (0, t]. Differentiating Ĉ(T ) in Eq.(30)
with respect to T and setting it equal to zero, we have{
∞∑
k=0

(k + 1)p [(k + 1)T ] r [(k + 1)T ]
∫ (k+1)T

kT
dFZ (t)

+

∞∑
k=0

[(k + 1)f ((k + 1)T )− kf (kT )]
∫ (k+1)T

0
p(t)r(t)dt

+

∞∑
k=0

[(k+1)f ((k+1)T )−kf (kT )] [M ((k + 1)T )−M (t)]

+

∞∑
k=0

∞∑
j=1

(k + 1)g(j)((k + 1)T )
∫ (k+1)T

kT
dFZ (t)

− ci
∞∑
k=0

kfZ (kT )

}

×

∞∑
k=0

T F̄Z (kT )−

{
∞∑
k=0

(k + 1)p [(k + 1)T ]

× r [(k + 1)T ]
∫ (k+1)T

kT
dFZ (t)

+

∞∑
k=0

[(k + 1)f ((k + 1)T )− kf (kT )]
∫ (k+1)T

0
p(t)r(t)dt

}

×

∞∑
k=0

[
F̄Z (kT )− kTfZ (kT )

]
= 0, (31)

in which g(j)(t) = dG(j)(t)/dt .
In particular, when F(t) = 1−e−λt , p(t) = p (0 ≤ p < 1),

and G(t) = 1− e−θ t , Eq.(30) is simplified as

Ĉ(TC ) =

cmλ(1− q)TC 1
1−e−λqTC

+ ci 1
1−e−λqTC

+ cc
[

θTC
1−e−λqTC

−
θ
λq

]
−

cd
λq + cr

TC
1−e−λqTC

+ cd

=

[cmλ(1− q)+ ccθ ]TC + ci
−

[
ccθ+cd
λq − cr

] (
1− e−λqTC

)
TC

+ cd , (32)

and Eq.(31) becomes

1− (1+ λqTC ) e−λqTC =
ci

ccθ+cd
λq − cr

. (33)

It has been proven that the left-hand side of Eq.(33)
increases strictly with TC from Q(0) = 0 to Q(∞) =
lim

TC→∞
Q(TC ) = ∞ from Eq.(10) in Section 3. Hence, when

(ccθ + cd )/λq− cr > 0, there exists an optimal T ∗C satisfying
Eq.(33) which minimizes C(TC ) in Eq.(32). Fig.7 and Fig.8
show the expected long-run maintenance cost rate for differ-
ent λ and q given that θ = 0.1 and θ = 0.5, respectively,
in which cm = 2, ci = 5, cc = 5, cd = 20, cr = 10.

FIGURE 7. Comparisons of Ĉ(TC ) given that cm = 2, ci = 5,
cc = 5, cd = 20, cr = 10 and θ = 0.1.

FIGURE 8. Comparisons of Ĉ(TC ) given that cm = 2, ci = 5,
cc = 5, cd = 20, cr = 10 and θ = 0.5.

TABLE 4. Comparisons of T ∗C and Ĉ(T ∗C ) given cm = 2, ci = 5, cc = 5,
cd = 20, cr = 10, and θ = 0.1.

Table 4 and Table 5 compare the optimal T ∗C and its corre-
spondingC(T ∗C ) given that θ = 0.1 and θ = 0.5, respectively,
in which cm = 2, ci = 5, cc = 5, cd = 20, and cr = 10.

From Table 4 and Table 5, it is clear that the optimal
periodic inspection period T ∗C decreases with λ and q while
the corresponding expected long run maintenance cost rate
C(T ∗C ) increases with λ and q for a given θ . In addition,
the optimal T ∗C decreases with θ .

VI. COMPARISONS
A. COMPARISONS BETWEEN POLICY A AND POLICY B
In this part, we compare the optimal T ∗A in the general periodic
inspection model with T ∗B in the periodic inspection model
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TABLE 5. Comparisons of T ∗C and Ĉ(T ∗C ) given cm = 2,
ci = 5, cc = 5, cd = 20, cr = 10, and θ = 0.5.

with the consideration of quality warranty and their corre-
sponding C(T ∗A ) and C(T ∗B ) under rational simplifications.
By comparing Eq.(10) and Eq.(20), we have

LAB =
ci

cd
λq − cr

−
λq(ci + cr )

cd

=

λqcr (ci + cr −
cd
λq )

cd
[
cd
λq − cr

] < 0. (34)

Hence, for 0 < λ <∞ and ci+cr−cd/(λq) < 0, T ∗A < T ∗B .
In addition, comparing Eq.(9) and Eq.(18), we have

C(T ∗A )− C(T
∗
B )

=

cmλ(1− q)T ∗A+ci−
[
cd
λq−cr

] (
1− e−λqT

∗
A

)
T ∗A

+ cd −
ci
T ∗B

− cmλ(1− q)− cd +
1

λqT ∗B

(
1− e−λqT

∗
B

)
×

[
cd −

λqcr
1− e−NBλqT

∗
B

]
= ci

[
1
T ∗A
−

1
T ∗B

]
+
cd
λq

[
1− e−λqT

∗
B

T ∗B
−

1− e−λqT
∗
A

T ∗A

]

+ cr

[
1− e−λqT

∗
A

T ∗A
−

1− e−λqT
∗
B

(1− e−NBλqT
∗
B )T ∗B

]

< −ci

[
1
T ∗B
−

1
T ∗A

]
−

[
cd
λq
− cr

][
1−e−λqT

∗
A

T ∗A
−

1−e−λqT
∗
B

T ∗B

]
< 0. (35)

Which means that C(T ∗A ) < C(T ∗B ) for the condition
cd/(λq)− cr > 0. From Table 1, Table 2 and Table 3, we see
that T ∗A < T ∗B and C(T ∗A ) < C(T ∗B ) hold, which illustrates
that both the optimal inspection interval and its correspond-
ing maintenance cost rate increase with the consideration of
quality warranty. That is, Policy A is better than Policy B.

B. COMPARISONS BETWEEN POLICY A AND POLICY C
In this part, we compare the optimal T ∗A in the general
periodic inspection model with T ∗C in the random periodic

inspection model and their corresponding C(T ∗A ) and C(T
∗
C )

under rational simplifications. By comparing Eq.(10) and
Eq.(33), we have

LAC =
ci

cd
λq − cr

−
ci

ccθ+cd
λq − cr

=
ccciθ

λq
[
cd
λq − cr

] [
ccθ
λq +

cd
λq − cr

] > 0. (36)

Hence, for 0 < λ < ∞ and 0 < θ < ∞, T ∗A > T ∗C .
In addition, comparing Eq.(9) and Eq.(32), we have

C(T ∗A )− C(T
∗
C )

=

cmλ(1− q)T ∗A + ci −
[
cd
λq − cr

] (
1− e−λqT

∗
A

)
T ∗A

+ cd

−

[cmλ(1−q)+ccθ ]T ∗C+ci−
[
ccθ+cd
λq −cr

](
1−e−λqT

∗
C

)
T ∗C

− cd = −ci

[
1
T ∗C
−

1
T ∗A

]
−

[
cd
λq
− cr

]
×

[
1− e−λqT

∗
A

T ∗A
−

1− e−λqT
∗
C

T ∗C

]

− ccθ

[
1−

1− e−λqT
∗
C

T ∗C

]
< 0. (37)

Which means that C(T ∗A ) < C(T ∗C ) for the condition
cd/(λq)− cr > 0. From Table 1, Table 4 and Table 5, we see
that T ∗A > T ∗C and C(T ∗A ) < C(T ∗C ) hold, which illustrates
that the optimal inspection interval increases while its corre-
sponding maintenance cost decreases with the consideration
of random jobs. That is, Policy A is also better than Policy C.

VII. CONCLUSION AND FUTURE WORKS
Shocks on a single unit system are categorized into two
distinct types. One type brings minor damage to the system
and can be rectified by a minimal repair, and the other causes
catastrophic damage and can only be removed by a corrective
replacement. In this paper, we extend the classical periodic
inspection policy into three advanced models, i.e., a general
periodic inspection in which the system is checked at periodic
time epochs over an infinite time span, a periodic inspection
model with quality warranty in which the system is checked
at periodic time epochs with an allowable inspection number,
and a random periodic inspection model where the system is
checked either at periodic time epochs or at random working
times, whichever occurs first. The long run maintenance cost
rate is minimized to seek the optimum replacement interval in
each model analytically and examples are presented numeri-
cally to validate the theoretical results. Comparisons aremade
among the three models, showing that the optimal policy is
T ∗C < T ∗A < T ∗B under the same assumptions.
It is obviously evident that our models are not only applied

to periodic inspections, but to aperiodic inspections where the
system is non-periodically checked at T1,T2, · · · ,Tk [35].
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The future research emphasis is to extend the assumption
to that where inspection may be imperfect. In addition,
for degradation systems whose failure distribution is com-
plex in terms of degradation-threshold-shock (DTS) the-
ory [36]–[38], seeking a proper inspection policy analytically
is another significant direction.
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