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ABSTRACT Aiming at the measurement of roll deformation between two devices, we propose a novel
scheme and elaborate the structure design in this paper. The scheme can realize the relative measurement of
roll angle even if the system does not provide a reference datum, which effectively solves the problems of
limited measurement range of moiré fringes and accuracy guarantee only in an extremely small angle range.
First, the principle of measuring the roll angle by moiré fringes is introduced, and the effects of various error
sources in the system are comprehensively considered. Then, the combined measurement scheme and the
entire system composition structure are analyzed in detail. In addition, an experimental setup is designed
to verify the accuracy of roll deformation measurement. The measurement results show that the root mean
square (RMS) error can reach 6.9′′ within 3◦, and is less than 7.8′′ in the range of 0◦–90◦. Hence, our proposed
scheme has a good measurement stability in a large roll range.

INDEX TERMS Roll angle, measurement sensor, system structure design, error analysis, moiré fringe.

I. INTRODUCTION
Angle sensors have been widely used in precise motion
correction and other fields. Taking the ocean-going survey
ships as an example, there are usually a variety of positional
measurement and control systems such as radar, theodolite,
and inertial navigation system (INS). External disturbances
may cause three-dimensional (3D) angular deformation of the
hull [1]–[3]. When other measurement devices use the refer-
ence datum from the inertial navigation system, large position
errors are usually generated [3], [4]. In order to achieve
error compensation and make the measurement result more
accurate, it is necessary to measure the 3D angle between
the bases of devices. The 3D angular deformation involves
pitch, yaw, and roll [1], [2], [5]. The roll angle refers to the
angular change of the center line of the device itself, which
has an important practical engineering significance for the
measurement of roll deformation [6], [7].

Nabergoj and Tondl [8] found in their experimental results
that the roll deformation was as obvious as the pitch or yaw
deformation. Since large angular deformation has an impor-
tant impact on the accuracy of measurement instruments,
many scholars have made a lot of efforts to the measurement
of roll deformation [9]. In the contact measurement of roll
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angle, the shaft encoder has been widely used due to its
remarkable advantages such as extremely high accuracy and
reliable performance. The mainstream accuracy is less than
0.1′′, and the error is almost negligible. With respect to the
non-contact measurement, the optical method, such as polar-
ized light measurement, self-collimation measurement, and
visual measurement, has been widely used for its merits of
high accuracy and high sensitivity. The principle of polarized
light measurement is to install a polarimeter on the base of
the reference device and a plane mirror with a polarizer on
the base of the optical measurement device. The polarizer can
emit a parallel beam that is then reflected by the mirror to pro-
duce a polarized light. If there is no roll between the devices,
the luminous flux received by the polarimeter is a fixed value;
otherwise the applied voltage can control the polarimeter to
rotate by a certain angle. The angle at which the energy passed
by it recovers its initial maximum value is the roll angle. This
method requires a high uniformity of the polarimeter, and
the RMS error is better than 5′′ [10]. The self-collimating
method is used to convert the roll angle into other two-
dimensional angular deformations [11], [12]. TRIOPTICS
developed a self-collimating instrument named TriAngle 3D,
which had a resolution of 1′′ and an accuracy of 5′′ [13]. Yin
et al. [13] proposed to integrate double gratings into a 3D
self-collimation instrument, and the RMS error was 4.92′′

in the 15’09′′ roll range. The visual measurement method
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FIGURE 1. Schematic diagram of measuring roll angle with moiré fringes.

can calculate the roll angle according to the reconstructed
torsion point array target [14]. Wei et al. [15] discovered
that this scheme could realize visual torsional deformation
measurement of large field, but had poor accuracy especially
in dynamic scenes.

In this study, we propose a novel scheme for the measure-
ment of roll angle, and the main contributions are as follows:

1) A non-contact roll measurement scheme using moiré
fringes is proposed. We design the structure of the entire
measurement sensor in detail, and analyze all error sources in
the system. Moiré fringes can achieve relative measurement
in a small angle range and do not depend on the system
reference datum, which are suitable for the case where two
devices roll each other. Compared with other schemes, non-
reference measurement effectively reduces the impact of sys-
tem reference errors.

2) Due to the effects of various error sources in the sys-
tem, most schemes including moiré fringes have the prob-
lem that the measurement error increases rapidly with the
increase of the range of roll angle measurement. In addi-
tion, when the roll angle is close to 0◦, 90◦, or 180◦, the
lack of effective moiré fringes in the field of view seriously
affects the measurement robustness. In order to ensure the
accuracy of roll angle measurement, we propose a novel
model for combined measurement of roll angle. This scheme
conducts the moiré fringe measurement within 10′, and
adopts a shaft encoder with high stability and high accu-
racy above 10′. Finally, the accuracy of roll angle measure-
ment is better than 7.8′′. Therefore, this scheme effectively
overcomes the problem of limited moiré fringe measure-
ment range on the premise of ensuring the accuracy of roll
angle.

The remainder of this paper is organized as follows. First,
Section II introduces a non-contact measurement model of
roll angle, and analyzes the error sources. Then, Section III
presents the principle of combined measurement and param-
eters of main components. Further, an experimental setup is
designed to verify the accuracy of roll angle measurement
in Section IV. In the end, the conclusions are drawn in
Section V.

II. NON-CONTACT MEASUREMENT SCHEME
A. MOIRÉ FRINGE MATHEMATICAL MODEL
Fig. 1 shows the schematic diagram of our scheme for
the non-contact measurement of roll angle by using moiré
fringeswhen torsional deformation occurs between two target
devices. The setup consists of two parts, i.e., emitting part and
receiving part. Two collimators are separately connected with
the emitting part and receiving part, and the focal lengths of
the two collimators are the same under this scheme. G1 and
G2 represent gratings, and are respectively installed in the
emitting part and receiving part. The light source, G1, and
G2 are fixedly connected to the coaxial line. When torsional
deformation occurs, G1 and G2 are driven to rotate syn-
chronously around the z-axis. The collimator is an important
optical detection instrument, which can simulate the beam
from infinity. Parallel beams can be formed when light source
passes through the collimating optical system. Thus, non-
contact measurement of roll angle can be completed by using
this optical path without the aid of intermediate connection
structures. Finally, fringe images formed by G1 and G2 are
received by charge coupled device (CCD) in the receiving
part. Overall, the whole structure is quite flexible, and can
realize the non-contact measurement of roll angle conve-
niently and efficiently.

The Cartesian coordinate system o-xyz is established as
shown in Fig. 2. The grating system uses the grating pitch
as the measurement reference. When the grating pitch is in
the range of 10 to 200 µm, the grating line distance is much
larger than the source wavelength. Thus, the diffraction phe-
nomenon can be neglected, and the situation can be analyzed
by the occlusion effect of geometric optics [16]. On account
of this, the grating pitch should be larger than 10µm. Assume
the grating pitches of G1 and G2 are d1 and d2 respectively.
Take any grating line of G2 as the y-axis, its vertical direction
as the x-axis, and the z-axis perpendicular to the o-xy plane
as the optical axis. Then θ represents the roll angle between
two gratings, and the moiré fringe equation can be obtained
based on this coordinate system.

As illustrated in Fig. 2, since the variation of moiré fringes
is symmetrically distributed in the angle θ ∈ (0◦, 180◦) and
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FIGURE 2. Moiré fringe space coordinate system.

θ ∈ (180◦, 360◦), the discussion is mainly made in the range
of θ ∈ (0◦, 180◦). At first, the grating line equations are
established according to the o-xyz coordinate system. Let n
and m be ordinals of two gratings respectively, and then the
equations of the two gratings can respectively be expressed
as

x = nd1, (1){
xcosθ − ysinθ = md2, θ ∈ (0◦, 90◦)
ysinθ − xcosθ = md2, θ ∈ (90◦, 180◦).

(2)

Thus, the intersection trajectory of the two grating lines can
be obtained. As a general case, the intersection line is given
by a sequence of (n, m = n+ k), where k = 0, ± 1, ± 2, and
so on.

According to the shading effect, the lines I, II, III, and IV
are bright stripes of moiré fringes. Now substitutem = n+k ,
n = x/d1 into (2) to solve the general expression of stripes as
follows:

y = x
(
1−

d2
d1cosθ

)
ctgθ −

kd2
sinθ

, θ ∈ (0◦, 90◦)

y = x
(
1+

d2
d1cosθ

)
ctgθ +

kd2
sinθ

, θ ∈ (90◦, 180◦).
(3)

Equation (3) is a straight line cluster. Each k value corre-
sponds to a stripe, and the width W of fringe can be given
by

W =
d1d2√

d21 + d
2
2−2d1d2cosθ

, θ ∈ (0◦, 90◦)

W =
d1d2√

d21 + d
2
2 + 2d1d2cosθ

, θ ∈ (90◦, 180◦).
(4)

In practical sensors, the two gratings have the same pitch d .
Then the roll angle θ can be expressed as

θ = 2arcsin
d
2W

, θ ∈ (0◦, 90◦)

θ = 2arccos
d
2W

, θ ∈ (90◦, 180◦).
(5)

Equation (5) indicates that θ between two gratings can be
calculated by measuring the moiré fringe width W . Thus,
when deformation occurs between the two target devices,
the roll angle can be calculated by the changes of the moiré
fringe width as follows:
1θm = 2arcsin

d
2W2
− 2arcsin

d
2W1

, θ ∈ (0◦, 90◦)

1θm = 2arccos
d

2W2
− 2arccos

d
2W1

, θ ∈ (90◦, 180◦),

(6)

where W1 and W2 represent the measured values of the
moiré fringe width before and after the deformation, respec-
tively. Since the moiré fringes are symmetrically distributed
between 0◦–180◦ and 180◦–360◦, it is possible to obtain
the same width values at the symmetrical positions. These
values need to be distinguished by judging the slopes of
moiré fringes in the field of view. Compared with other mea-
surement schemes, our proposed scheme does not provide a
measurement reference position, and the corresponding roll
angle can be calculated based on the changes of the moiré
fringe width. Hence, moiré fringes have a good flexibility in
measuring the roll angle.
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B. ANALYSIS OF ERROR SOURCES
1) GRATING PERIOD ERROR
According to (5), the measurement accuracy is affected by
the grating pitch period error. The limited error of grating line
scribe in the manual is δd = 0.1µm, and it obeys the normal
distribution [16], [17]. Then the pitch period RMS error is
σd = δd

/
3 (Further details in Appendix). The measurement

error caused by grating scribe can be expressed by

∂θ

∂d
=

2
d
tan

θ

2
, (7)

σθd =
∂θ

∂d
σd . (8)

2) FRINGE WIDTH ERROR
Equation (5) indicates that the measurement accuracy of roll
angle is also related to the fringe width error. The width
solution error of moiré fringe is derived from the fitting error
of two stripes. Since the CCD image is discontinuous, each
stripe may have an error of no more than half of one pixel.
Consequently, the fringe width generally has a limit error
no more than one pixel. The CCD pixel size used in the
instrument is 4.8 µm ∗ 4.8 µm. Then, each image data point
contains a fitting error of half a pixel (δW = 2.4µm), which
obeys the normal distribution [18], [19]. Thus, the RMS error
is σW = δW

/
3 (Further details in Appendix). The fringe

width error can be obtained by

∂θ

∂W
=

2
d
tan

θ

2
sin

θ

2
, (9)

σθW =
∂θ

∂W
σW . (10)

3) FOCAL LENGTH ERROR
As Fig. 1 demonstrates, in the optical path for non-contact
measurement, the accuracy of roll angle is affected by the
focal lengths of two collimators. Generally, the focal lengths
of two optical systems cannot be exactly equal. The change
of the ratio between the two grating images may cause mea-
surement error. Assume the focal length factor is k , and then
the two grating pitches can be expressed by{

d1 = d
d2 = kd .

(11)

The manufacturing error k of the collimator focal length
in the manual is less than 1%, and the error obeys the uni-
form distribution [20]. Then the caused error is σk=δk

/√
3

(Further details in Appendix). The formula of the roll angle
transforms as follows:

θ = arccos(
1
2k
+
k
2
−

kd2

2W 2 ). (12)

Hence, the roll angle measurement error caused by the
inconsistent focal length can be calculated as follows:

∂θ

∂k
=

( 1
2k2
−

1
2 +

d2

2W 2 )√
1− ( 1

2k +
k
2 −

kd2
2W 2 )

2
, (13)

σθk =
∂θ

∂k
σk . (14)

4) ERROR COMPARISON
Fig. 3 provides the corresponding roll angle measurement
errors of the above error sources at different angles. Theoret-
ical analysis results indicate that each error source increases
rapidlywith the increase of the angle range, and that the fringe
width error caused by pixel rounding is much larger than the
other two. In addition, it can be seen that higher measure-
ment accuracies can be achieved at smaller roll angles [21].
From the above analysis, the measurement accuracy of moiré
fringes is significantly affected by various error sources in
the system, which follows a power law trend. On this basis,
we combine the above characteristics of moiré fringes and
propose a novel roll angle measurement scheme.

III. COMBINED MEASUREMENT SCHEME
A. MODEL PRINCIPLE
As Section II and related research demonstrate, the methods
based on moiré fringes are only suitable for roll deformation
measurement in a small angle range [13], [22]. Moreover,
when the roll angle is close to 0◦, 90◦, or 180◦, no effec-
tive moiré fringes can be obtained in the optical field of
view, which limits the robustness and measurement range
of these methods. In this paper, we propose to combine the
shaft encoder and moiré fringes to solve the problem of
limited range and ensure the measurement accuracy. The
shaft encoder has an extremely high stability and accuracy,
and its error can be ignored [23]. The principle of our
scheme is summarized as follows. First, the moiré fringe is
adjusted to a small angle position to achieve a high measure-
ment accuracy. Then, the actual roll angle 1θ can be calcu-
lated by summing the rotation angle value 1θs of the shaft
encoder and the measurement value 1θm of moiré fringe as
follows:

1θ = 1θm +1θs. (15)

In order to ensure the measurement accuracy of roll angle,
this scheme controls the measurement range of moiré fringe
within 10′. Here, themeasurement range of the predetermined
grating rotation angle is selected as 1◦30′ –1◦40′, and the
corresponding moiré fringe width is from 2673.88 to 2406.51
µm. Notably, the selection of the moiré fringe measurement
range is limited by the optical field of view and the size of
CCD layout in the system, and the above theoretical error
within this range is less than 4′′. Finally, by judging the
moiré fringe width value, whether the roll angle is within
the specified range can be determined. To sum up, the roll
angle measurement range by this scheme is not limited,
and large range roll measurement values can be achieved
by the shaft encoder. At the same time, the moiré fringe
can be used to achieve the non-contact measurement of
roll deformation and ensure the accuracy in a small roll
range.
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FIGURE 3. Variation trends of error sources with roll angle.

FIGURE 4. Experimental equipment layout.

B. SENSOR STRUCTURE DESIGN
Fig. 4 shows the layout of the experimental equipment, and
the whole setup of devices is installed on the optical platform.
Here, the structure of the emitting part has been further
modified and optimized based on that in Fig. 1. The two
collimators have the same parameters, so the same grating
image can be superimposed on CCD at the focal plane to
generate a moiré image. The final image data are processed
by computer.

Table 1 lists the main parameters of the system. The
CCD used in the experiment has the characteristics of low
illumination and high sensitivity, and it can be saturated even
if the light source is very weak. When a 5mW red LED is
used as the light source, a clear moiré fringe can be obtained.
Error analysis in Section II shows that a smaller pixel size
of CCD can help extract the center of the moiré fringe
and thus reduce the fringe fitting error. The used grating is
an isoperiodic circular grating ruler. At present, the com-
mon grating pitch in the field of geometric measurement is
20–100 µm. In this scheme, the grating pitch is selected
as 70 µm. The collimator is a common standard

optical detection instrument in the measurement field, and
its internal structure is not discussed here. Considering
a shorter focal length can acquire a larger optical field
of view, which is helpful for the collection of image
data, we select a short focal length of 1300 mm for the
collimator.

For the receiving part (as shown in Fig. 1), in order to
ensure a clear moiré image, the grating should be within
the depth of field at the focal length of the collimator, and
there should be no gap between CCD and G2. Fig. 5 presents
the detailed structural principle of the emitting part. The
grating G1, the light source, the rotating mechanism, and
the shaft encoder are fixedly connected together, which are
coaxial with the collimator. The axes of the two collimators
are calibrated by the theodolite to the same axis, and the
angle error after calibration is less than 0.5′′. When the target
devices at both ends are rolled, the emitting and receiving
parts rotate synchronously, and the high-accuracy roll defor-
mation measurement within 10′ between the two parts can
be guaranteed by the moiré fringe. Along with continuous
rotation of the rotating mechanism, the moiré fringe width
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FIGURE 5. Structural principle of the emitting part: (a) physical installation and (b) principle structure.

TABLE 1. Parameters of the system.

in the field of view is determined at the same time. When
the moiré fringe is adjusted within the predetermined range,
the rotation angle of the rotating mechanism is recorded
synchronously by the signal acquisition device of the shaft
encoder.

IV. EXPERIMENT
Fig. 6(a) is a captured moiré image, an image processing
series, i.e., filtering, contrast enhancement, threshold seg-
mentation, corrosion, and thinning, converts these stripes into
single-pixel lines as shown in Fig. 6(b) [24]. If the average
horizontal spacing between these lines is denoted as x and
vertical spacing as y, the width W of moiré fringe can be
calculated as follows:

W =
x·y√
x2 + y2

. (16)

Another shaft encoder is installed to verify the measure-
ment accuracy of our scheme. The operation process of the
experimental setup is as follows. First, the control mechanism
is rotated to drive G1 and the shaft encoder to rotate, and the

FIGURE 6. Moiré fringe image: (a) the original image and (b) extracted
center lines.

generated roll angles can be obtained by the original shaft
encoder. Then, the corresponding images are respectively
acquired at different angles, and the moiré fringe width is cal-
culated to determine whether the specified range is satisfied.
Here the rotation angle 3◦ of the second encoder is taken as
the true value, and the above operation is repeated 10 times
to calculate the measurement accuracy. To reduce the effects
of random errors, the RMS error of the statistical results is
expressed here. As shown in Table 2, the measured value of
roll angle is composed of two parts. The value 1θs beyond
10′ is obtained by the feedback signal of the original shaft
encoder, and its measurement resolution is less than ±0.1′.
The measured value 1θm within 10′ is mainly calculated by
the moiré fringe width.

The RMS error of the statistical results can reach 6.9′′,
which guarantees the stable measurement accuracy of our
scheme. Compared with the theoretical error analysis model,
the actual measurement result is slightly larger than the the-
oretical value. The shaft encoder has extremely high mea-
surement stability and accuracy, so the measurement error
of our scheme mainly comes from the moiré fringe width
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TABLE 2. Roll angle measurement accuracy within 3◦.

FIGURE 7. Roll angle of 0◦–90◦ measurement results.

calculation. For more detailed error analysis, please refer to
the error analysis in Section II.

In current engineering applications, the measurement
range of roll deformation in most applications is less than 3◦,
but the moiré fringe is close to 0◦, 90◦, and other invalid
intervals. Specially, in some application occasions, the roll
angle may greatly exceed 3◦. On account of this, in order
to further verify the measurement accuracy and feasibility of
the proposed scheme, the measurement range is extended to
0◦–90◦, and the experimental results are shown in Fig. 7.
As can be seen, the measurement error is always kept
within 7.8′′. Hence, it can be concluded that this scheme has
a good measurement stability.

V. CONCLUSION
In this paper, we propose a novel scheme for roll defor-
mation measurement by combining moiré fringes with the
shaft encoder. Moiré fringes can achieve relative roll mea-
surement in a small angle range and do not depend on the
system reference datum, thus guaranteeing the measurement
accuracy within a small angle range and effectively reducing

the impact of system reference errors. Under the help of
shaft encoder, the limited measurement angle range of moiré
fringes is extended to a large extent, and the measurement
accuracy can still be guaranteed. The experimental results
demonstrate that the accuracy can reach 6.9′′ within 3◦, and
be better than 7.8′′ in the roll range of 0◦–90◦. Thus it has
a good measurement stability. Further, the proposed scheme
overcomes the limitations of the imaging characteristics and
the field of view of optical system, which can measure any
roll angle in the full 360◦ angular range. Moreover, some
modifications are made to improve the overall structure of the
system, which can meet the requirements under many non-
contact application scenarios.

APPENDIX
Limit error: It represents the maximum range of errors under
a certain probability guarantee. Assuming that the probability
that the error of measurement result does not exceed the limit
error is P, then the probability that the result falls on 1–P
can be neglected. The limit error is usually expressed by the
symbol δlim.
RMS error: It is also referred as the Standard Deviation,

which is used to reflect the degree of dispersion of a data set.
The RMS error is commonly expressed as σ .

According to the knowledge of the probability theory,
the two errors have the following relationship:

δlimx̄ = tσx̄ , (A1)

where x̄ represents the average value of multiple measure-
ment sequences; t represents the confidence factor, which
depends on the probability distribution of the data. The com-
mon uniform distribution and Gaussian distribution are gen-
erally taken as

√
3 and 3, respectively.
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