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ABSTRACT In this paper, a multiplexing technique of coherent polarization states based on
three-dimensional rotation group is proposed. The technique applies two Stokes parameters in one polarized
light as signal and local oscillator (LO), and combines them in the single spatial mode. Three-dimensional
rotation group SO(3) is used to describe the transformation of Stokes parameters. SO(3) is decomposed
into three subgroups, with each subgroup represents a rotation along different axes. A multiplexer is
designed with three electro-optical crystals to realize the function of three-dimensional rotation group. The
multiplexer achieves an ergodicity of polarization states. Signal and LO propagates in the same spatial mode,
multiplexing of polarization states is realized. Finally, the multiplexer is tested in a free space quantum
communication system and its feasibility in quantum communication is confirmed.

INDEX TERMS Optical polarization, stokes parameters, quantum cryptography, optical communication
equipment.

I. INTRODUCTION
The world’s first quantum key distribution (QKD)
demonstration in free space was performed in 1996 [1].
By now, tremendous progresses have been made in this
field, many prepare-and-measurement systems have been
proposed [2], [3]. Most of them were based on discrete-
variable (DV) [2], [4]–[6] or entangled state [7], [8],
which had poor practicability due to rare light source and
expensive single photon detector. Continuous-variable QKD
(CV-QKD), as one of the implementation schemes of QKD,
possesses several advantages over DV-QKD: easier imple-
mentation [9]–[11] and lower cost [12]–[14], etc. Most of the
CV-QKD systems were performed while splitting signal and
LO as Mach-Zehnder interferometer’s two arms [15]–[17].
Atmospheric scattering adds difficulty to synchronization of
the two beams in free space, and it’s also hard for an accurate
interference of them at Bob’s side. Although Huang et al.
proposed a locally LO scheme [18], [19], it still required
precise secure phase compensations. To overcome the fore-
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mentioned issues, Lorenz et al. proposed a polarization
encoding theory which multiplexed signal and LO in one
spatial mode [20], Elser et al. presented a free space CV-QKD
system with multiplexing of coherent polarization states
using electro-optical modulator (EOM) and magneto-optic
modulator (MOM) [21], Heim et al. improved Elser’s system
by using two EOMs associated with a half wave plate (HWP)
to implement multiplexing [22], [23].

Besides polarization encoding,multiplexing of polarization
were also widely used in other fields. Hockett et al. conducted
photoionization experiments with polarization multiplex-
ing [24], Grassi et al. presented a centralized light source opti-
cal access network based on polarization multiplexing [25],
several groups used multiplexing of polarization to assist
orbital angular momentum modulation [26], [27] or enhance
channel capacity [28].

In this paper, we proposed a polarizationmultiplexing tech-
nique based on rotation group SO(3), used two quadratures of
Stokes parameters as signal and LO in CV-QKD, and allowed
co-propagation of signal and LO in one polarized light beam.
Self-made coherent polarization states multiplexer, which
possessed the ability of SO(3) transformation, was employed
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to implement polarization multiplexing. The multiplexer was
tested in an experimental setup to prove its feasibility and
application in free space QKD.

II. POLARIZATION AND ELECTRO-OPTICAL CRYSTAL
A. POLARIZATION CHARACTERIZATION
Polarization, as a characteristic of light wave, could be
described by complex-number representation, Jones Vector,
Poincaré Sphere, etc [20]. In 1852, Stokes firstly described
polarization states by light intensity {S0, S1, S2, S3}, also
known as the Stokes parameters [21]. These parameters could
be acquired by measuring the intensity of light, and its three
polarization components {S1, S2, S3} could be mapped to one
fixed point on the Poincaré Sphere, as shown in Figure 1.

FIGURE 1. Poincaré sphere with stokes parameters S1, S2 and S3.

It is known that the above Stokes operators obey the Lie
algebra of SU(2) [29],

[Ŝi, Ŝj] = 2i ∈ijk , i, j, k = 1, 2, 3
[Ŝ0, Ŝj] = 0, i = 1, 2, 3
Ŝ0(Ŝ0 + 2) = Ŝ21 + Ŝ

2
2 + Ŝ

2
3

(1)

The connection between Stokes operators and SU(2) alge-
bra is very useful in polarization spin [29]. In this paper,
we used rotation group SO(3) to describe polarization rota-
tion, which is a subgroup of SU(2). Also in Eq.(1), it could
be seen that the three Stokes operators {Ŝ1, Ŝ2, Ŝ3} satisfy
canonical commutation relation. According to theHeisenberg
uncertainty principle, we have

(1Ŝi)(1Ŝj) ≥
∣∣∣〈Ŝk 〉∣∣∣ , i, j, k = 1, 2, 3 (2)

Eq.(2) indicates that precision of simultaneous measure-
ment of a pair of Stokes parameters is limited by the uncer-
tainty principle. In this study, we chose S2 and S3 of Stokes
parameters of the same beam as signal and LO. This tech-
nique is also known as polarization multiplexing [20]–[23].

B. ELECTRO-OPTICAL CRYSTALS
When electrical field is added to an electro-optical crystal,
charge transfer and micro structural deformation will hap-
pen inside the crystal. These alterations lead to a change of
refractive index, which is known as electro-optical effect [30].
When light beams pass through such an electro-optical crys-
tal, the change of refractive index leads to a phase retardation

in different directions, and polarization states change as well.
In this study, LiNbO3 was selected as the electro-optical
crystal, which had a linear electro-optical effect also known
as the Pockels effect [31]. LiNbO3 has a crystal symmetry
of 3m, the change in refractive index due to an electrical field
could be expressed by

1(1/n2)i =
∑

rijEi, i = 1, ...6, j = 1, ...3 (3)

where n is the refractive index, rij is the electrical-optical
coefficients, Ex , Ey and Ez represent electrical fields from
corresponding directions. Define c-axis cutting crystal as
Z -type crystal, according to Pockels effect and Eq.(3), when
an X -directional (a-axis) electrical field is added to the Z -
type crystal, phase retardation due to X -directional (a-axis)
electrical field could be obtained,

δZ =
2πn3or22
λ

l
d
VX (4)

Similarly, for a a-axis cutting X -type crystal, phase retar-
dation due to X -directional (c-axis) electrical field could be
written as:

δX =
2π l
λ

(no − ne)+
π (n3er33 − n

3
or13)

λ

l
d
VZ (5)

where no and ne are the ordinary and extraordinary refractive
indices, l and d are length and width of the crystal. VX
and VZ are driving voltages of X -type and Z -type crystals.
Eq.(4) and (5) indicated that phase retardation was propor-
tional to driving voltage V , so through controlling of driving
voltage V , we could alter phase retardation of the crystal.

III. DESIGN OF THE SO(3) TRANSFORMATION
MULTIPLEXER FOR COHERENT POLARIZATION
STATES MULTIPLEXING
A. SO(3) TRANSFORMATION
For crystals whose angle between principal optical axis
and horizontal plane is known, its Muller matrix could be
obtained according to matrix optics [32]. Here we used three
dimensional rotation group SO(3) which was a three-order
sub-matrix of Muller matrix, to represent Muller matrix.
SO(3) matrix of X - and Z -type crystal could be expressed as
follows:

MX =

 1 0 0
0 cos δX sin δX
0 − sin δX cos δX


MZ =

 cos δZ 0 − sin δZ
0 1 0

sin δZ 0 cos δZ

 (6)

where δ is phase retardation, and according to Eq.(4) and (5),
it relates to the driving voltage. Here we have two types of
SO(3) matrix, namely MX and MZ . According to the Lie
algebra of SO(3),MX is a rotation group rotating polarization
states along OS1 axis in Poincaré Sphere, and MZ rotates
polarization states along OS2, as indicated in Figure 2.
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FIGURE 2. Rotation directions for LiNbO3 crystals. (a) X -type crystal,
(b) Z -type crystal.

B. DESIGN OF THE MULTIPLEXER
With the above SO(3) matrix, we could now configure polar-
ization states multiplexer. When we combine X -type and Z -
type crystals to form a multiplexer, based on matrix optics,
the output Sout polarization states could be calculated by[
Sout,1 Sout,2 Sout,3

]T
= MZ ·MX ·

[
Sin,1 Sin,2 Sin,3

]T
=

 Sin,1cosδZ + Sin,2 sin δX sin δZ − Sin,3 cos δX sin δZ
Sin,2 cos δX + Sin,3 sin δX

Sin,1 sin δZ − Sin,2 · sin δX cos δZ + Sin,3 cos δX cos δZ


(7)

Consider an arbitrary incident polarization state Sin with
Stokes parameters [Sin,1, Sin,2, Sin,3]= [−0.3,−0.5, 0.8124].
When δX and δZ range from [−π , π ], all possibilities of Sout
could be calculated using Eq.(7). And Figure 3 gives a map of
all the possible Sout on the Poincaré Sphere. In Figure 3, the
star mark represents the incident coherent polarization state,
and red dots means all the possible output states. As indicated
in Figure 3b and 3c, there exists a blank area on the surface
of the sphere, which means neither X -Z type encoder nor
Z -X type multiplexer could achieve an ergodicity on the
Poincaré Sphere. So we could draw a conclusion that two
SO(3) sub-groups could not achieve arbitrary polarization
state transformation.

FIGURE 3. The incident coherent polarization state Sin and all
possibilities of Sout on Poincaré Sphere for two SO(3) matrices’ situation.
(a) Incident coherent state Sin, (b) all possibilities of Sout of X-Z type
multiplexer, (c) all possibilities of Sout of Z-X type multiplexer.

Let’s consider using three SO(3) sub-groups, X -Z -X or
Z -X -Z . ConsideringX -Z -X combination, according tomatrix
optics, the output polarization state Sout could be calculated

by[
Sout,1 Sout,2 Sout,3

]T
= MX3 ·MZ2 ·MX1 ·

[
Sin,1 Sin,2 Sin,3

]T
=

A11 A12 A13
A21 A22 A23
A31 A32 A33

 · [ Sin,1 Sin,2 Sin,3
]T (8)

where Aij could be calculated by

A11
A12
A13
A21
A22
A23
A31
A32
A33



=



cosδZ ,2
sin δX ,3 · sinδZ ,2
− cos δX ,1 · sin δZ ,2
sin δX ,3 · sin δZ ,2

cos δX ,3 · cos δX ,1 − sin δX ,3 · cos δZ ,2 · sin δX ,1
cos δX ,3 · sin δX ,1 + sin δX ,3 · cos δZ ,2 · cos δX ,1

cos δX ,3 · sin δZ ,2
− sin δX ,3 · cos δX ,3 − cos δX ,3 · cos δZ ,2 · sin δX ,3
sin δX ,3 · sin δX ,1 − cos δX ,3 · cos δZ ,2 · cos δX ,1


(9)

We took the same arbitrary incident polarization state Sin =
[−0.3, −0.5, 0.8124], and made δX,1 and δZ,2 ranging from
[−π , π ] to give a simulation of all the possible Sout onto the
Poincaré Sphere using Eq.(8) and (9) as shown in Figure 4.

FIGURE 4. The incident coherent polarization state Sin and all
possibilities of Sout on Poincaré Sphere for three SO(3) matrices’
situation. (a) Incident coherent state Sin, (b) all possibilities of Sout of
X-Z-X type multiplexer, (c) all possibilities of Sout of Z-X-Z type
multiplexer.

As shown in the above figure, both X -Z -X and Z -X -Z type
could achieve an ergodicity on Poincaré Sphere, that is to say,
three SO(3) sub-groups could realize arbitrary polarization
states transformation. In our experiment, we prepared a−45◦

linear polarized state as the incident state, which was on
the negative half of OS2 axis, a Z -type SO(3) matrix at the
beginning of the matrix array was not working. Therefore,
we chose X -Z -X SO(3) matrix array as our multiplexer.
Combine Eq.(4), (5) and (8), we could build the connection
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between driving voltage V and the output polarization states.
In other words, changing the voltage leads to the change of
polarization states.

C. MULTIPLEXING OF COHERENT POLARIZATION STATES
As mentioned above, in our experimental configuration, a
−45◦ linear polarized beam (Stokes parameters [1, 0,−1, 0])
was prepared as the incident state of the SO(3) transformation
multiplexer. According to Eq.(8) and (9), we have
Sout,1=− sin δZ ,2 sin δX ,1
Sout,2=− cos δX ,3 cos δX ,1 + sin δX ,3 cos δZ ,2 sin δX ,1
Sout,3=sin δX ,3 cos δX ,1 + cos δX ,3 cos δZ ,2 sin δX ,1

(10)

As mentioned in Sec II, S2 and S3 was selected as signal
or LO, S1 remained the same during multiplexing process,
so for simplification, we defined sinδZ ,2 ≈ 0, so cosδZ ,2 ≈ 1.
As the first and third SO(3) matrix were the same type of
crystals, we simply added same driving voltage to these to
crystals, leading to the same phase retardation δX ,1 = δX ,3.
Then Eq.(10) could be simplified as:{
Sout,2=− cos δX ,3 cos δX ,1+sin δX ,3 sin δX ,1=− cos 2δX ,1
Sout,3=sin δX ,3 cos δX ,1+cos δX ,3 sin δX ,1=sin 2δX ,1

(11)

Here Sout,1 was very small. Eq.(11) shows when S2 is
chosen as signal and S3 is selected as LO, S2 is the smaller
one with greater variation, and S3 is the larger one with rather
smaller variation. Mapping onto Poincaré Sphere, the encod-
ing zone is around the north pole (See Figure 5a). Similarly,
when S3 is chosen as signal, the encoding zone is around the
eastern end (See Figure 5b). It could be seen that the Stokes
parameters S2 and S3 satisfy the signal and LO’s requirement
of CV-QKD. S2 and S3 from the same coherent state belong

FIGURE 5. Multiplexing of coherent polarization states based on SO(3)
transformation. (a) Encoding process of S2. (b) Encoding process of S3.
The red arrow represents incident polarization state, and the red area
means encoding area. The upper coordinates are crystal axes, and the
lower are the actual coordinates of our experiment. (c) 3-D view of the
coherent polarization states multiplexer.

to one spatial mode. Using SO(3) transformation, signal and
LO of the coherent polarization states propagate in a single
spatial mode under our experimental setup, and at the same
time the signal is encoded, this is the so-called multiplexing
of coherent polarization states or polarization multiplexing.

D. APPLICATION IN OPTICAL COMMUNICATION SYSTEM
To test the performance of SO(3) transformation multiplexer,
we configured an optical communication system which con-
tained three parts: linear polarization state preparation mod-
ule, polarization multiplexing module and receiving module.
The experimental setup is shown in Figure 6.

FIGURE 6. The experimental setup. PBS represents polarization beam
splitter.

(1) Linear polarization state preparation module. An
808nm continuous beam is emitted by a semiconductor
laser source, followed by a convex to get an ideal parallel
light. An optical isolator is used to prevent the laser source
from reflection. After a spatial filtering grating, a beam of
monochromatic coherent light is obtained. Variable optical
attenuation (VOA) has an attenuation range from 2% to
100%. A Wollaston prism is used as PBS to split the incident
beam into two linear polarized beams, and the horizontal one
is reserved. Via a polarizer, a near−45◦ linear polarized light
(Stokes parameters [1, 0, −1, 0]) is obtained.

(2) Polarization multiplexing module. Polarization multi-
plexingmodule is made up of PC, high-voltage driving circuit
and SO(3) transformation multiplexer. High voltage driving
circuit which is controlled by an ARM chip, provides corre-
sponding voltage to themultiplexer. Themultiplexing process
works as follows. Firstly, ARM randomly selects signal and
LO from S2 and S3, and uses Gaussian random number as
modulating signal, the circuit drives the multiplexer with
corresponding voltage, and modulated signal is sent to PC via
USB port simultaneously.When the prepared linear polarized
light passes through the multiplexer, the signal with S2 or S3
modulated is obtained. And the signal and LO are sent to
receiving module via free space. The communication system
was only an experimental setup, the distance between Alice
and Bob was only 1 m, so the influence of atmospheric
turbulence could be neglected.

(3) Receiving module. The receiving module consists of
two parts, namely, a demultiplexer and an HWP. The demul-
tiplexer has the same structure as the multiplexer. Let the inci-
dent beam at Bob’s side be Pin = (S ′in,0, S

′

in,1, S
′

in,2, S
′

in,3)
T ,

we apply the same voltage to the first and third X -type
crystal, which leads to the same phase retardation and the
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same SO(3) matrix of these two crystals. The demultiplex-
ing process could be expressed by [S ′out,1, S

′

out,2, S
′

out,3]
T
=

H1/2 · MX · MZ · MX · [S ′in,1, S
′

in,2, S
′

in,3]
T . Combined with

Eq.(10), we have

S ′out,1 = AS ′in,1 + BS
′

in,2 + CS
′

in,3 (12)

where A = sin δ′X ,1 sin δ
′

Z ,2,B = cos2 δ′X ,1 −
sin2 δ′X ,1 cos δ

′

Z ,2, and C = sin δ′X ,1 cos δ
′

X ,1(1 + cos δ′Z ,2)
(δ′X ,1 = δ

′

X ,3). This implies that we could select measurement
basis by changing the driving voltage of the demultiplexer.
Specifically, we couldmakeA= 0, B=−1, C= 0 tomeasure
S2, and A = 0, B = 0, C = 1 to measure S3.
After randomly choosing measurement basis by changing

the driving voltage of the demultiplexer, the light is split by
PBS into the homodyne detector. After demultiplexing and
homodyne detection, the light sent by Alice is measured by
either S2 or S3. DAQ PCI6111E is applied to acquire the
voltage, and the data is finally sent to PC at Bob’s side.
In the experimental setup, channel noise, measurement

noise and other kind of noise produce a tremendous influence
on coherent detection, so an efficient signal identification
method should be applied in order to distinguish the quantum
state correctly. In this study, we used the recurrent quantum
neural network (RQNN) with Schrödinger equation for sys-
tem control and coherent states extraction [33].
The RQNN algorithm runs as follows: In Schrödinger

equation, f (x, t) = |ψ(x, t)|2 is probability density function
(PDF). Define the output of RQNN as ŷ =

∫
x(t) · f (x, t)dx,

we have the Schrödinger equationwhich describes the RQNN
model [33].

i}
∂ψ(x, t)
∂t

= −
}2

2m
∇

2ψ(x, t)+ ζW (ya(t)

+e(t)− ŷ
)
φ(x, t)ψ(x, t) (13)

where ζW
(
ya(t)+ e(t)− ŷ

)
φ(x, t) is the spatial poten-

tial energy V (x, t), ya(t) + e(t) is the input signal,
ya(t) is the actual signal and e(t) is the unknown noise.
W
(
ya(t)+ e(t)− ŷ

)
is the weight, which is also a function

of the input and output of the signal. When the input sig-
nal stimulates RQNN neurons to let the RQNN establish a
spatial potential energy, according to Eq.(12), the quantum
state ψ(x, t), which represents the collective response of the
neurons, evolves with the potential energy. By establishment
of the potential energy through RQNN, coherent states could
be accurately extracted from the noise [33].

IV. RESULTS AND DISCUSSIONS
A. MULTIPLEXING VERIFICATION OF THE MULTIPLEXER
To test multiplexing function of the self-made multiplexer,
Thorlabs’s polarimeter PAX5710IR1-Twas applied for polar-
ization measurement and the result was sent to computer. S2
or S3 was randomly selected as signal, and according to Eq.(4)
(5) and (11), relevant driving voltages were calculated and
added to the multiplexer. Via the polarimeter, the resulting
polarization states were mapped onto Poincaré Sphere as
illustrated in Figure 7.

FIGURE 7. Multiplexing results of the multiplexer, the red area is the
polarization states when encoding S3, and the blue area is the
polarization states when encoding S2.

As indicated in Figure 7, multiplexing results were con-
sistent with theoretical design in Section III, the blue and
red area accorded well with the area in Figure 5. That is to
say, when S2 is selected as weak signal, and S3 is selected
as strong LO, the encoding is in the blue area. Signal and
LO propagates in the same spatial mode, which not only
meets the security requirement of CV-QKD, but also fulfill
the multiplexing of signal and LO. It is the same situation
when S3 is selected as weak signal, and S2 is selected as
strong LO.

B. PERFORMANCE VERIFICATION OF THE MULTIPLEXER
For performance verification of the multiplexer, S2 was
selected as signal and S3 was selected as LO at Alice’s side.
At Bob’s side, S2 was selected as measurement base. The
power of light beam incident to the multiplexer was 1mW.
16-bit Gaussian random number was selected as modulating
signal for S2. Driving voltage of the multiplexer and demul-
tiplexer was calculated and added to the devices via driving
and controlling system. The sending and receiving signal is
displayed in Figure 8. It could be seen that the waveforms of
sending and receiving data were almost the same, and there
was little noise in the receiving data. After quantization of the

FIGURE 8. Sending and receiving data when the light power is 1 mW.
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FIGURE 9. Sending, receiving and RQNN-restored data when the light
power is 0.01 mW.

receiving data, bit error rate (BER) was calculated. The BER
was less than 10−3 when the light power was 1 mW.

Then the VOA was used to attenuated the incident light
power to 0.01 mW. Other experiment condition was the same
as above: S2 was selected as signal and S3 was selected
as LO at Alice’s side. At Bob’s side, S2 was selected as
measurement base. 16-bit Gaussian random number was used
as modulating signal for S2. Driving voltage of the multi-
plexer and demultiplexer was calculated and added to the
devices via driving and controlling system. The sending and
receiving signal are shown in Figure 9. The receiving data
was embedded with heavy noise, adjacent state could hardly
be separated. At this time, RQNN approach was applied
for signal restoration of the receiving signal [33]. And the
signal after RQNN is shown in Figure 9c. The signal-to-
noise ratio was greatly enhanced after signal restoration by
RQNN. After quantization of the RQNN-restored data, BER
was calculated. The BER was less than 4% when the light
power was 0.01 mW.

C. DISCUSSIONS
Most of the CV-QKD were conducted while splitting
signal and LO as Mach-Zehnder interferometer’s two
arms [15]–[17]. Atmospheric scattering adds difficulty to
synchronization in free space for the two beams, and
it’s also hard for an accurate interference of them at
Bob’s side. Although Huang et al. proposed a locally LO
scheme [18], [19], it still required precise secure phase com-
pensation. In this study, we present a multiplexing technique
based on SO(3) transformation. Through this technique, two
of the three Stokes parameters of the same beam, namely S2

and S3 is selected as signal and LO, which are from the same
light beam and transmits in the same spatial mode. In other
words, signal and LO are multiplexed in the same light path,
which overcomes difficulties of synchronization. In addition,
atmospheric turbulence has the same influence on both signal
and LO, making polarization compensation more convenient.

Elser et al. presented an EOM and MOM joint modu-
lation for multiplexing of coherent polarization states [21],
where MOM generated a weak signal in S2 component and
EOMmodulated S3 component. Heim et al. improved Elser’s
system by using two EOMs associated with an HWP to
implement polarization encoding [22], [23]. All the above
schemes used discrete devices. While in this paper, three
SO(3) sub-matrices were applied for the description of polar-
ization state transformation, and a multiplexer with three
LiNbO3 crystals was designed. The multiplexer is an inte-
grated device with driving and controlling system, and could
achieve multiplexing of coherent polarization states.

V. CONCLUSION
In this paper, three-dimensional rotation group SO(3) was
introduced to describe the transformation of coherent polar-
ization states. Three SO(3) matrices were applied to modulate
polarization states and to multiplex signal and LO. A multi-
plexer was designed using three anisotropic LiNbO3 crystals.
Combined with SO(3) matrix and Poincaré Sphere, principle
of polarization multiplexing was given. The multiplexer was
tested under different intensities of light. Bit error rate was
less than 4% under different light intensities. Meanwhile,
signal and LO transmitted in single spatial mode, multiplex-
ing of coherent polarization states was realized. And besides
application in CV-QKD, the self-made multiplexer could be
served as polarization encoder or multiplexer in other optical
communication systems and quantum communication sys-
tems as well.
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