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ABSTRACT This paper presents an angular acceleration planning for joint configuration spaces of vision-
based kinematically redundant robot manipulators to achieve real-time tracking tasks in dynamic environ-
ment. In accordancewith the proved proposition, the joint velocity formed by the inverse kinematicsmapping
of the defined pose error is regarded as the system error, and utilized to further deduce the planned joint
angular acceleration and with kinematic redundancy for obstacle avoidance simultaneously. Highly-complex
nonlinearities in the angular acceleration are equivalent to a system perturbation represented by a synthetic
form, thereby simplifying the tedious calculations of the angular acceleration theoretically and converting the
planning problem into a control problem. Hyperbolic tangent-based super twisting algorithm, as the control
input of manipulator system, is designed to resist the synthetic perturbation. The collision-free movement
of redundant manipulators for tracking tasks is thus achieved through the integration of the control input in
real time. An error-based S-function is proposed as the internal parameter of the planned joint acceleration
to prevent the integral saturation. Lyapunov theoretical analysis proves the stability of the proposed super
twisting algorithm. Simulation and contrast experiments in dynamic-obstacles environments indicate that
the proposed joint angular acceleration planning for kinematically redundant manipulators owns feasibility,
smoothness and practicability.

INDEX TERMS Angular acceleration, synthetic perturbation, hyperbolic tangent-based super twisting
algorithm, redundant manipulator.

I. INTRODUCTION
The development of artificial intelligence technology has
aroused great interest in the research on vision-based robot
manipulators for autonomous and intelligent operations/tasks
during interacting with the dynamic environments [1], such
as with human, robots or other automation equipment. In the
process of the operations/tasks, real-time motion planning
for vision-based robot manipulators not only ensures the
safe and collision-free motion but also plans the smooth
trajectories to avoid the system chattering that may seriously
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damage the actuators and degrade the tracking performance
of robot [2], [3]. Furthermore, smooth trajectories can be
executed faster and with a higher accuracy, and make vision-
based robot manipulators complete operations /tasks with
higher quality in dynamic environments. Hence, obtaining the
smooth joint trajectory is key in the research of the real-time
motion planning for vision-based robot manipulators.

The real-time motion planning methods for robot manipu-
lators has been thoroughly studied in existing literatures and
divided into real-time Cartesian motion planning [4]–[20]
and real-time joint trajectory planning [21]–[33]. Real-time
Cartesian motion planning is usually chosen priority because
of the intuitive operation/task space, simple description of the
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path constraints, direct expression of the end-effector (EE)
pose, and easy achievement for obstacle avoidance. In order
to generate a smooth joint trajectory for robot manipulator
in operations/tasks, many interpolation points on the moving
path are always defined via linear, polynomial or spline func-
tion in Cartesian space [4]–[7]. Meanwhile, the velocity and
acceleration of the insertion points need to be determined to
ensure the motion continuity [12], [13]. Although the inter-
polation points with constraints can get a smooth trajectory
for the EE and joints, the real-time solutions of forward kine-
matics (FK) and inverse kinematics (IK) for each interpola-
tion points have become the system intrinsic complexity and
consumed a part of the computational effort. Additionally,
force/moment, dynamics model, parameterized processing of
velocity and acceleration, and limit of absolute jerk value,
are also required in dynamics-based planning [6], [11], [13],
which results in much more highly nonlinear model and
tedious calculations. Some real-time planning methods based
on kinematics is sample and practical, like fixed proportion-
based [16], fixed clamp-based [17], pose error controller-
based [18], and intelligent methods [10], [19]. However, these
methods consider only position and velocity information in
Cartesian space and fluctuations still exist in the path and
joint trajectory. Overall, even though the smooth motion of
manipulator could be achieved by using real-time Cartesian
motion planning, the generated joint trajectories are not as
smooth as those generated based on real-time joint trajectory
planning.

Real-time joint trajectory planning methods can plan the
joint motion trajectories of the manipulator directly and
the motion of the manipulator is controlled by the planned
joint inputs, such as the position, velocity, acceleration and
jerk [20]–[24], or the torque [25]–[27] those are constrained
through boundary condition, fitting function, optimization
(or cost) function, or learning algorithm. Usually, the task
space is non-intuitive, yet smooth motion planning is easy
to realize and conducive to reducing the jitter of the joint
and the manipulator. However, the joint trajectory planning
easily causes the motion error of the EE and the unsafe
distance between EE and obstacles [28]. The advanced meth-
ods, formulating the motion planning as quadratic program-
ming problem, are flexible, accurate and efficient. The dual
neural network scheme with convex–nonconvex constraints
for redundant manipulator can achieve the real-time stable
motion and owns high-accuracy and -efficiency in tasks [29].
The optimal criterion of joint angle and velocity is designed
to prevent the occurrence of high joint velocity for redun-
dant robot manipulators [30]. The varying-parameter neu-
ral network for solving the motion problem in joint space
of redundant manipulator can avoid the joint-angular-drift
in real time [31], [32]. In addition, the time-optimal joint
trajectory planning method can obtain quite smooth joint
acceleration and velocity [33], and accurate tracking of the
EE. Nevertheless, the high-order dynamics and kinematics
equation need be solved to acquire the planned joint control
inputs, which brings the complex mathematical operations

and difficulty in the application of real-time planning for low-
cost and low-power microcontrollers.

Considering the real-time motion planning methods com-
prehensively, mostly methods, which relates to the inter-
polation, fitting or intelligent algorithm, aim to planning
the continuous angular-acceleration to ensure the smooth-
ness of the joint trajectory. Such ways can endow the
manipulator with the good tracking performance and avoid-
ing the system chattering simultaneously, but the real-time
motion planning always involves the highly-complex nonlin-
ear kinematics/dynamics models due to the differential for
obtaining acceleration information and affects the real-time
performance of the robot system. Nearly no research simpli-
fies these models, especially the kinematics-based models.
In addition, seldom method can directly plan the smooth
joint trajectory and ensure intuitive constraints of Cartesian
space tasks in the case of dynamic obstacles at the same
time. Therefore, planning the continuous joint angular accel-
eration directly based on kinematics, owning intuitive task
constraints in dynamic-obstacle environment, and simplify-
ing the models will be considered in this paper.

On the basis of the previous contributions [6], [10], [11],
[18], [20]–[24], [33], this paper proposes a simple and prac-
tical real-time planning method of angular acceleration in
joint configuration spaces based on the kinematics, which
can describe the operations tasks and motion constraints of
Cartesian space directly in dynamic environment, and obtain
smooth trajectories in joint space simultaneously.

The contributions and characteristics of the proposed real-
time planning method those differ from the existing research
are embodied as following aspects.

The vectors in IK for obstacle avoidance and tracking
tasks are proved to be linear independent and orthogonal
in the proposition so that the ‘‘joint velocity’’ formed by
the IK mapping can be regarded as the ‘‘system error’’ and
further derived to obtain the planned joint angular accel-
eration. Due to the null space vector in IK, the kinematic
redundancy is still possessed for avoiding obstacles in the
planned angular acceleration. i.e., the angular acceleration
planning can also ensure collision-free motion of redundant
manipulators in dynamic-obstacle environment during opera-
tions/tasks at the same time. The highly complex items in the
angular acceleration equation are simplified and equivalent
to the synthetic disturbance of the system, which theoret-
ically reduces the system complexity and calculation cost.
As a result, the real-time ‘‘planning problem’’ is converted
into a nonlinear ‘‘control problem’’ about the joint angular
acceleration, which means using the control technology to
deal with the planning problem and is completely different
from existing planning ideas. In the torque control design
of nonlinear dynamics system, the traditional super twisting
algorithm (STA) has been applied widely due to the great
contributions, including the fast convergence in finite time,
robustness, simplicity, high control accuracy and overcoming
chattering of sliding mode control [34], [35]. Unfortunately,
the chattering occurs when the traditional STA is used in
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real-time planning of kinematics-based robot manipulator
system. So, as an improved method, the hyperbolic tangent-
based STA is designed to expand the application of the
traditional STA in motion planning. The designed STA is
similar to sliding mode control and can effectively suppress
the chattering in the planning based on the traditional STA
and resist the equivalent synthetic perturbation. Thus, the
proposed angular acceleration planning method is formed by
the real-time control of the designed STA, which does not rely
heavily on models and can achieve the collision-free motion
of redundant manipulator in dynamic environment. Besides,
the proposed planning method can avoid the insufficiencies
that the interpolation points with motion constraints need
to be defined in real-time Cartesian motion planning and
that the EE pose exists the non-intuitive task description and
the unsafe distance with obstacles in real-time joint trajec-
tory planning. The system stability is proved by Lyapunov
theory. The analysis for the influence of parameters on the
manipulator system, by using the hyperbolic tangent-based
STA, is difficult due to the integral link and the hyperbolic
tangent term. Then the designed Lyapunov function is further
deduced to discuss the convergence performance and the
motion in different cases.

Simulations and experiments of a moving object track-
ing in dynamic-obstacles environment fully demonstrate the
feasibility, smoothness and practicability of the proposed
real-time planning method of angular acceleration in joint
configuration spaces.

The reminder of this paper is organized as follows.
Section II discusses the real-time angular-acceleration plan-
ning, including the mapping from Cartesian space to joint
space, the hyperbolic tangent-based STA and its stability
analysis. Section III and Section IV provide the simula-
tion and experimental results in different cases, respectively.
Section V presents the conclusion.

II. REAL-TIME ANGULAR-ACCELERATION PLANNING
A. MAPPING FROM CARTESIAN SPACE TO JOINT SPACE
This paper considers the real-time tracking an object as the
tracking task. In Fig. 1, the Cartesian coordinate O-XYZ is
the base coordinate system of the redundant manipulator. The
coordinate system {XT , YT , ZT } is the object attitude, which
makes the EE face the direction of the coordinate axis XT . α
is defined to directly describe the pose error and its first-order
derivative between the EE and the object in Cartesian space
as follows:

α = ηp (xr − x)+ ηd (ẋr − ẋ) , (1)

where α ∈ RN×1 is used to obtain the higher-order dif-
ferential information in the following theoretical derivation
process. N equals to 3 for planar manipulator and N equals
to 6 for spatial manipulator. ηp and ηd denote the con-
stant coefficients. xr = (xr , yr , zr , ωr , ϕr , γr )T defines the
object pose in Cartesian space. xr , yr and zr express the
position. ωr , ϕr and γr refer to the attitude that is calculated
by the equivalent angle-axis representation about the base

FIGURE 1. s-DoF manipulator tracking a moving object in real time. s >6.

coordinate system. ẋr is the corresponding velocity of xr .
x = (x, y, z, ω, ϕ, γ )T indicates the EE pose. x, y and z
express the position. ω, ϕ and γ signify the attitude and are
calculated by the equivalent angle-axis representation about
the base coordinate system. ẋ is the corresponding velocity
of x.

The general IK of redundant robot manipulator [16] is
utilized to map the pose error α in Cartesian space to the joint
space as follows:

β
def
= J∗ (2)α +

[
I− J∗ (2) J (2)

]
v, (2)

where2 signifies the joint angles and2 = (θ1, θ2, . . . , θs)T,
2 ∈ Rs×1, and the degree of freedom (DoF) of manipulator
is s. β is the joint velocity of manipulator in joint space that
is formed by the IK mapping, β = (β1, β2, . . . , βs)T. β
is also regarded as the ‘‘system error’’ and the correspond-
ing explanation is presented in last paragraph of Part A in
Section II. J∗ denotes the pseudo-inverse of Jacobian matrix
J (2) based on the damped least squares (DLS) method.
J∗ (2) def

= JT
[
JJT + λ2I1

]−1
and J ∈RN×s. The weighted

pseudo-inverse is used to handle the joint limits. I1 is a unit
matrix with the dimension N×N. λ represents the damping
factor that can handle the ill-conditioned J in the neighbor-
hood of singular configurations for redundant manipulators
and guarantee the EE with minimum possible deviation at all
configurations [16]. I is a unit matrix with the dimension s×s.[
I− J∗J

]
v is the null space and makes the position xo on the

arm of manipulator that closes to the position of the obstacle
xobs perform a specified velocity ẋo to avoid the obstacle as
shown in Fig. 1.

v = koJ∗oẋo, ‖ẋo‖ > ‖ẋobs‖ , (3)

where ko is obstacle avoidance gain. ko =
(

dm
‖xo−xobs‖

)2
− 1

if ‖xo − xobs‖ < dm. ko = 0 if ‖xo − xobs‖ ≥ dm. dm is
the critical distance to the obstacle. J∗o is the pseudo-inverse
of the Jacobian for avoiding the obstacle based on the DLS
method, J∗o = JTo (JoJ

T
o + λ

2Io)
−1

. Io is a unit matrix. The
detailed explanations about obstacle avoidance are presented
in [16]. The motion of the arm for obstacle avoidance has
no influence on the tracking task because of the orthogonal
and linearly independent relationship between J∗ (2)α and[
I− J∗ (2) J (2)

]
v in the case of λ = 0.
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Proposition:The vectors J∗ (2)α and
[
I− J∗ (2) J (2)

]
v

in (2) are orthogonal and linearly independent in the case of
λ = 0.

Proof: In accordance with the conception of pseudo-
inverse matrix [16], there is

J∗ def
= JT·

[
JJT

]−1
= JT·M, J·J∗·J = J. (4)

Let the vector J∗α multiply by
[
I− J

∗

J
]
v as follows:

(
J∗α

)T
·
[
I− J∗J

]
v = αT·

(
J∗
)T
·
[
I− J∗J

]
v

= αT·
[
MT
·J−MT

·J·J
∗

·J
]
v

= αT·
[
MT
·J−MT

·J
]
v = 0 (5)

Therefore, the vectors J∗ (2)α and
[
I− J∗ (2) J (2)

]
v

are orthogonal and linearly independent in the case of λ = 0.

FIGURE 2. The relationship among the vectors β, J∗α and [I−J∗J] v. (a) Two
vertical vectors J∗α and [I−J∗J] v are the components of β. (b) In the case
of tracking task only, J∗α = β. (c) In the case of obstacle avoidance task
only, β = [I−J∗J] v.

According to Proposition, the vector β is the sum of two
vertical vectors J∗α and

[
I− J∗J

]
v as shown in Fig. 2(a),

which indicates that the tracking and obstacle avoidance tasks
of the redundant robot manipulator have no influence on each
other. Both J∗α and

[
I− J∗J

]
v become 0 when β equals

to 0. i.e., β= 0 implies that both the tracking task and the
obstacle avoidance task are accomplished simultaneously.
The vectors β and J∗α are coincidence when the tracking
task is executing and the avoiding obstacle task is achieved
as shown in Fig. 2(b). The vectors β and

[
I− J∗J

]
v are

coincidence when the tracking task is completed and the
avoiding obstacle task is performing as shown in Fig. 2(c).
In according with the DLS method, J∗α and

[
I− J∗J

]
v are

approximate orthogonal in the case of λ 6= 0 and they still
become 0when β equals to 0. Therefore, the ‘‘joint velocity’’
β formed by the IK mapping could also be regarded as the
‘‘system error’’ to judge whether the operation tasks of the
manipulator is completed in this paper. The following content
of this paper uses ‘‘system error’’ to express β.

B. CONVERTING PLANNING PROBLEM TO CONTROL
PROBLEM
To obtain the joint angular acceleration, the system error β of
(2) is derived as follows:

β̇ = J∗ (2) α̇ + J̇∗ (2)α

+

k(2,2̇,v,v̇)︷ ︸︸ ︷
[I−J∗(2)J(2)]v̇−[J̇∗(2)J(2)+J∗(2)J̇(2)]v .

(6)

Since α̇ = ηp (ẋr − ẋ) + ηd (ẍr − ẍ) and ẋ = J (2) 2̇,
then

α̇ =

δ(,2,2̇,ẋr ,ẍr )︷ ︸︸ ︷
ηd (ẋr − J(2)2̇)− ηd ẍr − J̇(2)2̇)−ηdJ (2) 2̈, (7)

Thus (6) will become

β̇ =

A(2,2̇,v,v̇,ẋr ,ẍr )︷ ︸︸ ︷
J∗(2)δ(2, 2̇, ẋr , ẍr )+ J̇∗(2)α + K(2, 2̇, v, v̇)

− ηdJ∗ (2) J (2) 2̈, (8)

where the items δ, J̇∗, K, which are related to2, 2̇, v, v̇, ẋr
and ẍr , are highly complex nonlinear and difficult to obtain
the accurate values due to the noise in the practical applica-
tion. Meanwhile, these items consume a lot of computation
when the DoFs of the manipulator are relatively large. Then
the highly complex nonlinear items related to2, 2̇, v, v̇, ẋr
and ẍr , are simplified and considered as a synthetic system
perturbation A,A ∈ Rs×1. A is bounded, uncertain and not
infinity, and approaches an arbitrarily small range near 0 for
finite time in a real system. Thus, the real-time planning
problem is turned into the nonlinear control problem about
angular acceleration and A is compensated via the designed
hyperbolic tangent-based STA in (11), which differs from the
existing study evidently.

Because of the null-space vector in the system error β
formed by IK, the null-space-based kinematic redundancy is
still possessed for avoiding obstacles in the planned angular
acceleration as provided in Part C of Section IV.

C. DESIGN OF HYPERBOLIC TANGENT-BASED STA
Let u = ηd ·J∗ (2) J (2) 2̈ in (8), then β̇ becomes

β̇ = A
(
2, 2̇, v,v̇, ẋr , ẍr

)
− u, (9)

where u ∈ Rs×1 refers to the control input, u =

(u1, u2, . . . , us)T. The synthetic system perturbation A =
(A1,A2, . . . ,As)T. 2̈ is the planned angular acceleration.

In the torque control of nonlinear dynamics system, the
traditional STA has been widely applied and owns the fast
convergence, robustness, simplicity and high control accu-
racy. And it could suppress the chattering of traditional slid-
ing mode control effectively [34], [35]. When the traditional
STA is used as the control input u, per element in u can be
described as follows:

ui = ka · |βi|
1
2 · sgn (βi)+

kr
2

∫ t

0
sgn (βi) dt, (10)

where i = 1, 2, 3, . . . , s.
However, chattering occurs in real-time planning of

kinematics-based robot manipulator system when the tra-
ditional STA is used in motion planning. To improve the
situation and apply the STA in real-time motion planning,
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sgn (βi) in (10) is replaced by the hyperbolic tangent function
tanh (ρβi). The hyperbolic tangent-based STA is similar to
sliding mode control and is utilized to make β̇ converge in
this paper, so per element of the control input u becomes

ui = ka · |βi|
1
2 · tanh (ρβi)+

kr
2

∫ t

0
tanh (ρβi) dt, (11)

where ka, kr and ρ denote the constant coefficients. The
hyperbolic tangent-based STA can resist the equivalent syn-
thetic perturbation and effectively suppress the chattering in
planning. The contrast experiments are presented in Part B of
Section IV.
Remark 1: The description by the differential inclusion for

hyperbolic tangent-based STA isẋi,1 = β̇ i = −ka · |βi|
1
2 · tanh (ρβi)+ xi,2 + Ai

ẋi,2 = −
kr
2
tanh (ρβi) ,

where xi,1, xi,2 are the scalar state variables. The synthetic
system perturbation Ai is bounded and uncertain, and could
approach an arbitrarily small range near 0 in finite time. i =
1, 2, 3, . . . , s. The trajectories of the system errors cross the
super-twisting surface gently, and stay on it when βi = 0
has been reached. A Lyapunov function is proposed to ensure
the convergence in finite time of all error trajectories to zero,
when ka and kr are adequately selected, and for some kinds
of perturbations as shown in (18).

With the consideration of J
∗

J ≈ I in u, u = ηd ·2̈ and
the control input u formed by the hyperbolic tangent-based
STA is propositional to the angular acceleration. So u plans
the joint angular acceleration directly and the planned joint
velocity 2̇d is achieved by the integral equation of u

2̇d = % ·

∫ t

0
u, (12)

where %, as the internal parameter, represents the error-based
S-function for the manipulator and is used to prevent the
integral saturation caused by real-time integration. % is

% =
‖α‖ + ‖v‖

ηd (‖α‖ + ‖v‖ + ε)
, (13)

where ε is the positive real number for adjusting the S-
function slope.

The planned joint position 2d is obtained by the interval
method as follows:

2d+1: = 2d +12d , (14)

where 12d = 2̇d · 1T. 1T denotes the sampling time
interval.

Based on the above theoretical derivation in Parts A and B,
the proposed real-time angular acceleration planning in joint
space is thus achieved and could be as a motion planning
framework that considering the ‘‘joint velocity’’ as the ‘‘sys-
tem error’’ to deduce the joint angular acceleration for the
real-time operation/tracking tasks of redundant manipulator
in dynamic environment as shown in Fig. 3.

FIGURE 3. The angular acceleration planning method for joint
configuration spaces of kinematically redundant robot manipulators in
dynamic environment. F (L, 2) denotes the FK. Uin defines
(xr , ẋr , xobs, ẋobs). xobs, ẋobs refer to the position and velocity of
obstacles, respectively. Uout represents the EE pose.

D. STABILITY ANALYSIS
Let ξ be defined as follows:

ξ =

[
ξ1
ξ2

]
=

 |βi| 12 · tanh(ρβi)kr
2

∫ t

0
tanh(ρβi)dt

 , (15)

Then

ξ̇ =

[
ξ̇1
ξ̇2

]

=

 |βi|
−

1
2

2
tanh (ρ |βi|) β̇ i+|βi|

1
2
[
1−tanh2 (ρβi)

]
ρβ̇ i

kr
2
tanh (ρβi)


=

[
a b
c d

]
· ξ +

[
m
n

]
, (16)

where

a = − |βi|−
1
2

{
ka
2
tanh (ρ |βi|)+|βi|

[
1−tanh2 (ρβi)

]
ρka

}
,

b = − |βi|−
1
2

b′︷ ︸︸ ︷{
ka
2
tanh (ρ |βi|)+|βi|

[
1−tanh2 (ρβi)

]
ρ

}
,

c = |βi|−
1
2 ·

︷︸︸︷
kr
2
,

d = 0,

m=

{
|βi|
−

1
2

2
tanh (ρ |βi|)+|βi|

1
2

[
1−tanh2 (ρβi)

]
ρ

}
Ai,

n = 0.

Then the Lyapunov function L is defined as follows

L = (L1,L2,L3, . . . ,Ls)T, L ∈ Rs×1. (17)

As the hyperbolic tangent-based STA is proposed on the
basis of the traditional STA and similar to the high-order
sliding mode, per element Li (i = 1, 2, 3, . . . , s) in L is
designed as follows:

Li=
kr
ρ

ln [cosh (ρβi)]+
1
2
ξ22+

1
2
(kaξ1 + ξ2)2 ≥ 0, (18)

110800 VOLUME 8, 2020



H. Zhang et al.: Real-Time Joint Angular-Acceleration Planning for Vision-Based Kinematically Redundant Manipulator

In (18), Li is continuously differentiable for every point,
and on those points the derivative can be calculated via apply-
ing Lyapunov’s theorem. Also, Li in (18) is beneficial to the
system convergence. Then,

L̇i =
kr
ρ

tanh (ρβi) ρβ̇ i + ξ2ξ̇2+(kaξ1 + ξ2) ·
(
kaξ̇1+ξ̇2

)
.

(19)

Assume that

|Ai| ≤ δ2 |ξ2| , |Ai| ≤ δ1 |ξ1| , |ξ2| |ξ2| ≤
1
δ3
|ξ1| |ξ1| ,

where the synthetic system perturbation Ai is bounded, then

L̇i≤−|βi|−
1
2 ·ξT

·

D︷ ︸︸ ︷ k3ab′ + kr
2
ka − kab′δ2

1
δ3
− krδ1 − k2ab

′δ1 k2ab
′

k2ab
′ kab′

 ξ,
(20)

In order to ensure that D is a positive definite matrix, the
conditionsA andB need to be satisfied as follows:

A : k3ab
′
+
kr
2
ka−kab′δ2

1
δ3
−krδ1−k2ab

′δ1 > 0, (21)

B :

(
k3ab
′
+
kr
2
ka − kab′δ2

1
δ3
− krδ1 − k2ab

′δ1

)
kab′

−

(
k2ab
′

)2
> 0, (22)

Then ka and kr can be obtained as follows:
ka > 2δ1

kr > 1.6016 ·
k2a · δ1 + ka · δ2 ·

1
δ3

ka − 2δ1
,

(23)

Thus,

L̇ ≤ 0. (24)

For the system, βi = 0 is an equilibrium point that
is strongly globally asymptotically stable if (23) satisfies.
Therefore, the Lyapunov function L is convergent. The
detailed process of (20)-(23) is provided in Appendix.

E. INFLUENCE OF PARAMETERS ON CONVERGENCE
The direct analysis for the influence of parameters ka, kr , and
ρ on the convergence of manipulator becomes quite difficult
by using the designed STA due to the existence of integral
link ξ2 and the hyperbolic tangent terms. In order to display
these parameters’ influences on the convergence performance
intuitively, Li is further deduced to be

Li =
kr
ρ
· ln [cosh (ρβi)]+

1
2
· ξ22 +

1
2
· (kaξ1 + ξ2)2

≤
kr
ρ
· ln [cosh (ρβi)]+

1
2
·
1
δ3
· ξ21 +

1
2
· (ka |ξ1|+|ξ2|)2

≤
kr
ρ
· ln [cosh (ρβi)]+

1
2
1
δ3
ξ21

+
1
2

(
ka |ξ1| +

1
√
δ3
· |ξ1|

)2

=
kr
ρ
· In[cosh(ρβi)]+

1
2
·

[
1
δ3
+

(
ka +

1
√
δ3

)2
]
· ξ12︸ ︷︷ ︸,

L̃
(25)

where L̃ is a function associated with βi and defined as the
upper boundary of Li.
Remark 2: For (25), |ξ2| |ξ2| ≤ 1

δ3
|ξ1| |ξ1|, |ξ2| ≤ 1

√
δ3
|ξ1|.

Combining (18) and (25), the range of Lyapunov function
Li can be gained as follows:

0 ≤ Li ≤ L̃. (26)

According to (25), as βi approaches 0, L̃ also equals to 0.
Then for Li in (26), when βi approaches 0, there is

lim
βi→0

Li = lim
βi→0

L̃ = 0. (27)

Thus, the upper boundary L̃ of Li is used to indirectly ana-
lyze the influence of parameters on convergence performance
in this paper. For different δ3, the influences of parameters
ka, kr , and ρ on the convergence of L̃ are shown in Fig. 4.
Fig. 4(a) shows the influence of ka on L̃ at different βi. The
convergence rate of L̃ increases gradually with the increase of
ka. When βi becomes small, L̃ convergences slowly. As illus-
trated in Fig. 4(b), the convergence rate of L̃ increases slowly
with the increase of kr and is almost linear along with the
changes of βi. Figs. 4(c) and (d) display the relationship
between ρ and L̃ for different βi. ρ (ρ ≥3) has nearly the
same convergence performance. The convergence rate of L̃
increases gradually with the increase of ρ(0 < ρ < 3).
Therefore, a large value for ka, kr , and ρ is in favor of the
fast convergence.

III. SIMULATION
The simulation of a 7-DoF manipulator demonstrates the fea-
sibility and smoothness of the proposed angular-acceleration
planning method by real-time tracking a static object in
obstacle-free case as shown in Fig. 5(a). The influences of
the parameters ka, kr , ρ, ηp and ηd on the length of EE
motion path are analyzed when the object is given as shown
in Figs. 5(b)-(f). Meanwhile, the real-time performance of
the proposed method is discussed by combining with the
convergence performance presented in Part E of Section II.
In Fig. 5(b), ka has great influence on path trajectory. The
larger ka is selected, the straighter the path trajectory of EE
motion is. Fig. 5(c) shows that kr should be a small value
when other parameters are certain and kr has less influence
on the whole path trajectory of EE. Fig. 5(d) displays that the
motion path of EE would get longer with ρ increasing and the
trajectories of motion paths have roughly similar patterns for
different ρ, which is corresponding to the Fig. 4(d). Fig. 5(e)
provides that a small change of ηp can cause a great change
in the path trajectory, which is similar to ηd as illustrated
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FIGURE 4. The convergence analysis for different parameters. (a) Influence of the ka on L̃ at different βi . (b) L̃ varies with kr and βi . (c) Relationship
between ρ (0< ρ <3) and L̃ for different βi . (d) Relationship between ρ (ρ >3) and L̃ for different βi .

FIGURE 5. Real-time tracking a static object in obstacle-free case, and the influences of the parameters on the length PL of EE motion path. The
unit of PL is mm. The initial configuration is 2initial = (−5◦,5◦,5◦,10◦,10◦,20◦,20◦)T. The object position is xr = (249 mm, 279mm)T.
(a) Real-time tracking a static object based on a 7-DoF manipulator. (b) The influence of ka on the path length. kr = 0.5, ρ = 20, ηp = 0.1,
ηd = 0.1. (c) The influence of kr on the path length. ka = 5, ρ = 20, ηp = 0.1, ηd = 0.1. (d) The influence of ρ on the path length. ka = 5, kr = 0.1,
ηp = 0.1, ηd = 0.1. (e) The influence of ηp on the path length. ka = 10, kr = 0.1, ρ = 20, ηd = 0.1. (f) The influence of ηd on the path length.
ka = 10, kr = 0.1, ρ = 20, ηp = 0.3.

FIGURE 6. Experimental setup. (a) Experimental platform. (b) Principle.

in Fig. 5(f). PL increases with ηp increasing and decreases
with ηd increasing. Figs. 5(b), (d) and (f) show that PL
becomes shorter gradually with the increase of ka, ρ and ηd .
Figs. 5(c) and (e) display that PL get longer gradually with
the growing of kr and ηp. In practical application, the fast
convergence, the short and smooth path of the EE and the
smooth joint trajectory should be considered at the same time.
The proposed angular-acceleration planning method could
endow the manipulator system with smooth joint trajectory
that can be executed fast and with a high accuracy as shown

in Section IV, then the shorter and smooth path and the fast
convergence rate are beneficial to the manipulator with better
real-time motion performance and efficiency to accomplish
the task. Considering Figs. 4 and 5 comprehensively, the large
values of ka, ρ, ηd and small values of kr , ηp contribute to the
real-time performance of the proposed method. Therefore,
ka, ρ and ηd should be chosen with a relatively larger value,
and kr and ηp should be set with a relatively smaller value
to guarantee the real-time motion performance of the robot
system under the condition of convergence.

IV. EXPERIMENTS
A. EXPERIMENTAL SETUP DESCRIPTION
Fig. 6(a) shows the experimental platform. The motion con-
trol of the manipulator is achieved by applying the planned
joint position and velocity commands. In Fig. 6(b), the prin-
ciple of experimental setup can be briefly described as fol-
lows. 1) The global camera transfers the observed each frame
image to the computer using universal serial bus (USB) in
real time. The computer extracts the position information
of the object and obstacles from each frame image, and
transfers these position information to the TMS320F28335
controller through serial communication interface (SCI) bus.
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FIGURE 7. Tracking a static object in obstacle-free environment. (a) Initial configuration. (b) Real-time tracking based
on the proposed method and final configuration.

FIGURE 8. Object tracking in obstacle-free environment based on the proposed angular-acceleration planning method. Initial joint angle 2initial = (-1◦,
5◦, 8◦, 10◦, 10◦, 20◦, 20◦)T. xr = (249 mm, 279mm, 1.605 rad)T. (a) Joint angles. (b) Joint velocities. (c) Control input u, (= ηd× planned joint acceleration
2̈). (d) Planned joint velocity. (e) Position error of EE. (f) Attitude error of EE. (g) Motion of manipulator. (h) Motion path of EE.

The position and velocity of the EE are calculated by the
forward kinematics. The position and velocity of the obstacle
and object are measured by the vision system. The vision
processing procedures in the computer are developed based
on morphology using Open Source Computer Vision Library.
The measurement noise is suppressed by Gaussian filter.
2) The state feedback data 2 of the manipulator run on
controller area network (CAN) bus. The planned joint posi-
tion 2d and velocity 2̇d control the manipulator motion by
RS485 bus. The baud rates of CAN bus, USB bus and SCI
bus are set as 1 MHz. 3) The TMS320F28335 controller
receives the data (xr , xobs,2). Meanwhile, the controller
with a dominant frequency of 150 MHz carries and executes
the program including FK, IK, motion planning algorithm.
Tables 1 provides the parameters of the 7-DoF manipulator.

B. STATIC OBJECT-TRACKING IN OBSTACLE-FREE
ENVIRONMENT
The control methods used for resisting the system synthetic
perturbation A of the kinematically manipulator are com-
pared by tracking a static object in obstacle-free environment,
including the proposed STA and the traditional STA in (10)
[34], [35]. The traditional fixed proportion-based planning

TABLE 1. Parameters in the 7-DoF manipulator.

method [16] is also used to compare with the proposed
angular-acceleration planning method. To demonstrate the
rapidity and smoothness of the proposed angular-acceleration
planning method appropriately, the pose convergence time
using the traditional STA-based, fixed proportion-based
methods and the proposed method are set about 12s. The
initial configuration of the manipulator and the tracked state
of the object are set to the same. The parameters of the
proposed angular-acceleration planning algorithm are shown
in Table 2 and the experiments of tracking the static object
are displayed in Fig. 7.

In Fig. 8(a) and Fig. 9(a), the proposed hyperbolic tangent-
based STA and the traditional STA can plan smooth joint
trajectories for the manipulator to track the static object and
the joint motion reaches a steady state eventually through
the real-time integration of u. According to (9) and J∗J ≈ I
in u, u = ηd ·2̈ and the contour shapes of u and planned
joint acceleration 2̈ are similar and proportional as shown
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FIGURE 9. Object tracking in obstacle-free environment based on the traditional STA. Initial joint angle 2initial = (-1◦, 5◦, 8◦, 10◦, 10◦, 20◦, 20◦)T. xr =
(249 mm, 279mm, 1.605 rad)T. (a) Joint angles. (b) Joint velocities. (c) Control input u, (= ηd× planned joint acceleration 2̈). (d) Planned joint velocity.
(e) Position error of EE. (f) Attitude error of EE. (g) Motion of manipulator. (h) Motion path of EE.

FIGURE 10. Object tracking in obstacle-free environment based on the fixed proportion method. Initial joint angle 2initial = (-1◦, 5◦, 8◦, 10◦,
10◦, 20◦, 20◦)T. xr = (249 mm, 279mm, 1.605 rad)T. (a) Joint angles. (b) Joint velocities. (c) Planned joint velocities. (d) Pose error of EE.
(e) Motion of manipulator. (f) Motion path of EE.

in Figs 8(c) and 9(c). In Figs. 8(b)-(d) and Figs. 9(b)-(d),
the joint velocities, control input (or planned angular accel-
eration) and planned joint velocities generated by using
the proposed hyperbolic tangent-based STA are steadier
and less jitter than those by using the traditional STA,
even though their maximum values based on the proposed
algorithm are much higher. The pose errors can conver-
gence to 0 (or close to 0) in limited time as shown in
Figs 8(e), 8(f), 9(e) and 9(f). The motions of manipulator
are shown in Figs. 8(g) and 9(g). The corresponding motion
paths of EE are provided in Figs. 8(h) and 9(h).

Fig. 10 shows the real-time tracking of the static object
based on the fixed proportion method. The joint angle trajec-
tories are smooth, but the joint velocities have large steps in
initial motion stage and have some jitters in the motion pro-
cess as shown in Figs. 10(a)-(c). The pose errors are provided
in Fig. 10(d). The motion process of manipulator and the

TABLE 2. Parameters of the proposed algorithm.

corresponding EEmotion path are shown in Figs. 10(e) and (f),
respectively.

Comprehensive analysis of three methods, the lengths
of the motion paths that are ranked from long to short
are the proposed algorithm-based, the traditional algorithm-
based, and the fixed proportion-based methods, respec-
tively. Although the proposed method causes a little
long path, its convergence rate and smoothness are much
better than those of the other two methods. There-
fore, the proposed angular acceleration planning method
is feasible and smooth and owns certain application
potential.
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FIGURE 11. Real-time tracking of a moving object based on the proposed angular-acceleration
planning method in dynamic-obstacle environment. Initial joint angle 2initial = (-45◦, 12◦, 8◦, 25◦,
13◦, 25◦, 35◦)T. xr = (210 mm, 316 mm)T. xobs1 = (416 mm, −172 mm)T. xobs2 = (106 mm, 164
mm)T. (a) Initial configuration of the manipulator, and layout of the object and the obstacles in the
initial stage of motion. (b) The tracking process of the manipulator in real time.

FIGURE 12. The joint trajectories and position errors of the manipulator during real-time tracking a moving object based on the proposed
angular-acceleration planning method in dynamic environment. (a) Joint angle position. (b) Joint velocities. (c) Control input u, (= ηd×
planned joint acceleration 2̈). (d) Planned joint velocities. (e) The position of EE and object in Cartesian space. (f) Position error of EE.

TABLE 3. Parameters of the proposed algorithm.

C. MOVING OBJECT-TRACKING IN DYNAMIC-OBSTACLE
ENVIRONMENT
The final experiment is used to demonstrate the feasibility,
safety and smoothness of the proposed real-time angular-
acceleration planning method in dynamic-obstacle environ-
ment. Table 3 provides the parameters of the proposed
angular-acceleration planning method and Fig. 11 presents
the real-time collision-free tracking experiment of a moving
object in dynamic-obstacle environment. Fig. 11(a) shows the
initial configuration of manipulator and the layout of object
and obstacles in the initial stage ofmotion. Fig. 11(b) displays
the tracking process of the manipulator in real time.

Within 6.5 seconds of the initial stage, the object remains
static and the obstacles keepmoving in according with certain
rules as shown in Fig. 11(b) and Fig. 12(e). When the object
is almost to be tracked, it then moves arbitrarily. The joint

angles, joint velocities, control input (or planned angular
acceleration) and planned joint velocities of the manipulator
are provided in Figs. 12(a)-(d). Because the planned joint
velocities of the proposed acceleration planning method is
obtained by the real-time integration of control input u, the
joint angles and velocities of the manipulator are smooth
and steady, which contribute to the real-time and smooth
operations of the manipulator in practical application. Due to
the great tracking ability of the commercial driver by applying
the joint position and velocity commands, the planned joint
velocities and the actual joint velocities are almost consistent
and identical as shown in Figs. 12(b) and (d), respectively.
The positions of the object and EE in Cartesian space are
illustrated in Fig. 12(e). In the initial stage, the EE and
the object remain a certain distance with each other. The
initial position errors are −282.8 mm in x direction and
338.8 mm in y direction, respectively. With the continuous
calculations of joint control input u in (11) and integra-
tion of control input u in (12), the real-time tracking of
the object is achieved steadily by driving the manipulator.
The position error of EE in Cartesian space convergences
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gradually as shown in Fig. 12(f). Due to the null space vec-
tor in (2) and (3), the redundancy for avoiding obstacles is
still possessed in the planned angular acceleration. Thus the
collision-free motion of the redundant manipulator is ensured
as shown in Fig. 11(b). Therefore, the proposed angular-
acceleration planning method with safety, smoothness and
little-computations contributes to reducing the robot hard-
ware costs and guaranteeing the stable and real-time safely
tracking tasks of the manipulators in practical application.

V. CONCLUSION
This paper presented a practical real-time joint angular-
acceleration planning method for vision-based kinemati-
cally redundant manipulator to achieve the tracking task in
dynamic environment. The proved proposition considers the
joint velocity formed by the IK mapping as the system error
so that the planned joint angular-acceleration was further
deduced. The angular-acceleration planning process with null
space for the obstacle avoidance was simplified via a system
synthetic perturbation instead of the highly-complex non-
linearities. Such considerations could avoid the indirectly
obtained joint input for Cartesian motion planning and the
non-intuitive the task description for joint trajectory planning.
Meanwhile, the complexity of planning method was reduced
greatly in theory. Different with the ideas of the existing
methods, the real-time motion planning was converted into
a control problem and dealt with by using the control tech-
nology. The hyperbolic tangent-based STA that was designed
for the control input of manipulator was utilized to resist
the synthetic perturbation and overcame the chattering in
motion planning. The control input was integrated to obtain
the real-time planned joint velocities of the manipulator and
generate a smooth trajectory for a collision-free tracking
task by combining with an error-based S-function. Theory
analysis displayed the small computational cost and the con-
vergence of the proposed planning method. Simulation and
contrast experiments verified the feasibility, smoothness and

practicability of the proposed joint angular acceleration plan-
ning method.

APPENDIX
A. DERIVATION OF L̇i
According to (16), (19), L̇i can be deduced as follow:

L̇i=
kr
ρ

tanh (ρβi) ρβ̇ i + ξ2ξ̇2 + (kaξ1 + ξ2) ·
(
kaξ̇1 + ξ̇2

)
.

= |βi|
−

1
2

ξT
k3a (−b′)+kac′−krka k2a (−b′)+c′− kr2

k2a
(
−b′

)
+c′−

kr
2

ka
(
−b′

)
ξ

+ kab′ · Ai · ξ2 +
(
kr + k2a · b

′

)
· Ai · ξ1


Since |Ai| ≤ δ2 |ξ2| , |Ai| ≤ δ1 |ξ1| , |ξ2| |ξ2| ≤ 1

δ3
|ξ1| |ξ1| ,

then (A-1), as shown at the bottom of this page.
Thus,

L̇i ≤ − |βi|−
1
2 · ξT

·

D︷ ︸︸ ︷ k3ab′ + kr
2
ka − kab′δ2

1
δ3
− krδ1 − k2ab

′δ1 k2ab
′

k2ab
′ k2b′

 ξ ,
B. DEFINITION OF CONDITIONS A AND B

In accordance with the properties of positive definite matrix,
all the order principal subexpressions of D are greater than
zero.

The first order principal subexpression of D is greater than
zero as follows.∣∣∣∣k3ab′ + kr

2
ka − kab′δ2

1
δ3
− krδ1 − k2ab

′δ1

∣∣∣∣
= k3ab

′
+
kr
2
ka − kab′δ2

1
δ3
− krδ1 − k2ab

′δ1 > 0, (A-2)

L̇i ≤ |βi|−
1
2

ξT
 k3a (−b′)+ kac′ − krka k2a (−b′)+ c′ − kr

2
k2a
(
−b′

)
+ c′ −

kr
2

ka
(
−b′

)
 ξ + kab′ · |Ai| · |ξ2| + (kr + k2ab′) · |Ai| · |ξ1|


≤ |βi|

−
1
2

ξT
 k3a (−b′)+ kac′ − krka k2a (−b′)+ c′ − kr

2
k2a
(
−b′

)
+ c′ −

kr
2

ka
(
−b′

)
 ξ + kab′δ2 · |ξ2| |ξ2| + (kr + k2a · b′) δ1 · |ξ1| |ξ1|


≤ |βi|

−
1
2

ξT
 k3a (−b′)+ kac′ − krka k2a (−b′)+ c′ − kr

2
k2a
(
−b′

)
+ c′ −

kr
2

ka
(
−b′

)
 ξ + kab′δ2 1

δ3
|ξ1| |ξ1| +

(
kr + k2ab

′

)
δ1 · |ξ1| |ξ1|


= − |βi|

−
1
2 · ξT

 k3ab′ + kr
2
ka − kab′δ2

1
δ3
− krδ1 − k2ab

′δ1 k2ab
′

k2ab
′ kab′

 ξ (A-1)
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The second order principal subexpression of D is greater
than zero as follows.∣∣∣∣∣∣ k

3
ab
′
+
kr
2
ka − kab′δ2

1
δ3
− krδ1 − k2ab

′δ1 k2ab
′

k2ab
′ kab′

∣∣∣∣∣∣
=

(
k3a · b

′
+
kr
2
· ka−kab′ · δ2 ·

1
δ3
−kr · δ1−k2a · b

′
· δ1

)
· kab′ −

(
k2a · b

′

)2
> 0. (A-3)

In this paper, (A-2) and (A-3) are defined as the condition
A andB, respectively. Thus the conditionsA andB need to
be satisfied for the system stability.

C. DETAILED PROOF OF LYAPUNOV STABILITY
1) DISCUSSION OF CONDIFIONS A AND B

A : k3a · b
′
+
kr
2
· ka − ka · b′ · δ2 ·

1
δ3
− kr · δ1 − k2a · b

′

· δ1 > 0.

H⇒ ka · b′ ·
(
k2a − ka · δ1 − δ2 ·

1
δ3

)
>

kr
2
· (2 · δ1 − ka) . (A-4)

Discussion 1:
In the case of 2δ1>ka, we have

ka · b′ ·
(
k2a − ka · δ1 − δ2 ·

1
δ3

)
2 · δ1 − ka

>
kr
2

k2a − ka · δ1 − δ2 ·
1
δ3
> 0,

(A-5)

Since kr
2 > 0, then

H⇒ k2a − ka · δ1 − δ2 ·
1
δ3
> 0, (A-6)

H⇒

(
ka −

δ1

2

)(
ka −

δ1

2

)
>
δ21

4
+ δ2 ·

1
δ3
, (A-7)

Then
ka >

δ1

2
+

√
δ21

4
+ δ2 ·

1
δ3

ka <
δ1

2
−

√
δ21

4
+ δ2 ·

1
δ3
< 0, (Abandon),

(A-8)

Finally, we can get
δ1

2
+

√
δ21

4
+ δ2 ·

1
δ3
< ka < 2 · δ1

0 <
kr
2
<
ka · b′ ·

(
k2a − ka · δ1 − δ2 ·

1
δ3

)
2 · δ1 − ka

,

(A-9)

Discussion 2:
In the case of 2δ1<ka, we have

−

ka · b′ ·
(
k2a − ka · δ1 − δ2 ·

1
δ3

)
ka − 2 · δ1

<
kr
2
, (A-10)

Case (1): In the case of k2a − ka · δ1 − δ2 ·
1
δ3
> 0, we have

kr
2
> 0, (A-11)

ka> max

δ12 +
√
δ21

4
+ δ2 ·

1
δ3
, 2δ1


ka <

δ1

2
−

√
δ21

4
+ δ2 ·

1
δ3
< 0, (Abandon)

(A-12)

Case (2): In the case of k2a − ka · δ1 − δ2 ·
1
δ3
≤ 0, we have

−

ka · b′ ·
(
k2a − ka · δ1 − δ2 ·

1
δ3

)
ka − 2 · δ1

<
kr
2

2δ1 < ka ≤
δ1

2
+

√
δ21

4
+ δ2 ·

1
δ3
,

(A-13)

Finally, considering Cases (1) and (2) comprehensively,
we can get

a1. When 2δ1 <
δ1
2 +

√
δ21
4 + δ2 ·

1
δ3

ka > 2δ1

kr
2
>max

−ka · b
′
·

(
k2a − ka · δ1 − δ2 ·

1
δ3

)
ka − 2 · δ1

, 0

 .
(A-14)

b1. When 2δ1 >
δ1
2 +

√
δ21
4 + δ2 ·

1
δ3

kr
2
> 0

ka > 2δ1
(A-15)

Discussion 3:
In the case of 2δ1 = ka, we have

ka · b′ ·
(
k2a − ka · δ1 − δ2 ·

1
δ3

)
> 0, (A-16)

H⇒ k2a − ka · δ1 − δ2 ·
1
δ3
> 0, (A-17)

Then
ka = 2δ1 >

√
2δ2
δ3

ka = 2δ1< −

√
2δ2
δ3

< 0, (Abandon) ,
(A-18)

Finally, we can get
ka >

√
2δ2
δ3

kr
2
> 0,

(A-19)

B :

(
k3a · b

′
+
kr
2
· ka−kab′ · δ2 ·

1
δ3
−kr ·δ1−k2a · b

′
·δ1

)
· kab′ −

(
k2a · b

′

)2
> 0
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H⇒
kr
2
· (ka − 2 · δ1)>k2a · b

′
· δ1+ka · b′ · δ2 ·

1
δ3
,

(A-20)

Ensuring the establishment ofB, then we can obtain
ka > 2 · δ1

kr
2
>

k2a ·b
′
·δ1+ka·b′·δ2·

1
δ3

ka−2·δ1
,

(A-21)

Discussion 4:
In (A-14),

kr
2
> max

−ka · b
′
·

(
k2a − ka · δ1 − δ2 ·

1
δ3

)
ka − 2 · δ1

, 0

 , (A-22)
In (A-21),

kr
2
>
k2a · b

′
· δ1 + ka · b′ · δ2 · 1

δ3

ka − 2 · δ1
> 0, (A-23)

Let the following comparison by using equations (A-22)
and (A-23),

k2a · b
′
· δ1 + ka · b′ · δ2 · 1

δ3

ka − 2 · δ1

+

ka · b′ ·
(
k2a − ka · δ1 − δ2 ·

1
δ3

)
ka − 2 · δ1

> 0, (A-24)

Then the range of kr is

kr
2
>
k2a · b

′
· δ1 + ka · b′ · δ2 · 1

δ3

ka − 2 · δ1
. (A-25)

Considering A, B, Discussion 1, Discussion 2, Discus-
sion 3 andDiscussion 4 comprehensively, the range of values
kr and ka can be specified as follows

ka > 2δ1
kr
2
>
k2a · b

′
· δ1 + ka · b′ · δ2 · 1

δ3

ka − 2δ1
,

(A-26)

2) THE RANGE OF VALUES kR AND kA
Since

b′ =
(
1
2
· tanh (ρ |βi|)+ |βi| ·

[
1− tanh2 (ρβi)

]
· ρ

)
.

(A-27)

Let

f (ρ |βi|) = 2b′, ρ |βi| ∈ (0,+∞) . (A-28)

Then

f (ρ |βi|) = tanh (ρ |βi|)+ 2ρ · |βi| ·
[
1− tanh2 (ρβi)

]
,

(A-29)

When f (ρ |βi|) reaches the maximum,

ρ · |βi| · tanh (ρ |βi|) = 0.75. (A-30)

Thus, we have

f (ρ |βi|) |max = f (ε) = 1.6016. (A-31)

So the scale of f (ρ |βi|) is

0 ≤ f (ρ |βi|) ≤ 1.6016. (A-32)

The scale of b′ is

0 ≤ b′ ≤ 0.8008. (A-33)

Therefore, the range of values kr and ka can be re-specified
as follows

ka > 2δ1

kr > 1.6016 ·
k2a · δ1 + ka · δ2 ·

1
δ3

ka − 2δ1

(A-34)
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