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ABSTRACT Underground, indoor, and harsh environments, which are complex, mutable, and hard to model,
prevent high accuracy positioning and navigation. In this paper, a novel positioning system suitable to such
environments is proposed. This system is based on a magnetic feature vector integrated with a miniature
inertial measurement unit (MIMU). Comparedwith traditional magnetic-based positioning systems (MBPS),
the proposed system exhibits better robustness, and applicability, which is proved by experimental results.
Its non-accumulated error characteristics and outstanding penetrability enable the system to provide long-
time accurate position and attitude service in underground, indoor, and harsh environments. The experiments
indicate that the expected precision of the system can reach 0.055 and 0.062 m and an angle error of 2.1◦ and
2.8◦ in line of sight (LOS) and non-line of sight (NLOS) environments, respectively, in the static experiment
and 0.051 m in the moving target tracking experiment.

INDEX TERMS Integrated navigation, magnetic application on positioning and attitude, MIMU, moving
target tracking.

I. INTRODUCTION
GPS is known as the most popular system for navigation
and positioning. However, its use is impossible in some
overbuild or blocked environments, such as indoor environ-
ments due to multipath effects, location, and navigation in
indoor areas are hard to achieve. Recently, the development
of indoor positioning systems has attracted significant atten-
tion. Technologies, such as Ultra-Wide Band (UWB) [1], [2],
Image Recognition-Based Positioning (IRBP) [3], radio fre-
quency identification (RFID) [4], and lasers [5]) have been
investigated.

The magnetic-based positioning method has attracted sig-
nificant interest for indoor location and navigation [6]–[17]
because it is less sensitive to propagation-dependent dis-
turbances, penetration, and multipath effects compared to
radio frequency (RF)-based methods. The propagation of the
magnetic field is a complex process. It depends not only
on the medium but also on the frequency and the power of
the magnetic field. The medium and the power should be
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the main factors that affect the propagation distance of the
magnetic field. However, in the same condition, generally
speaking, the lower frequency magnetic field has a larger
wavelength than the higher one, which makes it through more
obstacles.

In an earlier study [6], a direct current (DC) artificially
generated magnetic system was investigated. Similar works
were presented earlier [7], [8]. In these studies, a fitting line
of the magnetic intensity decay with the distance between the
receiver andmagnetic beacon (MB)was applied, whichmight
be disturbed easily. Furthermore, high quality magnetic sen-
sors are required to provide effective coverage within 18 m.
To address these issues, a system with a low frequency
alternating current signal was considered, which provides a
balance between the propagation distance, and immunity [9].
Many related works focusing on magnetic ranging [10]–[14],
magnetic fingerprints positioning [15], [16], and attitude
estimation [17], [18] have been proposed as guidance.

Wu et al. [14] presented a novel idea that the step-
frequency signal is employed as the driving signal to track the
optimal resonant frequency, which will maximize the trans-
mission power of two resonant coils. Magnetic fingerprints
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positioning is investigated popularly. Tang et al. [15] used
WLAN RSS fingerprint and magnetic field fingerprint to
improve fingerprint’s spatial and time characterization and
localization accuracy. Chen et al. [16] proposed an indoor
magnetic-based positioning model by learning sequence-
based fingerprint from raw magnetic field sequences, which
aimed to overcome the pattern embedded in raw magnetic
field sequences that might be locally distorted or scaled.
This greatly limits the positioning performance. The per-
formance shows that MBPS is significant in the particu-
lar applying environment. The attitude measurement using
a magnetometer meets the requirements of miniaturization,
low power consumption, and low cost for the navigation
system. Yu et al. [17] showed an attitude measurement
method with magnetic sensors and high precise turntable,
which yields outstanding results with an error of below 1◦

in the laboratory environment. The no-accumulated error of
MBPS is also used to couple with miniature inertial mea-
surement unit (MIMU) and correct the attitude and position
error [12], [18].

However, many efforts have been made to improve the per-
formance of MBPS. The magnetic ranging method is hard to
be modeled accurately in the obscured and uncertain medium
of some harsh environments. The actual magnetic descending
gradient might be distorted compared to that represented by
the model. Furthermore, the fitting line of the magnetic inten-
sity and distance requires sufficient prior information of the
magnetic field decay in the considered environment, which
seriously constrains the application of this method. Although
the method can measure the distance between the mag-
netic beacon and receiver, the related transformation angles
(the attitude angles of the receiver) from the receiver to the
MB are hard to be determined by the proposed methods.

In this paper, a method, which uses a magnetic feature
vector with a low frequency magnetic field capable of provid-
ing position, and attitude solution, is proposed. This method
exhibits better robustness and applicability on harsh environ-
ments, which are complex, mutable, and hard to model, than
traditional methods. In [19] a constant vector related to the
induced magnetic field and magnetic dipoles is described and
a similar work is presented in [20]. Considering a low driving
frequency and Shannon’s sampling theorem, the time delay
from different MBsmay contribute to extra positioning errors
in real time navigation of moving targets. These errors may
be ignored for static targets. Aiming to solve this problem,
a gravitation-based particle filter algorithm integrated with
a MIMU is proposed. Thus, real time positioning using the
proposed magnetic-based positioning system (MBPS) can be
realized. The novelty of the proposed MBPS can be outlined
as follows:
1. Compared with traditional MBPS with good penetra-

bility of a low frequency magnetic field, the proposed
MBPS exhibits better robustness and precision under
the same conditions without the requirement of prior

FIGURE 1. Block diagram of the proposed magnetic-based positioning
system.

knowledge of the magnetic field decay. Thus, the pro-
posed MBPS is more adaptable to practical applications.

2. The proposed MBPS can provide not only information
on the position but also on the attitude of the receiver,
which is not accumulated with time.

3. The time delay error caused by the low updating
speed, which prevents the system from its application
to tracking moving targets, can be solved by integrating
a MIMU.

This paper is organized as follows: the necessity of the
investigation and the main purpose of the proposed system
are outlined in Section 1. In Section 2 the design of the
proposed MBPS is introduced. The principle of the proposed
gravitation-based particle filter algorithm and the integrated
model of the proposed system are described in Section 3.
Experiments are presented in Section 4 to validate the
advantages of the proposed MBPS with respect to real time
positioning accuracy. Finally, the conclusions are briefly pre-
sented in Section 5.

II. SYSTEM DESIGN
In this section, an overview of the system design of the
proposed MBPS is presented. The system, which is shown
in Fig. 1, is mainly composed of a signal generator, MBs,
power amplifiers, a magnetic sensor and a MIMU sensor, and
a data processing center.

Computers are used for the signal generator and the data
processing center in our actual physical implementation.
However, considering the code size and response speed,
the data processing center can be replaced completely by
a microprocessor. Sinusoidal signals of a certain frequency
are generated by a digital-to-analog module according to the
system computer clock and amplified by power amplifiers
to drive the MBs. The requirement of the DA module is
not strict, and only the direction of the magnetic feature
vector defined in the paper is important to the positioning
result. Small amplitude errors will not affect the direction
result. The different frequencies mainly provide the feature
that is required for distinguishing different magnetic beacons.
Therefore, small frequency error is also acceptable only if
the frequency can be distinguished. The amplifier has to have
enough power to provide a stable current which supports to
the effective coverage of the magnetic beacon. The reactance
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FIGURE 2. Models of magnetic diploe and magnetic beacon (MB).

generated by the MB is an important element. Using the
magnetic sensor and the fast Fourier transform, correspond-
ing information of the MB is extracted and processed by the
data processing center. Generally, a more accurate magnetic
sensor results into better performance. The magnetic sensor
resolution applied in our system is 1nT.

Herein, the design of the MB and the MIMU integrated
model are introduced.

A. MB DESIGN
A circular current loop [14], which is called magnetic dipole
(MD), can be modeled as shown in Fig. 2. Assuming that the
magnetic permeability is µ and the excited current is I , the
magnetic moment EM can be expressed as

M = I · S · i (1)

Here, S represents the area of the current loop i, which shows
the direction that satisfies Fleming’s right-hand rule. The
direction of i shows the magnetic moment generated by a
single MD.

According to the operation principle of MDs, the proposed
MB is constructed by an MD array as shown in Fig. 2. Then,
the induced magnetic field of the designed MB with k layers
and n dipoles in each layer at a position P = (r, ϕ, θ) can be
represented as [15]

B (r, θ, ϕ) =



k∑
i=1

n∑
j=1

3µ0Ir2R2j sin 2ϕ cos θ

4(R2j + r
2 + h2i )

5
2

k∑
i=1

n∑
j=1

3µ0Ir2R2j sin 2ϕ sin θ

4(R2j + r
2 + h2i )

5
2

k∑
i=1

n∑
j=1

µ0IR2j

(R2j + r
2 + h2)

3
2

[1−
3r2 sin2 ϕ

2(R2 + r2 + h2)
]

(2)

Here, i and j represent the dipole at row i and column j in the
upper half space; Rj is the radius of the n -th column MD,
where Rj = R0 + (j− 1) dr ; hi is the height of the i-th row
relative origin o, where hi = h0 + (i− 1) dh.

According to a previous work [16], a simplified model can
be expressed as follows

B (r, θ, ϕ) =
[
Bx By Bz

]T

=



3µMr2 sin 2ϕ cos θ

4π
(
R2d + r

2 + h2d
) 5
2

3µMr2 sin 2ϕ sin θ

4π
(
R2d + r

2 + h2d
) 5
2

µM

2π
(
R2d + r

2 + h2d
) 3
2

[
1−

3r2 sin2 ϕ

2
(
R2d + r

2 + h2d
)]


(3)

Here, Nd is the equivalent number of turns, Rd is the equiva-
lent radius, and hd is the equivalent height.M and Rd can be
calculated by

M = πR2dNd I

Rd =

√√√√1
n

n∑
j=1

R2i , hd =
1
n

k∑
i=1

hi (4)

The accuracy error of the model is less than 5%. This error
decreases as the distance increases, which is verified in the
near, and far magnetic field (within 5 m×5 m) experiment.

B. POSITION AND ATTITUDE DETEMINATION
According to (3), the definition of magnetic feature vector
can be expressed as

vi = ii (5)

wherein, ii is the unit vector that points from the i− thMB to
the receiver P and can be presented as

ii = (sinϕi cos θi, sinϕi sin θi, cosϕi) (6)

The angles of the unit vector ii can be computed using (3) as
the following equations:

h (θ) = tan θi =
By
Bx

h (ϕ) =
6r2 sin 2ϕi

4R2d + r
2 + 4h2d + 3r2 cos 2ϕi

=

√
(Bx)2 +

(
By
)2

Bz
(7)

Since the function h (ϕ) is monotonous (this is proved in
appendix 1), vi can be uniquely determined by (7).

Theoretically, the position of the receiver can be estimated
by two MBs according to the trigonometric positioning prin-
ciple, which is shown in Fig.3. With the constant distance
between the two MBs and the known attitude of the vector
pointing to the receiver, the position can be determined by
the only value.

The trigonometric positioning is based on the premise that
coordinates can be unified, but it is hard to be realized in
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FIGURE 3. The principle of trigonometric positioning method.

FIGURE 4. Transformation from the coordinate of the MB to that of the
receiver.

the actual works for the attitude error of the receiver. Using
the MIMU is a good solution to settle the attitude prob-
lem. But the random walk and accumulated error would
make the positioning error increase with the time. In this
paper, we proposed an improved feature vector method with
three MBs which can provide the position and attitude infor-
mation of the receiver.

It is assumed that there are three MBs that can provide the
observed feature vector at the receiver position P. Consider-
ing the local coordinate of the receiver, cr , and that of MB,
cm, have a transformation that there exists a rotation angle
of λ, ψ , γ with x, y, z respectively. As shown in Fig. 4,
the transformation can be denoted that

cr = Cr
mcm (8)

where

Cr
m =

C11 C12 C13
C21 C22 C22
C31 C32 C33

 (9)

C11 = cos (γ ) cos (ψ) ,C21 = sin (γ ) cos (ψ)

C31 = − sin (ψ)

C12 = cos (γ ) sin (ψ) sin (λ)− sin (γ ) cos (λ)

C22 = sin (γ ) sin (ψ) sin (λ)+ cos (γ ) cos (λ)

C32 = cos (ψ) sin (λ)

C13 = cos (γ ) sin (ψ) cos (λ)+ sin (γ ) sin (λ)

FIGURE 5. Geometric principle of the proposed method.

C23 = sin (γ ) sin (ψ) cos (λ)− cos (γ ) sin (λ)

C33 = cos (ψ) cos (λ) (10)

Therefore, the feature vector vi =
(
vix , viy,viz

)
in cm and

v′i =
(
v′ix , v

′
iy,v
′
iz

)
in cr has the relation

v′i = Cn
b vi (11)

Therefore, it can be easily proved that the angle α′ij between
the vectors v′i and v′j is equal to αij between vi and vj, which
is not related to the attitude of the receiver. The verification is
given in appendix II. Therefore, the angle of the two feature
vectors can be expressed as

cosαij =
(
v′i · v′j

)
=
(
vi · vj

)
(12)

Then, as shown in Fig. 5, the distance between the receiver
and the MBs can be computed as

l2ij = l2i + l
2
j − 2lilj cosαij (13)

Herein, lij presents the distance between the i − th and
j − th MBs, which can be known by prior information,
αij can be measured by the feature vectors v′i and v′j, and
the distance li between P and M i =

(
m(1)x ,m(1)y ,m(1)z

)
can

be solved by at least three MBs.
According to the solutions of (13), P =

(
px , py, pz

)
can be

solved by equations

li=
∥∥∥(px , py, pz)− (m(i)x ,m(i)y ,m(i)z )∥∥∥ , (i=1, 2, 3) (14)

Furthermore, with the solution of P, the feature vector in cm
can be estimated as

v̂i =
P̂ −M i

l̂i
(15)

Herein, P̂ is the estimated position of the receiver based
on (12) and l̂i is the related estimation based on (14). There-
fore, the transforming matrix Cn

b has the relation between the
measured feature vector v′i according to (9)

v′i = Cr
mv̂i. (16)

Thus, the transforming matrix can be solved by at least
three MBs i, j, k

Cn
b = BAT

(
AAT

)−1
, (17)
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FIGURE 6. Comparison of processes in the proposed method.

where

A =
[
v̂i, v̂j, v̂k

]
and B =

[
v′i, v′j, v′k

]
. (18)

Finally, the attitude angles λ,ψ, γ can be computed by the
equations 

ψ = arcsin (−C31)

γ = arctan
(
C21

C11

)
λ = arctan

(
C32

C33

)
.

(19)

The real values of λ,ψ, γ can be found in the real value table
in [26]. Notice that the estimated error of P influences the
error of λ,ψ, γ . We will not elaborate on this further here.

C. INTEGRATED SYSTEM MODEL
In the previous section, it has been proved that the MBPS is
able to provide the position and attitude information indepen-
dentlywithout accumulated error. However, one disadvantage
of the MBPS is the low updating speed of the measurement
caused by the low frequency magnetic field signal, which
exhibits strong penetrability. In static target tracking cases,
this is acceptable. However, in moving target tracking cases,
the time delaymeasurement between twoMBswill contribute
to estimation errors and the low updating speed may lead
to state loss, especially for high mobility targets. Therefore,
a MIMU can be added to solve the time delay problem and
compensate for the state loss between two updating time
points of the MBPS.

According to Fig. 6, the updating speed of the MBPS
can be improved by making full use of each sampling time
MB1 and MB2 are assumed once updated with 5 sampling
periods and 8 sampling periods, respectively. The previous
estimation uses the max period of signals as the data update
period. Therefore, the previous estimation updating times
in Fig. 6 are at t3, t6, t9. The measurement at t3 is the average
value within the time interval [t1, t3]. If we assume the time
t = t3− t1 is 0.05 s (assuming the updating frequency ofMB1
and MB2 to be 20 Hz and 30 Hz, respectively, and a velocity
of 10 m/s) and the estimation is unbiased, the positioning
delay error may close to 0.17 m. Furthermore, for high-speed
moving targets, the state of x (t5) , x (t6) , x (t7) , x (t8) might

be missed, when the measured time of MB3 is used as the
updating time between t4 and t9. Then, if the proposed algo-
rithm is applied, the estimation updating times are t1, . . . , t10.
Thus, the delay error can be reduced. It is noted that the output
of the MIMU is used to support the particle transformation
between two sampling times k− 1 and k . If the time between
sampling times k − 1 and k is very short, the drift error of
the MIMU can be neglected. Furthermore, the error will be
corrected by the update of the MBPS next time.

Let us assume that the state of the system is 15 dimen-
sions [24], such as xk =

[
φk ωk rk vk ak

]T . Herein, φk is
the attitude vector, ωk represents the angular velocity vector,
rk is the position vector, vk is the velocity vector, and ak is
the acceleration vector. The, the state transition equation can
be expressed as

xk = Fk,k−1xk−1 + wk−1
zk = Hkxk + vk (20)

Here, Ts is the sampling time of the MIMU

Fk =


I3×3 Ts · Cn

b O3×3 O3×3 O3×3
O3×3 I3×3 O3×3 O3×3 O3×3
O3×3 O3×3 I3×3 I3×3 O3×3
−Ts · St O3×3 O3×3 I3×3 Ts · Cn

b
O3×3 O3×3 O3×3 O3×3 I3×3

 (21)

and

St =

 0 −ankx anky
ankx 0 −ankx
−anky ankx 0

 (22)

Hk =


H1=

[
I3×3 O3×3 O3×3 O3×3 O3×3

O3×3 O3×3 I3×3 O3×3 O3×3

]

H2 =

O3×3 I3×3 O3×3 O3×3 O3×3

O3×3 O3×3 O3×3 I3×3 O3×3

O3×3 O3×3 O3×3 O3×3 I3×3


(23)

When the MBPS has an output, the measured matrix is
Hk =

[
HT
1 ,H

T
2

]T . Otherwise, Hk = [OT6×15,HT
2

]T .
III. ESTIMATION OF THE MOVING TARGET POSITION
A. TIME DELAY OF THE MAGNETIC-BASED POSITIONING
SYSTEM FOR TRACKING A MOVING TARGET
According to the Shannon’s sampling theorem, a signal of at
least two complete periods is required to ensure undistorted
restoration of analog signals. For the low frequency induced
magnetic signal, the sampling needs more time, which is con-
tributed to the tracking time delay of the moving target. The
sampling and measurement updates are described in Fig. 7.

For the very low frequency magnetic signal, the computa-
tion resource is surplus. Thus, the computational delay of the
algorithm can be neglected and two different updating speeds
for the measurement of the twoMBs with different frequency
can be used. This is shown in Fig. 7. Assuming that the
frequencies of the inducedmagnetic field are 20Hz and 25Hz,
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FIGURE 7. Time delay caused by different sampling frequencies.

respectively, the time delay 1t = t3 − t2 will reach 0.02s.
Also, assuming that the velocity of the moving target is 4 m/s,
the delay error may approach 8cm. It is noted that the delay
error is additional to the MBPS inherent error. Considering
that the positioning accuracy is close to 10cm, the 8cm delay
error is very large. Moreover, with the frequency decreasing
and velocity increasing, the time delay error will increase
correspondingly.

Therefore, the use of two near sampling data points for
the estimation of the receiver position will contribute to large
positioning errors. Furthermore, the use of common multiple
sampling data points also results in a very low updating speed,
which is unsuitable to the multi-MBs case. This is because
the frequency of the signal is very low and seriously affects
a real time system Therefore, to improve the real time and
reduce the time delay error, a gravitation-based particle filter
algorithm is used. This algorithm is capable of estimating the
moving target position by considering the nonlinear observa-
tion described in (5).

B. GRAVITATIONAL FIELD ALGORITHM PARTICLE
FILTER(GFA-PF)
GFA-PF is a new heuristic search algorithm, which is based
on the simulation of planetary formation processes. In the
GFA-PF, a mobile factor able to drive the particles to
approach a high likelihood region is proposed, so that the
particles can concentrate rapidly in the nearby real state.
It has been proved that theGFA-PF performswell on avoiding
particle degradation and dilution in [25].

In the particle filter algorithm, the probability of a state
particle p (xk |Yk ) based on the prior probability p (xk |Yk−1 )
can be presented as

p (xk , xk−1 |Yk−1 ) = p (xk |xk−1,Yk−1 ) p (xk−1 |Yk−1 )

(24)

When xk−1 is determined, xk and Yk−1 are mutually uncorre-
lated. Therefore, using an integral, (11) can be written as

p (xk |Yk−1 ) =
∫
p (xk |xk−1,Yk−1 ) p (xk−1 |Yk−1 ) dxk−1

(25)

Thus, assuming that yk is only determined by xk , the posterior
probability p (xk |Yk ) at time k can be calculated on the prior
probability p (xk |Yk−1 ) at time k as

p (xk |Yk ) =
p (yk |xk ) p (xk |Yk−1 )∫
p (yk |xk ,Yk−1 ) dxk

(26)

The particle set can be written as
{
x(j)k , ω

(j)
k

}N
j=1

, where x(j)k is

the j − th state particle at time k . The corresponding weight
isω(j)k . Therefore, the weight update equation can be rewritten
as

ω
(j)
k ∝ p

(
yk
∣∣∣x(j)k )

ω
(j)
k−1 (27)

According to the theory described previously, three MB
measurements are required to guarantee the stability of the
estimation result. In Fig. 6, time t4 is taken as an example.
The measurement of MB3 at time t4 is denoted as y (t4) and
the latest measurements from the other two measurements at
time t3, t2 are denoted as y (t3), y (t2). Then, the estimated
error of the MB1 can be expressed as

g̃ (x (t2)) = g (x (t2))− ĝ (x (t2)) (28)

Herein, g (·) is the function obtained from (7), which can be
expressed as

vi = (θi, ϕi) = g (x (t)) (29)

Assuming g̃ (x (t2)) is not equal to a zero vector, the posterior
probability of particle x(j) (t2) based on the measurement of
MB1 can be written as

p1 = p
(
y (t2)

∣∣∣x(j) (t2)) ∝ 1

trace
(
g̃(j) (t2)T g̃(j) (t2)

) (30)

The time delay problem between t2 and t3 can be solved
by transforming the particles

{
x(j) (t2)

}N
j=1 according to the

measurement of the MIMU (9), which can be expressed as{
x(j) (t3)

}N
j=1
= Ft3,t2 ·

{
x(j) (t2)

}N
j=1

(31)

Since the time delay 1t = t3 − t2 is small enough for
the MIMU, it is assumed that the transformation error can
be ignored.

Then, the posterior probability of the state x(j) (t3), which
is based on the measurement of MB2, can be written as

p2 = p
(
y (t3)

∣∣∣x(j) (t3)) ∝ 1

trace
(
g̃(j) (t3)T g̃(j) (t3)

) (32)

Similarly, the posterior probability of the state x(j) (t4) from
the MB3 can be obtained from

p3 = p
(
y (t4)

∣∣∣x(j) (t4)) ∝ 1

trace
(
g̃(j) (t4)T g̃(j) (t4)

) (33)

Therefore, assuming that the initial weight of x(j) is ω(j) (t1),
the relation for weight updating can be obtained

ω(j) (t2) = p1ω(j) (t1) , ω(j) (t3) = p1ω(j) (t2) ,

ω(j) (t4) = p1ω(j) (t3) (34)
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FIGURE 8. Operational process of the MBPS with the assist of MIMU.

Thus, the weight update relation is

ω(j) (t4) = p1p2p3ω(j) (t1) (35)

Herein, the initial weight can be written as

ω(j) (t1) =
1
N

(36)

Then, using the mini-mental state examination principle and
the weight normalization, the state can be computed by

xk =
N∑
j=1

ω(j)x(j)k (37)

Assuming 3 MBs can be detected and each of their mea-
surement arrives at t1, t2, t3. Overall, the GFA-PF can be
implemented by the following steps:

The operational process can be described in Fig.8.
When the measurement arrives at k , the GFA-PF model com-
putes the estimated position and estimated attitude with the
posterior probability of k, k − 1, k − 2. With the integration
of MIMU, the state of the system is estimated by a particle
filter.

IV. RESULTS
In this paper, an advanced MBPS integrated with MIMU
was designed to solve the tracking moving target problem
considering the time delay case. The feature vector of the
very low frequency magnetic field signal was used for the
positioning principle, which exhibits better robustness than
the intensity method. Therefore, initially, example 1 was used
to verify the effective coverage of the proposed MBPS with
the very low frequency (10–100 Hz) magnetic field.

A. PARAMETERS OF THE MIMU AND MB IN THE SYSTEM
The MIMU used is the MTi-G-710, which is made by Xsens.
As shown in Fig. 9 the accelerometer range is±20g, the devi-
ation stability is 40ug, the gyroscope range is ±450◦/s, and
the deviation stability is 10◦/h. Additionally, it can also pro-
vide a navigation solution including the velocity output and
rotating angle.

The MB parameters are: permeability µ = µ0 = 4π ×
102nT , k = 33, n = 27, and Rd = 7.3cm, hd = 8cm, and
Nd = 894 in (4). The MB was excited by a sinusoidal current

Input:

States and weights of receiver position:
{
x(j)k , ω

(j)
k

}N
j=1

Input from MIMU: uk (t) = [ωk , vk , ak ]T

Output:

Resampled states and weights:
{
x̃(j)k , ω̃

(j)
k

}N
j=1

1. Draw starting points of particles based on the IMU:
2. x(j)k (t1) ∼ N

(
xk (t1) , σ 2

x (t1)
)
, ω(j)k =

1
N

3. for m = 1 : M % M is the number of repeated times
of one estimation

4. for j = 1 : N
5. Calculate the posterior probability p(j)1

according to (30)
6. end
7. Estimates

{
x(j)k (t2) , ω

(j)
k (t2)

}N
j=1

according to

(31)
8. for i = 1 : N
9. Calculate the posterior probability p(j)2 at

t2 as (32)
10. end
11. Estimates

{
x(j)k (t3) , ω

(j)
k (t3)

}N
j=1

according to (31)

12. for i = 1 : N
13. Calculate the posterior probability p(j)3

at t3 as (33)
14. end
15. Update the weights ω̃k based on (35)
16. Normalization the weights:

ω̃
(j)
k =

ω̃
(j)
k

N∑
i=1
ω̃
(i)
k

17. Determine the central particle of the particles(
x(m)k , ω

(m)
k

)
(having the largest weight)

18. for j = 1 : N
19. Compute the gravitation % Particles evolution

P = M · dis

%where M is the transformation weight based
on experience (it is assumed that this is equal to 0.0618
in this paper), dis is the Euclidean distance changing
with the central particle.

20. Compute the repulsion

Q = f · 3√dis

% The autobiographical factor f is related to dis.
% A very large f contributes to slow convergence.

21. if abs (dis) < a
22. Gravitation P = 0
23. end
24. if abs (dis) > b
25. Repulsion Q = 0
26. end
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27. % a is the gravitation threshold. If abs (dis) is lower
28. % thana, the gravitation is invalid. Similarly for b,
29. % if abs (dis) is larger than b, the repulsion is

invalid
30. Update each particles according to gravitation and

Repulsion:
31.

x(j)k = x(m)k + P+ Q

32. Resampling:
33. if Neff = 1

N
6
j=1
(ω(j))

2
< Nthr % Here, Nthr is the

threshold of the effective particle number
34. for j = 1 : N
35. If ω(j) < 1

N
36. x(j)k = x(m)k + δk
37. % δk is the excitation to keep the variety of particles
38. end
39. end
40. end
41. end
42. % The number M of repeated times are determined
by

the actual conditions.
43. % M = 10 is defined in the experiment

44. State estimation: xk =
N∑
i=1
ω(i)x(i)k

FIGURE 9. The applied MIMU: MTi-G-710 and the designed MB.

I = 16A generated by a digital-to-analog converter with a
computer clock and amplified by a power amplifier.

B. EFFECTIVE COVERAGE VERIFICATION
The mutual inductance is linear in the log domain according
to the Biot-Savart Law, when the medium and frequency of
the magnetic field are constant. The experimental environ-
ment is shown in Fig. 10. The frequency of the signal is 20Hz.
The magnetic intensity and distance between the point and
the MB are shown in TABLE 1, and the fitting line is shown
in Fig. 11.

According to Fig.11, it can be concluded that the fitting
(synthetic) line effectively shows the relation between the
distance and the magnetic intensity. The mean error of the
magnetic intensity is close to 7%. The resolution of the mag-
netic sensor is 1nT. Obviously, the effective coverage of the

FIGURE 10. Experimental setup (the point is signed by a calibration
chessboard, where the length of the grid is 2.3cm).

TABLE 1. Fitting line according to magnetic intensity and distance.

FIGURE 11. Fitting (synthetic) line according to the magnetic line and
distance (the result shows that the two parameters are close to a straight
line on a logarithmic domain).

system is a combination of four factors, which can be listed
as: the decay of the magnetic field, precision of magnetic
sensor, the distribution, and the detected quantity of magnetic
beacon. The criterion of the effective coverage of the system
is positioning accuracy.When the four factors are determined,
we can use a posteriori Cramer-Rao Bound [27], such as

Jk+1 = D22
k − D21

k

[
D11
k + Jk

]−1
D12
k

J0 = E
{
−1x0

x0 log p (x0)
}

(38)

wherein,

D11
k = E

{
−1xk

xk log p (xk+1 |xk )
}
,

D12
k = −E

{
1
xk+1
xk log p (xk+1 |xk )

}
=

(
D21
k

)T
,

D22
k = Q−1k +

L∑
i=1

E
{
−1xk

xk log p
(
yik+1 |xk+1

)}
. (39)

Herein Jk+1 presents the Fisher information matrix at time
k + 1, Qk is measurement noise covariance matrix that is
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FIGURE 12. The observation covariance of feature angle of the magnetic
beacon with increased distance.

affected by the decay of the magnetic field and precision
of the magnetic sensor. p (xk+1 |xk ) and p

(
yik+1 |xk+1

)
are

the forecast probability of the system state (position) and
the posterior probability of magnetic beacon i at time k ,
which can be calculated by Equation (20). Normally, the
distribution and detected number of the magnetic beacon
are constant, once arranged. Therefore, when the magnetic
beacon is arranged, the Qk can be estimated according to
signal-to-noise ratio (SNR) of the observations. According
to the requirement of the magnetic beacon model, when the
distance from the center of magnetic to the receiver is larger
than three times of the size of the magnetic beacon, the model
error of magnetic beacon can be ignored [28]. Furthermore,
by assuming the resolution of the magnetic sensor as 1nT,
the observation covariance of the feature angle of the mag-
netic beacon with increased distance can be shown by the
simulation result (Fig.12).

Therefore, when themagnetic beacon is constant, the effec-
tive coverage of one magnetic beacon can be similar to
exp (3) = 20m ideally. Actually, with our experience, the
optimal effective coverage is about 1.5m to 15m in the system.
Too small distance leads to a large magnetic beacon model
error, and too large one contributes to the larger measured
noise for the magnetic field decay, when the three magnetic
beacons are located appropriately (angles of each vector point
from magnetic to the receiver is larger than 20◦ and small
than 160◦). Of course, adding magnetic beacon can improve
the performance of the system. It will be presented in the next
part.

C. STATIC POSITIONING EXPERIMENT
In this experiment, the magnetic ranging method and the
feature vector method proposed in this paper were used for
the positioning of a static receiver. The magnetic beacons
are located at prior positions and same attitude. The line of
sight (LOS) and non-line of sight (NLOS) condition was con-
sidered. Initially, three lines acquired in Fig. 11 were deter-
mined with the selected frequency and the MB as described.
The magnetic ranging method is compared with proposed.
The NLOS environments are built by located the receiver
behind the wall of concrete structures. With 1000 times

FIGURE 13. The cumulative probability distribution of the positioning
error in LOS and NLOS condition for magnetic ranging method and
magnetic vector method we proposed. (In the experiments,
the expectation of positioning error of magnetic ranging and magnetic
vector method in LOS and NLOS condition can be listed as 0.055m,
0.062m, 0.084m and 0.129m).

FIGURE 14. The cumulative probability distribution of the estimated
attitude error in LOS and NLOS conditions for the proposed method.

Monte Carlo experiments of each condition, the experimental
results in LOS and NLOS experiments are shown by the
cumulative probability distribution (CPD) in Fig.13.

In Fig. 13, the expected positioning errors with mag-
netic ranging method in LOS and NLOS conditions are
0.084 m and 0.129 m, respectively. The expected position-
ing error with the magnetic vector method in LOS and
NLOS conditions are 0.055 m and 0.062 m, respectively.
The proposed magnetic vector-based method has a better
performance than the magnetic ranging method described in
an earlier study [12].

Further, the proposed magnetic vector method can realize
the estimation of the attitude of the receiver, which can hardly
be realized by the magnetic ranging method. According to the
principle of attitude estimation, attitude estimation precision
is related to the precision of the estimated position. Therefore,
the performance of attitude estimation is presented in Fig. 14.
With the positioning precision as given in Fig. 13, the expec-
tation of attitude errors in LOS and NLOS conditions can
reach 2.1◦ and 2.8◦, respectively.
Moreover, according to the principle of posteriori Cramer-

Rao Bound, quantity higher number of magnetic beacons
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FIGURE 15. The cumulative probability distribution of the positioning
error in LOS with additional magnetic beacons.

contributes to better performance in the same conditions.
In order to verify this assumption, another experiment was
done in the same condition as an additional magnetic bea-
con. The result is shown in Fig. 15. The expectation of the
positioning error with 3, 4, 5, and 6 magnetic beacons can be
listed as 0.055 m, 0.048 m, 0.046 m, and 0.044 m. Obviously,
the increase in the number of magnetic beacons can improve
the performance of the system. But considering the limitation
of one magnetic beacon for covering it effectively and the
cost of the additional magnetic beacons, only four magnetic
beacons were found to be appropriate for the most optimum
cost and performance.

D. MOVING RECEIVER TRACKING EXPERIMENT
The performance of the proposed method was evaluated by
carrying gout an outdoor experiment using the proposed
MBPS-MIMU method and the magnetic ranging method
combined with MIMU [12]. MIMU-only and MBPS-only
configurations were also examined. Four MBs were located
at the prior positions MB1 = (0m, 0m, 0m), MB2 =
(8.2m, 0.7m, 0.23m) ,MB3 = (7.86m, 8.61, 0.11m), MB4 =
(−0.1m, 7.82m,−0.37m). The frequency used for each MB
was 15, 20, 25, and 30 Hz, respectively. For clarity, all coor-
dinates were transformed based on MB1. The real position
of the receiver was calibrated by a differential GPS (DGPS),
whose best precision is 1 cm + 1 ppm. The open outdoor
environment ensured that the position result of the DGPS
would be very close to the real position. Experimental results
are shown in Figs. 16 and 17. The velocity of the receiver was
close to 1.2 m/s to 2 m/s.

According to the results, the total running time of the
experiment is 18.4s. The trajectories required by the con-
ditions of only using MIMU and only using MBPS are
presented by red and green lines, respectively. Loose cou-
pling between MBPS and MIMU is shown by the blue line
in Fig. 16. It can be seen easily that the proposed system
has the best performance than the two others. With over
800 updating points, the cumulative probability distribution
of the positioning error is shown in Fig. 17. According to the
result, the two loose coupling systems between MBPS and
MIMU described earlier [12] and in this paper perform better
than the two sources while working alone. The method in this

FIGURE 16. Trajectories obtained by the outdoor experiment.

FIGURE 17. The cumulative probability distribution of the positioning
error based on the four methods such as IMU-only, MBPS-only,
MBPS-IMU described earlier [12], and MBPS-IMU proposed in this paper.

TABLE 2. Results of MIMU and MBPS-only with different velocities.

paper shows better performance than the one described in an
earlier study [12].

In order to verify the time delay error caused by the
velocity, another experiment, which shows the position error
of the proposed MBPS integrated with the MIMU, and
the MBPS-only with different velocity, was conducted. The
parameters are consistent with the previous experiment and
the results are shown in TABLE 2.

The results in TABLE 2 indicate that for low velocity
conditions, the time delay slightly affects the position accu-
racy. However, as the velocity increases, the positioning error
becomes large. Therefore, by integrating a MIMU on the
MBPS, the stability of the MBPS is increased.

V. CONCLUSION
In this paper, an advanced MBPS, which can provide posi-
tion and attitude information to the receiver, was proposed.
The design of an MB model, positioning, attitude principle,
optimization method, and a comparison with similar MBPS
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were also presented. The error of theMBPS does not accumu-
late with time and can reach 0.055 m and 0.062 m in the LOS
and NLOS environments, respectively, in the static experi-
ment and 0.051 m in the moving target tracking experiment,
when integrated with a MIMU. Compared with the magnetic
ranging method, the feature vector method does not require
the prior magnetic decay environment, which is required in
the other method [12]. Thus the proposed method exhibits
improved performance and can be widely applied in real
cases. The improved robustness of the proposed method was
experimentally verified. Furthermore, the proposed method
can provide attitude information of the receiver, which is dif-
ficult to realize in the intensity method. The non-accumulated
error characteristics of the proposed MBPS compensate for
the shortage of the MIMU, and the MIMU replenishes the
time delay gap, when an MBPS tracking moving target is
used. In high-speed conditions, without considering the time
delay problem, the estimated error becomes large. The tradi-
tional MBPS requires three MBs, which can be detected at
the receiver position simultaneously. The proposed system,
which is integrated with a MIMU, allows the measurements
from different MBs to be separated in the time-axis, which
offers a larger working coverage of the MBPS. In addition,
the metals in the medium generate the same frequency mag-
netic field to that of the magnetic beacon. It can be regarded
as an additional magnetic beacon with an unknown position.
The measured feature vector from the true magnetic bea-
con will be affected. Furthermore, if there are metals in the
environment, the effective coverage of the magnetic beacon
will be reduced for absorbing. In this paper, the experimental
environment is assumed to be without the effect of metals.
The estimation of the effect of metals will be the subject of
future investigations.

APPENDIX
Part I: To prove that (5) is monotonous, assume that the
derivative of (5) with respect to ϕ can be described as

f ′ (ϕ) =
g′ (ϕ) h (ϕ)− g (ϕ) h′ (ϕ)

(h (ϕ))2
dϕ

where

g (ϕ) = 6r2 sin 2ϕ

h (ϕ) = 4R2d + r
2
+ 4h2d + 3r2 cos 2ϕ

With simplification, it can be described as

f ′ (ϕ) =
48r2 cos 2ϕ

(
R2d + r

2
+ h2d

)
+ 36r4 − 36r4 cos 2ϕ(

4
(
R2d + r

2 + h2d
)
+ 3r2 cos 2ϕ − 3r2

)2
It must be (

R2d + r
2
+ h2d

)
> r2

Therefore,

f ′ (ϕ) >
12r4 (cos 2ϕ + 3)(

4
(
R2d + r

2 + h2d
)
+ 3r2 cos 2ϕ − 3r2

)2

Because

(cos 2ϕ + 3) > 0, ϕ ∈
(
−
π

2
,
π

2

)
,

f ′ (ϕ) > 0, ϕ ∈
(
−
π

2
,
π

2

)
.

The function f (ϕ) is monotonous and the conclusion is
proved.

f ′ (ϕ)=
12r2 cos 2ϕ

(
4
(
R2d + r

2
+ h2d

)
+ 3r2 cos 2ϕ − 3r2

)(
4
(
R2d + r

2 + h2d
)
+ 3r2 cos 2ϕ − 3r2

)2
+

6r2 sin 2ϕ
(
6r2 sin 2ϕ

)(
4
(
R2d + r

2 + h2d
)
+ 3r2 cos 2ϕ − 3r2

)2
=

48r2 cos 2ϕ
(
R2d + r

2
+ h2d

)
+ 36r4 − 36r4 cos 2ϕ(

4
(
R2d + r

2 + h2d
)
+ 3r2 cos 2ϕ − 3r2

)2
>

48r4 cos 2ϕ + 36r4 − 36r4 cos 2ϕ(
4
(
R2d + r

2 + h2d
)
+ 3r2 cos 2ϕ − 3r2

)2
=

12r4 (3+ cos 2ϕ)(
4
(
R2d + r

2 + h2d
)
+ 3r2 cos 2ϕ − 3r2

)2 > 0

Part II: Prove the assumption: The angle between two feature
vectors described in (8) is constant, which is not related to the
attitude of the receiver.

According to (9), the feature vector in the coordinate of
MB and that of the receiver have the relation

v′i = Cr
mvi

Similarly, it can be obtained that

v′j = Cr
mvj.

The angle αi,j between vi and vj can be expressed as

cos
(
αi,j
)
=
(vi)T vj
|vi|

∣∣vj∣∣ = (vi)T vj.
Similarly, α′i,j can be presented as

cos
(
α′i,j

)
=

(
v′i
)T v′j∣∣v′i∣∣ ∣∣v′j∣∣ = (v′i)T v′j = (Cr

mvi
)T Cr

mvj.

Because Cr
m is the attitude matrix with three-axis rotation,

it can be easily know that Cr
m is an orthogonal matrix. There-

fore, it has the relation(
Cr
m
)T Cr

m = I3×3.

Finally, it can be easily obtained that

cos
(
αi,j
)
== (vi)T vj = cos

(
α′i,j

)
.

The assumption is thus proved.
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