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ABSTRACT Vehicles equipped with omnidirectional wheels can move in any direction, which means that
many driving strategies are available, even for a simple task like turning a corner. However, the characteristics
of each driving strategy have not yet been explored to detect what kind of strategy is suitable for what path
conditions for what reasons. This study aims to clarify and compare the phenomena that occur in the possible
least-time driving strategies for an omni-wheeled vehicle while it turns a corner. Three traveling strategies
are proposed according to the order of rotation and turning motion, for which the possible least-time patterns
are presented. Simulations are conducted to analyze the advantages of each pattern and compare the three
traveling strategies for various path and corner configurations. The results show that the strategy in which
the vehicle rotates during or after turning motion costs the least time. When both the path width and corner
angle are small, the vehicle should turn with a large radius to maintain a high velocity. In contrast, the vehicle
should turn with a small radius when the corner angle is large, even if this requires deceleration.

INDEX TERMS Vehicle, omni wheel, traveling strategy, time cost, corner.

I. INTRODUCTION
Transportation vehicles are widely used in warehouses and
factories to deliver materials or components to a target loca-
tion. Most of these vehicles use conventional wheels, such
as tired wheels, for their simplicity and high reliability. How-
ever, such conventional wheeled vehicles have a disadvantage
in mobility. Specifically, they can only move forward and
backward or steer toward the required direction, but they
cannot move laterally and diagonally, which may make it
difficult for the vehicles to move, especially in a narrow
passage.

Vehicles equipped with omnidirectional wheels, which can
immediately move in an arbitrary direction, including the
right, left, or diagonal direction, have the potential to solve the
problem of limited mobility [1], [2]. Vehicles with omnidi-
rectional wheels can move efficiently even in a limited space
compared with vehicles with conventional wheels [3]–[5].
Several types of mechanisms have been studied to form
omnidirectional wheels. A major example is the omni wheel,
which has a series of free rollers along the outer circum-
ference of the wheel main body, as shown in Fig. 1. When
the wheel main body is driven by a motor, the wheel rotates
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FIGURE 1. Omni wheel.

actively in one direction. When the free rollers are rotated
by an external force, the wheel runs passively in another
direction. Their combination allows the vehicle with three or
more omni wheels to move in an arbitrary direction [6], [7].
An omni wheel with actively driven rollers can realize omni-
directional movement even with two wheels [8]–[10]. As
another example, the Mecanum wheel has several free rollers
attached to the circumference of the wheel main body at an
angle [11]–[13]. The Mecanum wheel can move in a similar
way to the omni wheel. The spherical wheel is a ball-shaped
wheel that is driven by multiple rollers or wheels [14]–[16].
By the combination of the rollers or wheels driven by motors,
the spherical wheel can move actively in any direction.

There have been studies not only on the motion analysis
andmodeling of the omnidirectional vehicles but also on their
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motion planning. Various approaches concerning the motion
planning were proposed, such as the dynamic inversion-
based scheme for the real-time trajectory generation [17],
the global path planning system composed of the odometry,
motion controller, and global path planner [18], and the local
reactive approach for avoiding the moving obstacles [19].
These studies aim to search for the time-optimal trajectory
when vehicles with omnidirectional mobility need to avoid
obstacles. The specific algorithm makes it possible to find
out optimal traveling trajectory according to boundary con-
ditions. However, it has not been fully explored what kind
of strategy is advantageous in what circumstances for what
reasons. An omnidirectional wheeled vehicle can move for-
ward/backward, to the left/right, and rotate. Therefore, vari-
ous driving strategies are possible even for a simple task, such
as turning a corner. It is interesting to clarify the characteris-
tics of each driving strategy for the omnidirectional wheeled
vehicle systematically and showwhat kind of driving strategy
is suitable for each situation.

Based on these points, the present study aims to reveal
the features of the driving strategies for an omnidirec-
tional wheeled vehicle by comparing the fundamental driving
strategies when the vehicle goes through a specified area to
offer a reference for finding the most time-efficient motion.
This paper discusses a vehicle equipped with the omni wheels
having passive rollers. A simple kinetic model with nonslip
conditions of the omni-wheeled vehicle (OWV) was con-
structed to implement simulations. The specified traveling
area comprised two sets of intersecting straight lines to form
a corner with various angles. The possible traveling strategies
were proposed according to the path conditions. The features
of these motion strategies were analyzed through simulations
when the path conditions vary.

II. MODELING OF OWV AND DEFINITION OF TRAVELING
AREA
This section describes the OWV kinetic model and defines
the traveling area. Because this study focused on discussing
and comparing the fundamental characteristics of traveling
strategies, a simplified situation is considered. The driving
motors were assumed to be ideal. In other words, the motor
torque is large enough to rotate the wheels without delay,
including at high speed. In addition, the maximum driving
force of each wheel is considered to be equal to the maximum
static friction force between the wheel and ground regardless
of the rotation speed of the wheel.

A. KINETIC MODEL OF OWV
The OWVmodel shown in Fig. 2(a) consists of a square body
and four omni wheels arranged at the center of each side
in parallel. The distance between opposite wheels is d . The
center of gravity is on the vertical axis passing through the
center of the body and does not move relative to the vehicle
while the vehiclemoving. Eachwheel is driven independently
and can output driving force in one direction. A coordinate
system xo-yo is fixed at the center of the vehicle, and its xo

FIGURE 2. Omni-wheeled vehicle (OWV) model. (a) Top view of OWV.
(b) Load transfer between omni wheels 1 and 3.

and yo axes run parallel to the diagonal lines of the body, as
shown in Fig. 2(a).

The equations of motion can be calculated as
mv̇x = Fx =

1
√
2
(f1 + f2 + f3 + f4)

mv̇y = Fy =
1
√
2
(−f1 + f2 − f3 + f4)

I ω̇ = Tr =
d
2

(
−f 1 − f2 + f3 + f4

) (1)

where fi(i = 1, 2, 3, 4) is the driving force of omni wheel
i; vx and vy are the velocities in the xo-axis and yo-axis
directions, respectively; ω is the rotation velocity; Fx and Fy
are the driving force of the vehicle in the xo-axis and yo-axis
directions, respectively; Tr is rotation torque; m is the mass
of the OWV; and I is the moment of inertia.
Next, we consider the nonslip condition for the OWV. The

load on each omni wheel is mg/4 when the vehicle is in a
static state. However, the load will transfer because of the
inertial force while the vehicle is accelerating [20]. When the
amount of the load transfer between omni wheels 1 and 3 is
set as 1W , as shown in Fig. 2(b), it can be calculated with
consideration of the equilibrium of the moment.

d1W = h(Fx cos
π

4
+ Fy sin

π

4
) (2)

Therefore, 1W = h
(
Fx + Fy

)
/
(√

2d
)
is given, where h is

the height of the center of gravity from the floor. The load
transfer between omni wheels 2 and 4 is given in the same
way. As a result, the nonslip condition for each wheel is
written as

|f1| /µ ≤
mg
4
−

h
√
2d

(
Fx + Fy

)
|f2| /µ ≤

mg
4
+

h
√
2d

(
Fx − Fy

)
|f3| /µ ≤

mg
4
+

h
√
2d

(
Fx + Fy

)
|f4| /µ ≤

mg
4
−

h
√
2d

(
Fx − Fy

)
.

(3)

B. DEFINITION OF TRAVELING AREA
In the practical use of transportation vehicles, the area where
the vehicle can move is usually limited because of obstacles

104842 VOLUME 8, 2020



S. Long et al.: Analysis of Traveling Strategies for Driving OWV Around a Corner

or surrounding constructions. Thus, we strictly defined the
area in which the vehicle can move. This paper focuses on an
angled path with one corner as themost fundamental situation
because many different environments can be described by
combining angled paths. Fig. 3 shows the target traveling
area, where the x-y coordinate system is placed on the ground.
Both edges of the area are straight lines. The position of the
vehicle is represented by the center of gravity and the vehicle
is constrained to keep its center of gravity within the area
while moving. The intersection point of the centerlines is set
as reference point O. The initial and terminal points are M
and N, respectively. The path width is D and the corner angle
is θ , which is set as 0 < θ ≤ π/2 with the consideration of
symmetry. The distances from point M to O (first half path)
and that from point O to N (second half path) are defined as
l1 and l2, respectively. The point at which the inner angles
intersect, that is the inside of the corner, is set as point P.

The motion of the vehicle running through the traveling
area is divided into two types: linear motion with uniform
acceleration and turning of the corner. First, the vehicle starts
moving at point M with the velocity vm = 0 and accelerates
along the centerline of the path using linear motion. When
approaching the corner, the vehicle transits to turning motion.
After passing through the corner, the vehicle resumes linear
motion. The start and end points of turning are set as S
and F, respectively. The distances between point S and O and
between point O and F are set as ls and lf , respectively. The
direction of the velocity vector at point S and F is parallel to
the path edges. Velocities at point S and F are set as vs and vf ,
respectively. The time cost for the first linear motion, turning
of the corner, and second linear motion are set as tms, tsf and
tfn, respectively. The summed time cost T is used to assess
the entire motion.

T = tms + tsf + tfn. (4)

In addition, we required the OWV to return to the cen-
terline after turning. Thus, the velocity direction at point F
is coincident with the centerline. The vehicle can choose to
rotate clockwise or counterclockwise to adjust its heading to
the velocity direction, which is determined according to the
time cost.

III. OWV DRIVING STRATEGY
This section discusses the possible traveling strategies of
OWV within the defined area. The traveling direction of the
conventional vehicle is fixed relative to the vehicle body, but
OWV can move in any direction. According to (1) and (3),
the driving force of the OWV should satisfy the following
equation:

|Fx | +
∣∣Fy∣∣ ≤ µmg√

2
. (5)

Therefore, the maximum value of the driving force varies
depending on the direction, as shown in Fig. 4. The driving
force takes the largest value on the boundaries of a quadran-
gular area. The four boundaries are called modes I, II, III,
and IV.

FIGURE 3. Definition of traveling area and its parameters.

FIGURE 4. Distribution of driving force in the xo-yo coordinate system.

The OWV can perform turning, during which the vehicle
travels with a changing velocity vector, and rotation, during
which the vehicle changes its orientation with respect to the
traveling direction. The order and timing of these motions,
which are performed independently, determine the traveling
strategy. Here, three forms of traveling strategies are consid-
ered according to the order of the above motions as follows:

Form A: Changing the vehicle orientation after changing
the velocity vector direction, namely, rotation after turning.

Form B: Changing the velocity vector direction after
changing the orientation, namely, rotation before turning.

Form C: Changing the vehicle orientation and velocity
vector direction at the same time, namely, rotation during
turning.

The kinetic model of each form is discussed in the follow-
ing sections.

A. FORM A: ROTATION AFTER TURNING
Without the restriction of the traveling area, the acceleration
during the first linear motion and during the turning motion
should take themaximumvalue to reduce the time cost, which
can be calculated as

∣∣v̇y∣∣ = µg
√
2
, v̇x = 0 for the first linear motion

|v̇x | =
µg
√
2
, v̇y = 0 for the turning motion.

(6)
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After turning, the vehicle can accelerate and rotate either
independently or at the same time. Therefore, there are
three possible operating modes: rotation before accelera-
tion, rotation after acceleration, and rotation during accelera-
tion. When the vehicle rotates and accelerates independently,
assuming that the translational acceleration is zero and the
rotation torque takes the maximum value during rotation, the
time cost of the rotation tr can be calculated by the following
equation: 

I
dω
dt
=

1
2
µmgd

min
(
θ,
π

2
− θ

)
= ωtr .

(7)

As a result, the equations of motion for independent accel-
eration and rotation can be written as

vf tr + vf
(
tfn − tr

)
+

µg

2
√
2

(
tfn − tr

)2
= l2 − lf

↑ for acceleration after rotation

vf
(
tfn − tr

)
+

µg
(
tfn − tr

)2
2
√
2 (cos θ + sin θ)

+

[
vf +

µg(tfn − tr )
√
2(cos θ + sin θ )

]
tr = l2 − lf

↑ for rotation after acceleration.

(8)

When the vehicle accelerates and rotates at the same time,
there is a trade-off between rotation torque and translational
driving force. We focus on the situation where the angular
velocity at both points F and N is zero, the angular accelera-
tion is distributed symmetrically between the first and second
halves, and the driving force takes the maximum value that
satisfies the nonslip condition. The equations of motion are
given as follows:

I ω̇ = Tr1,
1
2
ω̇t2h =

β

2
for 0 ≤ ϕ ≤

β

2
I ω̇ = Tr2, ω̇th

(
tfn − th

)
+

1
2
ω̇
(
tfn − th

)
=
β

2
for

β

2
< ϕ ≤ β∫∫ tfn/2

0

Ft1
m
dvdt+

∫∫ tfn

tfn/2

Ft2
m
dvdt = l2 − lf

Ft1,Ft2 = max
(
Fx sin (θ − ϕ)+ Fy cos (θ − ϕ)

)
if 0 ≤ θ ≤ π/4

Ft1,Ft2 = max
(
Fx sin (θ + ϕ)+ Fy cos (θ + ϕ)

)
if π/4 < θ ≤ π/2

tfn = 2th,Tr1 = −Tr2, β = min
(
θ,
π

2
− θ

)

(9)

where Tr1 and Tr2 are the driving torques of the first and
second halves of the rotation, respectively; Ft1 and Ft2 are the
driving force of the first and second halves of the translation,
respectively; th is the time cost of the first half of the rotation;
and ϕ is the rotation angle of the vehicle body. We can obtain
tfn with the combination of (1), (3), and (9).

Of these three forms, the one that has the smallest time cost
is chosen as the motion after turning. The resulting motion is
defined as pattern A0.

FIGURE 5. Motion trajectory of form A.

When taking the restriction of the traveling area into
account, the strategy discussed above can be the optimal
motion if there is no deviation from the traveling area. Oth-
erwise, the vehicle should decelerate in the y-axis direction
before turning. However, the OWV can accelerate in the x-
axis direction and decelerate in the y-axis direction at the
same time. To use the path width maximally, the trajectory
should pass through point P. Then, the time cost from point S
to point P tsp can be calculated by the following equation:

Fx − Fy =
µmg
√
2

1
2
Fx
m
t2sp =

D
2

vstsp −
1
2
Fy
m
t2sp = ls −

D
2
tan

θ

2

(10)

where ls is a variable whose suitable value will be determined
to minimize the time cost.

Here, the u-w coordinate system shown in Fig. 5 is
employed to discuss the movement after point P conveniently.
The u and w axes are perpendicular and parallel to the second
half of the path, respectively. The velocity in the u-axis direc-
tion at point P vpu must be negative to avoid the departure
from the path.

The driving force relation is translated from the x-y coordi-
nate system to the u-w coordinate system as shown in Fig. 6.
The driving forces in the u-axis and w-axis directions are set
as Fu and Fw, respectively. When 0 < θ ≤ π/4, it is inferred
fromFig. 6(a) that mode I is themost suitable because bothFu
andFw can take large values. In this situation, the acceleration
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FIGURE 6. Distribution of driving force in u-w coordinate system.
(a) 0 < θ ≤ π/4, and (b) π/4 < θ ≤ π/2.

in the u-axis direction should lie within the following range:

−
µg sin θ
√
2
≤ ü ≤

µg cos θ
√
2

. (11)

It is necessary tomake the velocity in the u-axis direction at
point F, vfu, equal to zero. When the trajectory of the vehicle
converges with the centerline, the relation of the acceleration
and velocity between point P and F can be obtained as fol-
lows:

vputpf −
üt2pf
2
≤
D
2
∧ vfu = vpu−ütpf = 0⇔ ü ≥

v2pu
D

(12)

where tpf is the time cost between points P and F. As a
result, when v2pu/D ≤ µg cos θ/

√
2, the acceleration should

be set as ü = −µg sin θ/
√
2 to let the vehicle travel toward

the centerline from the inner edge and then change to ü =
µg cos θ/

√
2 to let the vehicle converge with the centerline.

This series of motions is defined as pattern A1.
When vpu is too large to make the trajectory converge with

the centerline, the vehicle should travel toward the outer edge
within the limitation of the path width.

vputpo −
üt2po
2
≤ D ∧ vou = vpu − ütpo = 0 ∧ tpf

= tpo + tof ⇔ ü ≥
v2pu
2D

(13)

where tpo is the time cost from point P to the point nearest to
the outer edge, tof is the time cost from that point to point F,
and vou is the velocity in the u-axis direction at that point.
In summary, when v2pu/D > µg cos θ/

√
2, the acceleration

should be set as ü = µg cos θ/
√
2 to let the vehicle cross

the centerline to the outer edge and then change to ü =
−µg sin θ/

√
2 to let the vehicle converge with the centerline.

These series of motions are defined as pattern A2.
When π/4 < θ ≤ π/2, Fig. 6(b) shows that Fu in mode

IV is larger than that in mode I. As a result, it is necessary
to use mode IV with mode I in some cases. In this situation,
the acceleration in the u-axis direction should lie within the
following range:

−
µg sin θ
√
2
≤ ü ≤

µg sin θ
2

. (14)

The basic idea to finish the path is the same as when
using only mode I, as described above. When using mode IV,
the traveling patterns are defined as patterns A3, A4, and

A5. Pattern A3 aims at turning the corner without cross-
ing the centerline under the condition v2pu/D ≤ µg sin θ/

√
2.

When the vehicle cannot travel by pattern A3, that is, when
v2pu/D > µg sin θ/

√
2, the vehicle is permitted to cross the

centerline in pattern A4. When v2pu/2D > µg cos θ/
√
2, the

vehicle travels to touch the outer edge so that the deceleration
in the u-axis direction is minimized, which is defined as
pattern A5.

The trajectories of patterns A0-A5 from point P are shown
in Fig. 7. The flowchart of determining the optimal motion
for the traveling strategy of form A is shown in Fig. 8.

B. FORM B: ROTATION BEFORE TURNING
When traveling with the traveling strategy of form B, the
OWV first rotates, which changes the vehicle’s orientation
to direct the front toward the w-axis direction, and then turns,
as shown in Fig. 9.

Without the restriction of the traveling area, assuming that
rotational torque takes the maximum value and the transla-
tional velocity stays constant during the rotation, the equa-
tions of motion can be written as follows:

1
2
v̇y (tms − tr )2 + vstr = l1 − ls, v̇y =

µg
√
2
, v̇x = 0

↑ for motion before rotation

I
dω
dt
=

1
2
µmgd,min

(
θ,
π

2
− θ

)
= ωtr

↑ for motion during rotation

vs sin θ = ütsf , ü =
µg
√
2
, ẅ = 0

↑ for motion during turning.

(15)

The strategy for the turning motion is the same as that
in form A. In the second linear motion, the vehicle travels
straight at the maximum acceleration. The above series of
motions are defined as pattern B0.

When the restriction of the traveling area is taken into
account, the trajectory should pass through point P to obtain
themaximal turning radius. Therefore, the equation ofmotion
from point S to point P is as follows:

Fx − Fy =
µmg
√
2

1
2
Fx
m
t2sp =

D
2

vstsp −
1
2
Fy
m
t2sp = ls −

D
2
tan

θ

2
− vstr .

(16)

A suitable value of ls will be determined to minimize the
time cost.

After passing through point P, acceleration in the w-axis
direction should be positive. Fig. 10 shows the driving force
relation in the u-w coordinate systemwhen θ > π/4. Accord-
ing to Fig. 10, modes I and IV are suitable because the value
of Fw stays positive. When a combination of modes I and IV
is used, the boundary of acceleration in the u-axis direction is
given as follows:

−
µg
√
2
≤ ü ≤

µg
√
2
. (17)
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FIGURE 7. Traveling patterns of form A. (a) Pattern A0, (b) Pattern A1, (c) Pattern A2, (d) Pattern A3, (e) Pattern A4 and
(f) Pattern A5.

FIGURE 8. Flowchart of determining optimal motion for form A.

When θ ≤ π/4, modes I and II instead of modes I and IV
should be chosen, but the strategy is the same.

It is also necessary for the vehicle to converge with the
centerline as quickly as possible, namely, to minimize lf to
gain the space needed to accelerate during the second linear

motion. The conditions of (17) allow three patterns of motion:
B1, B2, and B3. In the case of v2pu/D ≤ µg/

√
2, the vehicle

simply approaches the centerline, which is defined as pattern
B1.When vpu is larger, that is,µg/

√
2 < v2pu/D ≤

√
2µg, the

vehicle crosses the centerline, which is defined as pattern B2.
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FIGURE 9. Motion trajectory of form B.

FIGURE 10. Distribution of driving force for form B in u-w coordinate
system when θ > π/4.

When the width of the path is so limited that v2pu/D >
√
2µg

is satisfied, the vehicle can travel only if it touches the outer
edge of the path, which is pattern B3.

The trajectories of patterns B0-B3 from point P are shown
in Fig. 11. The flowchart of determining the optimal pattern
for the traveling strategy of form B is shown in Fig. 12.

C. FORM C: ROTATION DURING TURNING
In the traveling strategy of form C, the vehicle rotates and
turns at the same time. In the first and second linear motions,
the vehicle can run with the maximum acceleration µg/

√
2.

According to (1) and (2), the rotational angular acceleration
during turning can be calculated as follows:

d
2I

(
−µmg+

√
2mvω

)
≤ ω̇ ≤

d
2I

(
µmg−

√
2mvω

)
if ω ≥ 0

d
2I

(
−µmg−

√
2mvω

)
≤ ω̇ ≤

d
2I

(
µmg+

√
2mvω

)
if ω < 0.

(18)

When the restriction of the traveling area is not considered,
the summary time cost of finishing the path is minimized
if the acceleration of the linear motion and turning motion
takes the maximum values. At this time, the linear accelera-
tion is equal to

√
2µg/2, while the angular acceleration is as

FIGURE 11. Motion patterns of form B. (a) Pattern B0, (b) Pattern B1,
(c) Pattern B2 and (d) Pattern B3.

FIGURE 12. Flowchart of determining optimal motion for form B.

follows:

ω̇ =


d
2I

(
−µmg−

√
2mvω

)
for 0 ≤

∫
(−ω) dt ≤

θ

2
d
2I

(
µmg+

√
2mvω

)
for

θ

2
<

∫
(−ω) dt ≤ θ.

(19)

This style of motion is defined as pattern C0.
The limited width of the path may cause the vehicle to

deviate from the traveling area during turning. To avoid
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TABLE 1. Traveling patterns of OWV from point P with respect to route centerline.

this, deceleration before turning is necessary, similar to that
needed in forms A and B. In this case, there are two motion
patterns depending on whether the vehicle is permitted to
cross the centerline or not, which are defined as patterns C1
and C2, respectively. The trajectories of patterns C0-C2 are
shown in Fig. 13.

All motion patterns for the traveling strategy of forms A,
B, and C are summarized in Table 1.

IV. ANALYSIS AND COMPARISON OF THREE TRAVELING
STRATEGIES
The proposed traveling strategies are analyzed and compared
through simulations in this section. The parameters of OWV
used in the simulation are listed in Table 2.

A. CHARACTERISTICS OF FORM A
First, we discuss the characteristics of the trajectories in the
six motion patterns for form A. Fig. 14 shows examples
of the trajectories calculated under the condition of l1 =
l2 = 10 m. The figure shows that the variation of the corner
angle θ and path width D affects the pattern features. The

TABLE 2. Simulation parameters of OWV.

trajectories cut off in the middle indicate that a deviation
occurs at that point. In pattern A0, where the vehicle runs
at the largest acceleration without considering the restriction
of the traveling area, the vehicle can stay on the path only
when θ is small and D is large [Fig. 14(a)]. Comparison of
patterns A1 and A2 shows that, although their trajectories are
similar to each other in Fig. 14(b), the trajectory crosses the
centerline in pattern A2 but not in pattern A1, as shown in
Fig. 14(c), (d), and (e). The trajectory of pattern A2 has the
advantage of less deceleration before turning the corner, but
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FIGURE 13. Traveling approach of form C. (a) Pattern C0, (b) Pattern C1, and (c) Pattern C2.

FIGURE 14. Trajectories of six motion patterns of form A with l1 = 10 m and l2 = 10 m. (a) D = 2.0 m, θ = π/16
(b) D = 2.0 m, θ = 4π/16 (c) D = 2.0 m, θ = 7π/16 (d) D = 0.5 m, θ = 4π/16 (e) D = 0.5 m, θ = 7π/16.

at the same time it has the disadvantage of a larger travel
distance. Pattern A1 has the opposite effects. For patterns
A3, A4, and A5, their trajectories reach the centerline after
turning in the order of A4, A3, and A5 in both Fig. 14(c)
and (e). This means that the trajectory of pattern A4 goes
over the centerline slightly and the trajectory of A5 travels
well past the centerline, while pattern A3 establishes a track
somewhere in themiddlewithout crossing over the centerline.
With respect to D, a narrow path makes turning the corner
difficult in general, but it contributes to decreased travel

distance in patterns A2 and A5, as shown by comparing
Fig. 14(c) and (e).

Next, the traveling time cost is compared according to the
variation of the path conditions. Fig. 15 shows the calculation
results of the least-time cost when the corner angle θ varies
with l2 = 10 m and D = 2.0 m. The name of the least-time
pattern is shown beside each sampling point. In the graph,
as θ becomes larger, the time cost tends to increase and the
optimal patterns change. When θ is small, the vehicle can
travel by pattern A0 and the time cost increases only a little.
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FIGURE 15. Least-time cost of form A when corner angle varies with
l2 = 10 m and D = 2.0 m.

FIGURE 16. Least-time cost of form A when path width varies with
l1 = 8.0 m and l2 = 10 m.

Then, after pattern A0 is no longer feasible due to the large
θ , the optimal pattern switches to pattern A2 and finally A3.
At this point, the time cost shows stronger growth because
the OWV must decelerate before turning. When l1 is large
enough, for example, l1 = 20 m, pattern A1 also appears
between A0 and A2.

Fig. 16 shows the time cost when the width of the path
D varies with l1 = 8.0 m and l2 = 10 m. The graph
shows that the time cost tends to decrease as D increases
and that the least-time pattern changes due to the variation
and consequently converges to pattern A0. Once pattern A0
becomes feasible, the time cost remains constant evenwhenD
changes. When D is relatively small, the time cost decreases
strongly, for the same reasons seen in Fig. 15.

By expanding the calculation results, we explored the
driving strategy according to various configurations of the
traveling area. Fig. 17 shows the regions of the least-time
patterns when the corner angle θ and the first half path length
l1 are varied with l2 = 10 m and D = 2.0 m. When θ or l1
is relatively small, the vehicle can always travel with pattern
A0, so that pattern A0 should be chosen. However, when θ
and l1 become larger, pattern A0 is no longer feasible because
of the limited path width and then pattern A1 or A2 takes its

FIGURE 17. Distribution of least-time patterns of form A with l2 = 10 m
and D = 2.0 m.

FIGURE 18. Distribution of least-time patterns of form A with l1 = 8.0 m
and l2 = 10 m.

place. The trajectories of patterns A1 and A2 are close to each
other under the specific corner angle, for example, θ = π/4
shown in Fig. 14(b). When θ becomes larger, in other words,
when the corner angle is severe, pattern A2 is advantageous
because its trajectory can obtain a large turning radius, which
contributes to minimizing deceleration. In contrast, pattern
A1 is faster than pattern A2 when θ is smaller because it
has a sufficiently large turning radius without crossing the
centerline. When θ is still larger, that is, θ = 7π/16, it
becomes difficult for the vehicle to return to the centerline
quickly after turning the corner in pattern A2. That leads
to an increase in the moving distance and time cost. In this
case, pattern A3, which draws a turning radius larger than the
radius of pattern A4 and smaller in length than that of pattern
A5, becomes the fastest.

Fig. 18 shows the distribution of the least-time patterns
when D and θ are varied with l1 = 8.0 m and l2 = 10 m.
As shown in the graph, pattern A0 is feasible when D is
large enough with reference to θ . Otherwise, it is basically
advantageous for the vehicle to travel by pattern A2, as shown
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FIGURE 19. Trajectories of form B when l1 = 20m and l2 = 10 m. (a) D = 2.0 m, θ = π/16 (b) D = 2.0 m, θ = 4π/16
(c) D = 2.0 m, θ = 7π/16 (d) D = 0.5 m, θ = 4π/16 (e) D = 0.5 m, θ = 7π/16.

in Fig. 17. In contrast to the distribution shown in Fig. 17,
pattern A2 has superiority even when θ is large and D is
small in Fig. 18. This might be because a small D minimizes
the divergence of the trajectory from the centerline, and then
the traveling distance is decreased. Consequently, pattern A3
becomes the fastest when D is large at the same time that θ
approaches π/2.

In summary, the optimal pattern A0 is feasible when θ or
l1 is small and D is large. Otherwise, pattern A2 is the next
best candidate. As an exception, pattern A3 is quickest when
θ approaches π/2 and D is large, and pattern A1 is quickest
when l1 is large and θ is somewhat small.

B. CHARACTERISTICS OF FORM B
Fig. 19 shows the trajectories for form B with l1 = 20 m and
l2 = 10 m. The trajectory of pattern B0 deviates from the
path when its width is small [Fig. 19(d) and (e)]. In contrast,
when the path is relatively wide, the trajectory deviates only
when the corner angle is around π/4 [Fig. 19(b)], whereas no
deviation occurs when the corner angle is smaller or larger
than π/4 [Fig. 19(a) and (c)]. Before point P, the vehicle
has to decelerate in the y-axis direction and accelerate in the
x-axis direction. Therefore, when the corner angle is large,
the acceleration in the x-axis direction becomes large relative
to the deceleration in the y-axis direction, and this causes a
deviation. When the corner angle is still larger, however, the
vehicle accelerates in the x-axis direction slowly because the
driving force is almost entirely consumed by the deceleration
in the y-axis direction. As a result, the turning maneuver

proceeds gradually and the trajectory can avoid deviation
from the path.

In these conditions, the trajectory of patterns B1 and B2
are close to each other. It should be noted that the trajectory
of pattern B1 is shorter than that of pattern B0 when the
corner angle is somewhat large as shown in [Fig. 19(c)],
which suggests the possibility for pattern B1 to perform better
than pattern B0 in form B. Pattern B3 fails to converge to the
centerline when the path width is large [Fig. 19(b) and (c)].
In contrast, the trajectory stays within the path when its width
is small [Fig. 19(d) and (e)]. Note that the trajectories that
are not shown in the figure, specifically, patterns B1–B3 in
Fig. 19(a) and pattern B2 in Fig. 19(c), do not have a solution.

Here the calculation results are used to discuss the choice
of motion patterns. Fig. 20 shows the distribution of the least-
time patterns of form B when the corner angle θ and the first-
half path length l1 vary with l2 = 10 m and D = 2.0 m.
Here, pattern B0 costs the least time in most cases. However,
when l1 increases, pattern B0 deviates from the path around
θ = π/4, as shown in Fig. 19(b). In this case, pattern B1
becomes the least-time pattern instead of pattern B0. When
l1 becomes even larger, pattern B2 costs less time than the
others. This is thought to be because a larger l1 increases the
initial velocity and consequently requires larger deceleration
before turning in pattern B1.

Fig. 21 shows the distribution of the least-time patterns
when D and θ vary with l1 = 8.0 m and l2 = 10 m.
Basically, the time cost of pattern B0 is lower than that of
the others when D is sufficiently large. However, when D
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FIGURE 20. Distribution of least-time patterns of form B with l2 = 10 m
and D = 2.0 m.

FIGURE 21. Distribution of least-time patterns of form B with l1 = 8.0 m
and l2 = 10 m.

becomes small, pattern B1 costs the least because the tra-
jectory of pattern B0 leaves the path. Pattern B0 becomes
disadvantageous especially when θ approaches π/4, which
is the same result shown in Fig. 20. Conversely, when D is
small, pattern B2 has the lowest time cost because the effect of
the longer moving distance stays relatively small. However,
when θ increases under small D, most of the driving force
is consumed to adjust the velocity in the u-axis direction in
pattern B2, so that pattern B1 becomes the least-time pattern.

In summary, pattern B0 is feasible except around θ = π/4
when D is large and l1 is not. In other cases, pattern B1 has
the lowest time cost. When l1 is large or θ and D are small,
pattern B2 shows its advantage.

C. CHARACTERISTICS OF FORM C
Fig. 22 shows some trajectories for form C with l1 = l2 =
10 m. The trajectory of pattern C0 deviates from the path
when the corner angle is large [Fig. 22(c)] or the path is
narrow [Fig. 22(d) and (e)]. Comparison of patterns C1 and
C2 show that the trajectory of pattern C1 converges to the
centerline quickly, while the trajectory of pattern C2 needs to
cross the centerline once. This suggests that pattern C1 has an
advantageously short trajectory. In contrast, the trajectory of

pattern C2 has a large turning radius, which allows the vehicle
to run at a high velocity. Note that the trajectory of pattern C1
is not shown in Fig. 22(a) and (b) and that of pattern C2 is
not shown in Fig. 22(a) because they do not have solutions.
Pattern C2 fails to reach the centerline at θ = π/4, as shown
in Fig. 22(b).

Fig. 23 shows the distribution of the least-time patterns
when the corner angle θ and the first half path length l1 vary
with D = 2.0 m and l2 = 10 m. Pattern C0 has the lowest
time cost when l1 or θ is small.When l1 and θ becomes larger,
pattern C0 is no longer feasible due to deviation from the path.
In this situation, when θ is moderate, pattern C2 is advanta-
geous because its trajectory can use a large turning radius,
which contributes to keeping the velocity high. Conversely,
when θ becomes still larger, the trajectory length of pattern
C2 becomes long enough to offset the advantage of the higher
velocity. At this time, pattern C1 has a better strategy due to
its moving distance superiority.

Fig. 24 indicates the distribution of the least-time patterns
when the path width D and the corner angle θ vary with
l1 = 8.0 m and l2 = 10 m. Basically, traveling by pattern C0
has the lowest time cost when θ is relatively small and D is
relatively large. In the other regions, pattern C1 or C2 is best.
Compared to pattern C1, pattern C2 has an advantage with
respect to velocity but a disadvantagewith respect to traveling
distance, as described above. When D is small, however, its
disadvantage is minimized. Therefore, pattern C2 becomes
the time-optimal pattern when both D and θ are relatively
small. As D and θ increase, pattern C1 becomes superior.

In summary, we can use pattern C0 with the least-time cost
when θ or l1 is small and D is large. Otherwise, pattern C1 is
advantageous when θ is large, whereas pattern C2 should be
chosen when D is small.

D. COMPARISON OF FORMS A, B, AND C
Here, the results in the previous sections are compared to
analyze the characteristics of the three traveling strategies. As
explained above, the corner angle θ , the path widthD, and the
first and second half path lengths l1 and l2 affect the choice of
patterns. Therefore, we compare the least-time cost to figure
out what strategy is suitable for what situations when these
parameters are varied.

First, the effect of the corner angle θ on the choice
among the three traveling strategies is discussed. As shown in
Fig. 25, form B always costs more time than forms A and C.
This is partly because the rotation before turning in form
B reduces the acceleration time and force in the first linear
motion. Another reason is the direction of acceleration. In
the situation of turning a corner whose angle is α, as shown
in Fig. 26, in form B the vehicle velocity v becomes lower
after turning than the velocity before turning vs, while it
becomes higher in form A and remains unchanged in form
C. Specifically, this effect becomes more pronounced as the
corner angle increases, which is thought to be the reason why
the difference in the time cost between form B and the others
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FIGURE 22. Traveling patterns of form C with l1 = 10 m, l2 = 10 m. (a) D = 2.0 m, θ = π/16 (b) D = 2.0 m, θ = 4π/16
(c) D = 2.0 m, θ = 7π/16 (d) D = 0.5 m, θ = 4π/16 (e) D = 0.5 m, θ = 7π/16.

FIGURE 23. Distribution of least-time patterns of form C with l2 = 10 m
and D = 2.0 m.

becomes larger when θ increases. Thus, form B is generally
slower than forms A and C.

However, as shown in Fig. 25(a) and (b), when the second
half path length l2 is small, forms A and C cannot accomplish
the travel under some conditions. The smaller value of l2
made the vehicle unable to finish the rotation after or during
turning by the proposed motion patterns. In the graph, this
effect becomes more conspicuous when the first half path
length l1 increases, because this leads to a larger velocity dur-
ing the turn. Therefore, sufficient deceleration before turning
may contribute to completion of the trajectory, but the time
cost increases. Compared with forms A and C, in form B,
where the vehicle adjusts its orientation before turning the
corner, the vehicle can avoid the deviation efficiently even
under the severe conditions of limited l2.

FIGURE 24. Distribution of least-time patterns of form C with l1 = 8.0 m
and l2 = 10 m.

As shown in Fig. 25(a) and (c), form A is advantageous
when l1 is small. A smaller l1 means reduced velocity during
turning, which helps the motion patterns of form A to show
their superiority without concern for deviation from the path.
Additionally, form A becomes more advantageous when l2 is
sufficiently large, as shown in Fig. 25(c), because deviation
is avoided. Form A shows the same tendency in Fig. 25(c) as
in Fig. 15 at l1 = 5.0 m. A smaller l1 allows form A to travel
by pattern A0 even in the severe corner of θ = 6π/16. The
time cost has a local maximum value at θ = π/4 because the
rotation angle of the vehicle becomes the largest at θ = π/4
whether the vehicle rotates clockwise or counterclockwise.
However, when θ becomes larger, the time cost increases
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FIGURE 25. Least-time cost comparison of forms A, B, and C with D = 2.0 m.

FIGURE 26. Velocity variation of OWV before point P.

again because the vehicle has to switch from pattern A0 to
another pattern to avoid path deviation.

As shown in Fig. 25(d), when both l1 and l2 are large, the
difference in the time cost between forms A and C varies
according to θ . Form A costs less time than form C for
θ ≤ 4π/16, while the converse is true for θ > 4π/16. When
θ is relatively small, form A does not require deceleration to
travel without deviation. In this case, the velocity becomes
larger than the velocity at point S, as explained in Fig. 26.
However, the velocity of form C during the turning motion
remains unchanged. Then, form A is advantageous. When θ
is larger than 4π/16 with form A, the OWV must deceler-
ate before turning to avoid deviation even if l2 is large. In
contrast, form C can achieve the largest driving force in the
second linear motion because the adjustment of the orienta-
tion is finished during turning. Then, form C is superior to
form A.

Next, we discuss the effect of the variation of the path
width D. Fig. 27 shows the time cost variation of all forms
when D varies with θ = 3π/16 and 6π/16. With regards
to D, form B costs more time than forms A and C. The
difference between them is small when D is relatively small
but becomes larger when D increases. The reason is thought
to be the same as that described in the discussion of Fig. 26.
In form B, the time cost slightly increases when D becomes
large because the quickest pattern changes from B1 to B0 due
to the deviation of B1, as explained in section 4.2.

Forms A and C show the same tendency and their differ-
ence is small in Fig. 27. When θ is small, form A costs less
time than form C, as shown in Fig. 27(a), which is the same
as in Fig. 25. However, when θ is large, form C can compete
with form A under some conditions, as shown in Fig. 27(b).
Although form A costs less time than form C when D is
sufficiently small, that is, D ≤ 0.8 m, form C surpasses form
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FIGURE 27. Least-time cost comparison of three forms with l1 = l2 = 10 m.

A when D becomes larger. This is because form C, in which
the vehicle finishes the rotation during turning, can apply the
maximum acceleration for the entirety of the second linear
motion. In other words, the vehicle can converge with the
centerline sooner in form C than in form A, after which the
vehicle can use the driving force for acceleration to complete
the trajectory.

In summary, the results suggest that the optimum strategy
is to travel by form A or C instead of form B unless deviation
occurs because form B costs more time and the difference
between forms A and C is small. Strictly speaking, although
their performance is generally similar, form C is advanta-
geous when both θ and D are large and l1 is equal to or larger
than l2, while form A is advantageous in other cases.

V. CONCLUSION
Vehicles are widely used for transporting products in facto-
ries and warehouses. Vehicles equipped with omnidirectional
wheels can move in any direction, they make efficient motion
possible even in a narrow passage. Therefore, there are many
possible traveling strategies for an omnidirectional wheeled
vehicle to pass through an angled passageway or corner. How-
ever, what strategy is suitable for what situations has not been
fully explored. With that point in mind, this study constructed
a numerical model of a vehicle with four omni wheels and
then simulated and compared three driving strategies in terms
of the time cost of traveling a designated path with one corner.
This study obtained the following results:

1) Three traveling strategies for an OWV were proposed
based on their kinetic models by considering the order
of rotation and turning: form A, rotation after turning;
form B, rotation before turning; and form C, rotation
during turning. The possible time-optimal patterns of
these traveling strategies were discussed theoretically
based on the magnitude of acceleration and the neces-
sity of deceleration.

2) The motion patterns of each traveling strategies were
analyzed when the traveling area conditions, including

the corner angle, path width, and path length, were
varied. The time cost is the smallest when the vehicle
can run without deceleration before turning (A0, B0,
and C0), which is possible when the path is wide and
the corner angle is small. When both the path width and
angle are small, the pattern in which the vehicle turns
with a large radius (A2, B2, and C2) is optimal because
it maintains the highest possible velocity during turn-
ing. When the corner angle is large and the path length
before the corner is larger than that after the corner,
the pattern with the lowest time cost switches to the
one in which the vehicle turns with a small radius by
decelerating before turning (A3, B1, and C1).

3) The time cost of the three traveling strategies was com-
pared to find out which strategy was suitable for each
situation. It is advantageous for the vehicle to travel
by form A when the corner angle or the path width is
small. When both of them become larger, form C costs
less time than the other forms. Form B is advantageous
when the path length after the corner is small, where
the vehicle cannot finish the traveling path by forms A
and C. Overall, form A or C is a better driving strategy
than form B for passing through a corner.

Based on the features of these driving strategies, we plan
to design a time-optimal controller by referring to the model
predictive approach in future work.
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