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ABSTRACT Let R = Fyn(ul/ (u®) be the finite commutative chain ring, where p is a prime, m is a positive
integer and IF,» is the finite field with p™ elements. In this paper, we determine all repeated-root constacyclic
codes of arbitrary lengths over R and their dual codes. We also determine the number of codewords in
each repeated-root constacyclic code over R. We also obtain Hamming distances, RT distances, RT weight
distributions and ranks (i.e., cardinalities of minimal generating sets) of some repeated-root constacyclic
codes over R. Using these results, we also identify some isodual and maximum distance separable (MDS)
constacyclic codes over R with respect to the Hamming and RT metrics.

INDEX TERMS Cyclic codes, local rings, negacyclic codes, optimal codes.

I. INTRODUCTION

Constructing codes that are easy to encode and decode, can
detect and correct many errors and have a sufficiently large
number of codewords is the primary aim of coding theory.
Several metrics (e.g. Hamming metric, Lee metric, RT met-
ric, etc.) have been introduced to study error-detecting and
error-correcting properties of a code with respect to various
communication channels. Among the prevalent metrics in
coding theory, the Hamming metric is the most studied metric
and it is suitable for orthogonal modulated channels. The
Singleton bound [31] is an upper bound on the size M of an
arbitrary block code with respect to the Hamming metric:

M < gt 4))

where ¢ is the cardinality of the code alphabet, n is the block
length and d is the Hamming distance of the code. Linear
codes that attain the Singleton bound are called maximum
distance separable (MDS) codes with respect to the Hamming
metric. Later, motivated by the problem to transmit messages
over several parallel communication channels with some
channels not available for transmission, a non-Hamming met-
ric, called the Rosenbloom-Tsfasman metric (or RT metric),
was introduced by Rosenbloom and Tsfasman [30]; they also
derived Singleton bound for the RT metric. Linear codes
that attain the Singleton bound for the RT metric are called
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MDS codes with respect to the RT metric. MDS codes
have the highest possible error-detecting and error-correcting
capabilities for given code length, code size and alphabet
size, hence they are considered optimal codes in that sense.
This has encouraged many coding theorists to further study
and construct MDS codes with respect to various metrics
(see [20], [23], [39]). Recently, Li and Yue [24] determined
Hamming distances of all repeated-root cyclic codes of length
5p° over Fm and identified all MDS codes within this class of
codes, where p is a prime, s, m are positive integers and [Fm is
the finite field of order p™. In this paper, we shall also find
MDS codes with respect to Hamming and RT metrics within
the family of constacyclic codes over Fym[u]/ u3).
Berlekamp [4] first introduced and studied constacyclic
codes over finite fields, which have a rich algebraic
structure and are generalizations of cyclic and negacyclic
codes. For recent works on constacyclic codes over finite
fields, please refer to [32], [33], [37]. Calderbank et al. [6],
Hammons et al. [21] and Nechaev [28] related binary
non-linear codes (e.g. Kerdock and Preparata codes) to linear
codes over the finite commutative chain ring Z4 of integers
modulo 4 with the help of a Gray map. Since then, codes over
finite commutative chain rings have received a great deal of
attention. However, their algebraic structures are known only
in a few cases. Towards this, Dinh and Lopez-Permouth [17]
studied algebraic structures of simple-root cyclic and nega-
cyclic codes over finite commutative chain rings and their
dual codes. In the same work, they also determined all
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negacyclic codes of length 2" over the ring Zo» of integers
modulo 2" and their dual codes, where t > 1 and m > 2
are integers. In a related work, Batoul et al. [3] proved that
when A is an nth power of a unit in a finite commutative chain
ring R, repeated-root A-constacyclic codes of length n over R
are equivalent to cyclic codes of the same length over R. Apart
from this, many authors [1], [2], [5], [22], [36] investigated
algebraic structures of linear and cyclic codes over the finite
commutative chain ring Fp[v]/ (vz).

To describe the recent work, let p be a prime, s, m be
positive integers, I, be the finite field of order p™, and
let Fpm[v]/ (v?) be the finite commutative chain ring with
unity. Dinh [15] determined all constacyclic codes of length
p* over Fym[v]/ (v?) and their Hamming distances. Later,
Chen et al. [14] and Liu and Xu [25] determined all consta-
cyclic codes of length 2p°® over the ring Fpm[v]/ (v?), where
p is an odd prime. Using a technique different from that
employed in [14], [15], [25], Cao et al. [8] determined all
a-constacyclic codes of length np® over IFm[v]/ (v?) and their
dual codes by writing a canonical form decomposition for
each code, where « is a non-zero element of Fj» and n is
a positive integer with gcd(p,n) = 1. In a recent work,
Zhao et al. [38] determined all (o + B8v)-constacyclic codes of
length np® over Fm[v]/ (v?) and their dual codes, where 7 is a
positive integer coprime to p, and «, 8 are non-zero elements
of Fpm. This completely solved the problem of determina-
tion of all constacyclic codes of length np® over Fpm[v]/ (v?)
and their dual codes, where n is a positive integer coprime
to p. In a recent work [34], we determined all repeated-root
constacyclic codes of arbitrary lengths over the Galois ring
GR(p?, m) of characteristic p> and cardinality p>”, their sizes
and their dual codes. In the same work, we also listed some
isodual repeated-root constacyclic codes over GR(p?, m).

In a related work, Cao [7] established algebraic structures
of all (1 4+ aw)-constacyclic codes of arbitrary lengths over
a finite commutative chain ring R with the maximal ideal
as (w), where a is a unit in R. Later, Dinh er al. [18] studied
repeated-root (@ + aw)-constacyclic codes of length p* over
a finite commutative chain ring R with the maximal ideal
as (w), where p is a prime number, s > 1 is an integer and
o, a are units in R. The results obtained in Dinh et al. [18]
can also be obtained from the work of Cao [7] via the ring
isomorphism from R[x]/ (x"" —1—aa~'w) onto R[x] / (P —
textalpha — aw), defined as A(x) — Ao, 1x) for each
A(x) € RIx]/(x"" — 1 — aa~'w), where @ = of (such
an element «g always exists in Fym). The constraint that
a is a unit in R restricts their study to only a few special
classes of repeated-root constacyclic codes over R. When
a is a unit in R, codes belonging to these special classes
are direct sums of (principal) ideals of certain finite com-
mutative chain rings. However, when a is a non-unit in R,
there are repeated-root constacyclic codes over R, which
are direct sums of non-principal ideals. In another related
work, Sobhani [35] determined all (o + yu2)-constacyclic
codes of length p* over Fpm[u] /(u?) and their dual codes,
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where «, y are non-zero elements of IF,». For more related
works, readers may refer to [9]-[13].

The main goal of this paper is to determine all repeated-root
constacyclic codes of arbitrary lengths over the finite com-
mutative chain ring Fpm[u] /(u3), their sizes and their dual
codes, where p is a prime and m is a positive integer. Ham-
ming distances, RT distances, RT weight distributions and
ranks (i.e., cardinalities of minimal generating sets) are also
determined for some repeated-root constacyclic codes over
Fpmlul/ (u3). Some isodual and MDS codes over Fpmlul/ (u3)
with respect to Hamming and RT metrics are also identified
within this class of constacyclic codes.

This paper is organized as follows: In Section II, we state
some basic definitions and results that are needed to
derive our main results. In Section III, we determine
all repeated-root constacyclic codes of arbitrary lengths
over [Fym[u]/ (u?), their dual codes and their sizes
(Theorems 13-18). As an application, we also determine
some isodual repeated-root constacyclic codes over Fym[u]/
(u?) (Corollaries 14-19). In Section IV, we determine Ham-
ming distances, RT distances, RT weight distributions and
ranks (i.e., cardinalities of minimal generating sets) of some
repeated-root constacyclic codes over Fym[u]/ (u3) (Theo-
rems 21, 23, 25, 26, 28, 30). We also list some MDS con-
stacyclic codes over Fym[u]/ (u?) with respect to Hamming
and RT metrics (Theorems 22, 24, 27 and 29). In Section V,
we determine Hamming distances of all repeated-root con-
stacyclic codes of length 2p* over Fpm[u]/ (u3) (Theorem 33).
We also list all MDS repeated-root constacyclic codes of
length 2p° over Fym[u] /(u?) with respect to the Hamming
metric (Theorem 35). In Section VI, we mention a brief
conclusion and discuss some interesting open problems in
this direction.

Il. SOME PRELIMINARIES
A commutative ring R with unity is called (i) a local ring if
it has a unique maximal ideal (consisting of all the non-units
of R), and (ii) a chain ring if all its ideals form a chain with
respect to the inclusion relation. Then the following result is
well-known.

Proposition 1 [17]: For a finite commutative ring R with
unity, the following statements are equivalent:

(a) R is a local ring whose maximal ideal M is principal,
i.e., M = (w) for some w € R.

(b) R is alocal principal ideal ring.

(¢) R is a chain ring and all its ideals are given by (w'),
0 <i < e, where e is the nilpotency index of w. Fur-

thermore, we have |(W)| = |[R/(W)|*" for 0 < i < e.
(Throughout this paper, |A| denotes the cardinality of
the set A.)

Now let R be a finite commutative ring with unity, and let
N be a positive integer. Let RV be the R-module consisting
of all N-tuples over R. For a unit A € R, a A-constacyclic
code C of length N over R is defined as an R-submodule of
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RN satisfying the following property: (ag, aj,-- - , an—1) €
C implies that (Aay—1, ag,ai, - ,ay—2) € C. The Ham-
ming distance dg(C) of the code C is given by dy(C) =
min{wg(c) : ¢(# 0) € C}, where wy(c) is the number of
non-zero components of ¢ and is called the Hamming weight
of ¢. The Rosenbloom-Tsfasman (RT) distance dgy(C) of the
code C is given by drr(C) = min{wgr(c) : c¢(# 0) € C},
where wgr(c) is the RT weight of ¢ and is defined as

1 +max{j: ¢j # 0}
ifc=(co.cp,-v s
0 ifc=0.

Wrr(c) = ,en—1) #0;

Note that each R-submodule of RV need not be free. The
cardinality of a minimal generating set of the code C is called
the rank of C and is denoted by rank(C). The code C of length
N and rank k over R is referred to as an [N, k, dg(C)]-code
with respect to the Hamming metric, while the code C is
referred to as an [N, k, dgr(C)]-code with respect to the RT
metric.

The Rosenbloom-Tsfasman (RT) weight distribution of
the code C is defined as the list Ay, A;, -, Ay, where
for0 < p < N, A, is the number of codewords in C
having the RT weight as p. Further, the code C is called
(i) an MDS code with respect to the Hamming metric if it
satisfies |C| = |R|N ~dn(©+1 " and (i) an MDS code with
respect to the RT metric if it satisfies [C| = |R|N~4rr(©)+1,
Note that an MDS code has to be non-zero. The dual code
of C, denoted by C*, is defined as Ct = {u e RN

u.c = Oforallc € C}, where u.c = ugco + ujci +
co +uy_1cy—1 for u = (ug,uy,--- ,uny_1) € RN and
¢ = (co,c1,- -+ ,cn—1) € C.Itis easy to observe that the dual

code Ct is a A~ !-constacyclic code of length N over R. The
code C is said to be isodual if it is R-linearly equivalent to its
dual code C*.

Under the standard R-module isomorphism ¢ : RY —
R[x]/(xN—k), defined as ¥ (ag, a1, - -+ , an—1) = ap+aj; x+
cooday_1xN 1 4 (xV — 1) for each (ag, ay, -+ ,an—1) €
RN, the code C can be identified as an ideal of the ring
R[x]/(xN — A). Thus the study of A-constacyclic codes of
length N over R is equivalent to the study of ideals of the
quotient ring R[x]/(x"¥ — A). From this point on, we shall
represent elements of R[x]/(xV — 1) by their representatives
in R[x] of degree less than N, and we shall perform their addi-
tion and multiplication modulo xV — A. Under this identifica-
tion, the Hamming weight wy (c(x)) of c(x) € R[x]/ (xN —A)
is the number of non-zero coefficients of c¢(x) and
the RT weight wgr(c(x)) of c(x) € R[x]/(x¥ — 1) is
given by

1 +dege(x) ifc(x) #0;

Wrr (c(x)) = 0 if c(x) =0,

(throughout this paper, degf(x) denotes the degree of a
non-zero polynomial f(x) € R[x]). The dual code ct
of C is given by C* = {u(x) € Rx]/xN — 171

u(x)c*(x) = 0inRx]/(xN — A D foralle(x) e CJ,
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where ¢*(x) = x%€@c(x~1) for all ¢(x) € C \ {0} and
c*(x) = 0if c¢(x) = 0. The annihilator of C is defined
as ann(C) = {f(x) € R[x]/(xN —A) 1 f)ex) =
0in R[x]/(x" — A) for all c(x) € C}. One can easily observe
that ann(C) is an ideal of R[x]/(x" — ). Furthermore, for any
ideal I of R[x]/(x"V — 1), we define I* = {f*(x) : f(x) € I},
where f*(x) = x99/ if f(x) # 0 and f*(x) = 0
if f(x) = 0. It is easy to see that /* is an ideal of the ring
R[x]/(xN — A~1). Now the following holds.

Lemma 2 [14]:IfC C R[x]/(xN — M) is a A-constacyclic

code of length N over R, then we have C+ = ann(C)*.
From this point on, throughout this paper, let R be the ring
R = Fpm[u]/(u3). It is easy to observe that R = Fym +
ulfpm + uszm with 2> = 0, and that any element A € R
can be uniquely expressed as A = o + Bu + yu?, where
a, B,y € Fyn. Now we make the following observation.

Lemma 3 [14]: Let A = a + Bu + yu®> € R, where
a, B,y € Fpm. Then the following hold.

(@) MisaunitinR ifand only if o # OS

(b) There exists oy € Fym satisfying ag = .

The following three theorems are useful in the determi-
nation of Hamming distances of some repeated-root consta-
cyclic codes over R. In fact, the following theorem is an
extension of Theorem 3.4 of Dinh [15].

Theorem 4: For n € Fym \ {0}, there exists ng € Fym
satisfying n = 776’5. Suppose that the polynomial x" — ng
is irreducible over Fpm. Let C be an n-constacyclic code of
length np* over Fpm. Then we have C = ((x" — no)V), where
0 < v < p°. Further, the Hamming distance dg(C) of the
code C is given by

1 ifv=0;

0+2 feprt+1<v<@+1p!
with0 <€ <p-—2;

ifp’ = = Dp T 4
<v<p —p~k+ip* 1 wimh
l<i<p—landl <k<s-—1,
0 ifv=p°.

du(C) = { (i + 1)pF

Moreover, the code C is an MDS code if and only if exactly
one of the following conditions is satisfied:

e 0<v<p—1whenn=s=1,;

e vef0,1,p" — 1} whenn=1ands > 2,

e v=0whenn=> 2.

Proof: Working in a similar manner as in Theorem 3.4 of

Dinh [15], the desired result follows. (|

Theorem 5 [27]: Let p be an odd prime, and let w be a
non-zero square in Fpn. Then there exists wy € Fyn satisfying
w = a)ga. Further, wg is a square in Fym, i.e., there exists
¢ € Fpm such that wy = 2.

Now let C be a non-zero w-constacyclic code of length 2p*
over Fym. Then we have C = ((x + {)"'(x — {)?), where
0<wvp,vy <p'.
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When vy > vy, the Hamming distance dg (C) of the code C
over Fpm is given by

1 ifvy=uv=0;

2 ifuy=0and0 < v] < p’;

min{(€ + 2)p¥, 2(¢; + 2)pF'} if

pP=p gl <u <p—pF
+ €+ D! and p* —pF
+up i< <p —p K
+ W+ Dp K with 0 < e, ¢, <p—2,
and 0 <k <k <s—1;

2001+ 2p* if vy = p* and p* — p*¥
+up i< <p—p K
+ U+ Dp Kt witho< e, <p—2
and ) <k’ <s—1.

du(C) =

When vy > vy, the Hamming distance dg(C) of the code C
over Fpm is given by

1 ifuy=1v=0;

2 ifuy=0and0 < vy < p¥;

min{(¢ + 2)p*, 2(¢1 + 2)p~'} if

pP=p iyl <uv<p —pF
+ €+ Dp =1 and p* — pF
+op T 1 <u <pt—pF
+ (€ + Dp T with 0 <€, 6y <p—2,
and 0 <k <k<s-—1;

2001+ 2p~ if vy = p* and p* — p*¥
+op T pl<v <pf—pF
+ (& + Dp T with0 < 6 <p -2
and0 <k’ <s—1.

dy(C) =

Moreover, the code C is an MDS code if and only if exactly
one of the following conditions is satisfied:

e v =1 =0;

e v = 1land vy =0;

e V] =0and v, =0;

e vy =pfand v, =p° —1;

o v =p*— land vy =p°’.

Theorem 6 [29]: Let C be a linear code of length N
over R. Then Tor,(C) = {a € ]Fﬁ,vm cuta € Clisa
linear code of length N over Fpm. Furthermore, we have
du (C) = du(Tor(C)).

Next we proceed to study algebraic structures of all con-
stacyclic codes of length N = np® over the ring R = Fm +
ulfpm + w*Fm, where u? = 0, p is a prime and n, s, m are
positive integers with gcd(n, p) = 1.

I1l. CONSTACYCLIC CODES OF LENGTH np* OVER R

Throughout this paper, let p be a prime, and let n, s, m be
positive integers with gcd(n, p) = 1. Let F» be the finite
field of order p™, and let R = Fpm[u]/ (u?) be the finite
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commutative chain ring with unity. Let A = o + Bu + yu?,
where o, 8,y € Fym and « is non-zero. In this section,
we shall provide a method to construct all A-constacyclic
codes of length np® over R for the purpose of error-detection
and error-correction. We shall also determine their dual codes
and the number of codewords in each code. Apart from this,
we shall list some isodual constacyclic codes of length np*
over R. These results are useful in encoding and decod-
ing these codes and in studying their error-detecting and
error-correcting capabilities with respect to various commu-
nication channels.

To do this, we recall that a A-constacyclic code of length
np® over R is an ideal of the quotient ring Ry = R[x]/
(x"™" — A). Furthsermore, by Lemma 3(b), there exists ag €
Fpm satisfying ocg = a. Now letx" —ag = fi(x)f2(x) - - - f(x)
be the irreducible factorization of x" — ag over Fym, where
f1(x), 2(x), - -+, fr(x) are monic pairwise coprime polyno-
mials over Fyn. In the following lemma, we factorize the
polynomial x"° — ) into pairwise coprime polynomials
in R[x].

Lemma 7: There exist polynomials gi(x), g2(x), ---,
&r(x), hi(x), ha(x), -~ -, hy(x) € Fym[x] such that

-
= l_[ (ﬁ(x)”j + ugj(x) + u? hj(x)> ,
j=1

where for 1 <j<r,

o ged(fi(x), gj(x)) = 1 when B # 0.

e gi(x) =hj(x) =0when B =y =0.

e gj(x) = 0 and gcd(fj(x), hj(x)) = 1 in Fpm[x] when B =

0 and y is non-zero.
Moreover, the polynomials fi )y + ug1 (x)+u® hy(x), fg(x)px
Fugo(x) + u” o), - [ + ugr(x) + u? hy(x) are
pairwise coprime in R[x].
Proof: Working in a similar manner as in Lemma 3.1 of

Sharma and Sidana [34], the desired result follows. O

From now on, we define k;(x) :fj(x)ps + ugj(x) + uzhj(x)

r
for 1 <j < r. Then we have X ) = I kj(x). Further-
j=1

more, if deg f;(x) = d;, then we observe that deg k;(x) = d;p*
for each j. By Lemma 7, we see that k1 (x), ka(x), - - - , kr(x)
are pairwise coprime in R[x]. This, by Chinese Remainder

Theorem, implies that
-
R)\ ~ @K:,
j=1

where K; = R[x]/ (kj(x)) for 1 <j < r.Then we observe the
following:

Proposition 8:  (a) Let C be a A-constacyclic code of
length np® over R, i.e., an ideal of the ring R;. Then
C=C®C @ - ®C, where C is an ideal of K; for
l<j=r.

(b) If I; is an ideal of Kj for 1 < j < r, then I =
L &L & --- &I is an ideal of R, (i.e, I is a
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A-constacyclic code of length np® over R). Moreover,

we have |I| = |l ||I2] - - - I].
Proof: Proof is trivial. 0
Next if C is a A-constacyclic code of length np® over R,
then its dual code C* is a A ~!-constacyclic code of length np*
over R. This implies that C* is an ideal of the ring R, -1 =
RIx]/ (™ — 21—y, In order to determine C more explicitly,
we observe that x” — 17! = —a kF kS (x) - - - K (x).
By applylng Chinese Remainder Theorem again, we get
Ry-1 =~ @IC], wherelC = R[x]/(k*(x)) forl <j<r.

=1
Then we have the following:

Proposition 9: Let C be a A-constacyclic code of length
np® over R, i.e., an ideal of the ring R). IfC = C; & C, &
- ® C, with C; an ideal of K; for each j, then the dual code
CJ‘ of C is given_ by C+ = CJ‘ ® CJ‘ ) CrJ‘, where
= {aj(x) € IC : a](x)c*(x) —0inkK; for all cj(x) € Cj}
zs the orthogonal Complement of C; for each J. Furthermore,
CJ- is an ideal ofIC R[x]/(kj*(x))for eachj.
Proof: 1Its proof is straightforward. 0
In view of Propositions 8 and 9, we see that to determine
all A-constacyclic codes of length np® over R, their sizes
and their dual codes, we need to determine all ideals of the
ring Kj, their cardinalities and their orthogonal complements
in K; for 1 < j < r. To do so, throughout this paper, let
1 <j < r be afixed integer. From now on, we shall represent
elements of the rings K; and IC (resp. Fpm[x]/ (]?(x)p )) by
their representatives in R[x] (resp Fpm [ ]) of degree less
than d;p°®, and we shall perform their addition and multi-
plication modulo k;(x) and kj*(x) (resp. ﬁ(x)”x), respectively.
To determine all ideals of the ring K;, we make the following
observation.
Lemma 10: Let 1 < j < r be fixed. In the ring K;, the
following hold.

(a) Any non-zero polynomial g(x) € Fym[x] satisfying
ged(g(x), fi(x)) = 1 is a unit in K;. As a consequence,
any non-zero polynomial in Fpm[x] of degree less than
d; is a unit in ;.

(W #B#£O;
®) ()= {{u?) ifp=0andy #0;
{0y ifp=y=0.

As a consequence, fi(x) is a nilpotent element of KC;.

The nilpotency index of fi(x) is 3p® when B # 0,

the nilpotency index of fi(x) is 2p* when B = 0 and

y # 0, while the nilpotency index of f;(x) is p* when
B=y=0.

Proof: Proof is trivial. O

Next for a positive integer k, let Pr(IFym) = {gx) €

Fpm[x] either g(x) = Oordegg(x) < k}. Note that

every element a(x) € K; can be uniquely expressed as

a(x) = ap(x)+uai (x)+u? ar(x), where ag(x), ai(x), ar(x) €

Pajps(Fpm). Further, by repeatedly applying the division

algorithm in Fym[x], for £ € {0,1,2}, we can write

-l _
= ¥ A“)fi(x), where A(x) € Py (Fm) for
=0

ag(x)
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0 < i < p’ — 1. That is, each element a(x) € K;

p’=1 .
= Y A +
i=0

can be uniquely expressed as a(x)

pi—1 ) pF—1 )
w3 AM@[EY + 1?3 AP @, where A (x) €

’Pgiﬁ%pm) for each i and Ei_lglow to determine cardinalities of
all ideals of KC;, we observe the following:

Lemma 11: Let 1 <j < r be a fixed integer. For an ideal
T of Kj, let us define Toro(Z) = {ao(x) € Fpm[x]/(ﬁ(x)ps)
ao(x) + uay(x) + W ax(x) e T Jor some aj(x), ax(x) €

/@) Ton@) = {a@) € Fprlxl /Gy
ua(x)+u? ar(x) € T for some a(x) € Fpym [x]/%(x)ps)} and
Tory(Z) = {ax(x) € Fpm[x]/(ﬁ(x)px) u? ar(x) € I}. Then
Toro(1), Tor|(Z) and Tory(I) are ideals of IFym [x]/(]j-(x)"s).
Moreover, we have

IZ| = [Toro(D)||Tor1(D)||Tory(Z)].
Proof: Proof is trivial. O
To determine orthogonal complements of all ideals of ;,
we need the following lemma.
Lemma 12: Let 1 < j < r be a fixed integer. Let T be an
ideal of the ring KC; with the orthogonal complement as It
Then the following hold.

(a) Z1 is an ideal ofIC

(b) Tt = {a*(x) € K : a(x) € ann(T)} = ann(T)*.

© IfZT = {f(x), ug(x), u? h(x)), then we have T* =
(), ug™ (x), u® H*(x)).

(d) For non-zero f(x),g(x) € Kj, let us define
(fo)x) = fx)gx) and (f + »x) = fx) +
8. If (fe)(x) # 0, then we have f*(x)g*(x) =
xes xrtdes ) =des WO (fg)*(x). If (f + &)(x) # O,
then we have

f*(x) + xdegf(x)—degg(x)g*(x) lf

deg f(x) > deg g(x);

xdes (F+)(x)—deg fx) (£ (x) 4+ g*(x))

if deg f (x) = deg g(x).

Proof: 1Its proof is straightforward.

From the above lemma, we see that to determine Z1, it is
enough to determine ann(Z) for each ideal Z of K;. Further,
to write down all ideals of K;, we see, by Lemma 11, that
for each ideal Z of ICJ, Tory(Z), Tor;(Z) and Torp(Z) all are
ideals of the ring IFjm[x]/ (ﬁ(x)” ), which is a finite commu-
tative chain ring With the maximal ideal as (]j(x)) Next by
Proposition 1, we see that all the ideals of F,»[x]/ (]ﬁ(x)p )
are given by (fj(x)") with 0 < i < p* and that |(}§(x) ) =

f+8'x)=

p"4@’ =D for each i. This implies that Torg(Z) = (f(x)%),

Tor (Z) = (fj(x)b) and Torz(Z) = {fj(x)) for some integers
a, b, csatisfying0 < c <b <a <p’.

First of all, we shall consider the case 8 # 0. Here
we see that when o9 = " for some u € [F,m, each
A-constacyclic code of length np® over R can be determined
by using the results derived in Cao [7] and by applying the
ring isomorphism from RIx)/(x" —1—a ' Bu—atyu?)
onto R[x]/(x"" —a— Bu—yu?), defined as a(x) — a(u~'x)
for each a(x) € R[x]/(x”P’r -1 —a 'Bu — a7 yu?).
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However, when o (and hence «) is not an nth power of an
element in [F;,m, the same technique can not be employed to
determine all (o + Bu—+ yuz)-constacyclic codes of length np*
over R. In fact, the problem of determination of all (« + Su+
yu®)-constacyclic codes of length np® over R and their dual
codes is not yet completely solved. Propositions 8 and 9 and
the following theorem completely solves this problem when
B is non-zero.
Theorem 13: When 8 # 0, the following hold.

(a) All ideals of the ring K; are given by (fj(x)l), where
0 < ¢ < 3p°. Furthermore, for 0 < £ < 3p°®, we have
| (00) | = p 4P =9 and ann({f;(0)*)) = ()P ).

(b) When kp < £ < (kK + 1p° with k €
{0,1,2}, the set {ukﬁ(x)l_kpx, ukxﬁ(x)e_kpx, e
ukxdj((k+l)ps—f)—lﬁ(x)i—kps} U{uk‘H, uk+1x, e
uk T di k=1 g 4 minimal generating set of the
ideal (ﬁ(x)£> when viewed as an R-module.

Proof: Proof of part (a) is similar to that of Theorem 3.3
and Corollary 3.5 of Chen et al. [14], while part (b) is an easy
exercise. O

As a consequence of the above theorem, we deduce the
following:

Corollary 14: Let n > 1 be an integer and cag € Fym be
such that the binomial x" — g is irreducible over Fym. Let
o= ags, and B(# 0), y € Fym. Then there exists an isodual
(o + Bu + yu?)-constacyclic code of length np* over R if
and only if p = 2. Moreover, when p = 2, the ideal {(x" —
0(0)3'23_]) is the only isodual (o + Bu + yuz)-constacyclic
code of length n2° over R.

Proof: On taking fj(x) = x" — og in Theorem 13,
we see that all (@ + Bu + yu?)-constacyclic codes of length
np* over R are given by ((x" — a)"), where 0 < € < 3p°.
Furthermore, for 0 < ¢ < 3p®, the code <(x" - ao)£> has
p’""(3”5_£) elements and the annihilator of <(x" —a0)5> is
given by ((x” — ao)3px_£). Next we see that if the code C =
((x" — ao)g) is isodual, then we must have |C| = |C*|. This
gives prmep =0 — pmnt  Thig implies that 3p® = 2£, which
holds if and only if p = 2. So when p is an odd prime, there
does not exist any isodual (« + Bu + yu®)-constacyclic code
of length np® over R. When p = 2, we get £ = 3-2°~!. On the
other hand, when p = 2, we observe that ((x" — a0)3‘2'v_1> is
an isodual (o + Bu + yu®)-constacyclic code of length 1n2°
over R, which completes the proof. O

Remark 15: By Theorem 3.75 of [26], we see that the
binomial x" — o is irreducible over Fpym if and only if the
following two conditions are satisfied: (i) each prime divisor
of ndivides the multiplicative order e of o, but not (p"* —1)/e
and (ii) p"* = 1 (mod 4) if n = 0 (mod 4).

In the following theorem, we consider the case 8 = y = 0,
and we determine all non-trivial ideals of the ring K;, their
cardinalities, their annihilators and their minimal generating
sets.

Theorem 16: Let B = y = 0, and let T be a non-trivial
ideal of the ring K; with Toro(Z) = (fj(x)*), Tori(Z) =
(ﬁ(x)b) and Tory(I) = (fi(x)) for some integers a,b,c
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satisfying 0 < ¢ < b < a < p*. Suppose that
Bi(x), Cr(x), Q¢(x), We(x) run over Pd/(]Fpm) for each rele-
vant i, k, £ and e. Then the following hold.

o Type I: When a = b = p°®, we have
T = (i fi(x)),
where ¢ < p°. Moreover, we have
IZ) = p" 4P, ann(T) = (e u),
and the set
{Mzﬁ(x)c’ 2 ), - 2 xcgpf—djc—lfj(x)c}

is a minimal generating set of the ideal T when viewed
as an R-module.
o Type II: When a = p® and b < p*, we have

T = (ufi(x)? + i’ F(x0) G(x), u? fi(x)°),
where max{0, c+b —p*} <t < cif G(x) # 0 and G(x)

c—t—1 .
is either O or a unit in IC; of the form ) Bi(x)fj(x)".
i=0
Moreover, we have l
|Z| = p"iCr =m0 ann(T) = (fi(x) ¢

—ufi () "G, ufi (0P b, )
and the set

(i) + 1) G, x(ufy(x)” + 1fi(x) G(x)),
x4 W) G
U {u?}?(x)c, I/l2 xﬁ(x)c, cee, u2 xdjb—djc‘—lﬁ(x)C}
is a minimal generating set of the ideal T when viewed

as an R-module.
o Type III: When a < p°, we have

T = (fi(0)* + ufi(x)"1 D1 (x) + u? [;(x)2 Da(x),
ufi(0)? + u? () V() u? fi(x)°),

where max{0,a + b — p*} < t1 < bif Di(x) # 0,
0<t <cifDyx) #0, max{0,b+c—p’} <6 < ¢
if V(x) # 0, D(x) is either 0 or a unit in K; of the form
b—t1—1
> C (x)ﬁ(x)k, Ds(x) is either O or a unit in K; of the
k=0

c—th—1
form Y Qg(x)ﬁ(x)e and V (x) is either 0 or a unit in
=0
c—0—1 .
KCj of the form 2(:) Wi(x)f;(x)". Furthermore, we have
=l

12 (fi (e Y (0D (x)
— [y D, (x)) € (WPfi(x)°),
i.e., there exists A(x) € Fpn[x]/(f:(x)"") such that
P (e Y (0D (x)
— [P D (x)) = () A ).
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Moreover, we have

|I| — pmd_,'(3p“fa7bfc)’

the annihilator of T is given by

ann(T) = {fi(x)" ¢ — ufi(x)P ~T0Pv ()
+u? AQ), ufy(xy P —u? i Dy (x),
2 fixy ™9,

and the set

{F1(x), xF1(x), - -, x9P =497 py (0} U {Fa (),
xFy(x), - -, x5G0T R (0} U (i fi(x),
uz xfj"(-x)c, o M2 xdjb—d/'c—lfj‘_(x)c‘}

is a minimal generating set of the ideal T when viewed
as an R-module, where F1(x) = f;(x)* + ujj-(x)’1 Di(x)+
u? fi(x)"2Da(x) and Fa(x) = ufi(x)” + u? f;(x)’V (x).
Proof: As T is a non-trivial ideal of K;, we note that
neither a = Onora = b = ¢ = p* hold. Further,
by Lemma 11, we have |Z| = p’"di@p‘v_”_b_"). Now to write
down all such non-trivial ideals of KC; and to determine their
annihilators, we shall distinguish the following three cases:
@A)a=>b=p’ (i) a = p®and b < p*, and (iii) a < p°.

(i) Whena = b = p*, we have Z C (u4?). In this
case, we have 0 < ¢ < p®. Here we observe that
1= (u2 fix)°). Now to find ann(Z), we consider
the ideal B} = (ﬁ(x)px_c, u, uz), and we see that
Bi C ann(Z) and that |B;| = p"4P’+9)_ As

PGP0 (7| = 1Kl
lann(Z)|
3 d S
A =0
|Bi]

we getann(Z) = B) = Uj-(x)”s"', u, u?).
(ii) Whena = p®and b < p*, we have Z C (u) and
T & (u?). Here we observe that

T = (ufi(0)" + ur(x), w’f;(x)°)

for some r(x) € K;. Let us write u? r(x) =
=l ,

u? Y Gi(x)fi(x)', where Gi(x) € Pg(Fpn) for 0 <
=

i §l pf — 1. Note the}t for all i > ¢, we have

uzfj(x)’ = uzﬁ(x)cfj(x)’_c € Z, which implies that

c—1
7 =< uﬁ(x)b +u? Z gi(x)]‘j(x)i, uzjj-(x)c > .
i=0
c—1 .
If > Y Gi(x)fi(x)) # 0 in Kj, then choose the
i=0
smallést integer f (0 <t < c) satisfying G;(x) # 0,

c—1
which gives u? Y Gix)fi(x)) = u*fi(x) Gx),
i=0

c—1
where G(x) = ) gi(x)ﬁ(x)i_’ is a unit in K;.
i=t
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(iii)

c—1 .
On the other hand, when u? Z Gifix) = 0

in K, let us choose G(x) = 0. lerom this, it follows
that

T = (ufi(x)” + u*fi(x) G, u?fi(x)°),

where G(x) is either 0 or a unit in K; of the form
c—t—1 .
> ai(x)fj(x)" with a;(x) € Pg(Fpm) for 0 < i <
i=0
cl— t—1.
Further, as fi(x)’ “2{ufi(x)” + u?*fi(x)'G(x)} =
u? fi(x) P G(x) € Z, we must have p* — b +
t > c when G(x) # 0. Moreover, let B, =
(Y = —ufi(x )P ~H =P G(x), ufi(x)P P, u?). We
observe that B, C ann(Z) and |B,| > p"di®’+b+c),
Since

pmd_,’(2psfbfc) = |Z| = Kl
lann(Z)|
3 d S
S md;p < pmdj(ZpS—b—C)’
B2
we obtain |ann(Z)| = |By| = p"4®’ 0+ This

implies that

ann(Z) = By = (fi(x) ~¢ — ufi(x)’ ~T PG (),
ufi(xy 0, ).

Whena < p*, wehave Z Z (u). In this case, we see
that a > 0. Here we observe that

T = ()" + uri (x) + P ra(x), ufi(x)?
+ 12 q(x), ufi(x)°)

for some r1(x), r2(x), g(x) € K;. Further, working
as in the previous case, one can show that

T = (i) + ufi(x)"' D1(x) + w’f;(x)* D),
wfi(x)” + 6 () V (x), wfi(x)°),

where D (x) is either O or a unit in K; of the form
b—1

> Ap()fi(x)", Da(x) is either O or a unit in K;
=t

c—1
of the form ) Bk()c)fj()c)k_l2 and V(x) is either
k=t
c—1 .
0 or a unit in ; of the form ) Wi(x)ﬁ(x)’_e with
=1

Ag(x), Be(x), Wi(x) € K; for each ¢, k and i.

In order to determine ann(Z), we first observe
that ufi(x)” ~*T1 Dy (x) + uPf;(xy” " 2Dy (x) € Z,
which implies that p* —a+#; > b when D;(x) # 0.
Next we see that f;(x)”" ~?{ufi(x)? +u?fi(x)?V (x)} €
Z, which gives p* — b + 0 > ¢ when V(x) # 0.
Moreover, as ufi(x)* + u’f(x)"'Di(x) € Zand
[ lufix0)? + uf(x)PV(x)} € I, we note
that u?{f;(x)1 D1 (x) — £;(x)*"**PV(x)} € Z, which
implies that

WD (x) — )TV () € (1 fi(x)°).
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From this, we obtain u? fi(x)” ~{fi(x)"' Dy (x) —
[V (x)} = 0. Further, we see that

wfi(V D () + i T Dax) € T
can be rewritten as

[P ™D ) fufi(x)” + w07V ()

_ MZf}(x)psfka‘] 7b+9D1 (X)V(x)
+ 12y Dy (x),

which implies that

MZ{ﬁ(x)p‘thkH‘l 7b+€Dl (x)V(.x)

— i "2 Dy(x)} € T.
This further implies that
M2 {f)(x)ps—a-i-tl —b+9D1 (X)V(X)
— [P D))} € (i (x)°).
Let us write w?{f;(x)?" "1+ D(x)V(x) —
[P =Dy (x)} = wPf(x)°A(x), where A(x) €
Fpm[x1/{fi(x)").
Next consider the ideal
By = (fi(xy" ~ — ufi(xf MV (x)
1P A, ufief P —u? fiGe Dy (),
u? fooP ).

Here we note that |[B3| > p"di@tb+e) and By C
ann(Z). Further, as

md;(3p*—a—b—c) _ |I| _ |’Cj|
lann(Z)]

p

< < pmd_,-(3pra7b7c)’
B3|

we get [ann(Z)| = |B3] = p"4l@thto) and
ann(Z) = Bs.

The determination of minimal generating sets of non-trivial

ideals of K is a straightforward exercise. g

In the following corollary, we obtain some isodual
a-constacyclic codes of length np* over R when the binomial
x" — ag is irreducible over Fm.

Corollary 17: Let n > 1 be an integer and ag € Fym \ {0}
be such that the binomial x" — o is irreducible over Fym. Let
o = otgj. Following the same notations as in Theorem 16,
we have the following:

(a) There does not exist any isodual a-constacyclic code of
Type I over R.

(b) There exists an isodual a-constacyclic code of Type 11
over R if and only if p = 2. In fact, when p =2,
the code {(u(x" — a0)2x—1 ,u?) is the only isodual
a-constacyclic code of Type Il over R.

(¢) There exists an isodual a-constacyclic code of Type IIl
over R if and only if p = 2. Moreover, when p = 2,
the codes C = ((x" — ap)® + u*(x" — ag)2Ds(x),
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u(x — ap)? 12" — a)® "9, 257 < a < 2%, are
isodual a-constacyclic codes of Type Il over R.
Proof: Let C be an «a-constacyclic code of length np*
over R. For the code C to be isodual, we must have |C| =
ICH| = Jann(C)).

(a) Let C be of Type I, i.e., C = (u?(x" — ag)°) for some
integer c satisfying 0 < ¢ < p*. By Theorem 16, we see
that |C| = p"™ @~ and |ann(C)| = p"™"%’+9). Now if
the code C is isodual, then we must have |C| = |ann(C)|.
This implies that p® +2¢ = 0, which is a contradiction.
Hence there does not exist any isodual a-constacyclic
code of Type I over R.

(b) Suppose that the code C is of Type I, i.e., C = (u(x" —
a0)? + (" — ) G(x), u*(x" — ap)°), where 0 <
c<b<p'and0 <t < cif G(x) # 0. By Theo-
rem 16, we have |C| = p’””(pr_b_C), ann(C) = ((x" —
@l ¢ —ulx" — gl ~ PG, ux" — a0l P, u?)
and |ann(C)] = p™@'+b+9) Now if the code C is
isodual, then we must have |C|] = |ann(C)|, which
gives p = 2 and ¢ = 2°~! — b. Further, if the code
C is R-linearly equivalent to ann(C), then Tory(C) =
{0} must be Fom-linearly equivalent to Torg(ann(C)) =
((x" — ap)?'~¢), which implies that ¢ = 0. This gives
b=2"1—c=2"1
On the other hand, whenp = 2, ¢ = 0 and b = 257!,
by Theorem 16 again, we see that C = ann(C) holds,
which implies that the codes C(C R ) and C+(C 7/2;)
are R-linearly equivalent.

(c) Suppose that the code C is of Type I, i.e., C = ((x"* —
a0)® + u(x" — )" D1 (x) + u?(x" — )2 D (x), u(x" —
a0)? 12 (x" — ) V(x), u(x" —a)°), where 0 < ¢ <
b<a<p'h0<t <bif Di(x) 20,0 <1 <cif
Dr(x) #0and 0 <6 < cif V(x) # 0.

Here by Theorem 16, we have |C| = p™Gr'—a—b—c)
and |ann(C)| = p"™" @b+ From this, we see that if the
code C is isodual, then we must have 3p* = 2(a+b+c),
which implies that p = 2.
On the other hand, when p = 2, we see, by The-
orem 16 again, that for 2571 < g < 2% the code
C = (" — a)" + (" — ap)?Dax), u(x" —
ozo)zs_I L u2(x" — ap)? ) satisfies C = ann(C), from
which part (c) follows.

|

In the following theorem, we consider the case § = 0
and y # 0, and we determine all non-trivial ideals of the
ring KC;, their orthogonal complements, their cardinalities and
their minimal generating sets.

Theorem 18: Let B = 0 and y be a non-zero element
of Fpm. Let T be a non-trivial ideal of the ring K; with
Toro(Z) = (fi(x)*), Tor((Z) = {f;(x)) and Tor>(Z) = (fi(x)")
for some integers a, b, c satisfying 0 < ¢ < b < a < p’.
Suppose that Bi(x), Cr(x), Q¢(x), We(x) run over Pg,(Fpm)
for each relevant i, k, € and e. Then the following hold.

o Type I: When a = b = p°®, we have

T = (® fi(x)),
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where 0 < ¢ < p*. Furthermore, we have
IZ| = p"4P O ann(T) = (e~ w)
and the set
{uz FQOC 12 xfi(x)C, -

is a minimal generating set of the ideal T when viewed
as an R-module.
o Type II: When a = p® and b < p*, we have

T = (ufi(x)” + /i) G, u® fi(x)°),
where max{0, c+b —p°} <t < cif G(x) # 0 and G(x)

c—t—1 .
is either 0 or a unit in IC; of the form ) Bi(x)fj(x)".
i=0

2 dpS—dic—1
u? xGp'—dc ];.(X)C}

Furthermore, we have
IZ| = p" b= ann(Z) = (i)
—ufi(x)P PG, ufi(xy b, u?).
and the set

{ufi(x)? + 1 F0) Gx), x(ufi(x)” + 1Pfi(x) G(x)),
- x P () WP () Gx)))
U {MZ‘}(]‘_(‘X_)C’ uz xﬁ(x)c, o M2 xd_/b*d_,’(‘*lﬁ(x)C}

is a minimal generating set of the ideal T when viewed
as an R-module.

o Type III: When a < p°, we have I = ({fi(x)"+
wfi(x)"1 D1 (x) +u? fi(x)2Da(x), ufy(0)? + u? fi(x)"V (x),
uzﬁ(x)"), where max{0, a+b—p°} < t; < bifD1(x) #
0,0<t <cifDyx)#0, max{0,b+c—p°} <0 <c
if V(x) # 0, Dy(x) is either 0 or a unit in KC; of the form
b—t1—1

Xl: Ck(x)ﬁ(x)k, Dy (x) is either 0 or a unit in K; of the
=0 c—th—1
Qg(x)ﬁ(x)e and V (x) is either 0 or a unit in
=0

form
c—0—1 .
Kj of the form )" W;(x)fi(x)". Furthermore, we have
i=0
W (hjx) + [P NPV (D (x)
— &P D)) € (i),

ie., there exists B(x) € Fym[x]/ (}j(x)px) such that
(b)) + iy~ PV OD () — fieyp' et
Dz(x)) = uzﬁ(x)CB(x). Moreover, we have

|I| — pmdj(?aps—a—b—c)’
the annihilator of T is given by

ann(T) = ()P ¢ — ufi(xy ~H Py (x)
+u? B(x), ufi(x)” P —u? fi(x)” 7D, (x),
1 fixy )

and the set

{(F1(x), xF2(x), - - - , P =491 p ()} U {Fa(x),
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AFp(x), o 2V ETUR 0} U (i £,
I/l2 Xf}(x)c, cee, u2 xdjb—djc—lfj‘_(x)C}

is a minimal generating set of the ideal T when viewed
as an R-module, where Fy(x) = f;(x)* +ufj(x)"" D1 (x)+
u? fi(x)2Da(x) and Fa(x) = ufi(x)” + u® fi(x)?V(x).
Proof: Working as in Theorem 16 and by applying
Lemmas 10(c) and 11, the desired result follows. O

In the following corollary, we list some isodual (o + y u?®)-
constacyclic codes of length np* over R when y # 0 and the
binomial x" — a is irreducible over Fm.

Corollary 19: Letn > 1 be an integer and oy € Fpm \ {0}
be such that the binomial x" — ag is irreducible over Fpym.
Leta = ozgs € Fym, and let y be a non-zero element of Fpm.
Following the same notations as in Theorem 18, we have the
following:

(a) There does not exist any isodual (a +y u*)-constacyclic

code of Type I over R.

(b) There exists an isodual (a + yuz)-COnstacyclic code of
Type Il over R if and only if p = 2. Furthermore, when
p =2, the code (u(x" — 0[0)2-?—1 , u?) is the only isodual
(a 4 yu?)-constacyclic code of Type I over R.

(c) There exists an isodual (o + yu2)—constacyclic code
of Type III over R if and only if p = 2. Further-
more, when p = 2, the codes C = ((x" — ag)* +
u(x” — ag) 2"y Ul (" — a)2Da(x), u(x" —
(X())ZS_I + M2)/2m_l, MZ(xn _ aO)ZS—a>’ 2s—1 <a<?2,
are isodual (@ + yu?)-constacyclic codes of Type III
over R.

Proof: Working in a similar manner as in Corollary 17
and by applying Theorem 18, the desired result follows. [

IV. RANKS, HAMMING DISTANCES, RT DISTANCES AND
RT WEIGHT DISTRIBUTIONS

Leta, B, y € Fym be such that « is non-zero. By Lemma 3(b),
we see that there exists og € Fm such thator = ozgs. Through-
out this section, we assume that n > 1 is an integer and
ag € Fym \ {0} is such that the binomial x" — ag is irreducible
over [Fym. In this section, we shall determine ranks, Hamming
distances, RT distances and RT weight distributions of all
(a 4+ Bu + yu®)-constacyclic codes of length np* over R.
We shall also list all MDS (« + Bu+ yu?)-constacyclic codes
of length np* over R with respect to the Hamming and RT
metrics.

In the following theorem, ranks of all non-zero (o +
Bu + yu?)-constacyclic codes of length np® over R are
determined.

Theorem 20: The following hold.

(@) Let B € Fym \ {0}, and let C = {((x" — ap)”) be an

(o + Bu + yu?)-constacyclic code of length np® over
R, where 0 < v < 3p* — 1. Then the rank of C is given
by

np® fo<v<2p'—1,

K(C) =
rankCY = Gp =) if 2 <v <3p5 — 1.
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(b) Let C be an (o + yu?)-constacyclic code of length np*
over R with Tor,(C) = ((x" — ap)©) , where 0 < ¢ <

p* — 1. Then we have rank(C) = np® — nc.
Proof: 1t follows immediately from Theorems 13(b),
16 and 18. 0

In the following theorem, Hamming distances of all
non-zero (a + Bu + yu®)-constacyclic codes of length np*
over R are determined when § is non-zero.

Theorem 21: Let B € Fym \ {0}, and let C = ((x" — ap)”)
be an (a + Bu+yu®)-constacyclic code of length np® over R,
where 0 < v < 3p® — 1. Then with respect to the Hamming
metric, the following hold.

(@) When 0 < v < 2p°, the code C is an [np®, np®, 1]-code
over R.

(b) When 2p* + 1 < v < 3p* — 1, the code C is an
[np®, n(3p® — v), dg(C)]-code over R, where

042 if2p 4+l 1 <v<2pt
+ U+ Dp I witho<e<p—2;
(+Dpt if3p* —pF + (= Dp !
+1<v<3p —p ™ +ip*yirh
l<i<p—landl <k <s—1.

Proof: The Hamming distance of the code C can be
determined by applying Theorems 4 and 6, while Theo-
rem 20(a) gives the rank of the code C. O

In the following theorem, we show that there does not exist
any non-trivial MDS (« + Bu + yu?®)-constacyclic code of
length np® over R when 8 # 0.

Theorem 22: Let B € Fym \ {0}. With respect to the Ham-
ming metric, the code C = (1) is the only MDS (a+Bu~+y u?)-
constacyclic code of length np® over R.

Proof: Let C be a non-zero (« + Bu+ yu?)-constacyclic
code of length np* over R. Then by Theorem 13, we see that
C = ((x" — ap)’), where 0 < v < 3p* — 1. By Theorem 13
again, we see that |C| = p""CP'—V),

Now by (1), the code C is MDS if and only if p""Cr' =) =
IC| = pPmw'=du©)+1) which holds if and only if

dy(C) =

nv = 3{dy(C) — 1}. 2)

When 0 < v < 2p°®, we see, by Theorem 21, that dg(C) = 1.
This, by (2), implies that the code C is MDS if and only if
v=0.

Next let 2p° + 1 < v < 3p® — 1. Here working as in
Theorem 21, we see that dy(C) is equal to the Hamming
distance of the a-constacyclic code D = ((x" — ao)”_zf’s)
of length np® over [F,». By Proposition 1, we see that |D| =
pre'=v+2) By (1), we have |D| < p"w'—du(Dr+1D) Thjs
implies that nv — 2np® > dg (D) — 1 = dy(C) — 1. From this
and using the fact that np* > dy(C) > dy(C) — 1, we get
nv > 3{dy(C) — 1}. This, by (2), implies that the code C is
not MDS when 2p® + 1 <v <3p° — 1.

This shows that C = (1) is the only MDS (& + Bu + yu?)-
constacyclic code of length np® over R with respect to the
Hamming metric. 0
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In the following theorem, we determine RT distances of all
non-zero (a + Bu + yu?*)-constacyclic codes of length np*
over R when 8 is non-zero.

Theorem 23: Let B € Fym \ {0}, and let C = {(x" — ap)")
be an (o + Bu+y u?)-constacyclic code of length np® over R,
where 0 < v < 3p% — 1. With respect to the RT metric,
the following hold.

(@) When 0 <v < 2p°, the code C is an [np*, np®, 1]-code

over R.
(b) When 2p* + 1 < v < 3p* — 1, the code C is an
[np®, n(3p® — v), nv — 2np* + 1]-code over R.

Proof: By Lemma 10(b), we have ((x"" — o)’ ) = (u),
which implies that u? € (x" — o)) for 1 < v < 2p°. This
implies that dgr(C) = 1 for 1 < v < 2p°.

Next for 2p* + 1 < v < 3p® — 1, we note that C = ((x" —
@0)") = (P (" — )" F) = (1" —a0)" " f(x) 1 f(x) €
Fpm[x]}. From this, it follows that wgr (Q(x)) > wrr (2 (x" —
@)’ ") =nv— 2np* + 1 for each Q(x) € C\ {0}. Moreover,
we see that wer (X" — )”) = wrr(U>(x" — ag)' %) =
nv — 2np® + 1, which gives dgr(C) = nv — 2np°® + 1.

From this and by Theorem 20(a), we get the desired
result. O

In the following theorem, we show that there does not
exist any non-trivial MDS (« + Bu + yu?®)-constacyclic
code of length np* over R with respect to the RT metric
when 8 # 0.

Theorem 24: Let B € Fyn \ {0}. Then the code C = (1) is
the only MDS (a + Bu+ yu®)-constacyclic code of length np®
over R with respect to the RT metric.

Proof: Let C be a non-zero (« + Bu+ yu?)-constacyclic
code of length np® over R. Then by Theorem 13, we have
C = ((x" — ap)"), where 0 < v < 3p° — 1. By Theorem 13
again, we see that |C| = pmn@PL"). Further, the code C is
MDS with respect to the RT metric if and only if p""GP =) =
IC| = pPmw’=drr(©+D " \yhich holds if and only if

nv = 3{dgr(C) — 1}. 3)

Now for 0 < v < 2p% by Theorem 23, we see that
drr(C) = 1. By (3), we note that the code C is MDS if and
only if v = 0.

On the other hand, when 2p* + 1 < v < 3p® — 1,
by Theorem 23, we see that dg7(C) = nv — 2np* 4+ 1. One
can easily verify that (3) does not hold in this case. This shows
that the code C is not MDS when 2p* +1 <v <3p*—1. O

In the following theorem, we determine RT weight distri-
butions of all (o« + Bu + yu?)-constacyclic codes of length
np® over R when B is non-zero.

Theorem 25: Let B € Fym\{0}, and letC = {(x"—ap)") be
an (o + Bu + yu?)-constacyclic code of length np* over R,
where 0 < v < 3p°. For 0 < p < np®, let A, denote the
number of codewords in C having the RT weight as p.

(a) Forv = 3p°®, we have

1 ifp=0;
A, = ifp :
0 otherwise.
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(b) For2p®+1<v <3p*—1, we have

L ifp=0;

0 ifl <p <nv-—2np'%

AP = (pm _ 1) pm(pfnv+2np571)
ifnv —2np* +1 < p <np’.

(c) Forv =yp*withy € {0, 1,2}, we have

1 if p=0;

A, =
© (p"B=Y) — DpmB=Ne=D ] < p < nps.

d) For(k—1)p°+1<v <kp’—1withk € {1, 2}, we
have
L ifp=0;
(pm(3—k) _ l)pm(3—k)(p—1)
fl<p<
nv — (k — Dnp?®;
pm((kfl)np’rfnv74+k)(pm(4fk) _ 1)pm(4fk)p

Apz

ifnv —(k — Dnp* +1 < p < np°.
Proof: 1t is easy to see that Ap = 1. So from now
onwards, throughout the proof, we assume that 1 < p < np®.

(a) When v = 3p*, we have C = {0}. This gives A, =0
for1 < p < np°®.

(b) Let2p® +1 < v < 3p° — 1. Here by Theorem 23,
we see that dgr(C) = nv — 2np® + 1, which gives
A, = 0forl < p < nv — 2np°. Next let nv —
2np* + 1 < p < np®. Here by Lemma 10(b), we see
that ((x" — ap)”’) = (u). This implies that C =
(" — @)’ ™) = (P (" — @) F(x) : F(x) €
Fpm[x]}. From this, we observe that the RT weight of
the codeword u?(x" — ag)" " 2'F(x) € C is p if and
only if deg F(x) = p — nv + 2np® — 1. This gives
Ap — (pm _ 1)pm(p—nv+2nps—1)_

(c) Next let v = yp*, where y € {0, 1,2}. Here by
Lemma 10(b), we see that C = ((x" —1o)P’) = () =
{WF(x) : F(x) € Pus(R)}. From this, we see that
A, = (pm(3—y) _ l)prrl(3—y)(p—1) forl < p < np'.

(d) Nextlet(k—1)p*+1 <v <kp®—1, wherek € {1, 2}.
Here also, by Lemma 10(b), we have ((x" — ao)p‘v) =
(u), which implies that u* € C and C = (W~ 1(x" —
o)’ *=DP"y Further, we observe that any codeword
Q(x) € C can be uniquely written as Q(x) = u* 1 (x"* —
a0)"~*=DP" Fo(x)+u* Ho(x), where Ho(x) € Ppps(R)
and Fo(x) € Prups—nv(Fpm).

When 1 < p < nv — (k — 1)np®, we see that the
RT weight of the codeword Q(x) € C is p if and
only if Fp(x) = 0 and deg Hp(x) = p — 1. From
this, we obtain A, = (p"3=% — 1)pmG=k=D for
1 <p<nv.

Next let nv — (k — Dnp®* + 1 < p < np’. In this
case, we see that the RT weight of the codeword
O(x) € C is p if and only if exactly one of the
following two conditions is satisfied: (i) deg Fp(x) =
o —nv+ (k— Dnp® — 1 and Hp(x) € P,(R), and
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(ii) Fo(x) € Pp—ny+k—mps—1(Fpm) and deg Hp(x) =
o — 1. From this, we obtain

-Ap — (pm _ ])pm(p—nu+(k—l)nps—l)pm(3—k)p
_i_pm(,ome»(kfl)np‘vfl)(pm@fk) _ 1)pm(3fk)(,071)

— pm((k—1)np“—nv—4+k)(pm(4—k) _ 1)pm(4—k)p.
This completes the proof of the theorem. |

In the following theorem, Hamming distances of all
non-trivial (o + yu?)-constacyclic codes of length np® over
‘R are determined.

Theorem 26: Let C be a non-trivial (a« +y u®)-constacyclic
code of length np® over R with Tory(C) = ((x" — ag)°) for
some integer c satisfying 0 < ¢ < p* (as determined in
Theorems 16 and 18). Then with respect to the Hamming
metric, the code C is an [np®, n(p® — ¢), dg(C)]-code over R,
where

lifc=0;

C4+2ifp 1 <c< @+ p!
with) < ¢ <p-2;

i+ Dp*ifp’ —p ™ + = Dp 7+ 1
<c<p—pF+ip*lwithl <i<
p—landl <k <s—1.

Proof: By Theorem 20(b), we see that rank(C) =
np® — nc. Further, by applying Theorems 4 and 6, one can
determine the Hamming distance of the code C. U

One can easily observe that the (a+y u?)-constacyclic code
C = (1) of length np® over R is MDS with respect to both
Hamming and RT metrics. In the following theorem, we list
all non-trivial MDS (« + yu?)-constacyclic codes of length
np® over R with respect to the Hamming metric.

Theorem 27: With respect to the Hamming metric, we have
the following:

(a) Wheny # 0, there exists a non-trivial MDS (. +y u?)-
constacyclic code of length np® over R if and only if
p =2andn = s = 1. Furthermore, when p = 2 and
n=s =1, all the distinct non-trivial MDS (a + yu?)-
constacyclic codes of length 2 over R are given by (x —
ag + uy2m_1 + u2Dy), where Dy € Fon.

(b) When y = 0, there exists a non-trivial MDS
a-constacyclic code of length np* over R if and only
if n = 1. Furthermore, when n = 1, all the distinct
non-trivial «-constacyclic codes of length p* over R
are given by

du(C) =

(x — &) + ux — a)"' Dy (x) + u*(x — ap)?Da(x)),

where | <a <p—1ifs = 1whilea € {1,p* — 1}
ifs > 2, max{0,2a — p*} < 11 < aif Di(x) # 0,
0 <t <aifDy(x) # 0, D1(x) is either O or a unit in
a—t;—1
Ry of the form Y Cr(x — a0)* and D(x) is either
k=0
a—ty)—1
0 or a unit in Ry of the form Y. Qu(x — ag)® with
=0
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Ck, Q¢ € Fpm for each relevant k and £, satisfying the

following:

M2(X _ ao)px*lkH‘zDz(x) _ uz(x _ ao)p‘Y72a+2l1
Di(x)* € (u*(x — ap)*).

Proof: LetC be anon-trivial (¢ 4y u?)-constacyclic code

of length np* over R with Tor2(C) = ((x" — ap)), where
0 < ¢ < p® (as determined in Theorems 16 and 18). Here
by Theorem 26, we note that dy(C) = dy(Tora(C)). By (1),
we have p"™?’ =) = |Tory(C)| < p"™¥’~dnTor2C)+]) " Thjg

gives

®

(i)

(iii)

nc > dy(Tora(C)) — 1 =dy(C) — 1. “)

First let C be of Type 1. Here by Theorems 16 and 18,
we have C = (u?(x" — ap)°). By Theorems 16 and 18
again, we see that |C| = Pt = Now by (1), the
code C is MDS if and only if p™®’ =9 = |C| =
p3mep’=du(©+D " \which holds if and only if

2np* + ne = 3{dy(C) — 1}. 5)

By (4) and using the fact that p* > ¢, we get 2np® +
nc > 3{dy(C) — 1}. This, by (5), implies that the code
C is not MDS in this case.

Now let C be of Type II. Here by Theorems 16 and 18,
we have C = (u(x" — a)” + u?(x" — ap)' G(x), u?(x" —
ap)“), where 0 < ¢ < b < p*, max{0, c+b—p°} <t <
cif G(x) # 0 and G(x) is either 0 or a unitin R, 2 of

c—t—1

the form Y Bi(x)(x" —ap) with B;(x) € Pp(IFpm) for

a+yu

each i. Byl_"lpheorems 16 and 18 again, we have |C| =
p™@r’=b=9 Now the code C is MDS if and only if
prer—=b=o) — |c| = p3mow’=duC+1) which holds if
and only if

np® + nb + nc = 3{dy(C) — 1}. 6)
Now by (4) and using the fact that p* > b > ¢, we get
np® +nb+nc > 3{dy(C) — 1}. This, by (6), shows that
the code C is not MDS in this case.
Next let C be of Type III. Here by Theorems 16 and 18,
we have C = ((x" —a0)? +u(x" — ap)1 Dy (x) + 1 (x" —
@0)2D2(x), u(x" — ap)” + u*(x" — )’V (x), u*(x" —
ap)“), wherea > 0,0 <c < b <a < p*, max{0, a +
b—p°} <t) <bif D1(x) #0,0 <t < cif Dr(x) #0,
max{0, b+c—p°} <0 < cif V(x) # 0, D1(x) is either

b—t1—1

0 or a unit in R, 2 of the form kio Cr(x)(x™ —

a0)*, Dy(x) is either O or a unit in R > of the

oatyu
c—tr—1
form Y Q)" — ap)t and V(x) is either O or
£=0
c—0—1 .
a unit in Ry,,,2 of the form > Wi)(" — ap)

i=0
with C(x), Q¢(x), Wi(x) € ’P,,(IEi,m) for each relevant
k, £ and i. Furthermore, by Theorems 16 and 18 again,
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we see that

W = aof TV (@)D (x)
— (" — ) TDy(x) — v} € (P (" — @)Y,
(7
and that |C| = p""GP’~4=b=) Now the code C is MDS
if and only if pGr'—a=b=0) — |¢| = p3mow’ —du(C)+1),
which holds if and only if

na + nb + nc = 3{dgy(C) — 1}. ®)

By (4) and using the fact that a > b > ¢, we have
na + nb +nc > 3{dy(C) — 1} and equality holds if and
only if na = nb = nc = dy(C)—1 = dy(Torp(C)) — 1.
Now when a = b = ¢, we see that uz{(x” —
@0)1D1(x) — (x" — )’ V(x)} € (uP(x" — )?), which
implies that r; = 6 and D(x) = V(x). From this and
using (7), we see that

MZ{()CH _ oto)ps—2a+2t1Dl()c)2 _ ()Cn _ ao)ps—a-HZ
Dy(x) = 7} € (WP (x" — ap)?).

This holds if and only if r{ = 0, p = 2, a = 2°~! and
D1(x) # 01in the case when y # 0.
Further, we see, by (1) and Theorem 4, that the code
(" — ap)?), 0 < a < p?, of length np*® over Fym is
MDS with respect to the Hamming metric if and only
if

e 0<a<p-—1lwhenn=s=1;

e ac{0,1,p°—1}whenn=1ands > 2;

e a=0whenn > 2.
Using this, the desired result follows immediately.

|

In the following theorem, we determine RT distances of
all non-trivial (@ + yu?)-constacyclic codes of length np*
over R.

Theorem 28: Let C be a non-trivial (o +y u*)-constacyclic
code of length np® over R with Tory(C) = {((x" — ag)°) for

some

integer c satisfying 0 < ¢ < p* (as determined in

Theorems 16 and 18). Then the code C is an [np*, n(p® —
¢), nc + 1]-code with respect to the RT metric.
Proof: To prove the result, we first observe that

wrr (Q(x)) = wrr (uQ(x)) for each Q(x) € Ry 1y, (9)

®

(i)

When C is of Type I, we have C = (u’(x" —
«)°). Here we note that C = (u?(x" — ap)) =
(1(x" — ag)f(x) : f(x) € Fym[x]}. Now for each
non-zero Q(x) € C, by (9), we see that wgr (Q(x)) >
wrr (W2(xX" — ag)°) = nc + 1, which implies that
drr(C) > nc+1. Since u?(x" —ap)° € C, we obtain
drr(C) = nc + 1.

When C is of Type II, we have C = (u(x" — a)? +
(X" — o) G(x), u(x" —ap)), where ¢ < b < p°,
max{0,c+b—p°} <t < cif G(x) # 0 and G(x) is
either 0 or a unit in Fyn[x]/(f(x)”"). Here by (9),
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(iii)

we note that wrr(Q(x)) > wgr(uQ(x)) for each
Ox) € C\ (uz), which implies that wgr(Q(x)) >
drr (WP (X" — ap)°)) for each Q(x) € C\ (u?).
From this, we get drr(C) > drr (> (x" — ap)°)).
Since (u?(x" — o)) C C, we have drr((u?(x" —
ap))) > dgr(C). This implies that dgr(C) =
drr (> (x"™ — ap)°)). From this and by case (i),
we get drr(C) = nc + 1.

When C is of Type III, we have C = ((x" — ap)* +
ux" — ag)' D1 (x) + wP(x" — @0)2Da(x), u(x" —
a0)? + (" — ap)?V(x), ur(x" — ap)°), where
c<b<a<p, max{0,a+b—p’} <t <b
if D1(x) # 0,0 <1, < cif D>(x) # 0, max{0, b +
c—p’} <0 < cif V(x) # 0and D1 (x), Da(x), V(x)
are either 0 or a units in Fym[x]/ ([}-(x)px). For
each Q(x) € C \ (u), by (9), we see that
wrr(Q(x)) > wrr (12 QO(x)). From this, we get
wrr(Q(x)) > drr ((W*(x" — ag)°)) for each Q(x) €
C\ (u). Further, for a codeword Q(x) € C\ (u?(x" —
ap)¢) with Q(x) € (u), by (9) again, we see that
wrr(Q(x)) = wrrQ(x)) > drr (> (x" — ap)°)).
This implies that dgr(C) > drr((>(x" — a)©)).
On the other hand, as (uz(x” —ap)’) € C, we have
drr (WP (x" — ap)€)) > dgy(C), which implies that
drr(C) = drr((P(x" — ap)°)). From this and by
case (i), we get dgr(C) = nc + 1.

From this and by Theorem 20(b), the desired result follows. []

In

the following theorem, we determine all non-trivial

MDS (« + y u?)-constacyclic codes of length np* over R with
respect to the RT metric.

Theorem 29: With respect to the RT metric, we have the
following:

(a)

(b)

When y # 0, there exists a non-trivial MDS (o + y u®)-
constacyclic code of length np® over R if and only if
p = 2. Furthermore, when p = 2, all the distinct (o +
yu?)-constacyclic codes of length 2°n over R are given
by
s—1
(" =0l +uD1(x) + u?(x" — a0)?Da(x)),
where 0 < 1t < 257V if Do(x) # 0, Di(x) is
2711
a unit in Ryy,,2 of the form 3 Br(x)(x" — ap)t
k=0
and D> (x) is either 0 or a unit in R > of the
2S_I—t2—l
Y Ce)(x™ — ag)t with B(x), Ce(x) €
=0
Pu(Fom) for each relevant k and £, satisfying the
following:

Py — DI € PG —ap)® ).

When y = 0, all the distinct non-trivial MDS
a-constacyclic codes of length np® over R are given

by
(" —a0)* +u(x" — @)1 D1 (x) + u*(x" — )2 Do (x)),

where 1 < a < p® — 1, max{0,2a —p*} <t < a
ifDi(x) # 0,0 < 1 < aif Dax) # 0, D1(x) is

oatyu

form
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a—t;—1
either 0 or a unit in Ry of the form Y Or(x)(x" —
k=0
a0)* and Dy (x) is either 0 or a unit in Ry of the form
a—t—1

> WG — o)’ with Qk(x), We(x) € Pu(Epn)
=0
for each relevant k and €, satisfying the following:

MZ{()Cn _ ao)pS*(H*lzDz(x) _ (Xn _ ao)px72a+2l1
Di(x)*} € (1P (x" — ap)™).

Proof: To prove this, let C be a non-trivial (« + yu?)-

constacyclic code of length np® over R with Tora(C) =
((x" — )€y, where 0 < ¢ < p* (as determined in
Theorems 16 and 18). Then by Theorem 28, we see that
drr(C) = nc + 1.

®

(ii)

(iii)

First let C be of Type 1. Here by Theorems 16 and 18,
we have C = (u?(x" — ap)°). By Theorems 16 and 18
again, we see that |C| = p™' @~ Now the code C
is MDS with respect to the RT metric if and only if
p' =0 = |¢| = p¥mow'=drr©+1) which holds if
and only if

2np* + ne = 3{dgr(C) — 1} = 3nc. (10)

As p* > ¢, we get 2np® + nc > 3nc. From this and
by (10), we see that the code C is not MDS in this
case.

Let C be of Type II. Here by Theorems 16 and 18,
we have C = (u(x" — a9)? + u?(x" — o) G(x), u?(x" —
ap)€), where 0 < b < p*, max{0,c+b—p’} <t <c
if G(x) # 0 and G(x) is either O or a unit in R 2> of

c—1—1

the form Y Bi(x)(x" — ag)’ with Bi(x) € Pu(Fpm)

at+yu

for each i.l_]gy Theorems 16 and 18 again, we have
IC| = p™@'~b=A) Now the code C is MDS with
respect to the RT metric if and only if p""(3’—b=¢) =
IC| = pmew’—du©+D) " which holds if and only
if

np® + nb + nc = 3{dr7(C) — 1} = 3nc.  (11)

Now as p* > b > ¢, we have np® + nb 4+ nc > 3nc.
From this and by (11), we see that the code C is not
MDS in this case.

Let C be of Type III. Here by Theorems 16 and 18,
we have C = ((x" —ag)® 4+ u(x" — og)"1 D (x) + u?(x" —
@0)2Da(x), u(x" — a0)? + u*(x" — @)’V (x), P (x" —
ap)€), where 0 < b < a < p*, max{0,a+ b — p’} <
1 < bif Di(x) # 0,0 < b < cif Day(x) # 0,
max{0, b+c—p°} <0 < cif V(x) # 0, D(x) is either

b—t1—1
» of the form > Crp(x)(x" —
k=0
a0)¥, Dy(x) is either O or a unit in Reaqyuz of the
c—tr—1
form Y. Qu(x)(x" — )’ and V(x) is either 0 or
£=0

0 or a unitin Ry,

c—0—1 .
a unit in R, of the form > Wi)E" — ap)

=0
with Ci(x), Q¢(x), Wi(x) € Pn(IFlpm) for each relevant
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k,?¢ and i. By Theorems 16 and 18 again, we see
that

P {(x" — ag) "y (0D (x)
— (" — ap)” 2Dy (x) — ¥} € (P — ap)),

(12)
and that |C| = p™GP'—a=b=A) Now the code C is
MDS with respect to the RT metric if and only if
pmn(3p57a7b7c) — |C| — p3m(np57dRT(C)+l)’ which

holds if and only if
na + nb + nc = 3{drr(C) — 1} = 3nc. (13)

Using the fact thata > b > ¢, we obtain na+nb+nc >
3nc, and the equality holds if and only ifa = b = c.
Now when a = b = ¢, we see that u2{(x" — ag)" D1 (x)
—(x" — ag)’V(0)} € (1 (x" — ap)?), which implies
that 1 = 6 and D{(x) = V(x). From this and using
(12), we get u?{(x" — o)y’ 24t21D (x)? — (" —
o) 2Dy (x) —y} € (UP(x" — ap)?). This holds if
andonlyift; =0,p=2,a= 251 and Di(x) # 0in
the case when y # 0.

From this, the desired result follows.

O
In the following theorem, we determine RT weight dis-
tributions of all (@ + yu?)-constacyclic codes of length np®
over R.
Theorem 30: Let C be an (a + yu?)-constacyclic code of
length np* over R with Torg(C) = ((x" — ag)?), Tor1(C) =
(" — ag)?) and Tor,(C) = ((x" — a)°) for some integers
a, b, c satisfying 0 < ¢ < b < a < p® (as determined in
Theorems 16 and 18). For 0 < p < np®, let A, denote the
number of codewords in C having the RT weight as p.
(@) If C = {0}, then we have Ay = 1 and A, = 0 for
1 <p<np’.

(b) IfC = (1), then we have Ay = 1 and A, = P —
DP™P=D for 1 < p < np°.

() IfC = P(x" — ap)°) is of Type I, then we have

1 ifp=0;
A, =10 if1 < p <nc;
(pm _ l)pm(p—nc—l) ifnc+ 1 <p< nps.

(d) IfC = (u(x" — ap)” + u* (x" — ap)' G(x), u*(x" — g)°)
is of Type 11, then we have

1 ifp=0;
0 ifl<p=nc
A, =" - l)pm(/’—""_l) ifnc+1 < p < nb;
(pZm -1
pm(Zp—nh—nc—Z) lfi’lb—i— 1< o< nps.
© If C = (" — a) + u(x" — a)'Di(x) +

WA (x" — ag)2Da(x), u(x" — ag)? + P (x" — )’V (x),
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u?(x" — ap)°) is of Type III, then we have

1 ifp=0;
0 if1 < p <nc;
@" -1
4 = pne—ne=1) ifnc+ 1< p < nb;
e -1
pm(2p7nbfnc72) lfnb+ 1 < p <na;
" =1
pm(Bp—na—nb—nc—3) zfna +1 <p< nps-

Proof: Proofs of parts (a) and (b) are trivial. To prove

parts (c)-(e), by Theorem 28(c), we see that dgr(C) = nc+1,
which implies that A, = 0 for 1 < p < nc. So from now on,
we assume that nc + 1 < p < np°®.

©

(d

(e)

Let C = (u*(x" — ap)°). Here we see that C = (u?(x" —
ap)’) = {?(x" — ap)°F(x) : F(x) € Fyn[x]}. This
implies that the codeword u?(x"* — ag)°F(x) € C has
RT weight p if and only if deg F(x) = p — nc — 1.
From this, we obtain A4, = (p" — pmp=ne=D,

Let C = (u(x" — ap)? + u?(x" — a0)' G(x), u(x" —
0)°). Here we observe that each codeword Q(x) € C
can be uniquely expressed as Q(x) = (u(x" — o)’ +
w2 (X" — ap) G(x)Ag(x) + u?(x" — ag)°Bo(x), where
Ap(x), Bo(x) € Fpm[x] satisfy degAp(x) < n(p® —
b) — 1if Ap(x) # 0 and deg Bp(x) < n(p® —c¢) — 1 if
Bg(x) # 0. From this, we see thatif nc +1 < p < nb,
then the RT weight of the codeword Q(x) € C is p if
and only if Ap(x) = 0 and deg Bp(x) = p — nc — 1.
This implies that A, = (p™ — 1)p"*==D for nc +
1 < p < nb. Further, if nb + 1 < p < np®, then
the RT weight of the codeword Q(x) € C is p if and
only if one of the following two conditions are satisfied:
(i) degAp(x) = p —nb — 1 and Bg(x) is either O or
deg Bp(x) < p —nc — 1 and (ii) Ag(x) is either O or
deg Ap(x) <

textrho — nb — 2 and deg Bp(x) = p — nc — 1. From
this, we get A, = (p?"—1)p"Zp—nb=nc=2) for np41 <
p <np'.

Let C = ((x" — a9)® + u(x" — ag)'' Dy (x) + u?(x" —
@0)2D2(x), u(x" — &)’ + u(x" — a9)’ V (),

u?(x" — ag)°). Here we see that each codeword Q(x) €
C can be uniquely expressed as Q(x) = ((x" — ap)* +
u(x" — ag)'Di(x) + uP(x" — ap)2Da(x)Mo(x) +
u(x" — @)’ + 1P (x" — &)’ V(x))No(x) + u*(x" —
ap)*Wo(x), where Mp(x), No(x), Wo(x) € Fpm[x] sat-
isfy degMp(x) < n(p’ —a) — 1if Mp(x) # 0,
deg No(x) < n(p® — b) — 1 if No(x) # 0, and
deg Wo(x) < n(p® —c) — 1if Wp(x) # 0.

If nc+1 < p < nb, then the codeword Q(x) € C
has RT weight p if and only if Mp(x) = Np(x) = 0
and deg Wp(x) = p — nc — 1. This implies that 4, =
(pm _ l)pm(pfm'fl).

Further, if nb + 1 < p < na, then the RT weight of
the codeword Q(x) € C is p if and only if Mp(x) = 0
and one of the following two conditions are satisfied:
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(i) deg No(x) = p — nb — 1 and Wy(x) is either O or
deg Wp(x) < p — 1 — nc; and (ii) No(x) is either O or
deg No(x) < p—nb—2and deg Wp(x) = p—nc—1.
This implies that A, = (p?" — 1)p"Cr—ne—np=2),
Next let na + 1 < p < np’. Here the RT weight
of the codeword Q(x) € C is p if and only if
exactly one of the following three conditions is satis-
fied: (i) deg Mp(x) = p — na — 1, Np(x) is either 0
or deg No(x) < p — nb — 1 and Wp(x) is either O or
deg Wo(x) < p — nc — 1; (ii) Mo(x) is either O or
deg Mp(x) < p —na—2, degNo(x) = p —nb —1
and Wy(x) is either 0 or deg Wp(x) < p —nc — 1; and
(iii) Mg(x) is either 0 or deg Mp(x) < p — na — 2,
No(x) is either 0 or deg No(x) < p — nb — 2 and
deg Wo(x) = p — nc — 1. This implies that A, =
(p3m _ l)pm(3pfna7nb7ncf3) forna+1<p < I’lps.
This completes the proof of the theorem. g

V. HAMMING DISTANCES OF CONSTACYCLIC CODES OF
LENGTH 2p° OVER 'R AND DETERMINATION

OF MDS CODES

Throughout this section, let p be an odd prime. Here we
will determine Hamming distances of all constacyclic codes
of length 2p® over R, and we will also identify all MDS
constacyclic codes of length 2p* over R with respect to the
Hamming metric. For this, we recall that A = o 4 Bu +
yu®, where a, B, y are elements of Fym and « is non-zero.
By Lemma 3(b), we see that there exists cg(# 0) € Fm such
that o = ags. Here we have R, = R[x]/(xsz —A).

When ag € Fpm is not a square in Fpm, the binomial
x2 — o is irreducible over IF,», and one can determine Ham-
ming distances of all (« + Bu + yu?)-constacyclic codes of
length 2p® over R and identify all MDS codes within this
class of codes on taking n = 2 in Theorems 21, 22, 26 and 27.

So from now on, throughout this section, we assume that
ag(# 0) € Fpm is a square in Fym, i.e., there exists {(# 0) €
Fpm such that g = ;2. This implies that X2 —wy = (x+
¢)(x — ¢). From this and working as in Section III, we get

Ry =K1 & Ky,

where Ky = R[x]/{(x + ¢ + ugi(x) + uhy(x)) and Kp =
RIx1/ ((x — O + uga(x) + u?ha(x)), where for j € {1,2},
the polynomials gj(x), hj(x) € IFpm[x] satisfy ged(x +
¢, 81(x)) = ged(x — ¢, g2(x)) = 1 when B # 0, gj(x) =
hi(x) = 0 when 8 = y = 0, while gj(x) = 0 and
ged(x + ¢, hi(x)) = ged(x — ¢, ha(x)) = 1 when 8 = 0
and y # 0.

Now let C be an (¢ + Bu + yu?)-constacyclic code of
length 2p* over R, i.e., an ideal of the ring R;,. Then by
Proposition 8, we have

C=C (o, (14)

where C; is an ideal of K; for j e {I,2}. Further,
we note that an element a(x) € 7R, can be written as
a(x) = ap(x) + uai(x) + u* ax(x), where ag(x), aj(x),
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ar(x) € Fpm[x]/((x* — ap)”). Let us define Toro(C) =
feo(x) € Fym[x]/ {6 — o)) = co(x) +uci (x)+u* ex(x) € C
for some ¢1(x), ca(x) € IE‘,,m[)c]‘/(()c2 — o))}, Tori(C) =
1) € Fprlx]/{G® — aol) + uci(@) + u® o2(x) €
C for some c3(x) € Fym[x]/((x> — ap)”’)} and Tora(C) =
{e2(x) € Fpm[x]/{((x* — ag)”’) : u? ca(x) € C}. Then we
make the following observation.

Proposition 31: Let C = Cy & C; be an (@ + Bu + yuz)-
constacyclic code of length 2p* over R (i.e., an ideal of the
ring Ry), where C; is an ideal of K; for j € {1,2}. Then
Toro(C), Tor1(C) and Tory(C) are ideals of Fpm x]/((x? —
ao)). Moreover, we have Tori(C) = Tori(C1) ® Tori(C) for
0 < i < 2, where fori € {0, 1,2}, Tory(Cy) and Tori(Cy)
are ideals of Fpm[x]/{(x + oYP') and Fpmlx]/{(x — Py,
respectively.

Proof: Proof is trivial. |

Remark 32: Each (a + Bu + yu®)-constacyclic code C of
length 2p°* over R can be expressed as C = C1 & Cy, where
Cj is an ideal of K; for j € {1, 2}. By Proposition 31, we see
that Torg(C), Tor|(C) and Tor>(C) are ideals of Fpm [x1/((x?—
o)), and that Tory(C) = Tori(C1) & Tori(Ca) for 0 < i <
2, where for i € {0, 1,2}, Tori(Cy) and Tor;(Cy) are ideals
of Fym[x]/{(x + Y'Y and Fpmlx]/{(x — o), respectively.
Further, as Fpm[x]/{(x + oY’y and Fpmlx]/{(x — P’y are
finite commutative chain rings with the respective maximal
ideals as (x+¢) and (x — ), we have Tory(C1) = {(x+)%1),
Torg(C2) = ((x — )®), Tor1(C1) = {(x + ™), Tor (C2) =
(x=0)), Tory(C1) = ((x+)1) and Tory(C2) = ((x—)2)
for some integers ay, by, c1, az, by, c2 satisfying 0 < ¢ <
by <a <p'and0 < ¢ < by < ap < p°. Now by
applying the Chinese Remainder Theorem, we get Torg(C) =
(x + O (x = §)2), Tori(€) = ((x + O (x = ©)) and
Tory(C) = ((x + O)1(x — £)?).

In the following theorem, Hamming distances of all
non-zero (a + Bu + yu®)-constacyclic codes of length 2p*
over R are determined.

Theorem 33: Let C be a non-zero (@ + Bu + yu?)-
constacyclic code of length 2p° over R with Tory(C) =
((x + O)(x — ¢)?) for some integers ci,cy satisfying
0<ci,c <p'.

(@) When ¢; > cp, the Hamming distance dg(C) of the
code C is given by

1 ifci=cy=0;

2 ifcp=0and0 < c; <p%;

min{(£ + 2)pF, 2(¢; + 2)p*'} if
ps_ps—k+£ps—k—l +1<c; <p* _ps—k
+ (€ + l)psfkfl and p* _psfk’
+0p i< <p —pt
+ W+ DK witho<e, 0, <p —2,
and 0 <k <k <s-—1;

200, + 2% ifer =p*andp* — p*¥
+p 1<y <p—p ¥
+ (€ + Dp K with0 < ¢ <p -2
and ) <k’ <s—1.

/

dy(C) =
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(b) When ¢ > c1, the Hamming distance dg(C) of the
code C is given by

1 ifcir=c=0;

2 ifcy=0and0 < <p*;

min{(¢ 4 2)p¥, 2(¢; + 2)p*'} if

ps _psfk +eps7k71 + 1502 < ps _psfk
+ €+ D! and p* —pF
+E1ps_k/_l +1<c¢ SPS _ps—k
+ @+ Dp K1 with 0<e, ¢, <p — 2,
and 0 <k <k <s—1;

201+ 2p" if e = p* and p* = p
+ El[)s_k/_l +1<¢ < ps _ps—k’
+ U+ Dp Kt witho< e, <p—2
and ) <k’ <s—1.

Proof: 1t follows immediately by applying Theorems 5
and 6. 0

In the following theorem, we derive a necessary and suf-
ficient conditions for an (« + Bu + yu?)-constacyclic code
of length 2p® over R to be an MDS code with respect to the
Hamming metric.

Theorem 34: Let C be an (a+ Bu+yu®)-constacyclic code
of length 2p°* over R with Toro(C) = ((x + )*(x — £)*2),
Tor(C) = {(x + 0)P1(x — £)P2) and Tor,(C) = ((x +¢)°' (x —
£)?) for some integers ay, by, c1, az, ba, ¢ satisfying 0 <
c1 <by <a <pfand0 < ¢y < by < ap < p°. Then the
code C is an MDS code with respect to the Hamming metric
if and only if a; = by = ¢y, ap = by = ¢ and Tory(C) is an
MDS a-constacyclic code of length 2p* over Fpm with respect
to the Hamming metric.

Proof: To prove this, we see, by (14), that C = C; & Cs,
where C; is an ideal of K; for j € {1, 2}. Further, by applying
Proposition 31 and the Chinese Remainder Theorem, we get
Torg(C1) = ((x + ¢£)™), Toro(C2) = ((x — ¢)*), Tor(Cy) =
((x +2)P1), Tori(Ca) = ((x — 0)P2), Tora(C1) = ((x + ¢)1)
and Tory(C2) = ((x — £)?).

Now since C = C; @ (3, by Lemma 11, we have

IC| = |C1]|C2| = |Toro(C1)||Tor1(C1)|| Tor2(C1)|| Torg(Ca)|
x | Tor(C2)||Tory(Ca)| = p™O ~a1=ax=br=br=c1=c2)

/

du(C) =

From this, we observe that the code C is MDS with respect to
the Hamming metric if and only if

pm(ﬁpé‘—m—az—b|—b2—C|—C2) — |C| =p3m(2p3'_dH(C)+1)’

which holds if and only if
ai+ay+by+by+ci+cr+3=3dy0).

Next by Theorem 6, we see that the Hamming distance
du(C) of the code C is equal to the Hamming distance
dy(Torp(C)) of the a-constacyclic code Tor(C) = ((x +
)N (x — ¢)?) of length 2p° over F,m. Now by the Sin-
gleton bound (1) for Tory(C), we have p"'—c1—2) <
pm(zl’s_d”’ (Tor2ED+D  \which implies that ¢y + ¢ + 1 >
dy(Torp(C)) = dy(C). From this and using the fact that

VOLUME 8, 2020

pPP=a =2by >2c 20andp’ > a > by > c; 20,
we obtain ay; +ap + by + by +c¢; + ¢ +3 > 3dy(C), with
the equality holds if and only if a; = b1 =c1, a2 = by =2
and Tor»(C) is an MDS code of length 2p* over F,» with
respect to the Hamming metric. This completes the proof of
the theorem. (|

In the following theorem, we list all non-trivial MDS (o +
Bu + yu?)-constacyclic codes of length 2p® over R with
respect to the Hamming metric.

Theorem 35: With respect to the Hamming metric, we have
the following:

(a) When either B is non-zero or y is non-zero, there
does not exist any non-trivial MDS (a + Bu + yu?)-
constacyclic code of length 2p° over R.

(b) When B = y = 0, all the distinct non-trivial o-
constacyclic codes of length 2p°® over R are as listed
below:

o (4" +u(x+2)" D1 (x)+u* (x+¢)2D2(x)) BCa,
where either ay = p* — 1 and C; = {0} ora; =1
and Cy = (1) = Ky withmax{0, 2a; — p*} <t <
a1 ifD1(x) #0,0 <1 < ayifDa(x) # 0, Di(x)is

aj—t1—1

either 0 or a unit in Ky of the form " Cr(x +
k=0

{)k and Dzl(x) is either 0 or a unit in K| of the
ay—n—

form Y. Qu(x+C)  withCy, Qq € Fym for each

£=0
relevant k and £, satisfying the following:

uZ(x + é.)ps—aH-tzDz(x) _ uZ(X + g)p5—2a1+2t1
Di(x)* € (u*(x +¢)™).

o OO((x—0)2+u(x =R Vi()+uP (x =2 )2 Va(v)),
where either ap = p* — 1 and C; = {0} or ay = 1
and C; = (1) = Ky with max{0, 2ar —p*} < k; <
arifVix) #0,0 < ky < a2 if Va(x) # 0, Vi(x) is

aj—t1—1
either 0 or a unit in IC; of the form Y Cig(x —
k=0
oY% and Va(x) is either 0 or a unit in KCy of the form
ar—ky—1

Y Qelx — &) with Cr, Q¢ € Fym for each
=0
relevant k and £, satisfying the following:

Mz(x — é-)p~v_a2+k2 Valx) — MZ(X _ é.)p*“—2a2+2k1

Vi) € (x — ™).

Proof: To prove the result, let C be a non-zero (o +
Bu + yu®)-constacyclic code of length 2p* over R with
Torg(C) = ((x+5)™ (x—¢)), Tor (€) = ((x+¢)" (x—¢)")
and Torp(C) = ((x + ¢)“'(x — ¢)°?) for some integers
ai, by, cy,an, by, ¢ satisfying 0<c <b <aqa < ps and
0 < ¢ < by <ap <p’. Then by (14), we have C = C; (3,
where C; is an ideal of K; for j € {1, 2}. Further, by applying
Proposition 31 and the Chinese Remainder Theorem, we have
Torg(C1) = ((x + ¢)™), Toro(C2) = ((x — §)*?), Tor1(Cy) =
((x 4 0)P1), Tory(Ca) = ((x — £)P2), Tora(C1) = ((x + £)1)
and Tory(C2) = ((x — £)?).
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By Theorem 34, we see that the code C is MDS with respect
to the Hamming metric if and only if a1 = b1 = ¢1, a» =
b> = ¢ and Torz(C) is an MDS a-constacyclic code of length
2p° over F,m with respect to the Hamming metric. Now we
shall distinguish the following two cases: (i) 8 # 0 and (ii)
B =0.

(i) Firstlet B # 0. Here by Lemma 10(b), we note that

(x4 ¢)¥) = () in Ky and ((x — ¢)") = (u) in Ks.
This implies that when 1 < ay,ay < p® — 1, we have
u € Cy; and u € Cy, which implies that by = ¢; = 0
and by = ¢y = 0. In view of this and by applying
Theorems 34 and 5, we observe that the code C is MDS
ifandonlyifa; = by =c; =0anda; = by =c, =0.
So the code C = (1) is the only MDS (« + Bu + yu?)-
constacyclic code of length 2p® over R with respect to
the Hamming metric.
(ii) Nextlet 8 = 0. Here we see that (x + ) (2¢7" )~ —

(x — )" (2¢7")~! = 1, which gives

X —a -yt = ((x +oy + u2y<2§”s)‘1)

x(x— oy —utyery™).

From this, we have g1(x) = g(x) = 0, hi(x) =
)/(2{1’:)_1 and hy(x) = —y(2§px)_1. Now we proceed
to determine all MDS codes in this case.
To do this, by Theorems 34 and 5, we observe that the
code C is an MDS code if and only if exactly one of the
following conditions is satisfied:

ear=by=ci=p*—landay = by =, =p°’.

eai=by=ci=p'anday=by =c, =p*— 1;

° a1 =b1 =C] =1anda2:b2262=0,

e aj=by=cy=0anda; =by) =cp, = 1; and

[ ] a] Zb] =C] =a2=b2=C2=O
Let us first consider the case aj = b1 = ¢; = p°* — 1
and ay = by = ¢y = p’. In this case, we must have
Cy = {0}. Asa; = by = c1, by Theorems 16 and 18,
we observe that the code C; must be of Type III. So we
have C = ((x + )% + u(x + O)'D1(x) + u?(x +
0)2Da(x), u(x + O™ 4+ u(x + 0PV (x), ut(x + M),
where max{0, 2a; — p*} < 1 < ay if D1(x) # 0,
0 <t <aif Dy(x) #0, max{0, 2a; — p’} <0 < a;
if V(x) # 0, Di(x) is either O or a unit in ; of

ar—t1—1

the form Y Ci(x + ¢)¥, Dy(x) is either 0 or a
k=0
aj—th—1
unit in Ky of the form Y. Qp(x + ¢)¢ and V(x) is
£=0

ar—6—1 )
either 0 or a unit in ; of the form ) W;(x + ¢)'

=0
with Cy, Q¢, W; € Fpm for each relevant k, £ and i.
Furthermore, by Theorems 16 and 18 again, we see that

Py Py 4 (x4 ¢ T2ty (0D (x)
— (P TR DY)} € (uPx + M), (15)

We also note that u?{(x + ¢)"'Di(x) —(x + &)’ V(x)}
€ (u2(x + ¢)%), which implies that r; = 6 and
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D1(x) = V(x). From this and by (15), we get

WPy ) 4 (x4 ¢ 22Dy (x)?
— (X + 2P Dy () € (P (x + )M).

This holds if and only if 1y =0, p =2, a = 25=1 and
Di(x) # 0 in the case when y # 0. Hence we get a
contradiction in this case when y is non-zero.
Working in a similar manner as above in the remaining
four cases, the desired result follows immediately.

O

VI. CONCLUSION AND FUTURE WORK

Let p be a prime, n,s,m be positive integers with
ged(n, p) = 1, Fym be the finite field of order p™, and let
R = Fpmlul/ (u?) be the finite commutative chain ring with
unity. Let o, 8,y € Fpm and @ # 0. When « is an nth
power of an element in F,» and B8 # 0, one can determine all
(a + Bu + yu®)-constacyclic codes of length np* over R by
applying the results derived in Cao [7] and by establishing a
ring isomorphism from R[x]/(x"7’ — 1 —a~ ' fu—a~lyu?)
onto R[x]/(x"ps —o — Pu— yuz). However, when « is not
an nth power of an element in F,», algebraic structures of
all (@ + Bu + yu?)-constacyclic codes of length np* over
‘R and their dual codes were not established. In this paper,
we determined all (o4 Bu-+y u?)-constacyclic codes of length
np® over R and their dual codes. We also listed some isodual
(@ + Bu + yu®)-constacyclic codes of length np* over R
when the binomial x" — «y is irreducible over F,». We also
obtained Hamming distances, RT distances and RT weight
distributions of all (¢ + Bu + yuz)—constacyclic codes of
length np* over R and determined all MDS (« + Bu + yu?)-
constacyclic codes of length np® over R with respect to the
Hamming and RT metrics when the binomial x" — «g is
irreducible over [F,m. Besides this, we obtained Hamming
distances of all constacyclic codes of length 2p* over R and
identified all MDS codes within this class of constacyclic
codes with respect to the Hamming metric.

It would be interesting to determine their Hamming dis-
tances, RT distances and RT weight distributions in the case
when n > 3 and the binomial x" — oy is reducible over F,m.
Another interesting problem would be to study their duality
properties and to determine their homogeneous distances.
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