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ABSTRACT This paper presented an adaptive and fractional-order sliding mode control(FOSMC) method
for the unmanned quadrotor helicopter. The aircraft system includes actuator fault and external disturbances.
The switching sliding mode law enables the system to reach the predefined sliding surface from arbitrary
states. Then the equation control law keeps the trajectory stay over the sliding hyperplane. In order to
make sure sliding motion from the arbitrary states to the surface within limited time, a novel fractional-
order power switching control law is developed. System actuator failures are compensated online with
adaptive control laws. The controllers are derived from the Lyapunov theory, which guarantees that the
controllability and feasibility. This novel control strategy has higher tracking accuracy through the timely
faults and disturbances compensation law. The presented fractional-order sliding mode scheme improves the
speed of system convergence and shortens the reaching time. The adaptive strategy estimated the bounds of
the disturbances and good robustness has been achieved. Simulation results shown that the presented strategy
has numerous advantages in terms of attitude and position tracking.

INDEX TERMS Fractional-order switching-type control law, adaptive sliding mode technique, unmanned
quadrotor helicopter.

I. INTRODUCTION
In the last few decades, academic research and engineering
applications on unmanned quadrotor helicopters has attracted
more andmore scholars’ attention. Unmanned quadrotor heli-
copters have unique advantages such as: vertical taking off
and landing with taxiway, broad Flight mode ranges from
hovering to cruising, good mobility in restricted environ-
ments [1]–[5]. Therefore, the UAVs has been widely used in
military and civil fields which include attacks and defenses,
disaster relief, space surveillance, supervision, and so
on [6]–[8].

The unmanned quadrotor helicopters are a category of
relatively simple aircraft system, which attract scholars pay
close attention to research. The industrial and academic ter-
ritories are interesting and necessary among the various kind

The associate editor coordinating the review of this manuscript and

approving it for publication was Shihong Ding .

of helicopters. Nevertheless, it is a nonlinear strongly coupled
dynamic system. Therefore, it is still a complex and difficult
problem to design robust controllers of unmanned quadrotor
helicopters [9]–[11]. At present, the scholars have obtained a
series of valuable results about the robust stability controller
design of the unmanned quadrotor helicopter. A variety of
intelligent and advanced and valid control methodologies
have been developed, such as PID control, adaptive law con-
trol, neural network control (NN), model predictive control
(MPC), backstepping, et al [12]–[19]. Boubertakh et al com-
bined the traditional PID method with fuzzy control to design
controllers for the stable of a quadrotor [12]. Nonlinear model
predictive control (MPC) has been developed for a kind
of small scale of quadrotor [15]. For nonlinear large-scale
systems, Du et al presented a adaptive finite time method
combined with backstepping approach [16]. Dalamagkidis
et al demonstrated the model predictive control and neural
network strategy for a kind of unmanned helicopters [18].
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Das et al designed a backstepping controllers for the quadro-
tors [19]. The Lyapunov method provides a theoretical basis
for the stability of the above methods [20], [21]. However,
in the above mentioned research, the robustness and stability
of the system need to be further improved, especially consider
the disturbances and faults in the system.

Nevertheless, sliding mode control scheme got more atten-
tion because of the numerous advantages compared with
other control method. It’s robust to the parameter uncertain-
ties and disturbances of the dynamic system. In addition, it is
unsensitive to the system states variation and has been widely
used in automated system especially for the quadrotors
[22]–[25]. Chen et al presented the adaptive global slid-
ing mode control (SMC) for the helicopter which includes
the input time delay [26]. The feedback linearization (FL)
and sliding mode control (SMC) algorithm have been dis-
cussed for the nonlinear helicopter [27]. The backstepping
sliding-mode control (BSMC) [28] has been illustrated for
the quadrotor.

However, these traditional sliding mode control methods
do not guarantee that the system reaches the sliding sur-
face in a limited time. Meanwhile, fractional-order (FO)
controllers have been widely demonstrated that it has faster
convergence and better stability than their IO counterparts.
Thus, FO controllers have been broadly applied for complex
systems, such as robot manipulators, helicopter, fractional
chaotic system, [29]–[31].

Furthermore, the safety and reliability of the unmanned
quadrotor helicopter is worth considering because of the
complex and constrained flight environment. On the one
hand, the structural characteristics of the unmanned quadrotor
helicopter make it easy to have unknown parameters and
disturbances of the model. And it is important to ensure
that the system converges in a limited time and has good
robustness [32]–[36]. On the other hand, it is unavoidable
that the actuator failures after long-term service processes.
Many fault detection and diagnosis (FDD) algorithms have
been developed which regarded as a monitoring system by
detecting, orientating, and identifying faults after the fault
occur [37], [38]. FDD is a hysteresis system that does not
allow real-time adjustment of system failures. So, it is not
adequate to ensure the system safe operation. They are sig-
nificant feature that are capable of maintaining the good
performance in the presence of actuator failures. The fault-
tolerant control (FTC) algorithms are capable of ensuring
that the system still maintain a certain performance subject
to faulty conditions [39]–[41]. Geng et al designed the FTC
used on the sensors based on Kalman filter method [40].

For a kind of flexible spacecraft [41], a robust FTC
has been demonstrated against actuator faults. But many
of the current control methods treat disturbances and faults
as a bounded signal. This will degrade the system per-
formance.Fractional sliding mode control algorithm can
improve the robust performance of the system.The effective
FO-sliding mode controller have been utilized in various
systems [42]–[44].Pashaei et al constructed a disturbance

observer for a kind of dynamic systems [45]. For the position
servo system, the FO-SMC are used to compensate the uncer-
tainties and fault [46]. Adaptive sliding mode control and
backstepping fast terminal sliding mode has been discussed
for Mofid and Labbadi and Cherkaoui [47] and Mofid and
Mobayen [48]. Based on the above analysis, it is an important
topic to be researched.

In order to figure out the aforementioned problems, this
article proposes a fractional-order adaptive sliding mode
control strategy to realize robust stability control of the
unmanned helicopter system. The main contribution of this
paper can be described as follows. 1.) The model of the
quadrotor has been improved and the coupling between atti-
tude and position was also calculated while considering the
actuator failure and external disturbances. All state vari-
ables reach the sliding hyperplane at finite time and glob-
ally asymptotically converges to the equilibrium. 2.) Adap-
tive control law accelerates system convergence speed and
ensures system stability through real-time compensation. 3.)
Compared with the traditional sliding mode surface, the frac-
tional sliding mode control law effectively reduce chattering,
thereby improving the stability of the system. 4.) It improves
the fault tolerance performance of the system while con-
sidering actuator failure. And the control law designed in
this paper effectively resist the failures. The reminder of this
research is organized as follows. Section II described the
dynamic mode of the unmanned quadrotor helicopter and
the physical parameters are given. Section III developed the
detailed design process of the presented control methodol-
ogy. The numerical simulation includes various trajectory are
accessed in Section IV. Finally, the conclusions and future
research work are summarized and presented in Section V.

II. PROBLEM DESCRIPTION AND PRELIMINARIES
The UAVs play a crucial role in both military and civilian
applications. The rotor UAVs have received much attention
due to their flexibility and low cost. The unmanned quadrotor
helicopters are representative and have been broadly used in
many applications, such as payload transportation, air quality
monitoring, et al. The structure of the unmanned quadrotor
helicopter researched in this paper is depicted in Fig. 1.
It consists of four propellers in the cross configuration and
which distributed on four axes of rotation parallelly and
symmetrically.

The description of the unmanned quadrotor helicopter
includes both position and attitude. The earth coordinate sys-
tem and the body coordinate system are employed to describe
the dynamic of the unmanned quadrotor helicopter. The ori-
gin of inertial frame uses a point on the ground to establish a
right-handed system. The origin of the body frame is defined
as the center of the unmanned quadrotor helicopter. The
axes of the inertial frame are denoted as (OE_XE ,YE ,ZE ),
while the another are denoted as (OB_XB,YB,ZB). Secondly,
the following related variables are defined, namely the posi-
tion and angle based on the inertial coordinate system,
ξE = [x, y, z]T , ϑE = [φ, θ, ψ]T , and the velocity and
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FIGURE 1. The configuration of the unmanned quadrotor helicopter.

angulars velocity based on the body coordinate system,
V B
= [u, v,w]T ,WB

= [p, q, r]T .
According to the structure of the unmanned quadrotor

helicopter, the control of various flight attitudes and positions
are achieved by adjusting the speed of the propellers. The
basic movements of the quadrotor include hovering, vertical
motion, rolling motion, pitching motion and yaw motion.
When the rotation speeds of the four propellers are the same,
the total lift is equal to the self-gravity of the system structure,
so the system is in a hovering state. Similarly, when the
total lift is not equal to its own gravity, it will take off and
land vertically. The total lift around z axis is given as

Uz =
4∑
i=1

b�2
i . The current rear rotor speed is the same and

the left and right rotor speeds are different, a rolling motion
through a moment about the x-axis is obtained. The moment
along x axis is given asUφ = bl(�2

4−�
2
2). In contrast, a pitch

motion around the y-axis is generated and the moment is
Uθ = bl(�2

3−�
2
1). The yaw motion is achieved by changing

the rotational speed of the four rotors. The torsional moment

is Uψ =
4∑
i=1

(−1)id�2
i .

Therefore, the relationship between the control inputs of
the actuator and the speed of the propellers can be described
as: 

Uz
Uφ
Uθ
Uψ

=


b b b b
0 −bl 0 bl
−bl 0 bl 0
−d d −d d



�2

1
�2

2
�2

3
�2

4

 (1)

where b is lift coefficient, l denotes the disturbance between
the center of the unmanned quadrotor helicopter with the
rotation propeller, �i, i = 1, 2, 3, 4 expresses the speed of
the rotors.

The force and moment equalities of the unmanned quadro-
tor helicopter can be viewed as:[

FE

0B

]
=

[
m 0
0 I

] [
ξ̈E

ẆB

]
+

[
0
WBT

× (IWB)

]
(2)

where FE =
[
Fx Fy Fz

]T is the total forces based on the
earth frame, 0B=

[
0x 0y 0z

]
is the total moments through

the body frame, I = diag(Ix , Iy, Iz) indicates the diagonal
inertial matrix of the quadrotor helicopter, m represents the
mass of the quadrotor system.

Further, the forces on the aircraft which includes the lift,
drag and gravity are given as:

FE = Ff + Fd + Fg

=

 sθcψcφ + sψsφsθsψcφ − cψsφ
cθcφ

 b 4∑
i=1

�2
i

+

−Kdx ẋ−Kdyẏ
−Kdzż

+
 0
0
−mg

 (3)

where Kdx ,Kdy,Kdz are drag coefficients, g is acceleration of

gravity, s(·) 1= sin(·), c(·) 1= cos(·).
Meanwhile, the moments on the aircraft are shown as:

0B = 0f + 0a + 0g

=


lb(�2

4 −�
2
2)

lb(�2
3 −�

2
1)

4∑
i=1

(−1)id�2
i

+
−Kax φ̇2−Kayθ̇2

−Kazψ̇2



+


−Irq

4∑
i=1

(−1)i�i

Irp
4∑
i=1

(−1)i�i

0

 (4)

whereKax ,Kay,Kaz are aerodynamics friction coefficients, Ir
is the inertial moment of the quadrotor propeller.

The relationship between the Euler angle rates and angular
velocities are: φ̇θ̇

ψ̇

 = R

 pq
r

 ,R =
 1 sφtθ cφtθ
0 cφ −sφ
0 sφ sec θ cφ sec θ

 (5)

Assumption 2.1: The changes of the roll and pitch angles
are very small, so the following equations can be got
sinφ ≈ 0, sin θ ≈ 0, cosφ ≈ 1, cos θ ≈ 1.
Therefore, the matrix can be simplifies as identity matrix,

i.e
[
φ̇ θ̇ ψ̇

]T
=
[
p q r

]T .
Substitute the Eq.(3 )(4) into Eq.(2), the transactional and

rotational dynamic model can be expressed as:

m

 ẍÿ
z̈

 =
 sθcψcφ + sψsφsθsψcφ − cψsφ
cθcφ

 b 4∑
i=1

�2
i

+

−Kdx ẋ−Kdyẏ
−Kdzż

+
 0
0
−mg

 (6)
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 Ix φ̈ + θ̇ ψ̇(Iz − Iy)Iyθ̈ + φ̇ψ̇(Ix − Iz)
Izψ̈ + φ̇θ̇ (Iy − Ix)

 =

lb(�2

4 −�
2
2)

lb(�2
3 −�

2
1)

4∑
i=1

(−1)id�2
i

+
−Kax φ̇2−Kayθ̇2

−Kazψ̇2



+


−Irq

4∑
i=1

(−1)i�i

Irp
4∑
i=1

(−1)i�i

0

 (7)

The faults of the quadrotor UAV actuators generally
include the following categories through the performance of
the fault [49].

Firstly, we assume that ud (t) is the expected value gener-
ated by the control module and ua(t) is the actual output of the
actuator. When the actuator does not malfunction, the actual
control should be consistent with the desired control infor-
mation, that is, ud (t) = ua(t). When the actuator is in the
fault state, the actual output control of the system will deviate
from the desired control information. If the four actuators of
the quadrotor UAV are described as i, i = 1, 2, 3, 4, then the
fault model can be recorded as:

uai(t) = ρi(t)udi(t)+ di(t), ∀t ≥ Ti. (8)

where ρi(t) ∈ [0, 1]. And ∀t < Ti the states of the system are
normal.

(1.) Bias fault of actuator: a kind of typical additive faults,
ρi(t) = 1, di(t) 6= 0. The actual torque of the actuator
has a bias compared to the desired torque, which is inde-
pendent of time. The mathematical model of the fault is
uai(t) = ρi(t)udi(t)+ di,∀t ≥ Ti.
(2.) Drift fault of actuator: a class of additive faults, ρi(t) =

1, di(t) 6= 0. Similar to the actuator bias fault, the only
difference is that the actual output torque is time dependent,
i.e. uai(t) = ρi(t)udi(t)+ di(t),∀t ≥ Ti.

(3.) Loss of effectiveness of actuator: a category of multi-
plicative faults, ρi(t) 6= 0, di(t) = 0. The actual torque of the
actuator is proportionally reduced compared to the desired
control torque, i.e. the actuator loses some of its execution
effectiveness. Its mathematical model can be expressed as
uai(t) = ρi(t)udi(t),∀t ≥ Ti.
In addition, quadrotor UAVs need to carry out missions in

different complex environments that the human can accom-
plish. The complex and variable environment brings greater
challenges to the research of quadrotor UAVs. It is also
conceivable that the changing environment can cause flight
difficulties. We classify these as uncertain external distur-
bances. At present, a large number of scholars describe per-
turbations as stationary constant perturbations and random
perturbations.

ẍ = (sθcφcψ + sφsψ)
Uz + f1(t)

m
−
Kdx ẋ
m
+ dx ,

ÿ = (sθcφsψ − sφcψ)
Uz + f1(t)

m
−
Kdyẏ
m
+ dy,

z̈ = (cθcφ)
Uz + f1(t)

m
−g−

Kdzż
m
+ dz,

(9)

TABLE 1. Parameter values for the quadrotor UAV.



φ̈ =
Iy − Iz
Ix

θ̇ ψ̇ −
Kax φ̇2

Ix
−
Ir
Ix
�θ̇ +

Uφ + f2(t)
Ix

+ dφ,

θ̈ =
Iz − Ix
Iy

φ̇ψ̇ −
Kayθ̇2

Iy
+
Ir
Iy
�φ̇ +

Uθ + f2(t)
Iy

+ dθ ,

ψ̈ =
Ix − Iy
Iz

φ̇θ̇ −
Kazψ̇2

Iz
+
Uψ + f2(t)

Iz
+ dψ .

(10)

where fi(t), i = 1, 2, 3, 4 represents the fault of the actuators.
dξ =

[
dx dy dz

]T , dϑ = [
dφ dθ dψ

]T are the external
disturbances include sudden and unexpected wind fields. The
physics parameters of the unmanned quadrotor helicopter are
shown as Table 1.

III. ADAPTIVE FRACTIONAL ORDER SMC CONTROLLER
DESIGN AND STABILITY ANALYSIS
In this section, an adaptive fractional power slidingmode con-
troller has been established. On the one hand, it ensures that
the system reach the steady state in a limited time, on the other
hand, the adaptive control law and switching sliding mode
law have been designed to compensate for actuator failures
and external disturbances which contained in the system. The
fractional power-switching control law effectively reduce the
system chattering, and also make the system reaches the
equilibrium point at limited time. The sliding mode power
switching law can speed up the system convergence speed.
This allows the system converge to a balanced state quickly
and accurately. The adaptive control law designed for actuator
failure does not require advance prediction of the fault and
enables online adjustment of the fault. The structure of the
method studied in this paper is shown in Fig. 2.

A. FINITE-TIME FRACTIONAL-ORDER SMC CONTROLLER
DESIGN
In this section, a valuable controller has been established
so that the actual flight state of the unmanned quadrotor
helicopter tracking the reference signal well. It is seen that the
attitude system is decoupled from the dynamic model and is
fully actuated. However, the position system is underactuated
and it is controlled by the thrust force. The desired reference
trajectory of the unmanned quadrotor helicopter is defined
as R=

[
zr φr θr ψr

]T , and the actual output trajectory is
A =

[
z φ θ ψ

]T . The controller designed in this paper

VOLUME 8, 2020 103795



X. Shi et al.: Adaptive FOSMC Controller Design for Unmanned Quadrotor Helicopter

FIGURE 2. The structure of the proposed FO-FTC for the quadrotor.

guarantee that the system state variable error converges to 0.
At first, the tracking errors can be defined as: ez1 = z − zr ,
eφ1 = φ − φr , eθ1 = θ − θr , eψ1 = ψ − ψr ,ez2 = ėz1 +
c1ez1, eφ2 = ėφ1 + c1eφ1, eθ2 = ėθ1 + c1eθ1, eψ2 = ėψ1 +
c1eψ1, where c1, c2, c3, c4 are non-zero positive parameters.
An effectiveness sliding surface is employed to constructed

the controller.With the tracking errors, the sliding manifolds
can be given as: 

sz = ez2 + k1ez1,
sφ = eφ2 + k2eφ1,
sθ = eθ2 + k3eθ1,
sψ = eψ2 + k4eψ1,

(11)

where k1, k2, k3, k4 are non-zero positive parameters.
Based on ṡA(t) = 0,A =

[
z φ θ ψ

]
, the equivalent

control law of the system can be obtained, which ensures that
the system reaches the equilibrium point.

ṡz(t) = ėz2 + k1ėz1 = (cos θ cosφ)
U1

m

− g−
Kdzż
m
− z̈r + (c1 + k1)ėz1. (12)

ṡφ(t) = ėφ2 + k2ėφ1 =
Iy − Iz
Ix

θ̇ ψ̇ −
Kax φ̇2

Ix

−
Ir
Ix
�θ̇ +

U2

Ix
− φ̈r + (c2 + k2)ėφ1. (13)

ṡθ (t) = ėθ2 + k3ėθ1 =
Iz − Ix
Iy

φ̇ψ̇ −
Kayθ̇2

Iy

+
Ir
Iy
�φ̇ +

U3

Iy
− θ̈r + (c3 + k3)ėθ1. (14)

ṡψ (t) = ëψ2 + k4ėψ1 =
Ix − Iy
Iz

φ̇θ̇ −
Kazψ̇2

Iz

+
U4

Iz
− ψ̈r + (c4 + k4)ėψ1. (15)

After designing the sliding surface, the equivalent con-
trol law can be demonstrated. Therefore, the four equivalent

FIGURE 3. Comparison of different fo-smc.

control laws are viewed as

U1eq =
m

cos θ cosφ
[g+

Kdzż
m
+ z̈r − (c1 + k1)ėz1]. (16)

U2eq = Ix[−
Iy − Iz
Ix

θ̇ ψ̇ +
Kax φ̇2

Ix
+
Ir
Ix
�θ̇

+ φ̈r − (c2 + k2)ėφ1]. (17)

U3eq = Iy[−
Iz − Ix
Iy

φ̇ψ̇ +
Kayθ̇2

Iy
−
Ir
Iy
�φ̇

+ θ̈r − (c3 + k3)ėθ1]. (18)

U4eq = Iz[−
Ix − Iy
Iz

φ̇θ̇ +
Kazψ̇2

Iz
+ ψ̈r − (c4 + k4)ėψ1].

(19)

The Fractional order power switching control law is given
as:

usw = λi|sA|αiDβi (sign(sA)), i = 1, 2, 3, 4. (20)

Lemma 3.1: The Riemann-Liouville definition of the
β−th derivative is given as Dβζ (t) =

1
0(n−β) (

d
dt )

n∫ t
0

ζ (τ )
(t−τ )1+β−n

dτ, For Dβζ (t) = 1
0(n−β) (

d
dt )

n
∫ t
0

ζ (τ )
(t−τ )1+β−n

dτ
and the fractional order satisfy 0 ≤ β < 1, the following con-

clusion can be obtained, Dβsign(ζ (t))
{
> 0, if ζ (t) > 0
< 0, if ζ (t) > 0

.

The important property of fractional sign has been
proved [13]. In order to explain the characteristics of the
fractional sign function, a sinusoidal signal sin(t) has been
selected as the original function. Fig.3 shows the graph of the
function passing through the fractional sign function.
Remark 3.1: When the system switches the sliding mode

control law, a larger amplitude can speed up the system
response speed. So fractional sliding mode control reduces
the time that for the system to reach equilibrium. Then it
reaches to a value which is smaller than sgn function. It is
helpful to reduce system chattering, thereby improving sys-
tem stability and robustness.

So, combine the switching control law Eq.(24) with the
equivalent controllers Eq.(16)-Eq.(19), the adaptive laws
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Eq.(20)-Eq.(23), the controllers can be rearranged as:

U1 =
m

cos θ cosφ
[g+

Kdzż
m
+ z̈r − (c1 + k1)ėz1

− λ1|sz|α1Dβ1 (sign(sz))]. (21)

U2 = Ix[−
Iy − Iz
Ix

θ̇ ψ̇ +
Kdφ φ̇2

Ix
+
Ir
Ix
�θ̇ + φ̈r − (c2

+ k2)ėφ1 − λ2
∣∣sφ∣∣α2Dβ2 (sign(sφ))]. (22)

U3 = Iy[−
Iz − Ix
Iy

φ̇ψ̇ +
Kdθ θ̇2

Iy
−
Ir
Iy
�φ̇ + θ̈r − (c3

+ k3)ėθ1 − λ3|sθ |α3Dβ3 (sign(sθ ))]. (23)

U4 = Iz[−
Ix − Iy
Iz

φ̇θ̇ +
Kdψ ψ̇2

Iz
+ ψ̈r − (c4 + k4)ėψ1

− λ4
∣∣sψ ∣∣α4Dβ4 (sign(sψ ))]. (24)

Theorem 3.1: Consider the nonlinear strong coupled sys-
tem Eq.(9), Eq.(10) with external disturbances, given the
sliding hyperplane Eq.(11), by employing the controllers
Eq.(21)-Eq.(24) the sliding motion can be achieved and the
tracking errors converge to zero at limited time regardless of
the external disturbances.

B. STABILITY ANALYSIS
Select the Lyapunov function as

VA =
1
2
sA2(t). (25)

Its time derivative is shown as:

V̇A = sA(t)ṡA(t). (26)

According to the above analysis, based on the Eq.(20), thus
we can get the following condition,

sA(t)ṡA(t) = −λisA(t)|sA|αiDβi (sign(sA)). (27)

Now, consider the following two cases, a.) When
sA(0) > 0, ṡA(t) = −λsAαiDβi (sign(sA)) hence, it is obtained
that

ṡA(t)sA−αi = −λDβi (sign(sA)). (28)

The time integral of Eq.(28) is
∫ t
0

ṡA(t)
sAαi (t)

=
sA(t)−sA(0)
(1−α)sAαi (t)

=
1

1−αi
[sA1−αi (t) − sA1−αi (0)],

∫ t
0 −λD

βi (sign(sA)) =

−λt1−βi
(1−βi)0(1−βi)

.

Since s(treach) = 0 at t = treach, one has

treach = (
sA1−αi (0)(1− βi)0(1− βi)

λ(1− αi)
)

1
1−βi . (29)

b.) When sA(0) < 0, ṡA(t) = −λ(−sA)αiDβi (sign(sA)) so,

ṡA(t)(−sA)−αi = −λDβi (sign(sA)). (30)

thus the Eq.(30) can be obtained as (−sA(t))1−αi −
(−sA(0))1−αi =

−λi(1−αi)t1−βi
(1−βi)0(1−βi)

.

Furthermore, when t = treach the system reaches a steady
state, and the solution is

treach = (
(−sA(0)1−αi )(1− βi)0(1− βi)

λi(1− αi)
)

1
1−βi . (31)

According to a)and b), the reaching time can be given that

treach = (

∣∣sA(0)1−αi ∣∣ (1− βi)0(1− βi)
λi(1− αi)

)
1

1−βi . (32)

Remark 3.2: Fractional sliding mold surface not only
retains the characteristics of general sliding mold surface,
but also can better adjust the performance of the control sys-
tem. In addition, based on Eq.(28)-Eq.(32), the relationship
between the sliding mode surface coefficient and the stability
time of the system is analyzed. It ensures that the system
guarantees stable at a limited time.
Theorem 3.2: Consider the nonlinear strong coupled sys-

tem Eq.(9), Eq.(10) with external disturbances and actuator
faults, the sliding hyperplane Eq.(11) is effective. The Eq.(32)
makes sure that the system asymptotic stability and achieved
the tracking errors converge to zero regardless of the actuator
faults and external disturbances at limited time.

According to Lyapunov’s theory, the asymptotically stabil-
ity is satisfied, and therefore, the system valued can reach
a steady state. The pitch angle and yaw angle subsystem
controller can also be demonstrated as the same way.

C. FAULT TOLERANT CONTROLLER AND STABILITY
ANALYSIS
In order to establish a controller that can compensate for
external disturbances and actuator failures, we establish the
following adaptive control law.

˙̂f1(t) = l11sz(t) cosφ cos θ,
˙̂dz(t) = l12sz(t). (33)

˙̂f2(t) =
1
Ix
l21sφ(t),

˙̂dφ(t) = l22sφ(t). (34)

˙̂f3(t) =
1
Iy
l31sθ (t),

˙̂dθ (t) = l32sθ (t). (35)

˙̂f4(t) =
1
Iz
l41sψ (t),

˙̂dψ (t) = l42sψ (t). (36)

where l1i, l2i, i = 1, 2, 3, 4 are non-zero positive parameters.

Remark 3.3: The disturbances dξ , dϑ can includes the
external disturbances such as wind field and uncertain param-
eters which is unknown the bounds. Besides, the reference
position and attitude trajectory are required to be a twice
continuously differentiable vector function of time.
With the consideration of external disturbances and actuator
faults of the unmanned quadrotor helicopter, the asymptot-
ically stability condition will be analyzed and proved. The
altitude subsystem is controlled by U1 and the attitude sub-
system is controlled by U2,U3,U4. Therefore, the analysis
includes two parts; the altitude system and attitude system.

U1f =
m

cos θ cosφ
[g+

Kdzż
m
+ z̈r − (c1 + k1)ėz1

− λ1|sz|α1Dβ1 (sign(sz))− d̂z(t)]− f̂1(t). (37)

U2f = Ix[−
Iy − Iz
Ix

θ̇ ψ̇ +
Kdφ φ̇2

Ix
+
Ir
Ix
�θ̇ + φ̈r − (c2

+ k2)ėφ1 − λ2
∣∣sφ∣∣α2Dβ2 (sign(sφ))− d̂φ(t)]− f̂2(t).

(38)
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FIGURE 4. Position tracking performance in three directions.

U3f = Iy[−
Iz − Ix
Iy

φ̇ψ̇ +
Kdθ θ̇2

Iy
−
Ir
Iy
�φ̇ + θ̈r − (c3

+ k3)ėθ1 − λ3|sθ |α3Dβ3 (sign(sθ ))− d̂θ (t)]− f̂3(t).

(39)

U4f = Iz[−
Ix − Iy
Iz

φ̇θ̇ +
Kdψ ψ̇2

Iz
+ ψ̈r − (c4 + k4)ėψ1

− λ4
∣∣sψ ∣∣α4Dβ4 (sign(sψ ))− d̂ψ (t)]− f̂4(t). (40)

Firstly, the candidate Lyapunov function for the altitude
system can be employed as:

Vz =
1
2
sz2(t)+

1
2ml11

f̃ 21 (t)+
1

2l12
d̃2z (t). (41)

Its time derivate is

V̇z = sz(t)[(cos θ cosφ)
U1

m
−g−

Kdzż
m
− z̈r + (c1 + k1)ėz1]

+
1

ml11
f̃1(t)(−

˙̂f1(t))+
1
l12
d̃z(t)(−

˙̂dz(t)). (42)

Substitute the control law Eq.(37) and adaptive law Eq.(33)
into Eq.(42), the Eq.(42) can be rewritten as follows:

V̇z = sz(t)[dz − λ1|sz|α1Dβ1 (sign(sz))− d̂z(t)]

+ f̃1(t)[
sz(t)(cos θ cosφ)

m
−

1
ml11
˙̂f 1(t)]

+
1
l12
d̃z(t)(−

˙̂d z(t))

= −λ1sz(t)|sz|α1Dβ1 (sign(sz))

+ f̃1(t)[
sz(t)(cos θ cosφ)

m
−

1
ml11
˙̂f 1(t)]

+ d̃z(sz(t)−
1
l12
˙̂d z(t))

≤ −λ1sz(t)|sz|α1Dβ1 (sign(sz))

≤ 0. (43)

According to theorem 3.1. and lemma 3.1., it can be
obtained that Vz > 0, V̇z ≤ 0. Therefore, the inequal-
ity Eq.(43) concludes that the quadrotor position subsystem

FIGURE 5. Attitude tracking performance in three directions.

FIGURE 6. Trajectory tracking.

FIGURE 7. The control inputs of the quadrotor UAV.

Eq.(9) under the sliding mode controller Eq.(37) and adaptive
law Eq.(33) is globally asymptotically stable.

Then the Lyapunov function of the rolling attitude
subsystem is

Vφ =
1
2
sφ2(t)+

1
2l21

f̃ 22 (t)+
1

2l22
d̃2φ(t). (44)
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FIGURE 8. Position tracking performance in three directions.

Taking the derivative of Eq.(44), one has

V̇φ = sφ(t)[
Iy − Iz
Ix

θ̇ ψ̇ −
Kdφ φ̇2

Ix
−
Ir
Ix
�θ̇

+
U2 + f2(t)

Ix
+ dφ(t)− φ̈r + c2ėφ]

−
1
l21
f̃2(t)
˙̂f 2(t)−

1
l22
d̃φ(t)
˙̂dφ(t). (45)

Adding the controller Eq.(38) and adaptive law Eq.(35)
into the right side of Eq.(45), it concludes that

V̇φ = sφ(t)[dφ(t)− λ2
∣∣sφ∣∣α2Dβ2 (sign(sφ))− d̂φ(t)]

+ f̃φ(t)[
sφ(t)
Ix
−

1
l21
˙̂f φ(t)]−

1
l22
d̃φ(t)
˙̂dφ(t)

≤ −λ2sφ(t)
∣∣sφ∣∣α2Dβ2 (sign(sφ))

≤ 0. (46)

Theorem 3.3: Consider the nonlinear strong coupled sys-
tem Eq.(9),Eq.(10) with external disturbances, actuator
faults, given the sliding hyperplane Eq.(11), by employ-
ing the adaptive laws Eq.(33)-Eq.(36) and the controllers
Eq.(37)-Eq.(40) the sliding motion can be achieved and the
tracking errors converge to zero regardless of the actuator
faults and external disturbances.

According to Lyapunov’s theory, the asymptotically stabil-
ity is satisfied, and therefore, the system valued can reach
a steady state. The pitch angle and yaw angle subsystem
controller can also be demonstrated as the same way.

IV. NUMERICAL EXAMPLES
In this section, the robustness and effectiveness of the pro-
posed control strategy has been demonstrated. A series of
numerical MTLAB tests based on the unmanned quadrotor
helicopter systems are achieved. The performance of the
position and attitude tracking problem have been verified.
In addition, the aerodynamic forces and air drag are taken
into consideration, which simulate a real helicopter. The con-
troller parameters of the FO-sliding mode control scheme are
shown c1 = 25, c2 = 2.5, c3 = 12, c4 = 14; k1 = 2,
k2 = 80, k3 = 80, k4 = 0.5; λi = 0.002, αi = 0.5,
βi = 0.4, i = 1, 2, 3, 4.

FIGURE 9. Attitude tracking performance in three directions.

FIGURE 10. Trajectory tracking.

A. EXAMPLE 1
In the simulation results, the initial values of positions and
angles for the studied unmanned quadrotor helicopter are
zeros.

At first, we verify the performance of the con-
trollers without fractional order power switching control
law [47], [48]. The reference trajectory is shown as:[
x = cos(π/40 ∗ τ ); y = sin(π/40 ∗ τ ); z = 2 ∗ t;

]
, τ =

−0.025t2 + 2t. Fig.4 illustrated the position tracking. It’s
shown that there are larger chattering for the three directions
at the first 5 seconds for the black line which represents the
traditional sliding mode controller. For the other line, it’s
shown that the position control strategy can accuracy track
the desired values within a short time. When q = 0.4, the
FO-sliding mode controller has the best robustness. It’s
observed that the attitudes return to the desired values a
long time as present Fig.5 for the sliding mode control
method. The three attitudes converge to balance point with
a short time through the presented strategy. As described
in Fig.3, the fractional derivative of the sign function has the
same positive and negative sign compared with the original
function. It can be used as switching control scheme to make
the system state approach to the sliding surface. The value of
the fractional order sign function at the zero-crossing point
is larger than the sign function. Then it’s small than the
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FIGURE 11. Attitude tracking error performance in three directions.

FIGURE 12. Position tracking error performance in three directions.

sign function. These characteristics make fractional sliding
mode control law better than traditional sliding mode sur-
faces. The 3D trajectory tracking ability is displayed in Fig.6.
According to this simulation,the traditional sliding mode
controller is able to make the system reach equilibrium and
stabilize. However, When the system reaches the equilibrium
point, there is a large chatter, and it takes a long time to reach
the equilibrium point.It is obvious that the actual trajectory
tracking the reference signal very well for the red trajectory.

Compare the green line and red line in Figs. 4, positions in
three directions converge stable point faster with less chatter-
ing based on the FO-SMCmethod. Similar, the attitude angles
of the quadrotor in Figs. 5 are more stable than SMCmethod.
Therefore, during the flight of a quadrotor UAV, the frac-
tional sliding mode control method proposed in this paper
would be more stable. The simulation results denotes that the
robustness stability of the presented methodology against the
external disturbances is better than the other methods.

B. EXAMPLE 2
This part is used for testing the stability of quadrotor sys-
tem while encountering external disturbances and actua-
tor fault. The perturbations are considered in the quadrotor

model equations. The expression of disturbances are time-
varying which caused by gusts of wind. In this simulation,
the disturbance is represent as: d = 0.5 sin(0.05π ∗ t).

The control strategy described in Fig.7 managed to keep
the attitude and position of the unmanned quadrotor heli-
copter to the stable states. As shown from Fig. 7, the actuator
failure is existed in the first controller. However, it can be
found that all the control inputs converge to the steady val-
ues in the presence of actuator faulty. Because the coupled
characters of the unmanned quadrotor helicopter dynamic
model, the controllers U2,U3 have been affected. However,
all controllers converge to equilibrium states, it’s also verifies
the coupled characteristic of the system and the robust of the
proposed methodology. Thus,the feasibility and robustness
has been demonstrated again.

In addition, the disturbances are taken into consideration,
so the effects of this part are invisible on all the state variables
and four controllers. Then the applicability and robustness
of the presented overall control strategy is demonstrated as
shown in Figs.8 and 9. It is obvious that the attitude and
position of the unmanned quadrotor helicopter model subject
to external disturbances and actuator fault have good tracking
performance. Finally, Fig. 10 exhibits the trajectory, so the
presented tracking results are promising at the attitude and
position tracking ability for the unmanned helicopter. And the
errors are shown as Fig. 11 and Fig. 12. It is obvious the errors
are small.

V. CONCLUSIONS
In this research, the position and attitude tracking problem
of a class of unmanned helicopter has been studied based
on the aforementioned control schemes. The advantages of
the presented algorithm are verified through two examples.
The primary contributions are shown as follows. Firstly, all
states of the 6-DOF aircraft converge to desired signal respec-
tively. Next, all state values reached the sliding hyperplane
at limited time based on fractional order power switching
control laws the and the chattering performance reduced
as well. Then, the adaptive laws compensate the actuator
fault online. Finally, numerical simulation has shown that the
good tracking property of the depicted control methodology.
In the future research, we will verify the effectiveness of
the algorithm through flight tests and optimize the controller
parameters. In addition, fault-tolerant control of actuators and
sensors is also a part of the research.
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