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ABSTRACT A reduced dynamic modeling approach is introduced to systematically establish explicit
closed-form dynamic equations for the main motion system of a heavy-duty hydraulic manipulator with
multi-closed-loop mechanisms. The harmonious combination of the reduced system dynamic method with
Lagrangian formulation, the principle of virtual work and screw theory greatly reduces the tedious calculation
and largely simplifies the derivation of explicit control-orientated closed-form dynamic equations for
complex multi-closed-loop mechanisms. Only three coupled subsystems, two Jacobian matrices, and two
Hessian matrices are involved, thereby greatly reducing the order and the complexity of the closed-form
dynamic equations. In addition to calculating the two Jacobian matrices by screw theory, the two Hessian
matrices are also calculated straightforwardly by screw theory, thereby avoiding the difficulty in obtaining
Hessian matrices by differentiating the Jacobian matrices and simplifying the calculation of the two Hessian
matrices. No parts of dynamic equations are neglected in the derivation of the dynamic model. Thus, the
accurate dynamic motion equations for the main motion system are obtained concisely. The derived closed-
form dynamic equations are explicit with respect to the system inputs, which facilitate dynamics analysis
and controller design. The experiments on the main motion system of the heavy-duty hydraulic forging
manipulator demonstrate the efficiency of the proposed approach.

INDEX TERMS Dynamic modeling, heavy-duty hydraulic manipulator, multi-closed-loop mechanism,
reduced system dynamic method, screw theory.

I. INTRODUCTION
Hydraulic systems are widely used in the industry, especially
in large machinery, because of their ability to handle large
inertia and torque loads. Multi-closed-loop manipulators,
such as a class of parallel manipulators [1]–[4], are charac-
terized by high stiffness, high accuracy, and high payload-
to-weight ratio [4]. Therefore, hydraulic multi-closed-loop
manipulators, integrated hydraulic actuators with a complex
multi-closed-loop mechanical structure, have found promis-
ing applications in many heavy-duty applications, such as
excavators, forging manipulators, palletizing robots, paral-
lel manipulators, and so on [5]–[8]. The complex multi-

The associate editor coordinating the review of this manuscript and
approving it for publication was Nishant Unnikrishnan.

closed-loop mechanical structure has multiple closed loops,
mutually coupled loop constraints, and complex parameter
relations. Specifically, when integrated with hydraulic actu-
ator dynamics, the dynamic behaviors of these manipulators
can be highly nonlinear and complicated, causing difficulties
in the control of such systems. Due to the complex topo-
logical structure of multi-closed-loop robotic manipulators
or parallel robots, the dynamic modeling problem of these
robotic mechanical systems has received increasing atten-
tion over the past decades [1], [2], [9]–[12]. However, most
existing dynamic models on the complex multi-closed-loop
mechanism mainly aim to achieve its optimal design and
performance analysis [11]–[14]. With respect to the real-
time control of multi-closed-loop robotic manipulators, an
ideal dynamic model should be simple, highly computational
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efficient, and accurate enough to represent the physical sys-
tem. Moreover, the model should be suitable for the direct
promotion or application of most model-based control meth-
ods developed in the field of robot research [15]–[17].

Numerous formulations can be used to obtain the closed-
form dynamic equations for closed kinematic chains [15],
[18]–[20], such as Newton–Euler method, Kane’s method,
Lagrangian formulation, Gibbs–Appell formulation, and the
principle of virtual work. The first one is the Newton–Euler
method [15], [18]. A comprehensive calculation is involved
in this approach to obtain the acceleration of every isolated
link of a manipulator and all constraint forces and moments
between the joints, although the internal forces and moments
of interaction are useless for the control of the manipulator
[15], [19]. The second one is the well-known Kane’s method
[15], [21], [22]. In this method, Kane’s dynamical equations
are obtained by letting the sum of the total generalized active
force and the total generalized inertia force equal to zero
for each generalized coordinate of the system. In this man-
ner, ‘‘no-working’’ internal constraint forces will disappear
automatically [15]. The concepts of partial angular velocity
and partial velocity are introduced to obtain the generalized
forces needed for Kane’s equations [15], [21]. To obtain
efficient equations, the generalized speeds that are important
in Kane’s equations should be selected optimally though the
explicit form of Kane’s equations with generalized speeds
cannot be directly perceived by dynamicists [22]. Moreover,
undetermined multipliers must be eliminated to derive the
explicit dynamic equations with respect to the independent
coordinates for the dynamic modeling of parallel mecha-
nisms. Although the method is efficient especially when the
dimension of the constraint equations is large, the calcula-
tion of partial velocities and accelerations is inevitable and
slightly tedious [15]. The third method is the Gibbs–Appell
method [20], which is one of the least used dynamic prin-
ciples for formulating explicit equations of the motion of a
manipulator [23]. In this approach, a Gibbs function (energy
of acceleration) is initially defined, and a set of independent
quasi-velocities (linear combination of generalized veloci-
ties) is then selected. The dynamic motion equations are then
obtained by taking the derivative of the Gibbs function with
respect to quasi-acceleration and equalizing them with gen-
eralized forces [20], [24], [25]. This formulation has efficient
computational complexity and does not need to eliminate
the undetermined multipliers for nonhonomic constraints to
derive the explicit dynamic equations for the dynamic mod-
eling of a closed-chain robotic system [20], [26]. However,
the Gibbs–Appell method is less advantageous and may be
more labor-intensive than the Kane’s method [22].

The fourth method for formulating motion equations is
the principle of virtual work, which can efficiently derive
dynamicmodels of parallel mechanisms [15], [18], [27]–[29].
The principle of virtual work lets the external forces perform
work with any virtual velocity equal to zero, by which all
dynamic equations of isolated bodies are combined into one
dynamic equation of the parallel manipulator [15], [29]. All

reaction forces and moments can be removed from the virtual
work equation. However, the calculation of the acceleration
of every body is inevitably demanded. Moreover, the method
is not straightforward for the forward dynamics because the
velocity transform between joint and task spaces is compli-
cated [27], and only an implicit model of inverse dynamics
can be provided [15], [30]. The last one is the well-known
Lagrangian formulation [15], [19]. In this approach, a set of
generalized coordinates are selected to describe the configu-
ration of the system, and the Lagrange equation is then used
to derive the motion equations [19]. Lagrangian formulation
is more efficient than Newton–Euler formulation because
all unwanted reaction forces and moments are removed
at the outset [19]. This approach has achieved consider-
able success for serial or open-chain mechanisms because
the Lagrange equation is simply expressed by the actuator
variables [15]; thus, the explicit closed-loop dynamics can
be obtained directly. However, for parallel manipulators or
complex closed-chain mechanisms, deriving explicit motion
equations becomes a challenge because of the numerous con-
straints involved. Although this problem may be simplified
by introducing additional coordinates along with a set of
Lagrange multipliers, the computational load will increase
inevitably [19].

Themotion equations derived by different formulations are
equivalent for a complex closed-chain mechanism [20]. How-
ever, the derived motion equations have different forms and
advantages. For deriving a control-orientated dynamicmodel,
Lagrangian formulation is more advantageous because the
explicit closed-loop dynamics without unwanted reaction
forces and moments can be derived directly [8]. The
Lagrangian dynamic equations for open-chain mechanisms
are popular because well-established motion equations exist,
and many control results have been developed for such mech-
anisms [8], [31], [32]. Most existing control strategies for
robots or manipulators are designed based on Lagrange equa-
tions [32]–[36]. As a result, Lagrangian formulation is the
best candidate to serve the controller design among many
dynamic modeling methods. However, different from open-
chain mechanisms, one problem that needs to be solved first
for deriving Lagrangian dynamic equations of multi-closed-
loop or parallel mechanisms suitable for controller design is
how to avoid the computational load increased by the numer-
ous constraints involved in a multi-closed chain mechanism.

The Lagrangian method can be directly adopted to obtain
the standard motion equations of closed-loop robots with
a simple structure. A simplified approximate model by
neglecting some links’ motion must be used to develop a
dynamic model-based control [37]. The simplification makes
the dynamics come up against additional uncertainties. Fur-
thermore, a robust controller is required to handle such uncer-
tainties. Accuracy and robustness are known as dilemmas.
Hence, when the accuracy of a system model cannot be
guaranteed, additional difficulties are left to the controller
design and further efforts must be made to ensure the control
performance of the system.
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FIGURE 1. Diagram of a forging manipulator and a press machine (1-Truck frame; 2-Gripper feed cylinder;
3-Pitching cylinder; 4-Lifting Cylinder; 5-Gripper; 6-Forging workpiece; 7-Press machine).

In our previous work [8], the reduced system dynamic
method [16], [38] was used to obtain standard Lagrangian
formulations for the main motion system of a forging manip-
ulator with multi-closed-loop mechanisms. The main motion
system was divided into five serial mechanisms or simple
subsystems with three Jacobian and three Hessian matrices.
The Lagrangian equations were derived directly from the
local generalized coordinates of each subsystem. D’Alembert
principle was used to transform the generalized inputs with
the local generalized coordinates of subsystems to the gener-
alized forces with the generalized coordinates of the system
by Jacobian matrices. The velocity and acceleration mapping
between the local generalized coordinates of subsystems and
the generalized coordinates were achieved by Jacobian and
Hessian matrices. All Jacobian and Hessian matrices must be
calculated among local generalized coordinates and general-
ized coordinates.Multi-closed-loopmechanisms are complex
because of the geometric constraints caused by the multi-
closed loop topology; thus, the calculation of the Jacobian and
Hessian matrices of a complex mechanical system was diffi-
cult [8]. Screw theory was introduced to overcome the diffi-
culties and simplify the calculation for solving kinematic and
dynamic problems. However, only the three Jacobian matri-
ces were calculated by screw theory, whereas the three Hes-
sian matrices were calculated by differentiating the Jacobian
matrices with Maple software [8], given that representing the
acceleration in screw form is difficult [8], [39], [40]. The
Hessian matrices were considerably more complicated than
Jacobian matrices, and differentiating Jacobian was difficult
because every element in the matrix is a complex implicit
function about actuated pairs that consist of many passive
pairs in this complex multi-closed-loop mechanism [8]. Each
subsystemwas described by a second-order differential equa-
tion. Merging the five subsystems could result in a high order
and complicated dynamic model with a high computational
cost for the main motion system of the hydraulic forging
manipulator, causing difficulties in the controller design.

The dynamics of a parallel robot has also been solved
based on the principle of virtual work and screw theory [29].
Similar with the method in [39], the Hessian matrix of the

parallel robot has been calculated by the intersection of
all limbs’ acceleration models in the traditional exponential
matrix method [29]. However, the algorithms involved in the
intersection are complicated, which can only be implemented
by the force Jacobian matrix [3]. Few studies have considered
the dynamic modeling of parallel manipulators or closed-
chainmechanisms by using the combination of Kane’ method
and screw theory. For a knuckle boom crane with closed
kinematic loops, its Kane’s equations of motion are obtained
by combining screw theory and the principle of virtual work
[41]. In the knuckle boom crane, all the closed kinematic
loops have a similar configuration with a two-link system
actuated by a cylinder. An efficient and geometrically mean-
ingful formulation can be obtained by the application of screw
theory. However, the proposed approach in a study is specifi-
cally formulated for knuckle boom cranes and similar robotic
manipulators [41].

Few theoretical studies on the calculation of Hessianmatri-
ces by using screw theory for a class of parallel manipulators
have been conducted [3], [42]. In [3], [42], the Hessian matrix
was formulated for a parallel robot with a fixed base and
a moving platform and multi-lines with an identical struc-
ture. However, the formula is suitable for parallel robots
[3] and may not be suitable for complex multi-closed-loop
mechanisms. Therefore, further studies on the calculation of
Hessian matrices by using screw theory for the main motion
system of the forging manipulator with multi-closed-loop
mechanisms are necessary.

In the present work, a reduced dynamic modeling approach
is introduced to systematically establish explicit closed-
form dynamic equations for a complex multi-closed-loop
motion system of a heavy-duty hydraulic forging manipu-
lator. First, the reduced system dynamic method is used to
divide the multi-closed-loop mechanisms into several simple
subchains. Second, the Lagrangian formulations are adopted
to directly derive the explicit dynamic motion equations of
each subchain. Third, the principle of virtual work with Jaco-
bian and Hessian matrices is used to merge the subchain
dynamic equations. Finally, screw theory is used to calculate
the Jacobian and Hessian matrices. This approach has the
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FIGURE 2. Hydraulic control system of the manipulator(1-Constant
pressure pump; 2-Pressure filter; 3-Check valve; 4-Pressure transducer;
5-Accumulator; 6-Reief value; 7-Hydraulic cylinder; 8-Position sensor;
9-Oil tank).

following five advantages. (1) The harmonious combination
of the reduced system dynamic method with Lagrangian
formulation, the principle of virtual work, and screw theory
greatly reduces the tedious calculation and largely sim-
plifies the derivation of explicit control-orientated closed-
form dynamic equations. (2) The complex multi-closed-loop
mechanisms are divided into three simply coupled subchains
only. Thus, the motion equations for the main motion system
are obtained with only two Jacobian and two Hessian matri-
ces, thereby greatly reducing the order and decreasing system
complexity. (3) In addition to calculating the two Jacobian
matrices by screw theory [8], the two Hessian matrices are
calculated straightforwardly by screw theory, thereby reduc-
ing the difficulty in differentiating Jacobian to obtain the
Hessianmatrices. (4) The accurate dynamicmotion equations
for the main motion system are obtained concisely without
neglecting any part of the dynamic equations in deriving the
dynamic model. (5) The derived closed-form dynamic equa-
tions for the main motion system with complex multi-closed-
loop mechanisms are explicit with respect to the system
inputs, that is, the valve spool position of practical hydraulic
cylinders, which facilitate dynamics analysis and controller
design. The experiments on the main motion system of a
heavy-duty hydraulic forging manipulator demonstrate the
efficiency of the proposed approach.

II. MODELING FOR THE MAIN MOTION SYSTEM OF THE
HYDRAULIC MANIPULATOR
A. STRUCTURE DESCRIPTION
In general, a forging center should include a forging manip-
ulator and a press machine, as shown in Fig. 1. The forging
manipulator consists of a truck frame and an on-board multi-
closed-loopmechanism, whosemain task is to manipulate the
forging workpieces [8]. The diagram of the multi-closed-loop
robotic manipulator and its electro-hydraulic control system
are illustrated in Figs. 1 and 2, respectively. The robotic
manipulator is a 3-DOFmulti-closed-loopmechanism, which
is the key component of robotic manipulators and called the
main motion mechanism. The whole construction enables
movements of the gripper in two directions in a plane and
its rotation about the axis normal to the plane, both of which

TABLE 1. Primary geometry parameters of the forging manipulator’s
mechanism.

achieve lifting, pitching, and horizontal feeding or buffering
motions of the gripper. These motions are driven by three
pairs of linear hydraulic actuators symmetrically assembled
on the truck frame. Thus, the forging manipulator is a 3-DOF
multi-closed loop mechanism. The electro-hydraulic sys-
tem consists of several proportional directional flow control
valves and a constant pressure variable displacement pump.
The transfer of signals from a motion controller to propor-
tional directional valves is conducted by a high-speed analog
input module.

A geometric representation of the multi-closed-loop mech-
anism is displayed in Fig. 4. To facilitate the analysis, a based
coordinate system O − YZ is assigned at the point G of the
truck frame with Z -axis along the vector from points A to B
on the frame, and a moving coordinate system P− yz is fixed
at the pointD of the gripper with z-axis along the vector form
points C toD. The detail structure parameters of the links are
shown in Table 1.

According to the working mode of a forging manipulator,
the main function of pitching motion is to level the gripper,
and the pitching cylinders are locked during the forging pro-
cess. Thus, the pitching motion can be decoupled with two
other main motions. Moreover, pitching motion is generally
alone to save energy and deduce install power. Therefore,
only two coupled motions, that is, lifting and horizontal feed-
ing or buffering motions of the gripper, are considered. The
pitching cylinder between points B and C, as displayed in Fig.
4, is locked in this study. In this case, only the dynamics of a
two-DOF multi-closed-loop mechanism must be established
because the pitching system is only a single DOF rotational
mechanism.

B. RIGID BODY DYNAMICS FOR THE MAIN MOTION
SYSTEM
To obtain a compact dynamic model for the main motion
system with a structure similar to that of the open-chain
manipulator, the reduced system dynamic method [8], [16],
[38] is employed in this study.

C. MODELING OF AN OPEN-CHAIN REDUCED SYSTEM
Choosing a set of good independent generalized coordinates
can simplify the derivation of the dynamic model and the

VOLUME 8, 2020 101711



Y. Zhang et al.: Reduced Dynamic Modeling for Heavy-Duty Hydraulic Manipulators

FIGURE 3. Geometric representation of the robotic mechanism.

calculation of the force transformation of Jacobian and Hes-
sian matrices. Here, a set of independent generalized coordi-
nates q =

[
θ1 θ2

]T instead of linear actuators d =
[
d1 d2

]T
is chosen for modeling the dynamics. The multi-closed-loop
mechanism, as shown in Fig. 4, is divided into three open-
chain or simple mechanisms by cutting the complex multi-
loop manipulator, as illustrated in Fig. 4.

Modules I–III in Fig. 4 resemble several serial robots or
certain relative simple close-chain mechanisms. Generally, in
the absence of friction and other disturbances, the standard
Lagrangian formulation is an ideal choice and commonly
used to derive the dynamic equations. The dynamic equations
of Modules I–III are given as follows:
Module I:
AIHG,ABFG and BCDF are parallelogram. Therefore,

Module I is equivalent to a 2-DOF R-P (R represents revolute
pair, whereas P represents prismatic pair) planar mechanism,
as shown in Fig. 3. Its dynamic model can be directly written
as

M1(q)q̈+ C1(q, q̇)q̇+ G1(q) = τ1, (1)

whereM1(q1) ∈ <2×2 denotes an inertia matrix, C1(q, q̇) ∈
<2×1 is a vector that represents the Coriolis and centrifugal
terms, G1(q) ∈ <2×1 represents a vector of the gravitational
terms, and τ 1 =

[
τ11 τ12

]T is a vector of generalized force.
Module II:

If generalized coordinates q2 =
[
θ4 d1

]T are selected,
Module II is a 2-DOF R-P planar mechanism, as illustrated
in Fig. 3. Its dynamic model can also be obtained as

D2(q2)q̈2 + q̇
T
2HC2 (q2)q̇2 + g2(q2) = S2, (2)

where D2(q2) ∈ <2×2 denotes an inertia matrix, HC2 (q2) ∈
<2×2×2 is a Hessian matrix related to the Coriolis and cen-
trifugal terms, g2(q2) ∈ <2×1 represents a vector of the
gravitational terms, and S2 =

[
s11 s12

]T is a vector of
generalized force in the subsystem.

FIGURE 4. Reduced system model of the studied forging manipulator.

The parameters ofM used for the inertia matrix in Equation
(1) are defined by generalized coordinates, which are the
position parameters d of hydraulic cylinders. However, the
parameters of D in Equation (2) are the intermediate parame-
ters ofmechanisms, not the position parameters d of hydraulic
cylinders.

If kinematic mapping can be solved between locally gener-
alized coordinates q2 and q, then the following equations can
be used:

Velocity mapping:

q̇2 = J2(q2, q)q̇, (3)

Acceleration mapping:

q̈2 = J2(q2, q) ¨q+ q̇
TH2(q2, q)q̇, (4)

where J2(q2, q) ∈ <2×2 denotes a kinematic Jacobian
matrix, and H2(q2, q) ∈ <2×2×2 is a kinematic Hessian
matrix.

According to the principle of virtual work, Equation (2) can
be interpreted into generalized coordinates q =

[
θ1 θ2

]T as

τ 2 = JT2 (q2, q)S2. (5)

Substituting (3) and (4) into (2) and then combining (2) and
(5) lead to

M2(q2, q)q̈+ C2(q2, q, q̇)q̇+ G2(q2, q) = τ2, (6)

where

M2(q2, q) = JT2 (q2, q)D2(q2)J2(q2, q);

C2(q2, q, q̇) = q̇T

 JT2 (q2, q)D2(q2)
∗H2(q2, q)

+JT2 (q2, q)J
T
2 (q2, q)

∗HC2 (q2)J2(q2, q)

 ;
G2(q) = JT2 (q2, q)g2(q2);

τ 2 =
[
τ21 τ22

]T
;

d1 =
[(
yQ + l6 sin(θ1 + φ5)

)2
+
(
zQ − l6 cos(θ1 + φ5)

)2]1/2
θ4 = − arcsin

(
yQ + l6 sin(θ1 + φ5)

d1

)
.
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The sign ‘‘∗’’ denotes a generalized scalar product [43]. That
of matrices P ∈ <m×n and Q ∈ <n′×n′×n′ can be defined as
follows:

[P∗Q]k:: =
n∑
l=1

Pk:lQl: ∈ <n×n k = 1, 2, . . . ,m, (7)

where P∗Q ∈ <m×n, Pk:l denotes the element on the k th row
and l th column of matrix Q.
Module III:
Lifting and horizontal feeding hydraulic linear actuators

may be regarded as the same modular because they have a
similar structure, which is an R-P planar mechanism. Thus,
the derivation of its dynamic model is similar with that of
Module III. The dynamic model with local generalized coor-
dinates q3 =

[
θ5 d2

]T can be represented as follows:

D3(q3)q̈3 + q̇
T
3HC3 (q3)q̇3 + g3(q3) = S3. (8)

Velocity mapping:

q̇3 = J3(q3, q)q̇, (9)

Acceleration mapping:

q̈3 = J3(q3, q) ¨q+ q̇
TH3(q3, q)q̇, (10)

Similarly to Equation (5), τ 3 = JT3 (q3, q)S3. Then, the
dynamic model of Module III can be written as

M3(q3, q)q̈+ C3(q3, q, q̇)q̇+ G3(q3, q) = τ3, (11)

where

M3(q3, q) = JT3 (q3, q)D3(q3)J3(q3, q);

C3(q3, q, q̇) = q̇T
[
JT3 (q3, q)D3(q3)

∗H3(q3, q)+
JT3 (q3, q)J

T
3 (q3, q)

∗HC3 (q3)J3(q3, q)

]
;

G3(q) = JT3 (q3, q)g3(q3);

τ 3 =
[
τ31 τ32

]T
;

d2 =
[
(−l1 sin θ1 − l4 sin(θ1 + θ2)− yL)2

+ (l1 cos θ1 − l4 cos(θ1 + θ2)− zL)2
]1/2

θ5 = arcsin
(
yL + l1 sin θ1 + l4 sin(θ1 + θ2)

d2

)
.

The elements of all matrices or vectors in Modules I–III
are given in Appendix A.

D. MODELING OF AN OPEN-CHAIN REDUCED SYSTEM
Combining (1), (6), and (11), the following equation can be
obtained as

M(q2, q3, q)q̈+C(q2, q3, q, q̇)q̇+G(q2, q3, q)=τ, (12)

where

M(q2, q3, q) =
3∑
i=1

M iC(q2, q3, q, q̇) =
3∑
i=1

C i

FIGURE 5. Closed-chain mechanism of the studied forging manipulator.

G(q2, q3, q) =
3∑
i=1

C1 τ =

3∑
i=1

τ i =
[
τ1 τ2

]T
.

Likewise, the above equations based on generalized coor-
dinate q can also be represented by the two pairs of linear
actuator d . The velocity and acceleration mapping between q
and d is as follows:

Velocity mapping:

ḋ = J(q, d)q̇ (13)

Acceleration mapping:

d̈ = J(q, d) ¨q+ q̇TH(q, d)q̇, (14)

Therefore, the dynamicmodel of the wholemechanism can
be obtained as

D(q2, q3, q, d)d̈+C(q2, q3, q, d, ḋ)ḋ+G(q2, q3, q, d)= f

(15)

where

D(q2, q3, q, d)

= [J−1]TM(q2, q3, q)J
−1

C(q2, q3, q, d, ḋ)

=

[
ḋ
T
[J−1]T [J−1]T ∗H(q2, q3, q, q̇)J

−1

−ḋ
T
[J−1]TM(q2, q3, q)J

−1
∗Hdθ

]
G(q3, q4, q5, q, d)

= [J−1]TG(q3, q4, q5, q).

f =
[
f1 f2

]T
is the driving force vector of the two pairs of hydraulic
cylinders.

Equation (15) shows the input–output equations of velocity
and acceleration for the main motion system with multi-
closed-loop mechanisms, which are obtained by the standard
Lagrangian formulation popular for the modeling of open-
chain mechanical systems. As only three coupled subsystems
with two Jacobian matrices and two Hessian matrices are
involved, the complexity of the closed-form dynamic equa-
tions is greatly decreased.
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III. FORMULATION OF THE HESSIAN MATRICES BASED
ON SCREW THEORY
Screw theory is introduced to solve the Hessian matrices
or second-order influenced coefficient matrices, making the
derived standard Lagrangian equations of multi-closed-loop
mechanisms based on the reduced system dynamic method
concise. As previously mentioned, multi-closed-loop mech-
anisms are decomposed into three subsystems with sev-
eral serial mechanisms by cutting certain joints. Thus, the
Jacobian and Hessian matrices play an important role in
constructing the dynamic model of multi-closed-loop mech-
anisms from the subsystems. In [8], screw theory was used
to calculate the Jacobian matrices. However, the Hessian
matrices were still obtained by differentiating the Jacobian
matrices. In the present study, screw theory is used to cope
with the problem of solving Hessian matrices for forming a
harmonious combination between screw theory and reduced
system dynamic method.

Hessian matrices, H i(qi, q), should be calculated. Thus,
only H3(q3, q) is taken as an example to show how to cal-
culate the Hessian matrices by using screw theory. In the
closed-chain mechanism GFEL, two serial mechanisms can
be obtained by cutting joint E , as shown in Fig. 5.
Serial mechanism GFE is 2-R mechanism that consists of

two revolute pairs. The velocity state of point E in body FE
with respect to the base coordinate systemO−YZ is expressed
as

0VE = J (1)3 q̇, (16)

where 0VE =
[
v(E)x v(E)y v(E)z

]T
∈ <3×1 is the linear

velocity of the chosen reference point E ; J (1)3 =
[
GPϕ
]
∈

<3×2 is the Jacobian matrix of the serial mechanism, and
given that the serial mechanism has two degrees of free-
dom, the Jacobian matrix has two columns;

[
GPϕ
]
is given in

Appendix B, which can be obtained by looking up Table 2
[42], [44]. q̇ =

[
θ̇1 θ̇2

]
.

Similarly, the acceleration state of point E in body FEwith
respect to the base coordinate system O− YZ is expressed as

0AE = J (1)3 q̈+ q̇TH (1)
3 q̇, (17)

where 0AE =
[
v̇(E)x v̇(E)y v̇(E)z

]T
∈ <3×1 is the linear

acceleration of the chosen reference point E ;H (1)
3 =

[
HP
ϕ

]
∈

<3×3×2 denotes the Hessian matrix for the serial mechanism.
It is a three-dimensional vector with three layers, and each
layer is a 3 × 2 matrix; H (1)

3 is given in Appendix B, which
can be obtained by looking up Table 2 [42], [44].

Considering that the serial mechanism is a planar mecha-
nism, the velocity competent along X -axis is zero, which is
v(E)x = v̇(E)x = 0. J (1)3 should be a 2× 2 matrix; H (1)

3 must be
a 2× 2× 2 matrix. Equation (17) can be simplified as

AE = J (1)E ¨q+ q̇TH (1)
E q̇, (18)

where AE =
[
v̇(E)y v̇(E)z

]T
∈ <2×1, J (1)E ∈ <2×2 is a

Jacobian matrix, and H (1)
E ∈ <2×2×2 is a Hessian matrix

constructed from matrices H (1)
3 .

Equation (18) expresses the forward kinematics that can
facilitate the formulation of the Hessian matrices by screw
theory.

Likewise, the serial mechanism LE is an R-P mechanism
and consists of two revolute pairs. The velocity and accel-
eration state of point E in body LE with respect to the base
coordinate system O− YZ is expressed as

0VE
= J (3)3 q̇3, (19)

0AE = J (3)3 q̈3 + q̇T3H
(3)
3 q̇3, (20)

AE = J (3)E q̈3 + q̇
T
3H

(3)
E q̇3, (21)

where J (3)3 ∈ <3×2 is the Jacobian matrix of serial mecha-
nism LE , as shown in Appendix B; H (3)

3 = [HP] ∈ <3×2×3

denotes the Hessian matrix for the serial mechanism, as pre-
sented in Appendix B; q̇3 =

[
θ̇5 ḋ2

]T , and q̈3 = [ θ̈5 d̈2 ]T ;
J (3)E ∈ <2×2 is a Jacobian matrix; H (3)

E ∈ <2×2×2 is a
Hessian matrix.

Given that the linear velocities of the chosen reference
point E are equal, the following equations can be obtained
from Equations (16), (18), (19), and (21).

J (1)E q̇ = J (3)E q̇3. (22)

If matrix J (3)E is invertible, then the following equation can
be obtained from Equation (22), which is the force transfor-
mation Jacobian matrix of Module III.

q̇3 = J3(q3, q)q̇. (23)

Considering that the linear accelerations of the chosen
reference point E are equal, the following equations can be
obtained from Equations (17) and (20).

J (3)E q̈3 = J (1)E ¨q+ q̇TH (1)
E q̇− q̇T3H

(3)
E q̇3. (24)

Substituting Equation (23) into Equation (24), the follow-
ing is obtained:

q̈3=J3(q3, q) ¨q+q̇
T
(
H (1)
E −

[
J3(q3, q)

]T H (3)
E J3(q3, q)

)
q̇

(25)

Comparing Equation (25) with Equation (10), the following
is obtained:

H3(q3, q) = H (1)
3 −

[
J3(q3, q)

]T H (3)
3 J3(q3, q) (26)

Similarly, H2(q2, q) can be calculated by screw theory in
the above procedure, and the elements of the Jacobian and
Hessian matrices are given in Appendix C. Thus, the two
Hessian matrices are formulated by screw theory in a concise
manner, other than by differentiating the Jacobian matrices.

In table 2, R and P represent revolute and prismatic pairs,
respectively. Sn is a unit vector along the nth joint axis, P is
a fixed point in link j, and Rn is a vector to the origin of the
moving coordinate frame associated with joint n.
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TABLE 2. Kinematic influence coefficients for serial manipulators.

IV. EXPLICIT CLOSED-FORM DYNAMIC EQUATIONS
WITH HYDRAULIC SYSTEM DYNAMICS
The main motion system is driven by hydraulic systems, one
of which is shown in Fig. 3, comprising a single-rod cylinder
with a position sensor, a flow control valve, and a controller.
To meet the demands of heavy-duty tasks, the large flow
rate cartridge valves or the combine flow control valves are
adopted to control the fluid in the class of hydraulic systems.
An electric proportional pressure compensated flow control
valve, as illustrated in Fig. 6, is also used to improve the speed
control accuracy under varying loads [45].

By neglecting the main valve spool dynamics, control
flows Q1i and Q2i can be described as [17], [46], [47]
Q1i=g1i(xvi)

√
2
ρ

[
s(xvi)
√
Pmi−P1i+s(−xvi)

√
P1i−PT

]
Q2i=g2i(xvi)

√
2
ρ

[
s(xvi)
√
P2i−PT+s(−xvi)

√
Pmi−P2i

]
(27)

where xvi is the valve spool position, and

s(∗) =

{
1, if ∗ ≥ 0
0, if ∗ < 0

(28)

By neglecting the valve spool dynamics of the pressure
compensated valve due to the low working frequency of the
heavy-duty hydraulic forging manipulator, the following is
obtained: {

Pmi − P1i = 1P if xv ≥ 0
Pmi − P2i = 1P if xv < 0

(29)

where Pmi is the intermediate pressure after the pressure
compensation valve, PT is the tank pressure, and 1P is
the approximate constant across the adjustable orifice [45].

FIGURE 6. Diagram of a valve-controlled asymmetrical hydraulic cylinder.

For ideal servo valves, g1i(xvi) and g2i(xvi) are usually lin-
ear functions of the input signal ui when the valve spool
dynamics are disregarded. However, for cartridge valves or
pressure compensated flow control valves applied in heavy-
duty fields, their valve structures make the two functions non-
linear [48]. Experiments show that the two functions can be
approximated by high-order polynomials of the input signal
ui [17], which can be used in Equation (27) in this study.
By disregarding the external leakage, the oil flow continu-

ity equations of the cylinder can be described as [17]
A1iḋi + Cti (P1i − P2i)+

V01i + A1idi
βe

Ṗ1i = Q1i

A2iḋi + Cti (P1i − P2i)−
V02i − A2idi

βe
Ṗ2i = Q2i

(30)

where A1i and A2i denote the ram areas of the two cylinder
chambers, Cti is the coefficient of the internal leakage of
the cylinder, βe is the effective bulk modulus, and V01i and
V02i are the original total control volumes of the cylinder
chambers.

According to Fig. 6, the cylinder dynamics can be
described by

A1iP1i−A2iP2i= fi+ffriction= fi+Fcisgn(ḋi)+βiḋi (31)

where fi, defined in Equation (15), is the driving force on the
piston of the cylinder; ffriction is the equivalent friction force;
ḋi is the velocity of the pairs of cylinders; βi is the viscous
friction coefficient; and Fci is the Coulomb friction.
Neglecting the servo-valve dynamics due to the low work-

ing frequency, the control applied to the valve can be approx-
imately proportional to the valve spool position. Thus,

xvi = kviui. (32)

The state variables are defined as
z =

[
z1 z2 z3 z4 z5 z6 z7 z8

]T , where z1 = d1, z2 = ḋ1,
z3 = P11, z4 = P21, z5 = d2, z6 = ḋ2, z7 = P12, and z8 =
P22. Combining Equations (15), (27), (30), and (31) leads to
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FIGURE 7. Control system diagram of the experimental forging manipulator.

the state space representation of the main motion system with
the multi-closed-loop mechanism as follows:

ż1 = z2
ż5 = z6[
ż2
ż6

]
= [D(z1, z5)]−1

[[
A11z3 − A21z4
A12z7 − A22z8

]
− Fe(z)

]
ż3 = h1(z)+ g1(z, u1)
ż4 = h2(z)+ g2(z,u1)
ż7 = h3(z)+ g3(z,u2)
ż8 = h4(z)+ g4(z,u2)

y =
[
z1 z5

]T (33)

where

Fe(z) = C(z1, z2, z5, z6)
[
z2 z6

]T
+G(z1, z5)+ f friction(z2, z6)

is a two-dimensional vector; C(z1, z2, z5, z6), G(z1, z5), and
D(z1, z5) are defined in Equation (15);

h1(z) = βe [−A11z2 − Ct1 (z3 − z4)]/(V011 + A11z1);

h2(z) = βe [A21z2 + Ct1 (z3 − z4)]/(V021 − A21z1);

h3(z) = βe [−A12z6 − Ct2 (z7 − z8)]/(V012 + A12z5);

h4(z) = βe [A22z6 + Ct2 (z7 − z8)]/(V022 − A22z5);

g1(z, u1) = βeQ11(z, u1)/(V011 + A11z1);

g2(z, u1) = −βeQ21(z, u1)/(V021 − A21z1);

g3(z, u2) = βeQ12(z, u2)/(V012 + A12z5);

g4(z, u2) = −βeQ22(z, u2)/(V022 − A22z5);

y is the output vector of the hydraulic robotic manipulator.
Equation (33) represents the derived closed-form dynamic

system for the main motion system with multi-closed-loop
mechanisms by considering the dynamics of the hydraulic
actuators. As the output of themodel is explicit with respect to
the system inputs, that is, the valve spool position of practical
hydraulic cylinders, the model is ready to be used in system
dynamics analysis and controller design.

V. MODEL VALIDATION AND EXPERIMENTS
A. EXPERIMENT SETUP
The system dynamic model is tested on an experimental
forging manipulator that is designed and built in the School
of Mechanical and Electrical Engineering at Central South
University in China [8]. The schematic of its control sys-
tem is shown in Fig. 7. The manipulator is driven by three
pairs of symmetrically arranged hydraulic cylinders. The pro-
portional flow control valves are PVG32 valves (made by
American Sauer Danfoss Company). An industrial motion
controller: SIMOTION D435 (industrial motion control sys-
tem from Siemens automation, Inc.) is applied as physical
hardware to control the hydraulic cylinders. The distributed
I/O data acquisition component: ET200S (distributed I/O
system from Siemens automation, Inc.) is used to com-
municate with external sensors (to measure positions and
pressures). The SIMOTIONmotion control software is Simo-
tion Scout, which can achieve configuration, programming,
testing or commissioning, and runtime functionality. Human-
interactive and data acquisition programs are written by
Wincc flexible software. In the experiment, pitching cylin-
ders are locked. The mathematical model is validated in the
experimental forging manipulator.

B. MODEL PARAMETER IDENTIFICATION
The parameters of the dynamic model can be determined
by parameter identification techniques and certain physical
experiments. For example, the mass, length, and moment of
inertia of the linkages can be measured by three-dimensional
modeling software, such as Solidworks, PROE, and CATIA
because the structure of the manipulator is designed and built
by our research team. The parameters of the linkages are
given in detail in [8]. Parameters V01i, V02i, and Cti in Equa-
tion (30) can be identified using the nonlinear optimization
function fmincon in MATLAB software after obtaining the
state values from sensors. Similarly, friction parameters Fci
and βi in Equation (31) can be identified after obtaining
the linkage parameters and the system’s state values. Other
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FIGURE 8. Comparison between the mathematical model and the
physical experimental system.

parameters can be obtained from themanufacturer’s technical
documents.

C. MODEL VALIDATION
Pitching hydraulic cylinders are fixed, and the gripper
remains horizontal during the experiments. Two sinu-
soidal signals, u1 = −(0.5 sin(π t/3) + 3.8) and u2 =
−(0.35 sin(π t/3) + 2.3), are inputted to the two con-
trol proportional valves of the lifting and horizontal feed-
ing hydraulic cylinders by the motion controller. The two

sinusoidal signals are taken as the inputs of the established
closed-form dynamic model for the main motion system of
the forging manipulator. Note that the velocity and acceler-
ation signals are estimated by a Kalman observer to avoid
amplifying the sensor noise in the numerical calculation
[49], [50]. The comparisons between the outputs of the
mathematical model and experiments are shown in Fig. 8.
From Figs. 8(a), (b), (c), and (d), the mathematical model
(described by Equation (33)) of the system can capture the
relevant trends of the hydraulic robotic manipulator with
a maximum error of 12%. This result may be due to the
uncertainties of the hydraulic system. Another observation
is a lag between the velocity outputs of the model and the
measurement. Two possible reasons can explain the lag. One
may be the measurement lag of the position sensor in the
digital system with a sampling period of 57 ms. The other
may be because of the velocity estimation lag from using the
Kalman observer.

VI. CONCLUSIONS
The systematic application of the reduced system dynamic
method in combination with Lagrangian formulation, the
principle of virtual work and screw theory is presented
to establish explicit control-orientated closed-form dynamic
equations for the main motion system of a heavy-duty
hydraulic manipulator with multi-closed-loop mechanisms.
By analyzing the motion characteristic of the main motion
system, the dynamic equations of motion for the main
motion system with only three simple coupled subsys-
tems, two Jacobian matrices, and two Hessian matrices are
obtained, which greatly reduces the complexity of closed-
form dynamic equations. The Jacobian and Hessian matrices
are straightforwardly calculated by screw theory, simplify-
ing the calculation of the two Hessian matrices and making
closed-form dynamic equations concise. No parts of dynamic
equations are neglected in the derivation of the dynamic
model. Thus, the derived dynamic equations for the main
motion system are accurate and obtained in a simple manner.
To the best knowledge of the authors, combining the reduced
system dynamicmethodwith Lagrangian formulation and the
principle of virtual work with a straightforward calculation of
the Hessian matrices by screw theory has not been considered
in previous works. Such calculation can establish the concise
dynamics of the complex multi-closed-loop mechanisms. By
adding the dynamics of the hydraulic cylinders, the derived
closed-form system model for the main motion system with
multi-closed-loop mechanisms is explicit with respect to the
system inputs, that is, the valve spool position of the prac-
tical hydraulic cylinders. Hence, its dynamic response can
be obtained in the most direct manner. Thus, the concise,
computational efficient, and explicit closed-form dynamic
equations are systematically established for the main motion
system, which can facilitate dynamics analysis and controller
design. The efficiency of the proposed approach is illustrated
with the experiments on the main motion system of a heavy-
duty hydraulic forging manipulator.
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No systematic approach that divides a complex multi-
closed-loop mechanism into simple subchains is available for
the reduced system dynamic method. Accordingly, one of our
future work is to study the manner in which a complex multi-
closed-loop mechanism can be optimally decomposed into
the least number of subchains.

APPENDIX
A. THE ELEMENTS OF DYNAMIC EQUATIONS FOR THE
MULTI-CLOSED-LOOP ROBOT MECHANICAL SYSTEM

M1(q) =
[
M111 M112
M121 M122

]
;

C1(q, q̇) =
[
C111 C112
C121 C122

]
;

G1(q) =
[
G111
G121

]
;

M111 =


m1r21 + m2r22 + m3l25 + IC1 + IC2 + IC4

+m4(l21 + 2l1r4 cos θ2 + r24 )
+m5(l21 + 2l1l2 cos θ2 + l22 )
+m7(l21 + 2l1r7 cos θ2 + r27 )+ IC7

 ;
M112 = M121

= m4(l1r4 cos θ2 + r24 )+ m5(l1l2 cos θ2 + l22 )

+m7(l1r7 cos θ2 + r27 )+ IC4 + IC7

M122 = m4r24 + m5l22 + m7r27 + IC4 + IC7;

C111 = −2m7l1r7θ̇2 sin θ2 − 2m4l1r4θ̇2 sin θ2
− 2m5l1l2θ̇2 sin θ2;

C112 = −m7l1r7θ̇2 sin θ2 − m4l1r4θ̇2 sin θ2
−m5l1l2θ̇2 sin θ2;

C121 = m7l1r7θ̇1 sin θ2 + m4l1r4θ̇1 sin θ2
+m5l1l2θ̇1 sin θ2;

C122 = 0;

G111 =


−m1gr1 cos(θ1 + φ1)− m4g (l1 cos θ1
+r4 cos(θ1 + θ2))
−m5g (l1 cos θ1 + l2 cos(θ1 + θ2))
−m7g (l1 cos θ1 + r7 cos(θ1 + θ2))
−m2gr2 cos(θ1 + φ2)
−m3gl5 cos(θ1 + φ4)

 ;
G121 = −m4gr4 cos(θ1 + θ2)− m5gl2 cos(θ1 + θ2)

−m7gr7 cos(θ1 + θ2)

D2(q2) =
[
D211 D212
D221 D222

]
;

HC2 (q2) =


(
HC2111

HC2112

) (
HC2121

HC2122

)
(
HC2211

HC2212

) (
HC2221

HC2222

)
 ;

g2(q2) =
[
g21
g22

]
;

D211 = m8r28 + IC8 + IC9 + m9(d1 − r9)2;

D212 = D221 = 0; D222 = m9;

HC2111 = 0; HC2112 = 2m9(d1 − r9);

HC2121 = HC2122 = 0;

HC2211 = −m9(d1 − r9);

HC2212 = HC2221=HC2222=0;

g21 = m8gr8 cos θ4 + m9g(d1 − r9) cos θ4;

g22 = m9g sin θ4;

D3(q3) =
[
D311 D312
D321 D322

]
;

HC3 (q3) =


(
HC3111

HC3112

) (
HC3121

HC3122

)
(
HC3211

HC3212

) (
HC3221

HC3222

)
 ;

g3(q3) =
[
g31
g32

]
;

D311 = m10r210 + IC10 + IC11 + m11(d2 − r11)2;

D312 = D321 = 0; D322 = m11;

HC3111 = 0; HC3112=2m11(d2−r11);

HC3121 = HC3122=0;

HC3211 = −m11(d2 − r11); HC3212=HC3221=HC3222=0;

g31 = −m10gr10 cos θ5 − m11g(d2 − r11) cos θ5;

g32 = −m11g sin θ5;

where mi denotes the mass of link i(i = 1, 2, 3 · · · 11); li
denotes the length of link i(i = 1, 2 · ··, 6); ri denotes the
distance from the previous joint to the center of mass of link
i; ICi denotes the moment of inertia of link i.

B. ELEMENTS OF THE MATRICES J (1)
3 , H(1)

3 , J (3)
3 and H(3)

3

J (1)3 =
[
sG × (PE − RG) sF × (PE − RF )

]
;

H (1)
3 =

 sG×[sG×(PE − RG)] sG×[sF×(PE − RF )]
sG×[sF×(PE − RF )] sF×[sF×(PE − RF )]

0 0

 ;
J (3)3 =

[
sL × (PE − RL) sLE

]
;

H (3)
3 =

 sL × [sL × (PE − RL)] sL × sLE
sL × sLE 0

0 0

 .
C. ELEMENTS OF THE MATRICES J i AND H i

J2(q2, q) =
[
J211 J212
J221 J222

]
J3(q3, q) =

[
J311 J312
J321 J322

]
J(q, d) =

[
J11 J12
J21 J22

]
J211 = −l6 cos(θ4 + θ1 + ϕ5)/d1;

J212 = 0;

J221 = −l6 sin(θ4 + θ1 + ϕ5);

J222 = 0

J311 = [l1 cos(−θ5 + θ1)+ l4 cos(−θ5 + θ1 + θ2)]/d2;

J312 = [l4 cos(−θ5 + θ1 + θ2)]
/
d2
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J321 = −l1 sin(−θ5 + θ1)− l4 sin(−θ5 + θ1 + θ2);

J322 = −l4 sin(−θ5 + θ1 + θ2)

J11 = l6yQ cos(θ1 + ϕ5)+ l6zQ sin(θ1 + ϕ5)/d1;

J12 = 0;

J21 = yL l1 cos θ1 + yL l4 cos(θ1 + θ2)+ zL l1 sin θ1

+ zL l4 sin(θ1 + θ2)
/
d2;

J22 = l4 [yL cos(θ1 + θ2)+ zL sin(θ1 + θ2)

− l1 sin θ2]
/
d2;

H2(q2, q) =


(
H2111
H2112

) (
H2121
H2122

)
(
H2211
H2212

) (
H2221
H2222

)
 ;

H3(q3, q) =


(
H3111
H3112

) (
H3121
H3122

)
(
H3211
H3212

) (
H3221
H3222

)
 ;

H2111 = l6 sin(θ4+θ1+ϕ5)

× [−2l6 cos(θ4+θ1+ϕ5)+d1]/d21 ;

H2211 = l6 cos(θ4 + θ1 + ϕ5)

× [l6 cos(θ4 + θ1 + ϕ5)− d1]/d1;

H2112 = H2121=H2122=H2212=H2221=H2222=0;

H3111 =
1

d22


l21 sin(−2θ5 + 2θ1)
+2l1l4 sin(−2θ5 + 2θ1 + θ2)
+l24 sin(−2θ5 + 2θ1 + 2θ2)
−l1d2 sin(−θ5 + θ1)
−l4d2 sin(−θ5 + θ1 + θ2)

 ;

H3112 =

 l1l4 sin(−2θ5 + 2θ1 + θ2)
+l24 sin(−2θ5 + 2θ1 + 2θ2)
−l4d2 sin(−θ5 + θ1 + θ2)

/d22 ;
H3121 =

 l1l4 sin(−2θ5 + 2θ1 + θ2)
+l24 sin(−2θ5 + 2θ1 + 2θ2)
−l4d2 sin(−θ5 + θ1 + θ2)

/d22 ;
H3122 =

[
l24 sin(−2θ5 + 2θ1 + 2θ2)

−l4d2 sin(−θ5 + θ1 + θ2)]/d22 ;

H3211 =

[l1 cos(−θ5+θ1)+l4 cos(−θ5 + θ1+θ2)]
∗ [(l1 cos(−θ5+θ1)
+l4 cos(−θ5 + θ1 + θ2)− d2)]

/
d2;

H3212 =

[l4 cos(−θ5 + θ1 + θ2)]
∗ [l1 cos(−θ5 + θ1)
+l4 cos(−θ5 + θ1 + θ2)− d2]

/
d2;

H3221 =

[l4 cos(−θ5 + θ1 + θ2)]
∗ [l1 cos(−θ5 + θ1)
+l4 cos(−θ5 + θ1 + θ2)− d2]

/
d2;

H3222 = l4 cos(−θ5 + θ1 + θ2)

× [l4 cos(−θ5 + θ1 + θ2)− d2]
/
d2.
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