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ABSTRACT A novel frequency domain multi-carrier modulation (MCM-FD) scheme is proposed based
on prolate spheroidal wave functions (PSWFs) for reducing the high complexity in the conventional time
domain PSWFs multi-carrier modulation (MCM-PSWFs-TD) schemes. By constructing the relationship
between discrete representation and exponential function representation of MCM-PSWFs-TD signals, it can
be observed that the orthogonality and parity symmetry of the waveforms of PSWFs in the frequency
domain are the same as that in the time domain. Thus, the PSWFs signal can be divided into two groups
based on their parity symmetry, while these two groups of PSWFs signals can be processed simultaneously.
Based on this concept, signal waveforms with only half spectrum range are invoked in the process of
information loading and signal detection for reducing the number of sampling points participated in the
signal operation. Compared to the MCM-PSWFs-TD scheme, the proposed MCM-PSWFs-FD scheme
is capable of significantly reducing the computational complexity without severely degrading the system
performance, such as spectral efficiency (SE), bit error rate performance, signal energy concentration and
peak-to-average power ratio (PAPR). Furthermore, the cyclic-prefix orthogonal frequency division multi-
plexing (CP-OFDM), OFDM with weighted overlap and add (WOLA-OFDM), filter OFDM (F-OFDM),
universal filtered multi-carrier (UFMC), as well as the filter bank multi-carrier with offset quadrature ampli-
tude modulation (FBMC-OQAM) are also demonstrated as benchmarks. Simulation results are provided for
illustrating that the proposed MCM-PSWFs-FD scheme is capable of striking a favorable tradeoff between
the computational complexity and the system performance (i.e. SE, out-of-band energy leakage, adjacent
frequency band interference, and PAPR), while the signal waveform design of theMCM-PSWFs-FD scheme
is also more concise and flexible than the benchmarks.

INDEX TERMS Prolate spheroidal wave functions, multi-carrier modulation, waveform design, time-
frequency resource allocation, spectral efficiency.

I. INTRODUCTION
The next generation of mobile communication systems are
expected to meet unprecedented high requirements for the
‘‘quality’’, ‘‘quantity"’’ and ‘‘diversity’’ of information trans-
mission [1]–[3]. It requires more flexible new radio (NR),
which can directly allocate resources in the two-dimensional
(2D) space of time-frequency domain for obtaining flex-
ible allocation and dynamic sharing of different types of
time-frequency resources [4]–[7]. Prolate spheroidal wave
functions (PSWFs), defined by Slepian and Pollak from the
Bell Labs in1961 [8], which has many beneficial charac-
teristics such as complete orthogonality, parity symmetry
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in waveform, high energy concentration in both time domain
and frequency domain, flexibility and controllability in
parameter setting (time-bandwidth product and spectrum),
etc. Due to their beneficial characteristics, PSWFs can be
directly designed in the 2D space of time-frequency domain,
which can be viewed as a promising candidate for designing
the signal waveform in the next-generation mobile commu-
nication systems [9], [10].

In recent decades, a variety of time domain multi-carrier
modulation schemes based on PSWFs (MCM-PSWFs-TD)
have been proposed, such as orthogonal PSWFs mod-
ulation method [11], pulse shape modulation based on
PSWFs [12], [13], orthogonal carrier modulation based
on PSWFs [14], orthogonal PSWFs modulation based on
ternary coding [15], multidimensional constellation PSWFs
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modulation [16], multidimensional coded modulation with
PSWFs [17], non-orthogonal pulse shape modulation
with PSWFs (NPSM-PSWFs)[18] and power domain NPSM-
PSWFs [19], etc. The core idea of these modulation schemes
is directly designing the PSWFs signal in the 2D space of
time-frequency domain. By dividing the spectrum into mul-
tiple overlapping sub-bands, the PSWFs signals, which are
orthogonal in the time domain while aliasing or overlapping
in the frequency domain, are adopted for multiple paralleli-
sm transmission. Moreover, the MCM-PSWFs-TD scheme
can concisely and flexibly design signal waveforms with
high energy concentration (EC) and spectral efficiency (SE).
Compared to the orthogonal frequency division multiplex-
ing (OFDM) scheme, the SE of the MCM-PSWFs-TD
scheme can approach 2Baud/Hz faster [19]. However, since
the PSWFs have no closed-form/analytical expression, they
are generated by numerical solutions in practical applications.
In this case, the time-domain sampling rate of the numerical
solution has to outclass the Nyquist sampling rate [20]. On the
other hand, the MCM-PSWFs-TD scheme processes signal
in the time domain, while all the signal sampling points are
required for operating. Thus, the MCM-PSWFs-TD scheme
is of a high complexity, which in turn, severely increases
the signal processing delay and reduces the overall trans-
mission efficiency of the communication system.Meanwhile,
the IFFT/FFT signal processing modules, which are widely
utilized in LTE and 5G, cannot be directly adopted in the
MCM-PSWFs-TD schemes. Hence, in this paper, we aim for
designing an alternative solution of waveform design in some
5G scenarios by proposing a novel MCM-PSWFs scheme.
Additionally, our previous work [21] separately processes
odd symmetric and even symmetric waveforms of PSWFs
based on their parity symmetry in the time domain, which
is capable of effectively reducing the complexity of the
generation and detection of signals. Meanwhile, this also
provides a novel solution for reducing the complexity of
MCM-PSWFs system.

In an effort to tackle the aforementioned bottleneck prob-
lem of the MCM-PSWFs-TD scheme, we proposed a novel
frequency domain multi-carrier modulation based on PSWFs
(MCM-PSWFs-FD) with the aid of IFFT/FFTmethod, which
switches the signal processing from the time domain to the
frequency domain. More specifically, in the first step, the
discrete representation of PSWFs signals in the frequency
domain, as well as the relationship between discrete repre-
sentation and exponential function of the MCM-PSWFs-TD
signal are systematically analyzed based on the complete
orthogonality and parity symmetry of PSWFs signal in the
frequency domain [22] for reducing the number of sig-
nal sampling points participated in the signal operation.
In the second step, in order to effectively reduce the number
of sampling points required for effective representing the
PSWFs signals, the PSWFs signals in frequency domain
are discretely expressed by extracting the imaginary part of
the frequency domain signal to represent the time domain
odd symmetric signal while the real part represents the time

domain even symmetric signal. In the third step, the odd sym-
metric and even symmetric signals are individually processed
according to the parity symmetry of PSWFs signals in the
frequency domain. Based onwhich, the signal waveformwith
half spectrum range is invoked in the process of informa-
tion loading and frequency domain signal detection. Theo-
retical analysis and numerical results demonstrate that the
proposed MCM-PSWFs-FD scheme can significantly reduce
the number of signal sampling points involved in the sig-
nal processing compared to the MCM-PSWFs-TD scheme.
Additionally, the MCM-PSWFs-FD scheme outperforms the
existing MCM-PSWFs-TD schemes in terms of complexity
without severely degrading the system performance, such as
SE, EC of the modulation signal, signal peak-to-average
power ratio (PAPR), bit error rate (BER) performance.

Since the proposed MCM-PSWFs-FD scheme adopts
the same IFFT/FFT method with some 5G/B5G candi-
date modulation schemes, such as the cyclic-prefix OFDM
(CP-OFDM), OFDM with weighted overlap and add
(WOLA-OFDM) [23], filtered OFDM (F-OFDM) [24], uni-
versal filtered multi-carrier (UFMC) [25], [26] and the filter
bank multi-carrier with offset quadrature amplitude modu-
lation (FBMC-OQAM) [27], [28], the system performance
of the proposed MCM-PSWFs-FD scheme is compared to
the aforementioned candidate modulation schemes. Finally,
the advantages of the proposed MCM-PSWFs-FD scheme
compared to the benchmarks are as follows:

1) Compared to the CP-OFDM,WOLA-OFDM, F-OFDM,
and UFMC schemes, the signal waveform design of the
MCM-PSWFs-FD scheme is more concise and flexible, with
higher EC and SE, lower adjacent frequency band interfer-
ence and PAPR;

2) Compared to the FBMC-OQAM scheme, which
is highly desired both in academia and industry, the
MCM-PSWFs-FD scheme is capable of attaining lower
PAPR while obtaining higher SE in the scenario that the
number of symbol periods is small. It is worth noting that the
FBMC-OQAM scheme outperforms the MCM-PSWFs-FD
scheme in term of the PSD properties and adjacent frequency
band interference, while strike a higher SE in the condition
that the number of transmission symbol period is large.

The remaining sections are organized as follows. The
relationship between discrete representation and exponen-
tial function representation of MCM-PSWFs-TD signals,
the discrete representation of the PSWF signals in fre-
quency domain, and the system models of the proposed
MCM-PSWFs-FD scheme are presented in Section II. After-
ward, Sections III provides the comparison and analysis
between the proposed MCM-PSWFs-FD scheme and the
aforementioned MCM schemes adopt the IFFT/FFT method
in terms of power spectral density (PSD), SE, BER, PAPR,
and computational complexity. Then, numerical results about
the PSD, PAPR, BER performance, and adjacent frequency
band interference of the proposed MCM-PSWFs-FD scheme
are presented and discussed in Section IV. Finally, Section V
concludes the paper.
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II. FREQUENCY DOMAIN MULTI-CARRIER
MODULATION BASED ON PSWFs
As non-periodic and frequency continuous signals, it is non-
trivial to represent the PSWFs by explicating their expres-
sions in the time domain and frequency domain since the
PSWFs have no closed-form/analytical expression. In the
MCM-PSWFs-TD scheme, the PSWFs signals are denoted
by discrete-time representation. It is an open question
whether the modulated PSWFs signals can be discretely rep-
resented in the frequency domain and the signal process-
ing can be performed in the frequency domain for reducing
the system complexity. Therefore, in this section, we first
analyze the discrete-frequency representation of PSWFs sig-
nal, as well as the relationship between the discrete-time
representation and exponential function representation of
the MCM-PSWFs-TD signal. Secondly, we propose the
MCM-PSWFs-FD scheme, which extends the signal pro-
cessing from the time domain to the frequency domain for
reducing the system complexity.

A. THE DISCRETE REPRESENTATION
OF MODULATION SIGNAL
Let us denote the symbol period by T (s), the total number of
symbol periods byQ. There are L sub-bandswith a bandwidth
of Bl, l ∈ [1,L] in spectrum range [f0 − B/2, f0 + B/2](Hz)
while the overlapping degree in frequency domain between
adjacent sub-bands is 0. Thus, the time-bandwidth product for
the PSWFs signals in the l-th sub-band can be expressed as
cl = BlT (Hz · s). In the symbol period q ∈ [1,Q], the equiv-
alent low-pass signal of the MCM-PSWFs-TD scheme with
pulse amplitudemodulation (PAM) constellation [11]–[19] in
spectrum range [−B/2,B/2](Hz) can be uniformly expressed
as

sq(t) =
L∑
l=1

cl−kl−1∑
i=0

xq,l,iϕq,l,i(cl, t)ej2π (γl−B/2)t , (1)

where γ1 − B/2 = B1/2 − B/2, γl,l>1 − B/2 =∑l−1
k=1(Bk + Bk+1/2) − B/2 represents the center frequency

of the l-th sub-bands, ϕq,l,i(cl, t) denotes the PSWFs sig-
nal, whose time-frequency product is cl , the spectrum
range is [−Bl/2,Bl/2](Hz) and the transmitted symbol is
xq,l,i=xq,l,i,I + ixq,l,i,Q.
In order to guarantee the energy concentration of the

modulation signal, in the MCM-PSWFs-TD scheme, the
former cl − kl, kl ≥ kl,min, l ∈ [1,L] order PSWFs sig-
nals are selected for information transmission. The value
kl,min has to obey kl,min ≈

⌈
ln
(
1/λl,i − 1

)
log(2
√
πcl)/π2

⌉
,

where λl,i represents the energy concentration ratio of the
i ∈ [0, cl − 1] order PSWFs signal [29]. In the practical appli-
cations, in order to guarantee that the modulation signal has
low out-of-band (OOB) energy leakage for reducing the adja-
cent frequency band interference, the energy concentration
ratio λl,i has to satisfy that λl,i ≥ 99.9% (30dB).

Denote the sampling rate in the time domain as fs =
1/1t > B, the discrete-time PSWFs signals can be given

by ϕ′q,l,i(cl, th) = ϕq,l,i(cl, th)ej2π (γl−B/2)th ∈ CNT×1, th =
h1t, h = 0, 1, · · ·,NT − 1,NT = QT fs > QTB.
According to (1), the modulation signal generation matrix
G ∈ CNT×Q(

∑
L cl−kl) and transmission symbol x ∈

CQ(
∑

L cl−kl)×1 of Q symbol periods and L sub-bands are
formulated as

G = [ϕ′1,0,0 · · · ϕ
′
1,0,c0−k0−1ϕ

′
1,1,0 · · · ϕ

′
Q,L,cL−kL−1],

x = [x1,0,0 · · · x1,0,c0−k0−1x1,1,0 · · · xQ,L,cL−kL−1]. (2)

The corresponding discrete-time representation of the sig-
nal s ∈ CNT×1 can be expressed as s = Gx.

1) DISCRETE-FREQUENCY REPRESENTATION
OF PSWFs SIGNALS
According to the definition of Fourier series, the PSWFs
signal ϕq,l,i(cl, t) can be expressed as

ϕq,l,i(cl, t) = aq,l,i,0/2+
∞∑
n=1

(
aq,l,i,n cos(n�t)
+bq,l,i,n sin(n�t)

)
, (3)

where aq,l,i,0/2 =
∫
T ϕq,l,i(t)dt/T represents the direct

component, � denotes the fundamental frequency, while
aq,l,i,n, bq,l,i,n indicate the component coefficient which can
be expressed as

aq,l,i,n =
2
T

∫
T
ϕq,l,i(cl, t) cos(n�t)dt,

bq,l,i,n =
2
T

∫
T
ϕq,l,i(cl, t) sin(n�t)dt. (4)

It has been proved that the PSWFs are with the beneficial
characteristics of acting as the optimal band-limit function
set. The energy of PSWFs signals is uttermost concentrated
in the spectral range of [−Bl/2,Bl/2](Hz) [8], [10]. Thus,
the number of fundamental frequency in the equation (3) is
NF = 2πBl/�+ 1 = BlT + 1 = cl + 1.

Additionally, since the complete orthogonality of the
PSWFs signal is also proved in the frequency domain while
its spatial dimension in frequency domain is cl [22], no loss
of information will be generated by representing PSWFs
signals with cl + 1 fundamental components. Therefore,
the PSWFs signals can be effectively represented in the fre-
quency domain by cl+1 discrete frequencies with a frequency
interval of F = 1/T (Hz). Correspondingly, the required
sampling points for representing a baseband PSWFs signal
with Q symbol periods and L sub-bands can be calculated as
NF = Q(TB+ 1) < NT .

2) EXPONENTIAL FUNCTION REPRESENTATION OF THE
MODULATION SIGNAL
According to (2) - (4), the modulation signal in the q-th
symbol period can be expressed as

sq(t) =
L∑
l=1

cl−kl−1∑
i=0

cl/2∑
v=−cl/2

al,v,iej2π (γl−B/2+v/T )txq,l,i, (5)
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where al,v,i represents the coefficient of ϕq,l,i(cl, t) at
frequency v/T . Furthermore, with the sampling rate fs =
NFFT /T=NT /T ≥

∑
L Bl , we deduce that the exponential

summation corresponds to an NFFT point inverse discrete
Fourier transform (DFT). Thus, the sampled version of (5),
sq ∈ CNFFT×1, can be expressed as (6), shown at the bottom
of this page.

According to (3) - (6), the modulation signal is capable
of being generated in the frequency domain. Additionally,
the time domain waveform can be obtained by an inverse
DFT.

Overall, the modulation signal of the MCM-PSWFs-TD
scheme is capable of being processed in the frequency domain
while the IFFT/FFT method can be adopted for obtaining the
time domain (or frequency domain) signal waveform of the
modulation signal. Additionally, in contrast to the signal pro-
cessing in the time domain, signal processing in the frequency
domain can effectively reduce the number of signal sampling
points involved in the signal operation, which can shed light
on the possibility of reducing signal processing complexity.

B. THE PROPOSED MCM-PSWFs-FD SCHEME
With the advantage that the discrete-frequency representation
of the PSWFs signals requires fewer sampling points than
the conventional methods, fully reap the parity symmetry
of the PSWFs signals in the frequency domain for reducing
the number of signal sampling points involved in the signal
operation is a significant breakthrough for further reducing
the system complexity.

Firstly, we can observe from the parity symmetry property
of the PSWFs signal waveform that, the signal waveforms
of the entire spectrum range can be obtained if only the
signal waveforms of the half spectrum range are known in the

frequency domain. If a modulation signal of the half spectrum
range is generated first, then the modulation signal of the
entire spectrum range can be generated by leveraging the
symmetric extension. In this case, only signal waveforms of
the half spectrum range are involved in the signal operation,
which indicates that the number of signal sampling points
involved in the signal operation is reduced.

Secondly, according to the definition of Fourier trans-
form (FT), it reveals the relationship between the FT of
the odd symmetric PSWFs signal ϕO(t) and the even sym-
metric PSWFs signal ϕE (t) as (7), shown at the bottom of
this page.

According to (7), the real part of the PSWFs signal of odd
symmetric after FT is 0 while the imaginary part performs
as odd symmetry. In contrast, the real part of the PSWFs
signal of even symmetric after FT performs as even symme-
try while the imaginary part is 0. Additionally, the PSWFs
signal has to satisfy < Re [ψE (jw)] , Im [ψO(jw)] >= 0.
This phenomenon indicates that the waveforms of PSWFs are
also with orthogonality and parity symmetry in the frequency
domain (consistent with the conclusion of [22]). A complete
set of orthogonal bases constructed by PSWFs signals can be
obtained and processed as a real form in the frequency domain
by extracting the imaginary part (real part) of the signal after
FT of the time domain odd symmetric (even symmetric)
signal, i.e., ψ ′O(jw) = Im {ψO(jw)} , ψ ′E (jw) = Re {ψE (jw)}.
Furthermore, it can be observed from the signal multi-

plication property that, when multiplying PSWFs signals
with the same parity symmetry in the frequency domain,
the multiplied signal has the same shape and the same sym-
bol on both sides of the signal center frequency. Therefore,
the cross-correlation values of PSWFs signal with the same
parity symmetry in the frequency domain satisfy the relation-
ship as (8), shown at the bottom of this page.

sq = WH
NFFT


· · · 0

Band 1︷ ︸︸ ︷
a1,−c1/2,0xq,0,0

+

a1,−c1/2,1xq,0,1
+

...

a1,−c1/2c1−k1−1xq,0,c1−k1−1

· · · · · ·

Band L︷ ︸︸ ︷
· · ·

aL,cL/2,0xq,L,0
+

aL,cL/2,1xq,L,1
+

...

aL,cL/2,cL−kL−1xq,L,cL−kL−1

0 · · ·


︸ ︷︷ ︸

IFFT

. (6)

ψO(jw) =
∫
∞

−∞

ϕO(t)e−jwtdt = i
∫
∞

−∞

ϕO(t) sin(wt)dt = −ψO(−jw),

ψE (jw) =
∫
∞

−∞

ϕE (t)e−jwtdt =
∫
∞

−∞

ϕE (t)cos(wt)dt = ψE (−jw). (7)

γl,m,k =


∫ Bl/2

−Bl/2
ψ ′l,O,m(cl, jw)ψ

′
l,O,k (cl, jw)dw = 2

∫ Bl/2

0
ψ ′l,O,m(cl, jw)ψ

′
l,O,k (cl, jw)dw,∫ Bl/2

−Bl/2
ψ ′l,E ,m(cl, jw)ψ

′
l,E,k (cl, jw)dw = 2

∫ Bl/2

0
ψ ′l,E ,m(cl, jw)ψ

′
l,E,k (cl, jw)dw.

(8)
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FIGURE 1. Block diagram of the MCM-PSWFs-FD with (a) block diagram of transmitter (b) block
diagram of receiver.

The cross-correlation values of the PSWFs signals with
the same parity symmetry in the bandwidth of [−Bl/2,Bl/2]
are twice that in the bandwidth of [0,Bl/2] according to (8).
Ifψ ′O,m(c, jw),ψ

′
O,k (c, jw),m 6= k is orthogonal to each other

in the bandwidth of [−Bl/2,Bl/2], these signals are also
mutually orthogonal in the bandwidth of [0,Bl/2]. In other
words, the signals with the same parity symmetry have the
same orthogonality over the half spectrum range and the
entire spectrum range.

Therefore, the core idea of the MCM-PSWFs-FD scheme
is that the PSWFs signals are partitioned into two groups (odd
symmetric and even symmetric) according to the parity sym-
metry of the waveforms of PSWFs in the frequency domain.
Signal waveforms of the half spectrum range are invoked
in the process of information loading and signal detection
in frequency domain. Fig. 1 illustrates the architecture of
the proposed MCM-PSWFs-FD scheme, in which the half
spectrum range modulation signals of odd symmetric and
even symmetric are firstly produced for different sub-bands at
the transmitting terminal. Then the time-domain modulation
signal waveforms of the entire spectrum range are generated
by invoking the symmetric extension, superposition, IFFT,
etc. At the receiving terminal, the odd symmetric and even
symmetric modulation signals of different sub-bands are sep-
arated by leveraging the FFT, signal folding, symmetric value
superposition averaging, etc. Thus, these signals are detected
in the frequency domain by utilizing the signal waveforms of
the half spectrum range.

1) AT THE TRANSMITTING TERMINAL
The MCM-PSWFs-FD modulation signals are generated
according to Fig. 1(a). More particularly:
Step 1: The modulation symbols xq,l,i, i ∈ [0, cl −

kl − 1], l ∈ [1,L] are partitioned into two groups xq,l,i,E ,

i ∈ [1,ml,E ], xq,l,i,O, i ∈ [1,ml,O] according to the number
ml,O,ml,E of the odd symmetric and even-symmetric PSWFs
signals.
Step 2: Generate the modulation signal of the half spec-

trum range Sq,l,OH (jwk ), Sq,l,EH (jwk ),wk = −bBlT/2c +
k/T , k = 0, 1, · · ·, bBlT/2c, which can be calculated as
follows

Sq,l,OH (jwk ) =
ml,O∑
i=1

ψ ′l,i,OH (cl, jwk )xq,l,i,O,

Sq,l,EH (jwk ) =
ml,E∑
i=1

ψ ′l,i,EH (cl, jwk )xq,l,i,E , (9)

where ψ ′l,i,OH (cl, jwk ), ψ
′
l,i,EH (cl, jwk ) represent the odd

symmetric and even symmetric discrete-frequency represen-
tation of the PSWFs signals, respectively.
Step 3: Generate the modulation signal of the entire

spectrum range Sq,l,O(jwk ), Sq,l,E (jwk ), k = 0, 1, · · ·,
bBlT c by invoking the symmetric extension. Obtain
the l-th sub-band discrete-frequency modulation signal
Sq,l(jwk ) = Sq,l,O(jwk ) + Sq,l,E (jwk ) by linearly superim-
posing Sq,l,O(jwk ) and Sq,l,E (jwk ).
Step 4: Obtain the discrete-frequency signal Sq(jwk ) of the

MCM-PSWFs-FD scheme by sorting the modulation signal
Sq,l(jwk ), l ∈ [1,L] according to the order of sub-band
1→ L. Generate the time-domainwaveform sq(th) of Sq(jwk )
through IFFT processing while satisfying th = (q − 1)T +
h1t, h = 0, 1, · · ·,NT − 1,NT = NFFT > NF .

2) AT THE RECEIVING TERMINAL
The demodulation and detection process of the MCM-
PSWFs-FD scheme is demonstrated in Fig. 1 (b). More
particularly:
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Step 1: Obtain the discrete-frequency signal Rq(jwk ),
l ∈ [1,L] by leveraging the FFT process. Separate the signals
Rq,l(jwk ) of different sub-band according to their order.
Step 2: Obtain the signal R′q,l(jwk ),wk = −bBlT/2c +

k/T , k = 0, 1, · · ·, bBlT/2c , l ∈ [1,L] by folding
signal Rq,l(jwk ) about the center frequency of the l-th sub-
band. Extract the odd symmetric and even symmetric sig-
nals Rq,l,OH (jwk ),Rq,l,EH (jwk ) by performing subtraction
and summation operations on Rq,l(jwk ),R′q,l(jwk ), respec-
tively. The odd symmetric and even symmetric signals can
be calculated as follows

Rq,l,OH (jwk ) = Rq,l(jwk )− R′q,l(jwk ),

Rq,l,EH (jwk ) = Rq,l(jwk )+ R′q,l(jwk ). (10)

Step 3: Calculate the detection statistics of the different
order PSWFs signals according to the following equations

Eq,l,i,O,i∈[1,ml,O] =
bBlT/2c∑
k=0

Rq,l,OH (jwk )ψ ′l,i,OH (cl, jwk ),

Eq,l,i,E,i∈[1,ml,E ] =
bBlT/2c∑
k=0

Rq,l,EH (jwk )ψ ′l,i,EH (cl, jwk ). (11)

Step 4: Judge the statistical detection volume Eq,l,i,O, i ∈
[1,ml,E ],Eq,l,i,E , i ∈ [1,ml,O] and complete the signal
detection of the PSWFs signals according to the decision
rules.

C. BRIEF SUMMARY
1) COMPUTATIONAL COMPLEXITY
We leverage the complex multiplications (CMs) as the
measurement criteria for analyzing the complexity of the
MCM-PSWFs-FD scheme. Without loss of generality, it is
assumed that Q = 1,L = 1, and the spectrum range and
time-bandwidth product of PSWFs signal are [0,B/2](Hz),
c = BT (Hz · s), respectively. According to (2), (5) and (6),
the time domain sampling points of the PSWFs signals
are NT = VTB = Vc,V > 1, while the frequency
domain sampling points are NF = c + 1, c > 2. Then,
according to the basic principle of the MCM-PSWFs-TD
scheme, the number of CMs for information loading and sig-
nal detection is CMCM - PSWFs - TD = 2Vc(c− k), k ≥ kmin.
On the other hand, according to the basic principle of the
MCM-PSWFs-FD scheme, its CMs mainly derives from
information loading, detection and IFFT/FFT processing.
The specific number of CMs in the MCM-PSWFs-FD is
calculated as CMCM - PSWFs - FD = (c + 1)(c − k) + CIFFT +

CFFT,CIFFT = CFFT = [(c + 1)log2(c + 1)]/2. In order to
intuitively illustrate the advantages of the proposed method
in terms of the complexity, here we denote that

η =
CMCM - PSWFs - TD − CMCM - PSWFs - FD

CMCM - PSWFs - TD
× 100%. (12)

It reveals in (12) that, compared to the MCM-PSWFs-TD
scheme, theMCM-PSWFs-FD scheme can effectively reduce
the computational complexity. It is also shown in (12) that,

the decreased degree of the computational complexity con-
stantly increases with the rising of c. Especially, when c large
enough, the MCM-PSWFs-FD scheme is can greatly reduce
the system complexity. Additionally, there are 12 subcarriers
for each resource block in the LTE systems, which indicates
that c > 12. To be more precise, when V = 1, c = 12
and k = 3, the value η = 23.6%, which means that the
system complexity is reduced by 23.6%; when c = 96 and
k = 2, the value η = 45.9%, which means that the system
complexity is reduced by 45.9%.

2) SPECTRAL EFFICIENCY
It is demonstrated in (2), (3) and (5) that the MCM-
PSWFs-FD signal is the mapping of the MCM-PSWFs-
TD signal within the design bandwidth. Both two kind
of signals have the same time width, bandwidth, and the
number of PSWFs signals. Therefore, the MCM-PSWFs-FD
scheme can also directly design signals in the 2D space
of time-frequency domain while obtain the same SE with
the MCM-PSWFs-TD scheme. Assume that the number of
PSWFs signals is BT − k, k > kmin and PAM is M-ary,
the SE of the MCM-PSWFs-FD scheme can be expressed as

SE =
2
[
(BT − k)log2M

]
BT

(bit/s/Hz). (13)

As it is revealed in (13), the SE of the MCM-PSWFs-
FD scheme is related to the time-bandwidth product BT and
the value of k . As time-bandwidth product BT increases and
value k decreases, the SE increases continuously.

3) ENERGY CONCENTRATION, PAPR AND
BER PERFORMANCE
The energy concentration of the MCM-PSWFs-FD sig-
nals with IFFT/FFT is slightly lower than that of the
MCM-PSWFs-TD signals. However, in the condition that the
EC ratio of modulation signal is larger than 99.9%, the EC
ratio gap between the MCM-PSWFs-FD scheme and the
MCM-PSWFs-TD scheme in the design bandwidth is less
than 10−3, which is negligible. Under the AWGN channel
conditions, when c = 36Hz · s,B = 0.54MHz, k = 3 (the
choice of parameter k is shown in Fig. 3(a)), the PSD, comple-
mentary cumulative distribution function (CCDF) and BER
performance of the MCM-PSWFs-FD scheme are illustrated
in Fig. 2. Simulation results are provided to demonstrate that
the MCM-PSWFs-FD scheme and the MCM-PSWFs-TD
scheme have the same PAPR and BER performance, and the
EC ratio gap between modulation signals is 10−4 magnitude
order, which is negligible.

According to the above analysis, compared to the
MCM-PSWFs-TD scheme, the MCM-PSWFs-FD scheme
can reduce the computational complexity from O(2Vc2) to
O(c2 + clog2c) without severely degrading the system perfor-
mance, such as SE, signal EC, PAPR and BER performance.
Additionally, since the MCM-PSWFs-FD scheme leverages
the IFFT/FFTmethod, it can be applied to the communication
systems such as Wi-Fi, LTE and 5G [30], [31].
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FIGURE 2. The PSD, CCDF and BER performance of MCM-PSWFs-FD and
MCM-PSWFs-TD scheme with (a) PSD of modulation signal (b) CCDF of
modulation signal (c) BER performance under AWGN channel.

III. PERFORMANCE COMPARISON BETWEEN
MCM-PSWFs-FD AND THE OTHER MCM SCHEMES
The MCM-PSWFs-TD scheme realize the signal pro-
cessing in the time domain. Thus, it is non-trivial to
analyze and compare its performance to the benchmarks
such as CP-OFDM, WOLA-OFDM, F-OFDM, UFMC, and
FBMC-OQAM under the same signal processing frame-
work. However, both the MCM-PSWFs-FD scheme and the
aforementioned MCM schemes adopt the IFFT/FFT method.
Therefore, it is essential to compare the performance of differ-
ent schemes. In this section, we provide the comparison and
analysis between the proposed MCM-PSWFs-FD scheme

and the aforementioned MCM schemes in terms of PSD, SE,
BER, PAPR, and computational complexity.

A. PSD OF MODULATION SIGNAL
According to (2) and (6), the PSD of the MCM-PSWFs-FD
scheme, denoting as PSD ∈ RNFFT×1, can be calculated as
follow

[PSD]k =
∑Q

q=1

∣∣∣[WNFFTGU
√
3]q,k

∣∣∣2, (14)

where WNFFT represents the DFT matrix of size NFFT,
and U,3 denotes the eigenvectors and eigenvalue matri-
ces of cross-correlation matrix Rx = E{xxH} = U3UH,
respectively.

FIGURE 3. The value kmin and PSD of modulation signal with (a) kmin for
different time-frequency product (b) PSD of different modulation signals.

In the condition that the value of time-bandwidth prod-
uct varies, Fig. 3(a) characterizes the values of numerical
kmin vs the EC ratio of the MCM-PSWFs-FD signal. Partic-
ularly, Fig. 3(a) shows that the EC ratio of modulation signal
increases continuously as the number of the PSWFs sig-
nals decreases. More particularly, when the measured value
kmin is 1, 2, 4, the EC ratio of modulation signal is 99%,
99.9% and 99.99%, respectively, under the condition that
c = 48Hz · s. However, a certain gap appears between the
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theoretical value and themeasured value of kmin. For instance,
when c = 48Hz · s, λ = 99.9%, the theoretical value of kmin
is 1 while the measured value is 3. The reason is that the
PSWFs signals has no closed-form/analytical expression, its
numerical solution is affected by solution method selection,
computer truncation and rounding error. Thus, the numerical
solution has a certain degree of distortion compared to the
theoretical value. And this is one of the reasons why we
conducted numerical analysis in Section IV.

When the bandwidth is 0.54 MHz while the subcarrier
spacing is F = 15 kHz, we have c = 36Hz · s, k = 3.
In order to guarantee the orthogonality (the signal-noise-
interference-ratio is more than 65dB) between subcarriers of
theWOLA-OFDM, F-OFDMandUFMC scheme, the param-
eter is settled as FTWOLA = FTF−OFDM = FTUFMC =
1.09 [32], where we have FTWOLA = F(1/F + TCP +
TW ),FTF−OFDM = F(1/F + TCP + TF ),FTUFMC =

F(1/F + TCP + TU ), and TCP represents the CP length,
TW denotes the window function length of WOLA-OFDM,
TF ,TU are the filter length of F-OFDM and UFMC, respec-
tively. Fig. 3(b) illustrates the PSD of different MCM
schemes. We can observe from Fig. 3(b) that the EC
ratio of the MCM-PSWFs-FD signal is 99.98%, which is
higher than CP-OFDM (98.89%), WOLA-OFDM (98.89%),
F-OFDM (99.47%), UFMC (99.57%), and lower than the
FBMC-OQAM signal (99.99%).

According to the above analysis, the MCM-PSWFs-FD
scheme can guarantee that the modulation signal has a higher
EC ratio than the benchmarks by controlling the number
of PSWFs signals invoked for information transmission.
Additionally, the EC ratio of the MCM-PSWFs-FD signals
increases continuously as the number of PSWFs signals
descends.

B. SPECTRAL EFFICIENCY
Assume that the number of available resource blocks is L,
and the number of available carriers in each resource block
is NRB. According to the basic principles of QAM and
PAMmodulation, the QAM constellation can be decomposed
into two mutually orthogonal PAM constellations, thus, the
MCM-PSWFs-FD scheme can adopt QAM constellation.
Therefore, in the condition that the number of symbol periods
is Q and the modulation symbol (QAM) is M-ary, the SE of
different modulation methods can be uniformly expressed as

η =
QN ′clog2M

(QT + TG + TT )((LNRB + 1)F + FG)
, (15)

where T represents the time width of the modulation signal,
F denotes the subcarrier spacing, TG indicates the required
guard time, FG qualifies the required guard band, TT = (K −
1/2)T is the ramp down time of the FBMC-OQAM scheme,
K denotes the overlapping factor. Furthermore, N ′c represents
the number of signals invoked for information transmission.
For the CP-OFDM, WOLA-OFDM, F-OFDM, UFMC, and
FBMC-OQAM scheme, the number of signals satisfies N ′c =
Nc = LNRB; for the MCM-PSWFs-FD scheme, the number

of signals satisfies N ′c = Nc−k, k > kmin. According to (15),
the SE of the MCM-PSWFs-FD scheme is independent from
the number of transmission symbol periods while it increases
as N ′c augments.

FIGURE 4. The Spectral efficiency of different modulation scheme with
(a) when subcarrier spacing F = 15 kHz (b) when subcarrier spacing
F = 120 kHz.

Fig. 4 characterizes the SE of the system over differ-
ent number of subcarrier. The CP-OFDM, WOLA-OFDM,
F-OFDM, UFMC, and FBMC-OQAM scheme are also
demonstrated as benchmarks. We can observe from Fig. 4
that the MCM-PSWFs-FD scheme outperforms the bench-
marks in terms of the SE under the condition that
99.9% of the transmitted energy is within the bandwidth
(Nc + 1)F + FG. To be more precise, when M = 4,
Nc = 96, the SE of the MCM-PSWFs-FD scheme is
1.94 bit/s/Hz, while that is 0.84 bit/s/Hz for the CP-OFDM
scheme, 1.75 bit/s/Hz for the WOLA-OFDM scheme, and
1.78 bit/s/Hz for the F-OFDM and UFMC scheme. Mean-
while, the SE of the MCM-PSWFs-FD scheme is larger
than that of the FBMC-OQAM scheme when the num-
ber of transmission symbol periods Q is small. However,
the SE of the FBMC-OQAM scheme will surpass that of the
MCM-PSWFs-FD scheme when Q→∞.
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According to the above analysis, it is shown that the
MCM-PSWFs-FD scheme has a better SE performance
than the CP-OFDM, WOLA-OFDM, F-OFDM, and UFMC
scheme. Additionally, compared to the FBMC-OQAM
scheme, the MCM-PSWFs-FD scheme outperforms the
FBMC-OQAM scheme when the number of transmis-
sion symbol periods is small, which indicates that the
MCM-PSWFs-FD scheme is more suitable for short-packet
communication such as internet of tings (IoT), etc. in terms
of SE of the system. It is worth noting that the FBMC-OQAM
scheme can strike higher SE than the MCM-PSWFs-FD
scheme in the condition that the number of transmission
symbol period is large.

C. BER PERFORMANCE
According to (6), at the receiving terminal, the detection
statistics y ∈ CQ(

∑
L cl−kl)×1 of the MCM-PSWFs-FD

scheme can be expressed as

y = GHWNFFT r = GHHGx+ n, (16)

where NFFT = NF ,H ∈ CNF×NF represents the
time-variant convolution matrix of the doubly-selective chan-
nel, r ∈ CNF×1 denotes the sampled received signal and
n ∼ N (0,PnGHG) represents the Gaussian distributed noise,
withPn is the white Gaussian noise power in the time domain.
Since the wireless channels are highly underspread, the chan-
nel induced interference can be neglected compared to the
noise interference, which indicates that the off-diagonal ele-
ments of GHHGx can be neglected [32], [33]. Meanwhile,
since the PSWFs signals are orthogonal between each other,
i.e., GHG = IQ(∑L cl−kl )×1 , thus, (16) can be simplified as

y ≈ diag[H]x+ n. (17)

Since the MCM-PSWFs-FD scheme adopt QAM con-
stellation, thus, the minimum Euclidean distance of the
MCM-PSWFs-FD scheme is the same as the QAM scheme.
Therefore, the BER performance of the MCM-PSWFs-FD
scheme is the same as the MCM schemes, such as
the CP-OFDM, WOLA-OFDM, F-OFDM, UFMC, and
FBMC-OQAM scheme, which adopt the QAM scheme.

Correspondingly, in the condition of AWGN channel,H =
INF×NF , the BER of the MCM-PSWFs-FD scheme can be
expressed as [34]

Pb =
2/
√
M

log2
√
M

log2
√
M∑

k=1

[
(1−2−k )

√
M−1

]∑
i=0

×


(−1)

⌊
i2k−1
√
M

⌋ (
2k−1 −

⌊
i2k−1
√
M
+

1
2

⌋)
×Q

(√
3log2M
2(M−1)

Eb
N0

)
 . (18)

In the condition of doubly selective channel, n/diag[H]
still obeys the Gaussian distribution. When the channel
state information (CSI) is perfectly known, the BER of the

MCM-PSWFs-FD scheme is given by [33]

Pb =
1
L

L∑
l=1

1
log2M

log2M∑
p=1

1
M
·

M∑
j=1

∑
av∈ξ

p
j

Pr{x̂q,l,i = av|xq,l,i = aj}, (19)

where ξpj represents all those elements of M-ary modulation
symbol for which the bit-value at bit position p ∈ N is differ-
ent from the corresponding bit-value of aj, and Pr{·}denotes
the probability expression which can be straightforwardly
calculated by the cumulative distribution function.

D. PEAK-TO-AVERAGE POWER RATIO
The definition of PAPR for the MCM-PSWFs-FD signal can
be expressed as

PAPR = max |sq(th)|2/E
[
|sq(th)|2

]
. (20)

Meanwhile, according to (5), the variance of the h-th
MCM-PSWFs-FD signal sampling point sq[h] = sq(th) can
be calculated as

E
{
sq[h]s∗q[h]

}
=

T
1t

E

 BT/2∑
p=−BT/2

∣∣∣∣∣∣
L∑
l=1

cl−kl−1∑
i=0

al,p,ixq,l,i

∣∣∣∣∣∣
2


=
T
1t

E

 −BT/2∑
p=−BT/2

∣∣ap∣∣2
 , (21)

where ap represents the coefficient of sq[h] at frequency p/T .
The corresponding CCDF of the MCM-PSWFs-FD signal
can be expressed as

CCDFPAPR(ξ )=Pr(PAPR > ξ )=1−
γL∏
i=1

(1− e−αmξ
2
), (22)

where αm = σ 2
x /E

{
sq[h]s∗q[h]

}
, σ 2

x represents the variance
of the modulation symbol xq,l,i.

We can observe from (21) and (22) that, in the condition
that the power of modulation signal is constant, the PAPR
is closely related to the coefficient |ap|. Denote the aver-
age power of the MCM-PSWFs-FD signal as P. Since the
CP-OFDM, WOLA-OFDM, F-OFDM and UFMC scheme
invoke CP, window function or filter function, different sym-
bol period signals of the FBMC-OQAM scheme overlaps in
the time domain, the average power in single symbol period of
the aforementionedMCM schemes is (1+β)P, β > 0, which
is larger than that of theMCM-PSWFs-FD scheme. It is worth
noting that the value β of different MCM schemes varies,
which has to be calculated according to specific parameters.

Therefore, when the available resource in the frequency
domain is LNRB, the value |ap| of different modula-
tion schemes has to obey the following relationship
|aMCM - PSWFs - FD
p | = P/LNRB < |aOthersp | = (1+β)P/LNRB,

which indicates that the MCM-PSWFs-FD scheme outper-
forms the benchmarks in terms of the PAPR performance.
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TABLE 1. The computational complexity of different modulation schemes.

E. COMPUTATIONAL COMPLEXITY
The computational complexity of different MCM schemes
is analyzed in terms of the CMs, which is demonstrated
in Table 1. Here, Nc represents the number of carrier,
X denotes the oversampling multiple of the modulation sig-
nal, NCP indicates the number of sampling points in the CP,
NW is the number of sampling points in the window function
adopted by the WOLA-OFDM scheme, NF ,NU are the num-
ber of sampling points in the filter function adopted by the
F-OFDM scheme and the UFMC scheme, g denotes the num-
ber of sub-bands of the UFMC scheme. We can observe from
Table 1 that the relationship of computational complexity
between the MCM-PSWFs-FD scheme and the CP-OFDM,
WOLA-OFDM, F-OFDM, UFMC, FBMC-OQAM scheme
is related to the oversampling multiple X . Especially, when
X log2XNc,NF ,NU → Nc, the computational complexity
of the MCM-PSWFs-FD scheme is O(Nclog2Nc), which
is similar to that of the CP-OFDM, WOLA-OFDM and
FBMC-OQAM scheme while lower than that of the F-OFDM
and UFMC scheme.

In summary, at the cost of increasing the computational
complexity, which is affordable due to the development of
hardware techniques, the MCM-PSWFs-FD scheme is capa-
ble of reaping the following advantages:

1) Compared to the CP-OFDM,WOLA-OFDM, F-OFDM
and UFMC scheme, it can obtain a higher EC and SE while
a lower PAPR.

2) Compared to the FBMC-OQAM scheme, it can attain a
lower PAPR while strike a higher SE in the condition that
the number of transmission symbol period is small. It is
worth noting that the FBMC-OQAM scheme outperforms
the MCM-PSWFs-FD scheme in term of the PSD properties,
while strike a higher SE in the condition that the number of
transmission symbol period is large.

IV. NUMERICAL ANALYSIS
In this section, in order to accurately analyze the system per-
formance of the MCM-PSWFs-FD scheme, we provide the
numerical results in terms of PSD, PAPR, adjacent frequency
band interference, and BER performance for validating our
analysis and for further comparing the performance between
the MCM-PSWFs-FD scheme and the benchmarks.

A. PARAMETERS FOR SIMULATION
Our simulation parameters are given in Table 2. Assume
that the available time width is T = 10/F1, there are

TABLE 2. Simulation parameters [32].

two adjacent frequency bands B1,B2, whose bandwidth is
1.44 MHz. Finally, the subcarrier spacing is F1 = 15 kHz,
F2 = 120 kHz, respectively. In order to guarantee the orthog-
onality between subcarriers of the WOLA-OFDM, F-OFDM
and UFMC scheme, we set the parameter as T1F1 =
1.09,T2F2 = 1.27 [32], respectively.

B. SIMULATION RESULTS AND ANALYSIS
1) PSD OF THE MODULATION SIGNAL
Fig. 5 characterizes the PSD of the modulation signal over
different MCM schemes. We can observe from Fig. 5 that the
first sidelobe of the MCM-PSWFs-FD signal is lower than
that of the CP-OFDM,WOLA-OFDM, F-OFDM and UFMC
signal while higher than that of the FBMC-OQAM signal.
Corresponding, the EC of the MCM-PSWFs-FD signal is
higher than that of the CP-OFDM,WOLA-OFDM, F-OFDM
andUFMC signal while lower than that of the FBMC-OQAM
signal. Moreover, by further combining with Fig. 3 and Fig. 4,
it is demonstrated that in the condition of the same EC ratio
(99.9%) while F1 = 15 kHz and Q = 14, compared
to the CP-OFDM, WOLA-OFDM, F-OFDM, UFMC and
FBMC-OQAM scheme, the SE of the MCM-PSWFs-FD
scheme is improved by about 1.1, 0.19, 0.16, 0.16, 0.36
(bit/s/Hz), respectively. But the SE of the FBMC-OQAM
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FIGURE 5. The PSD of different modulation signal with different
subcarrier spacings(F1 = 15 kHz, F2 = 120 kHz).

scheme is 1.79 bit/s/Hz in the condition that F2 = 120 kHz
and Q = 112, which is higher than the MCM-PSWFs-FD
scheme (1.38 bit/s/Hz).

The above analysis indicates that the MCM-PSWFs-FD
signal has the advantage of high energy concentration. Mean-
while, it can guarantee that the modulation signal with high
energy concentration by simply controlling the number of the
PSWFs signals invoked for information transmission, which
is capable of striking a tradeoff between the energy concentra-
tion and SE. Finally, all the simulation results coincide with
the corresponding theoretical results.

2) SIGNAL TO INTERFERENCE RATIO OF
ADJACENT SUB-BANDS
We consider the signal to interference ratio (SIR) [32] as the
measurement criteria for analyzing the interference between
adjacent frequency bands over different modulation schemes.
We can observe from Fig. 6 that, when the time delay is 0,
the SIR between the MCM-PSWFs-FD signals is higher
than 30 dB under different guard band. When the guard
band is small, the SIR of the MCM-PSWFs-FD signals is
higher than that of the CP-OFDM,WOLA-OFDM, F-OFDM,
UFMC, and FBMC-OQAM signals. However, when the
guard band is large, the SIR of the aforementioned MCM

FIGURE 6. The SIR of different modulation signal in case that two users
with different subcarrier spacings share the same band with (a) when
delay τ = 0 (b) when guard band FG = 0.

schemes will be higher than that of the MCM-PSWFs-FD
scheme, especially for FBMC-OQAM. To be more precise,
when the normalized guard band is 10% (same as LTE),
the SIR of the FBMC-OQAM scheme is 65.7 dB, which is
higher than the MCM-PSWFs-FD scheme (34.3 dB). This
is due to that the PSWFs signals are multi-frequency sig-
nals, the spectrums of different order PSWFs signals in the
same sub-band are completely overlapped, thus, the differ-
ent order PSWFs signals in adjacent sub-bands will inter-
fere with each other. Additionally, when the guard band
is 0, the SIR of the MCM-PSWFs-FD signals is higher
than 30 dB over different delays while it is higher than that
of the CP-OFDM, WOLA-OFDM, F-OFDM, UFMC, and
FBMC-OQAM signals. The above analysis indicates that
the MCM-PSWFs-FD signal is capable of obtaining a lower
adjacent frequency band interference and it is more suitable
for asynchronous communication. Meanwhile, it also reveals
that the MCM-PSWFs-FD signal is capable of attaining high
energy concentration.

3) PAPR OF THE MODULATION SIGNAL
The CCDF of the MCM-PSWFs-FD signal is illus-
trated in Fig. 7(a). It demonstrates that the PAPR of the
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FIGURE 7. The CCDF and BER performance of different modulation
schemes with (a) CCDF of different modulation signal with different
subcarrier spacings (b) BER performance of different modulation
schemes under AWGN channel and flat-fading channel.

MCM-PSWFs-FD signal is lower than that of the CP-OFDM,
WOLA-OFDM, F-OFDM, UFMC and FBMC-OQAM sig-
nal, which coincide with the corresponding theoretical
results.

4) BER PERFORMANCE
Fig. 7(b) characterizes the BER performance of the
MCM-PSWFs-FD scheme in the conditions of AWGN chan-
nel and Flat-fading channel (CSI is perfectly known). We can
observe from the simulation results that the BER perfor-
mance of the MCM-PSWFs-FD scheme is the same as that
of the CP-OFDM, WOLA-OFDM, F-OFDM, UFMC and
FBMC-OQAM scheme, which also coincide with the corre-
sponding theoretical results.

Fig. 8 and Fig. 9 characterizes the BER performance of
the MCM-PSWFs-FD scheme in the conditions of doubly-
selective channels. We can observe from the simula-
tion results that under doubly-selective channels, without
using equalization processing, the BER performance of the
MCM-PSWFs-FD scheme is very poor, and the simple
one-tap equalizer [32] can effectively improve the BER per-
formance, as shown in Fig. 8(a). Meanwhile, Fig. 8(b) and

FIGURE 8. The BER performance of MCM-PSWFs-FD under
doubly-selective channels with (a) EPA, 5 Hz (b) EVA, 30 Hz.

Fig. 9(a) demonstrates that the BER performance of the
MCM-PSWFs-FD scheme is better than CP-OFDM in
the conditions that the Doppler shift is small, such as
in the extended pedestrianAmodel (EPA, 5HZ) and extended
vehicular Amodel (EVA, 30 km/h, 100 km/h) of LTE. But the
BER performance of the MCM-PSWFs-FD scheme is lower
than CP-OFDM in the conditions that the Doppler shift is
large, such as in the EVA (500 km/h).

It is worth noting that under the conditions of doubly-
selective channels, the BER performance of the MCM-
PSWFs-FD scheme is lower than WOLA-OFDM, F-OFDM,
UFMC, and FBMC-OQAM. The reason is that there is no
cyclic prefix, and the PSWFs signals are multi-frequency
signals, the spectrums of different order PSWFs signals
in the same sub-band are completely overlapped. Under
the EPA and EVA channels, when the multiple-path inter-
ference and Doppler frequency shift exists simultane-
ously, not only the PSWFs signals in the same frequency
band interfere with each other, but also the PSWFs sig-
nals in adjacent frequency bands also have interference.
Therefore, compared to F-OFDM, UFMC, WOLA-OFDM,
FBMC-OQAM, the interference between the signals of
MCM-PSWFs-FD is more serious, and the BER performance
of the MCM-PSWFs-FD scheme is lower than the above
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TABLE 3. Key system performance indicators of different modulation schemes with parameters in Table 2.

FIGURE 9. The BER performance of MCM-PSWFs-FD under
doubly-selective channels with (a) EVA, 100 km/h (b) EVA, 500 km/h.

modulation method. Although the aforementioned MCM
scheme performs better under doubly-selective channels,
the proposed MCM-PSWFs-FD has other advantages, such
as the MCM-PSWFs-FD scheme is capable of striking a
favorable tradeoff between the computational complexity and
the system performance, while the signal waveform design
is also more concise and flexible. Furthermore, the simple
one-tap equalizer is adopted in this paper. If the characteris-
tics of the MCM-PSWFs-FD signals are considered, a more
reasonable equalizer is designed, which is expected to fur-
ther improve the BER performance of the MCM-PSWFs-
FD at the cost of increasing the complexity of equalization
processing.

C. POSSIBLE USE CASE FOR MCM-PSWFs-FD
Based on the related analysis in Section III and Section IV,
the key system performance indicators of different MCM
schemes are illustrated in Table 3 under the same simulation
conditions with Table 2. Through comparative analysis, it is
found that the advantages and disadvantages of the proposed
MCM-PSWFs-FD scheme compared to the benchmarks are
as follows:

1) Compared to the CP-OFDM,WOLA-OFDM, F-OFDM,
and UFMC schemes, the signal waveform design of the
MCM-PSWFs-FD scheme is more concise and flexible, with
higher EC and SE, lower adjacent frequency band interfer-
ence and PAPR.

2) Compared to the FBMC-OQAM scheme, it can attain
a lower PAPR while strike a higher SE in the condition
that the number of transmission symbol period is small. But
the FBMC-OQAM scheme can attain a higher EC, lower
adjacent frequency band interference while strike a higher
SE in the condition that the number of transmission symbol
period is large.

3) Because there is no cyclic prefix and the PSWFs signals
are multi-frequency signals, the proposed MCM-PSWFs-FD
scheme is severely affected by multipath and Doppler
frequency shifts. Therefore, the MCM-PSWFs-FD scheme
needs to adopt signal equalization processing to improveBER
performance.

According to the above advantages and disadvantages of
the MCM-PSWFs-FD scheme, it has the following possible
applications:
a) Dynamic spectrum sharing: Due to the randomness

of the size, frequency band, bandwidth, time width and
type of the idle time-frequency resources, dynamic spec-
trum sharing requires flexible signal waveform design, which
can flexibly design signal waveforms based on the available
time-frequency resources.

When the spectrum range is [fL , fH ] (Hz), the bandwidth is
B = fH − fL (Hz), and the time width is T (s), the PSWFs as
a special class of non-sinusoidal signals, its integral equation
can be expressed as∫ T/2

−T/2
ϕn(c, τ )

[
sin fH (t−τ )
π (t−τ ) −

sin fL (t−τ )
π (t−τ )

]
dτ = ϕn(c, t)λn, (23)

where ϕn(c, t) denotes the n-th PSWFs, whose time-
frequency product is c = BT (Hz · s). λn represents the
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eigenvalue of ϕn(c, t), which reflects the energy concentra-
tion of PSWFs signal. The larger λn is, the better the energy
concentration of ϕn(c, t) is, and λn decreases as the signal
order n increases. It is worth noting that the PSWFs signals is
baseband and n ∈ [0, bc− 1c] when fL = 0 Hz, the PSWFs
signals is pass band and n ∈ [0, b2c− 1c] when fL >0 Hz.
According to (23), the PSWFs with different bandwidths,

frequency ranges, and timewidths can be generated by chang-
ing the parametersfL , fH (Hz) and parameter T (s) in the
PSWFs integral equation. Therefore, in engineering applica-
tions, the corresponding PSWFs signals can be directly gen-
erated according to the available time-frequency resources,
which indicates that the PSWFs waveform design is very
simple and flexible.

In addition, in order to guarantee the energy con-
centration of the modulation signal and the PSWFs
signals of adjacent sub-bands are orthogonal to each other,
in the MCM-PSWFs-FD scheme, only the former bc− kc
order PSWFs signals are selected for information trans-
mission, where k is a positive integer. Therefore, the
MCM-PSWFs-FD scheme can strike a higher SE in the
condition that the size of the idle time-frequency resources
are large, and attain a higher energy concentration at the
expense of SE. However, the waveform design of the
MCM-PSWFs-FD scheme is more concise and flexible.
b) eMBB and mMTC: 5G is expected to enhance

three major application scenarios: enhanced mobile broad-
band (eMBB), ultra-reliable and low latency communica-
tions (uRLLC) and massive machine-type communications
(mMTC). Among them, uRLLC needs to support low
latency and high reliability. Since there is no cyclic pre-
fix and the PSWFs signals are multi-frequency signals, the
MCM-PSWFs-FD scheme needs to increase the time width
and adopt equalization processing to resist multipath and
Doppler frequency shift interference and improve the BER
performance. However, the above processing will increase
the latency. Therefore, the MCM-PSWFs-FD scheme is not
suitable for uRLLC.

Unlike uRLLC, eMBB and mMTC have low latency
requirements. Therefore, MCM-PSWFs-FD can be applied
to eMBB and mMTC. The eMBB with large available band-
width have high information transmission rate requirements,
and the MCM-PSWFs-FD scheme can strike high SE in
the condition that the size of the available bandwidth is
large while can effectively improve the BER performance by
equalization processing.

The mMTC have massive and asynchronous access
requirements, supporting different types of equipment for
asynchronous communication, but have low information
transmission rate requirements. It indicates that the MCM-
PSWFs-FD scheme can increase the time width and adopt
equalization processing to improve the BER performance.

In addition, due to the MCM-PSWFs-FD scheme is more
concise and flexible, with higher EC and SE, lower adjacent
frequency band interference, different orders of PSWFs sig-
nals are orthogonal to each other, it can provide a variety of

FIGURE 10. Multiple access scheme of MCM-PSWFs-FD with
(a) frequency division and time division multiple access (b) code division
multiple access.

flexible access for mMTC and increase access capacity. For
example, whenmultiple different types of users or devices are
required to access at the same time in mMTC, the frequency
division and time division multiple access can be used for
the users or devices that cannot fully guarantee synchroniza-
tion which is illustrated in Fig.10(a), and the code division
multiple access based on the order of the PSWFs signal for
the users or devices that are easy to achieve synchronization
which is illustrated in Fig.10(b). It is worth noting that the
amount of the information transmitted by the device or user is
generally small in mMTC scenario, and most are short packet
communication, that is, the number of transmission symbol
period is small. Therefore, the MCM-PSWFs-FD scheme
can strike a higher SE than FBMC-OQAM, which is more
suitable for mMTC in terms of SE of the system.

However, the MCM-PSWFs-FD scheme needs to perform
equalization processing to improve the BER performance
in the conditions of doubly-selective channels, which will
cause the complexity of the receiving system to increase,
especially when the BER performance is seriously affected
by the channel.

V. CONCLUSION
In this paper, we proposed a novel MCM-PSWFs-FD
scheme for reducing the computational complexity of the
MCM-PSWFs-TD scheme by constructing the relationship
between the discrete representation and exponential func-
tion representation of the MCM-PSWFs-TD signals, and
switching the signal processing from the time domain
to the frequency domain. Compared to the conventional
MCM-PSWFs-TD scheme, the proposed scheme invoked
only signal waveform of the half spectrum range for infor-
mation loading and signal detection in the frequency domain.
This concept can not only significantly reduce the compu-
tational complexity without severely degrading the system
performance, but also leverage the IFFT/FFT method, which
can be adopted in the application such as Wi-Fi, LTE and 5G.
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Additionally, the CP-OFDM, WOLA-OFDM, F-OFDM,
UFMC and FBMC-OQAM scheme are also demonstrated as
benchmarks. Compared to the benchmark MCM schemes,
the waveform design of the MCM-PSWFs-FD scheme is
more concise and flexible while the MCM-PSWFs-FD
scheme is capable of striking tradeoffs among SE, OOB
energy leakage, adjacent frequency band interference, PAPR,
and the computational complexity. It is worth noting that
the FBMC-OQAM scheme shows better performance than
the proposed MCM-PSWFs-FD schemes. However, the
MCM-PSWFs-FD scheme is expected to provide a flexibility
and high efficiency signal waveform for the Wi-Fi, LTE, 5G
and B5G communication systems by enabling flexible alloca-
tion and dynamic sharing of different type of time-frequency
resources, which in turn, improves the SE and NR flexibility.
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