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ABSTRACT A subdivision scheme defines a smooth curve or surface as the limit of a sequence of successive
refinements of given polygon or mesh. These schemes take polygons or meshes as inputs and produce
smooth curves or surfaces as outputs. In this paper, a class of combine refinement schemes with two shape
control parameters is presented. These even and odd rules of these schemes have complexity three and four
respectively. The even rule is designed to modify the vertices of the given polygon, whereas the odd rule is
designed to insert a new point between every edge of the given polygon. These schemes can produce high
order of continuous shapes than existing combine binary and ternary family of schemes. It has been observed
that the schemes have interpolating and approximating behaviors depending on the values of parameters.
These schemes have an interproximate behavior in the case of non-uniform setting of the parameters. These
schemes can be considered as the generalized version of some of the interpolating and B-spline schemes.
The theoretical as well as the numerical and graphical analysis of the shapes produced by these schemes are
also presented.

INDEX TERMS Combined refinement schemes, continuous curves, interpolation, approximation, shape

parameters, non-uniform parameters.

I. INTRODUCTION

The refinement schemes also known as subdivision schemes
are widely used in the design of curves and surfaces. Ini-
tially, schemes were introduced without parameters. Later on,
to improve the flexibility of designing the curves, some of the
schemes were introduced with parameters. Here we present a
brief survey of the schemes with parameters. The first scheme
with parameter was introduced by Dyn et al. [21] in 1987.
Then in 1990, Dyn et al. [1] noticed that the smoothness of the
curves can be increased by using parameters in the scheme.
Later on, a class of 4-point subdivision schemes with two
parameters was presented in 2004 by [2]. In 2007, Siddiqi
and Ahmad [3] presented a 3-point approximating C2 scheme
with single parameter. Shen and Huang [4] introduced a class
of curve schemes with several parameters in 2007. Siddiqi
and Rehan [5] also presented a 4-point approximating scheme
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with one parameter in 2010. Mustafa et al. [6] presented a
3-point scheme with three parameters in 2011. In 2012, Ghaf-
far et al. [7] presented a class of 3-point a-ary scheme with
one parameter. In 2013, Cao and Tan [8] presented a binary
5-point relaxation scheme with one parameter. Tan et al. [9]
presented a 4-point C3 scheme with two parameters in 2014.
In 2014, Tan et al. [10] also presented a 5-point scheme with
one parameter. Zheng et al. [11] introduced a scheme with
multi-parameters in 2014. Mustafa et al. [12] introduced the
families of interpolating schemes with parameters in 2014.
In 2017, Feng et al. [13] presented a family of non-uniform
schemes with variable parameters. Tan ef al. [14] presented a
new S-point binary approximating scheme with two param-
eters in 2017. In 2018, Asghar and Mustafa [15] presented
a family of a-ary univariate subdivision schemes with single
parameter.

Another trend to introduce the combined schemes was
evoked. These schemes have interpolating and approximat-
ing behaviors. Beccaria er al. [16] introduced a unified
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FIGURE 1. Comparison of the curves fitted by the binary refinement schemes after five subdivision levels. (a) is the initial

sketch with initial control points.

FIGURE 2. Procedure of refinement scheme. Solid lines show initial
sketch while doted lines show the refined sketch.

framework for interpolating and approximating schemes with
a parameter in 2010. Rehan and Siddiqi [17] presented a
combined binary 6-point scheme with a parameter in 2015.
Hameed and Mustafa [18] presented a class of schemes
with non-uniform setting of the parameter in 2016. In 2012,
Pan et al. [19] presented a C? continuous combined ternary
approximating and interpolating schemes. The new family of
ternary 6-point combined schemes with C3-continuity was
derived by Shi et al. [20] in 2018.

A. OUR CONTRIBUTION

The main purpose of this work is to increase the number of
choices, for end user, of the scheme for curve modeling with
less complexity and maximum smoothness in the shapes. Our
scheme has less complexity and generates curve of maxi-
mum degree of smoothness than its counterpart (i.e., 4-point)
schemes. It is proved in the last section of this paper. It is
evidenced that there are situations or data when our scheme is
more appropriate to use than the well-known schemes. This
type of data is represented by Figure 1(a). It is also called
initial sketch. Figure 1(b) and Figure 1(c) are generated by
[22] and B-spline of degree 5 respectively, while the fitted
curve by presented refinement scheme for « = —0.2e-1
and B = 0.088542 is shown in Figure 1(d). The curve
generated by [22] is not compatible with the initial sketch
due to its oscillating behaviour, while the gentle behaviour of
the B-spline of degree 5 pushes the limit curve away from its
initial sketch. The presented refinement scheme gives good
result in this case.

This paper is divided into following sections. In Section 2,
we present a class of schemes with two parameters. We also
discuss the theoretical analysis of the shapes produced by
these schemes in this section. In Section 3, we present the
numerical and graphical analysis of the shapes produced by
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the schemes. Section 4, is devoted for the comparison and
conclusion.

II. A CLASS OF REFINEMENT SCHEMES

If we have an initial sketch of any shape obtained by joining
the 2D points fio, i € Z then to refine the sketch, we suggest
the following refinement scheme

B =afty + 0 =20 +arf,
k+1 k 1 '
hip1 = B0 —a)fiZ, + <§ - B — oc))fi (D
+(3 =B =)k, + B0 - ff,

where k represents the refinement level while o and g are
the shape parameters. The refinement scheme consists of two
refinement rules. One of the rules (called even rule) is used
to update the vertices of the initial sketch and it uses three
points of the initial sketch to insert a new one, hence its
complexity is three. While the other rule (called odd rule) is
used to subdivide the edges and it uses four points of the initial
sketch to insert a new one, hence its complexity is four. Since
there are two rules in this scheme, therefore it is called binary
scheme. Graphical representation is shown in Figure 2. We
can get a class of refinement schemes from (1) by assigning
different values to the parameters. If we arrange the points
involved in odd and even rules of (1) as

k ck  rk pk ko ko ko pk
AN AN AN AN A o O

then the sequence of coefficients of these points in odd and
even rules is

{...,0,0,0,/3(1—0{),0[, (%—ﬂ(l—a}),(l—Za),

(%—,3(1—Ot)>,a,ﬂ(l—a),O,O,O,O,...}.

This sequence can be represented in terms of the following
Laurent polynomial

az) = 772 [ﬂ(l — ) +az! + (% —- B - a)) 2
+(1 = 20)2 + (% — B - a)> & +ad
+ B — a)zG].
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Generally, Laurent polynomial is expressed in the form . .. 4
"t apen "V tasi fagtaiz+ .+
an_17" Y +a,7"+. . ., where g, are constants and only finitely
many a; are nonzero. The detailed information about Laurent
polynomial can be find in [25], [26]. Laurent polynomial or
z-transform is a main tool to analyze the schemes.

Since there are two parameters in the scheme therefore we
may express the one in terms of the other to explore the prop-
erties of the scheme. Classically, the schemes are analyzed by
checking their degree of continuity and degrees of polynomial
generation and reproduction under some conditions. These
conditions can be used to express the parameters in terms
of the others. The parameters o and § can be expressed as

1 (12633_3) and 8 = —i (8“ 1) which can be obtained
from the solution of differential equation PQ(Z) = 0 at
z=—1.

We get subclasses of (1) by substituting values of o and
B in (1). Hence the refinement rules corresponding to f =

16 (%t ) are
2ki+l = “fik +d - za)fk + O‘fz+1’
AT = Jea = 1k + 10 - 8a>f,-" @
+1L6(9 8a)fl+] 1)f1+2’

and its Laurent polynomial is

1+ 2)*

Té[(Sa — 1)+ (@4 —16a)z + Ba — ). (3)

u(z) =

While the refinement rules corresponding to & = ¢ ( ]26/5 i )

are
1= (g )+ (5
(fages) e

S = (16;ﬂ+ 8)fk (16ﬂﬁ++48)fik
+ (16ﬁﬂ++48>f’+1 (16;/3+ 8>f’+2’

and its Laurent polynomial is

(1+2)*
(168 + 8)z°

The following special cases show that the scheme (1) is the
generalized version of B-spline of degree 1, 3 and 5. It is also
the generalized version of the interpolatory schemes of [21]
and [22].
e Fora = 0and B = —w, we get 4-point interpolatory
scheme of [21].
e Forae = Oand 8 = —%, it changes into 4-point
interpolatory scheme of [22].
o For @ = 0 and B8 = 0, it shrinks to 2-point interpolatory
scheme of [22] which is also called B-spline scheme of
degree 1.

W) = [76 - 28—z + 72| 5)
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e Fora = % and B = 0, it becomes B-spline scheme of
degree-3.

e Fora = 13—6and,3 = 21_6’
degree-5.

we get B-spline scheme of

Through out the paper, S, S, S, , Sc% and Sy, are the schemes
corresponding to the polynomials u(z), v(2), ¢,(z), cf (z) and
by(z) for r > 0, L > 2 respectively. Some of these polynomi-
als are defined in coming section.

A. THEORETICAL ANALYSIS OF THE SHAPES

In the similar way to the arguments in [25], we can identify
the ranges of parameters to get the shapes of different degree
of smoothness (i.e. order of continuity) produced by the
scheme.

Lemma 1: Let {fio}iez be the initial sketch of the shape
then the refinement scheme S, defined by (2) produces
the CO-continuous shape for the parametric interval % —

137<a<%+% 91.
Proof: To find out the C%-continuity of the refinement
scheme (2), we rewrite equation (3) as

1 0
u(z)=< “) bo(2),

2
where
bo(@) =1 1+ (8 — 144~ T6a)z(Ba — 2.
Since
bo(z) = (1 + 2)co(2),
where

@ = (20—~ )+ (2ot )24
O =12""16)° 2% T 16)" “

This implies that

co@) =Y rid,

=3

where r(;3 = rg = %a— 116,,,02 — r& _ %Ot—i-%and
ro - —rg = —a—i—%.The infinity norm of ¢ is calculated as
1 .
|lcolloo = max Z S 1
Jj==2 j=—1
This implies
lcol LV S VR IR LDV
c =max{|-o — — —o 4= —a+ —|,
Olteo 2“7 16 2| T12% T 16
1 " 1 n +1 n 1 1
2“ 16 ¢ 2 2“ 1611
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It is clear that ||cg||co < 1 for —}‘ <a< %. So, the scheme

S¢, 1s contractive. We may improve the range of parameter
by taking ck(2) = co(2)co(@) . . . co(22 ), where L > 0. For
simplicity, we may take L = 2

c%(z) = ¢o(2)co(z),

where ¢((z) is defined in (6) and co(z?) is obtained by replac-
ing 7% in the place of z in (6). Hence we get

1 1 1 1 1
2 _ -2 - - -9 -2 -
@ = (4“ T 256) ¢t (4“ 256)

This implies that
6
@)=Y RiZ,
i=—9

where Rf) are the coefficients of 7' for i = —9,—8,...,6
in (7) respectively. The infinity norm of c% is

0 1 1
2 4j+3 4j 4j+1
lleglloo = max 4 Y [RSTL D RS DD IRGT

j=-3 j==2 j==2
1
4j+2
> IR{TIL
j==2

This implies that

2 1, 1 1 3, 1
||c0||m=max{‘za ~las L +“Z“ +la
1 3, 13 71 1,
_ﬁ +'ZOl —EO{—FE ~|—‘—Z(x
3 7 1, 1 3, 5
+§a_ﬁ s ZO[ _E ‘—Z +EO(
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+£ +‘§a2—§a+£ +‘—1a2+
256 4 8 256 4

5 _i‘ S, 0 +'§
16 256 4 16 256 4

5 57 3 5 17
2 +‘ o + —a+

8 256 4 16 256
N A
4 256|°| 4 8 256 4
- Bay Ty | B L L
16 256 4 2 256

e 1,
4% T 16% T 256

Since ||c]loo < 1 for

7 11
L 137 S 434
16 16 Se<3E VI
and
5 5 1
2 2 A INGTE
6 16V 1P < tpv?

Therefore, ||c(2)| |0 < 1 for common range of the parameter

71 5 1
L V137 2 4 /o1
16 16 <e<ytpv?

So S 2 is contractive and the scheme Sj, is convergent and the
scheme S, is CP-continuous. O
Lemma 2: Let {fio}iez be the initial sketch of the shape
then the refinement scheme S, defined by (2) produces
the C'-continuous shape for the parametric interval 15_6 —
L33 <o < &+ /33
Proof: To find out the C'-continuity of the refinement
scheme (2), we rewrite equation (3) as

1
u(z) = (%) bi(2),

bi(2) = %(1 +2)° [(sa — D)+ (4 — 160)z + (8 — 1)z2] :
8z

where

Since
bi(z) = (1 + 2)c1(2),

where

c1(z) = (a - é) 3+ (%) T4 (2 — 2a> 7!
1 1

This implies that
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wherer;3=r11 :a—%,r(zzri):%andrf] =%—2a.
The infinity norm of ¢ is calculated as
0 0
2j+1 2j
llerlloo = max § > 1L D 1|
j==2 j=—1
So we get
el N AP B U )
c =max | |a — = - — 2« a——=,|=
Hieo g " |4 8| |4
n 1
20

Hence ||c||oo < 1for 0 < o < 1. So, the scheme S¢, 1s

contractive. Now we use c%(z) = cl(z)cl(zz) to improve the
range of parameter. This implies

S]]

()
1 1 1 1
_ 2_ - - -9 PV -8
_(a 4a+64>z +(4a 32)z
5 1 1 1
42— )T 1 -6 (_2
+< a+4oz S)Z +<4a+32>z + (—«
e DY (Clar Doty (40222
-a+ — ——a+ - a’ — -«
4% Tea)t 2Ty 2
T T (LI P S (Y S
p— = —_—— p— _a _a —
2)* 2% T4)*° 4% 64
1 1 5 1
—1 0 2 1
Z — ) o — -
XZ +(4a+32>z +< a+4a 8)1

(e D)o (- tag L) (8)
4% T 3))t T\E Ty T e )

This implies that

3

i@ =Y RiZ

i=—9

where Rﬁ are the coefficients of 7/ for i = —9, —8,...,3
in (8) respectively.
The infinity norm of c% is

0 0 0
2 4j+3 4j 4j+1
lletlloo = max § Y [RYTL D IRYL YD IRYT

j==3 j==2 j==2
0
442
> IRTTE
j==2

Hence we get

2
et oo

= max{

5 L h 22_}_5 1 1 1 n 1
——a+ = —2u -a— =, - — ——a
2 2 4 8 |4 32 2
+1+1 1
4 4 32
Hence ||cf|oc < 1 for
1 1 1 1 3 5
g—z 5<Ol<§+1\/§, —Z<Ol<z
and
5 1

5 1
— — —+/33 — + —+/33.
6 167" "““167 16
Hence the common range for C!-continuity of the scheme S,

1S

5 1 5 1
— — —+/33 — + —+/33.
6 167" 167 16
This completes the proof. |

Lemma 3: Let {fio},-ez be the initial sketch of the shape
then the refinement scheme S, produces the C*-continuous
shape for the parametric interval 0 < a < %

Proof: To find out the C2-continuity of the refinement

scheme (2), we rewrite equation (3) as

| 2
u(z) = ( ;_Z> by (2),

where
ba(2) = %(1 +2)° [(Sa — 1)+ (4 — 16)z + (8 — 1)z2] :
4z

Moreover

by(2) = (1 + 2)c2(2),

We take infinity norm of ¢;

1 3 3
lle2]loo =maX{ 200 — 4_1‘ + ‘—2044-1', _2a+4_1‘
+ 1|2 !
o 4 .

It is to be noted that |[c2||oc < 1 for 0 < a < 1. Therefore,

the scheme S, is contractive and for further improvement
take c%(z) = ¢2(2)c2(z%). This implies

1 3
C%(Z) = <4a2 — a+1—6> 2+ (—4a2+2a — 1_6)

3 5
xz 84 <—8Ol2+40l - g) 7T+ (80{2 — 4o — §>

3 3
xz 04 <—a+§) 0+ <—a+§) T+ <8a2
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8

+20¢—i 4 4012—ot+i 2
16 16)" "

5 3
— 4o — g) e <—8a2+4a — —) z72+(—4a2

Now by taking infinity norm of C%, we get

l1¢31loo
max {40 —a + |+ |—a + + | —4a?
= X o — o — —o — —4u
16 8
3 3 3
20 — |, |—4a® 420 — 2| 4 |—a + 2 ‘42
M T N e T “+8‘+ “
1 3 5
—a+1—6,—8a2+4a—§'+ 8a2—4a+§,8a2
dot 2|+ |80 4 da — 2
—da + — —8u o——|t.
8 8
Which is less than 1 for
1 1 1 1 1
178 7<a<§+§v10and0<a<§

The common range is
O<a<—.
2

In this case, further improvement in the range has not been
seen. This completes the proof. O

Similarly, wet get the following result

Lemma 4: Let {f,-o}iez be the initial sketch of the shape
then the refinement scheme S, produces the C3-continuous
shape for the interval % <a< % + % 5.

From Lemmas 2 - 4, we get the following

Theorem 5: Let {fio}iez be the initial sketch of the shape
then the refinement scheme S, produces the C°-continuous
shape for the parametric interval 17—6 — 1—16 137 <o < % +
%\/ﬁ Moreover, it produces C U and C*-continuous shapes
for the parametric interval % — 1—16@ <a< 15—6 + % 33
and 0 < o < % respectively. Furthermore, it produces
C3-continuous shape for the interval % <a < % + 11_6 5.

Similarly, we have

Theorem 6. Let {fio}iez be the initial sketch of the shape
then the refinement scheme S, produces the C*-continuous
shape for o = %.

Theorem 7: The refinement scheme S, defined by (4)
produces CO-continuous shape for the parametric interval
—%—% 349 < B < —%+%\/@. Moreover, it produces
C' and C?-continuous shapes over the parametric intervals
3LV < B < i+ &VBand & < B <
respectively. Furthermore, it produces C3-continuous shape
fortheinterval 0 < B < %—}—%«/5 In addition, it produces
C*-continuous shape for f = %.

Proof: The Laurent polynomial (5) can further be writ-
ten as

[ l[S¥]

Wz) = (1;Z> b2, i=0,1,2,3.4, )
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where b,(z) = (1 + 2)¢;(z): i = 0,1,2,3,4. We further
calculate

@) = ¢ie@), i=0,1,2,3,4. (10)

This implies that

g(z)(z)

2
_ 2,9 2 -8
= (16,3+8> [(4987)z™" + (638~ +7B)z

+(78% +288)z + (258% + 398 + 1)z + (—658>
+478 +3)27 + (=958% + 388 + 6)* + (898>
—9B + 10)77 + (5587 — 228 + 12)27% + (5567 — 22
xB + 12z~ + (8987 — 98 + 10)2° + (—9582 + 38
xB + 6)z' + (—658% + 478 + 3)22 + (2582 + 398
+D2 + (18 + 288)7* + (6387 + TB)2° + (498H):°]

_ <8ﬂ1+4)2 [(49/32> 0+ (14;32 + 7/6) 8+
(—56,32 + 21,3) z_7+(18;32+11,3 + 1) z_6+(—41,32
1864277 + (—16ﬁ2 28+ 3) T (128,32 ~26
xB+ 477+ (=168 —28+3) 72 + (—415> + 88
1277+ (18,32 F 118+ 1) 2D+ (—56,32 + 21,3) 2!
+ (1487 +78) 2 + (4987) 21 = 23: ci,

i=—9
3@

_ <4ﬂ1+ 2>2 [(49ﬂ2) 0+ (—35,32 + 7,3) 28
+ (—70/32 + 14,3) z*7+(74/32 — 108 + 1) 04 (=10
B2 — 3B + 1) 4 (—10/32 — 3B+ 1) e (74,32
—108+1) z_3+<—70ﬂ2 + 14,3) 4 (—35,32 + 7,3)
xz b4 (49,32) L= ZO: ci,
i=—9

2169

= (zﬂﬁ)z [(4987) 7 + (—84p> +78)
+(-358%+78) 27+ (14467 = 248 + 1) O+ (=35
xp* + 7/3) 0+ (—84/32 + 7;9) T+ (49,32) 73]

98321
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andifweputi =4and 8 = % in (10), we get

e g 1 5 14
g4(z)—4z +4z +4z +4z
-6
-y o
i=—9

Thus we have
1

0
2 4j+3
Gl = max 1 > 1Cy LY 16y,

j=-3 j=—2
ST Y eyt
j=—2 j=—2
o = max 1 > 1LY (e,
j=-3 j=-2
ey Y e
j==2 j==2
I3l = max 1 > 1YL Y 16y,
j==3 j==2
—1 )
Z |C§’+1| Z |C4]+2 ’
j==2 j==2
-2 ) -1 )
1l = max § Y 1YL Y 1Y),
j==3 j=—2
—1 ) -2 )
ST Y eyt
j=-2 j=-2
and
Gl = max 1 Y 1G> 1Y)
j=—3 j=2
Z |ij+1|, Z |C;¥]+2|
== ==
This further implies that ||gg||oo <1 for 164—23 — &5+/349 <
B < + IV129, I lle0 < 1 for 3 3 < B <

8+88\/— ||cz||oo<1f0r—E<,3< 8,||c3||oo<1f01r
0<B< 164 + 164\/_ 5 and ||¢4]loo < 1. This completes the
proof. 0

For the special value of « = 0 in (1), we get the following
interpolating scheme

fk-i-l f;'k’

B =B+ G = B+ (— — B+
The Laurent polynomial of (11) is

a + z)2

(11)
Bflia

w(z) = 287 —4B+(1+48) —4Bz+2B]. (12)

98322

Theorem 8: The interpolating scheme deﬁned by (11) pro—
duces C° and C' -continuous shapesfor T — —\/ 13<B<3
and 7 —\/3 < B < 0 respectively.

Proof. Since (12) can be written as

W) = (I;Z) miD). =0, 1.

where m;(z) = (1 + 2)n;i(z): i = 1, 2. We further calculate the
expression

n;(2) = ni@ni(>),

The infinity norm ||"0||00 and ||r12||oo are less than one for
%—— 3<,3<8and———5<ﬂ<0respect1vely
Hence the required result is proved. |

For 8 = 0 in (1), we have the following scheme.

i=0,1.

A =aff + A = 2w +aff 13
k+1 k kg
f2til = 0%, + Ef 2fz+1 fz+2
The Laurent polynomial corresponding to (13) is
1+2° 5
(@) = 22 2z°a + (1 — 4a)z + 2a]. (14)

Theorem 9: The approximating scheme defined by (13)
produces C° and C'-continuous shapes for the parametric
interval —% <a< % and () < a < % + % 5 respectively.
The proof of this theorem is similar as of the Theorem 8.

B. POLYNOMIAL GENERATION AND REPRODUCTION

In this section, we discuss another feature of the scheme.
If the initial data is sampled from the polynomial of degree
d then we are interested to see whether or not the new data
obtained from the scheme lie on the graph of same polyno-
mial. If the new data lie on the graph of same polynomial then
we say that the scheme reproduces polynomial of degree d.
If the new data lie on the graph of another polynomial but with
degree d then we say that the scheme generates polynomial
of same degree. Mathematically, polynomial generation of

degree d is equivalent to u(z) = (1 + 291 b(z), where
b(z) is a polynomial. Since j—zu(z) =0atz =1so1 =
Y = 0. This implies ¥ = —7 + & = 0 = 1

This means the scheme has primal parametrlzation. In the
similar way to the arguments in [23], we can get the degree
of polynomial generation and reproduction with respect to the
primal parametrization of the scheme.

Lemma 10: The degree of polynomial generation of the
scheme (2) is 3.

Proof: Since Laurent polynomial u(z) of the scheme (2)

is

u@) = (1 +2°b(2),

where
1
b(z) = — [(8a — 1)+ (4 — 160)z+ (8 — 1)z2] .
1673
This completes the proof. |
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Theorem 11: A refinement scheme (2) reproduces polyno-
mials of degree I with respect to the primal parameterizations
with t = 0 if and only if

k—1
b =2T@-p

J=0

and u®(=1)=0, k=0, 1,

where u)(1) is the kth derivative of u(z) at z = 1.
Proof: The Laurent polynomial (3) of the scheme (2)
and its derivative with respect to z are

14+2)7*
u@) = 10 = ¢ ‘37’) [(8c — 1) + (4 — 16a)z
16z
+ (8 — 1)z2] .
3
Dy (1+72) 3 )
) = = @40 = 32 — @00 - 91z
+ (400 — 9)z! — (24a — 3)z0] .
1 2
u@(z) = (1+2) [(24a —3) + (=32a 4+ 6)7°
825
+ (400 — 9)z> + (—48a + 12)7!
+(480. — 6)].
Taking z = —1 in all above, we get
u=1=0 k=01,2.

It is easy to see that
WOy =2, «Py=0, u®) = 160.

This further implies that
1-1

W =2, Pmy=2]J0-).
j=0
2—1
uP1) # 2 JO-j.
j=0
Thus
k—1
uOmy=2]T0-p
j=0
and
WP =0, k=0,1.
This completes the proof. U

Lemma 12: The degree of polynomial generation of the
scheme (4) is 3.

Theorem 13: A refinement scheme (2) reproduces polyno-
mials of degree I with respect to the primal parameterizations
with t = 0 if and only if

k—1
Py =21 -j

j=0

and uP(-1)=0, k=01,

where u®)(1) is the kth derivative ofu(z)atz = 1.

VOLUME 8, 2020

Proof: The Laurent polynomial (3) of the scheme (2)
and its derivative with respect to z are

(1+2)*

ui@) = uP@) = —==[(8a — 1) + (4 — 160)z
1623
+ (8a — 1)z2] .
1 3
uD(z) = d+2) [(24a —3)7 — (40a — 9)7% + (40
1624
—9);! — (24 — 3)z0] .
1 2
() = d+2 [(24a — 3+ (=320 + 6)F°
825
T (40 — 9)2 + (—48a + 12)7! + (48a — 6)] .
Taking z = —1 in all above, we get

uP(=1)=0, k=0,1,2.
It is easy to see that
WO =2, Py=0, u®0) = 160.

This further implies that

1-1

Oy =2, uPy=2]Jo0-j,
Jj=0
2—1
u®) # 2T~
J=0
Thus
k—1
uPy=2]T0-p and u®(-1)=0, k=0,1.
j=0
This completes the proof. |

Lemma 14: The degree of polynomial generation of the
scheme (4) is 3.

Theorem 15: A refinement scheme (4) reproduces polyno-
mials of degree I with respect to the primal parameterizations

with t = 0 if and only if
k—1
Way=2]Ta-j

Jj=0

and vVP(=1)=0, k =0, 1,

where v()(1) is the kth derivative of v(z) at z = 1.

Theorem 16: A refinement scheme (4) reproduces polyno-
mials of degree I with respect to the primal parameterizations
with t = 0 if and only if

k—1
WO =2]Te-p

j=0

and vVO(=1)=0, k =0, 1,

where v (1) is the kth derivative of v(z) at 7 = 1.
Lemma 17: The degree of polynomial generation of the
scheme (11) is 1.
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Theorem 18: A refinement scheme (11) reproduces poly-
nomials of degree 1 with respect to the primal parameteriza-
tions with T = 0 if and only if

k—1
wh(1) =2 ]_[ (t—j) andw®(=1)=0, k=01,
j=0

where w®)(z) is the kth derivative of the Laurent polynomial
of the scheme (11).

Lemma 19: The degree of polynomial generation of the
scheme (13) is 1.

Theorem 20: A refinement scheme (13) reproduces poly-
nomials of degree 1 with respect to the primal parameteriza-
tions with T = 0 if and only if

k—1
Y1) =2 ]_[ (t—j) andyO(=1)=0, k=01,
j=0

where y®(z) is the kth derivative of the Laurent polynomial
of the scheme (13).

C. LIMIT STENCILS OF THE SCHEMES

Since the limit curves produced by the refinement schemes
do not have closed form so the traditional methods fail to
compute the points on the curve. In this case, we compute
the limit stencils of the schemes. This is just the sequence of
scalers. If we consider the initial points of the polygon as a
sequence of vectors. Then making the linear combination of
these vector and scalars, we get the point on the limit curve
produced by the refinement scheme.

Theorem 21: The limit stencil of the scheme (2) is

’

la(—1+8x) 16a(—1+«) 116a®— 18« +9
[5 4a+3 3 4a+3 '3 4a+3
16 a(—14+«a) 1a(—1+ 8a)
3 40+3 '3 4a+3 }
Proof: By taking i = —1 and 0 in even and odd rules
and i = 1 in even rule of the scheme (2), we get

fz_l = affz + (1 - 2a)ffl + afoks
1 1 1
k+1 k k
= —Ba—1 —(9-38 —
o 16( a — D5, + 16(9 a)f”) + 16(9
k 1 k
—8a)fy + R(Sa — Dff".
= aff + (4 = 20 + aff,

1 1 1
k+1 k k
— (8 — DF* + —(9 — 8a)fk + —(9

k 1 k
=8a)fy + E(8a — .
K — ok (1= 2a)fF + aff.

Its matrix representation is: f/*! = Sf/, where fit! =
g+l g+l o+l g+l g+l 4 J J J gl g T
[f_z 5f_ I fo I 1 afz ] 7f'/=[f_2af_1’f05f17f2]
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and
S
o 1 -2« o 0
1(8 1) 1(9 8ar) 1(9 8ar) 1(8 1)
16 16 T Y 16
= 0 o 1 -2« o
0 Lse—1) L0-8¢) ©-80)
16 16 ) T6 *
0 0 o 1 -2«
0
0
0
1(8 1)
16
o

Eigenvalues of this matrix are

1111
)\.[21,—,—,—,——&.
24 8 4
The matrix of eigenvectors V corresponding to these eigen-
values is
- 4Q2a—3) 8(—1+2x) {
—348« —14-8c 5
132072
o1 oy 13207 —28add
g 4 ) 101a —83
v=li o 2% _ 0 _20C1+8a)
-3+ 8« 100t —3
1320 —280+3
11 1 1 —_
4 10 —3
! 4Q2a—3) 8(—1+2) 1
—34-8« —1 48«

Its inverse V! is, as shown at the bottom of the next page.
The diagonal matrix D of the eigenvalues can be written as

1 0 0 0 0
1
0 - 0 0 0
2
p=|0 0 7 0 0
1
00 0 - 0
5
00 0 0 --«a
4

Since § = VDV ! therefore S/ = VD'V~L. Also
fH = sl = §2 - = 32 =L gD,

VOLUME 8, 2020



G. Mustafa et al.: Class of Refinement Schemes With Two Shape Control Parameters

IEEE Access

So we have, fit! = (VD'V~1)f0. This implies f® =

16a(—14+a) 1a(—1+4 8a)

V(hmj%oo Dj)v—lfo‘ So 3 4a+3 3 4a+3 f?z
3 _loa(=1+a) Ta(-1+8a) 0
3 4a+3 3 4a+3 1=
fOO
- 16a(-1+a) la(=1+8a) || fO
£ 3 4a0+3 3 4a+3
0
foo 16a(—1+a) 1a(=1+8a) h
1 3 3 0
3 4a+3 3 4a+3 7
5 16a(—1+a) 1a(—1+8a)
3 4oa+3 3 4a+3
10‘(_1 + 8a) _ Ea(—l +o l 160 — 180 49 Hence the limit stencil is
3 da+3 3 4a+3 3 da+3 [1a(—1+8a) 16a(—1+a) 116a%— 18« +9
la(—1+8a)  16a(—1+a) 11602 —18a+9 3 4a+3 7 3 4e+3 73 da+3
3 4a+3 3 4043 3 a3 _16a(=1+0) la=1+8x) ]
3 4a+4+3 3 4a+3
| 1Ta(=148a) 16a(—1+a) 116a% —18a +9 0
3 4a+3 3 4a+3 3 4o 43 Similarly, we get the following results.
5 Theorem 22: The limit stencil of the scheme (4) is
la(—1+38 16 a(—1 11602 — 18« +9
lezl1+8x) 16azlta) 116x s 1 (168+DB 1 168+1 1882+B+2 1
3 4a+3 3 4a+3 3 4o + 3 - , = , = , =
6882+68+1 6882+68+1 3882+68+1"6
la(=1+8x)  16a(—1+a) 116a>— 18 +9 . 108 +1 1(16ﬁ+1)ﬂ}
3 4a+3 3 4a+3 3 4a +3 8824+68+1" 6882 +68+1]"
1 a(—1 + 8a) 16 a(—1 + ) 1 —18a + 160> +9
3 4a+3 3 4a+3 3 4o + 3
1 2 2+4 0
2 3 37 3%
1 (=3+8a)(—1+8x) 1 (=34 8a)da—1) 1 (=3 + 8a)?
96 o 24 o 48 o
1+2 1 4 0
2 "3 6 3%
1 10 —3 1 10a —3 3 10a —3
8 a(da + 3) 2 a(4a +3) 4a(da +3)
16 a(—1 4+ @) la(—1+8x)
3 4a+3 3 4a+3
2 4 1+2
- — -« —— + -«
3 3 123
1 (=3 +8x)da —1) 1 (=3 +8a)(—1+ 8a)
24 o 96 o
1+4 1 2
6 3% 2 3
1 10a —3 1 10a —3
2a(4a +3) 8ua(da +3)
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Theorem 23: The limit stencil of the scheme (11) is
[0,0,1,0,0].

Theorem 24: The limit stencil of the scheme (13) is
[0, 2557 77> 2t O

The results presented in Section 2, are graphically pre-
sented in Section 3.

Ill. NUMERICAL AND GRAPHICAL ANALYSIS OF THE
SHAPES

In this section, we present the numerical and graphical exam-
ples to examine the features of the scheme (1). For this
purpose, we explore the influence of the parameters on the
final shapes produced by the refinement procedures. Here
we take different initial sketches made by joining the points
by straight lines. Then we apply the refinement procedure
on these sketches to get smooth shapes. The values of the
parameters have been randomly taken from the parametric
ranges for the different order of continuities of the schemes.
The refinement scheme defined in (1) only deals with the
closed polygons (sketches). For open polygon, by introducing
two auxiliary points f?l = 2f00 - fl0 and fnk+1 = 2fnk — fnk_l,
we suggest the following rules to refine first and last edges of
the polygon

fE =50
= <ﬂ —ap + %)foo + (20(,3 —2B+ %)flo
+ (B —ap)fy.
and

o = aff o+ (1= 20) £ +aff

1
Fuh = A=) B, + (—2/3 +208+ 5)1:51
1 k
+(;3_05/3+5)fn

Example 25: Figure 3 shows the interpolatory behaviors
of the scheme up to three refinement steps whereas the doted
polygon is the initial sketch which is made by six initial con-
trol points (x,y) = [(5, 0), (10, 0), (20, 10), (10, 20), (5, 20),
(-5, 10)] denoted by red solid circles. Here we fix the values
of parameters as « = 0 and B = —0.05. We observe that
the final shape lies outside the initial sketch. We also observe
that by eliminating one parameter o, the scheme (1) produce
curves which always passes through the initial control points,
while the values of second parameter may vary from % - % 5
to 0 (see Theorem 8) to get different shapes.

Example 26: Figure 4 shows the approximating behav-
iors of the scheme up to three refinement steps whereas the
doted polygon is the same initial sketch used in Example 25.
Here we settle the value of parameters o = ﬁ and B =
—ﬁ. These values may vary to get different types of smooth
approximating shapes. To get an approximating shape we can
eliminate parameter 8 but can not eliminate parameter .
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(a) First RS (b) Second RS (c) Third RS

FIGURE 3. Initial sketch along with refined sketches produced by
interpolatory scheme.

(b) Second RS

(c) Third RS

(a) First RS

FIGURE 4. Initial sketch along with refined sketches produced by
approximating scheme.

If we get the values of these parameters from the statements of
Theorems 5-7 and Theorem 9. We observe that the presented
final shape lies inside the initial sketch and does not interpo-
late any of the initial control point.

To see another interesting performance of the presented
refinement scheme, we apply subclasses of refinement
scheme (1), that are given in (2), (4), (11) and (13), on the
same initial sketch and get the smooth shapes of various types
of our choice. This performance can be seen in Examples 3-4
and Figures 4-5.

Example 27: Figure 5 shows the interproximate (inter-
polate some points while approximate the other points)
behaviors of the scheme in non-uniform setting of the
parameters. Here we choose two initial points for inter-
polation and the other four initial points for approxima-
tion. The values of the parameters at each initial point
(12> —22) (12> —20)- (§2» —30)»
0. =), 0. =), (. — )]

Example 28: Figure 6 also shows the interproximate
behaviors in non-uniform setting of the parameters of the
scheme up to three refinement steps. Here we choose four
initial points for interpolation and the the other two initial
points for approximation. Here the setting of parametric
values are: (@i, Bi) = [0, —5p). (0. —5p), (5. 0) (0. —5p),
0, —3p); (g, Ol

Example 29: Figures 7(a)-(c) show the interpolatory and
approximating performance of the scheme on an open poly-
gon. We show the limit curves after three subdivision steps
produced by the scheme at three different values of the shape
parameters (a, B) = (0, —0.05), (a, f) = (

are set as: (o, Bi) =

L1
12 H) and
(o, B) = (%, %) respectively.

From Figures 3-6, RS is used for the Refinement Step.
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(b) Second RS

(a) First RS

(c) Third RS

FIGURE 5. Interproximate behaviour of the scheme for non-uniform
setting of the parameters.

(a) First RS (b) Second RS (c) Third RS
FIGURE 6. Interproximate behaviour of the scheme for non-uniform

setting of the parameters.

(a) (0‘75) = (07 7005)

®) (2, 8) = (15> 31)

© (. 8) = (5 35)

FIGURE 7. Bullets are initial points. Dotted polygons are initial polygons.
Solid curves shows limit curves produced by refinement scheme
after 3 refinement steps.

IV. COMPARISON AND CONCLUSION

In this paper, we have presented a unified refinement scheme
with two parameters. This scheme has unified interpolat-
ing, approximating and interproximate schemes. One shape
parameter controls the interpolating property of the refine-
ment scheme while the other controls the approximating
property of the scheme. Interproximate scheme can be

TABLE 1. Properties of the scheme (1) for different values of « and g. Let
DPG, DPR and AO denote the degree of polynomial generation, degree of
polynomial reproduction and approximation order respectively.

Schemes a DPG | DPR | AO
1 (8a—1
Scheme (2) Vo T ( T ) 3 1 2
Scheme (2) 13—6 —% (8;:11) 5 1 2
1 (168+1
Scheme (4) 5 < 2511 ) VB 3 1 2
1 (168+1 1
Scheme (4) | 3 ( 2611 ) % 5 1 2
Scheme (11) 0 V3 1 1 2
Scheme (13) Vo 0 1 1 2

achieved by using non-uniform (the refinement rules for
each edge are different) setting of the parameters. It is also
observed that our schemes are the generalized version of
some of the interpolating as well as B-spline schemes. It can
produce different shapes with different degree of smoothness
(i.e. different order of continuity). We have also presented the
theoretical, numerical and graphical analysis of the shapes

— 1 (8a—1
produced by the scheme. The scheme for 8 = — ¢ (ﬁ)
produces
« CV-continuous shape for & — /137 < a < 2 +
5oL
. Cl’l-continuous shape for & — £33 < o < & +
16/ 33.
16,

« C2-continuous shape for 0 < o < %
o C3-continuous shape for % <o < % + %«/g
« C*-continuous shape for o = %.

The scheme for o« = % (1265111) produces

« CY-continuous shape for —% - 67_2 349 < B < —%+
V129,

« C'-continuous shape for 3 — £+/33 < p < 2+ £+/33.

o CZ-continuous shape for —% <pB < %

« C3-continuous shape for 0 < B < lgm + jﬁﬁ‘

o C*-continuous shape for 8 =

8-

The scheme for @ = 0 produces
« CY-continuous shape for % — %
« C'-continuous shape for é — %\/5 < B <0.

TABLE 2. Comparison: Here “inter” and “appr” means interpolating and approximating.

VOLUME 8, 2020

Schemes Nature Continuity Range Continuity Range
4-point inter [21] Ct w € (0, %)
4-point inter [1] ct w e (0, %)
3-point appr [3] Cc? w = % .
4-point* appr [5] ct ne (0, 3—12) CP n= é
3-point appr [6] c3 p=4v+1l,v= %, w = %
3-point appr [7] C3 po =1
4-point appr [9] c? a=1,06= é
3-point appr [11] c3 a=d= %,b:c: %
3-point appr [15] c? w = i .
4-point** | appr [15] ct w € (0, %) C? w = i
4-point appr (1) ct a=32 B=1
4-point inter (1) CT a=0,V

98327



IEEE Access

G. Mustafa et al.: Class of Refinement Schemes With Two Shape Control Parameters

The scheme for 8 = 0 produces

« Ccontinuous shape for —‘1—1 <o < %.

« C!-continuous shape for 0 < o < % + %\/g

In Table 1, we summarize the properties of the schemes
for different values of shape parameters o and 8. Since the
degree of polynomial generation of all the schemes is one
therefore by [26] the approximation order of all schemes
is two. Since the odd and even rules of our schemes have
complexity 3 and 4 therefore we have compared the order
of continuity of the shapes produced by our schemes and
existing schemes having the complexity 3 and 4. The com-
parison is presented in Table 2. The schemes presented in
this table with labels * and ** have complexity 4 in both
odd and even rules but in our schemes the complexity in
odd rule is less than 4. The schemes with labels * and **
can produce one order extra continuous shapes but with the
high cost of complexity comparative to our approximating
schemes. Moreover, the difference between the shapes with
order of continuities 4 and 5 can not be observed by our
naked eyes so one extra order of continuity in the shapes
with high cost of complexity has no use. Furthermore, our
schemes produce higher order continuous shape then ternary
combined family of schemes [19], [20]. Our interpolating and
exiting schemes in the combined family produce the same
order of continuous shapes. Overall, we conclude that the
proposed schemes are better in the sense of complexity and
continuity than the combined binary and ternary family of
schemes as well as other individual schemes. In this paper,
we have also suggested the method to compute the points
on the limit curves. In future, we will study that how the
theoretical results of the presented refinement schemes are
potentially applicable to the design of graph filters [24].
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