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ABSTRACT In this manuscript, we adopt a novel approach to present a new bound for the Jensen gap
for functions whose double derivatives in absolute function, are convex. We demonstrate two numerical
experiments to verify the main result and to discuss the tightness of the bound. Then we utilize the bound
for deriving two new converses of the Holder inequality and a bound for the Hermite-Hadamard gap.
Finally, we demonstrate applications of the main result for various divergences in information theory. Also,
we present a numerical example to verify the bound for Shannon entropy.

INDEX TERMS Jensen inequality, Holder inequality, Hermite-Hadamard inequality, convex function, Green

function, Csiszar divergence.

I. INTRODUCTION AND PRELIMINARIES
The field of mathematical inequalities and their applications
has recorded an exponential and significant growth in the last
three decades with considerable impact in various areas of
Science such as Engineering [12], Economics [25], Math-
ematical Statistics [24], Qualitative Theory of Integral and
Differential Equations [21], Information Theory and Coding
[16], [18] etc. It is noteworthy that many innovative ideas
about mathematical inequalities and their applications in var-
ious areas of Science can be developed by convexity [3], [4],
[9], [11], [14], [27], [29], [32], [33]. One of the most impor-
tant inequality for convex functions is Jensen inequality,
which generalizes the classical convexity. This inequality is
of pivotal importance, because other classical inequalities for
example Hermite-Hadamard, Holder, Ky-Fan, Beckenbach-
Dresher, Minkowski’s, arithmetic-geometric and Young’s
inequalities etc can be deduced from this inequality.
An extensive literature exists regarding estimates for the
Jensen gap and their applications in many branches of Science
[1]-[8], [12], [15], [20], [24]-[26], [28]. In this manuscript,
we present a new bound as an estimate for the Jensen gap.

In the following theorem, Jensen integral inequality has
been presented [17]:

Theorem 1: Let a1, 2] C R and hy, hy : [c1,¢c2] =& R
be two functions such that h\(t) € [a1, 2], Yt € [c1, 2]
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Let the function ¥ : [ay, o] — R be convex and hy, hihy,
(¥ o hy).hy are integrable functions on [c1, c2]. Also suppose
that ho(t) > 0 for all t € [c1, c2] and f;}z ha(t)dt > 0, then

( S h](t)h2(t)dt) _ S @ o ho®ha(t)dr

[ ha(r)dt - [ ha(n)dt
For deriving the main result, we need the following Green
function defined on [w], w2] X [w1, w2] [22]:

(s — w2)(x — w1)
—’ ] S'xis’

o1 @

G(s,x) = § ¢ 251
(x — w2)(s a)l)’ < x < .
w) — w1
This is a convex function with respect to both the vari-
ables s and x. Also, the following identity for the func-
tion T € C 2[a)l,a)z] holds, which is related to the Green

function (2) [22]:
Wy —§ s — w]
T(s)= —T(w1)) + ———T(w2)
wy — W1 w2 — w1

073
+ / G(s, x\)T"(x)dx. (3)
w1
We organize the remaining paper as: In Section II, we present
a new main result following by a remark, two numerical
experiments, a proposition, two corollaries and an another
remark which completes the section. Numerical experiments
give the surety of the tightness of the bound which is pre-
sented as the main result, Proposition 1 presents a converse
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of the Holder inequality, Corollary 1 demonstrate another
converse of the Holder inequality while Corollary 2 presents a
bound for the Hermite-Hadamard gap. In Section III, we give
applications of the main result for Csiszar divergence, Shan-
non entropy, Kullback-Leibler divergence, Jeffrey’s diver-
gence, Bhattacharyya coefficient, Hellinger distance and Tri-
angular discrimination.

IIl. MAIN RESULT

In the following theorem, we present a new bound for the
Jensen gap by using functions whose double derivatives in
the absolute function, are convex.

Theorem 2: Let T € C3*[wy, w] be a function such that
|T"| is convex. Let h, f be two real valued functions defined
on lai, ar] such that h(y) € [w1,w?] for all y € [ay, as]
with f, hf , (T o h)f as integrable functions on [ay, az]. Also
suppose that f(y) > 0 on [ay, ap] with faalzf(y)dy =F >0,
then

1 [® 1 [®
[ @emoyony-1(5 [horoa)|

F J, F

ap

e
(; / "Ry
1 az 3 T _ T
_<ff h(y)f(y)dy) >+w2| ()] — 01T (w2)|
a

2(w2 — wy)
1 % 5 | e )
x <f fa1 h=()f (ndy — (1; fal h(y)f(y)dy) ) @)
Proof: Using (3) in % aalz(T o h)(y)f (»)dy and
T(% faalz h(y)f (y)dy), we get

- IT"(w2)| — |T" (1)
6(w2 — 1)

az

1
= (T o (W) (y)dy

F Ja,
_ ! /az e ") o)+ B O
F a @2 — W] wy — W]
@)
+ [ Gt o1 )y )
]
and
1 [%
(g [ o)
— + 22 hOY )y F L2 hO) )y — 1
= T(w1) +
wr — W] w2 — W]
w) 1 as
x T(w2) + / G(F / RO (3)dy, x) T"(x)dx.  (6)

Subtracting (6) from (5), we obtain the following result
a

1 2 1 [®
F | emovou ([

w2 1 a
_ / (f / G(h), )f (B)dy

| (e
—G(f / | h(y)f(y)dy,x))T”(x)dx. )

hOY ()dy)
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Taking absolute of (7), we have

az

3 [ @onovow-1(; [
F o, F

ap

@ /1] a
/ (— [ 6. aray
w1 F ap
1 a@ 4
~6( [ oo x) ) o
)
<
W

1 [®
—G(F f h()’)f(}’)dy,x>>‘|T”(X)Idx. ®)

1

oY o)y )|

e
(; / G(h(y), x)f ()dy
ai

Using the change of variable x = tw; + (1 — #)wy for ¢ €
[0, 1]. Also as G(s, x) is convex, so from (8), we get

B a”(r o Y () — T / " ho o))

1 1 ar
< (w2 — wl)fo <F/ G(h(y), tw1+(1 —t)w2)f (y)dy
aj

— G(h, twy+ (1 —t)w2)> IT" (tw; +(1—1)wy)|dt, )

where

1 (e
h= 4 ; h)f ()dy-

Since |T”| is a convex function, therefore (9) takes the form

“wonoyor-1(5 [ rorow),

7, .
<(w2 — wl)/ < / h(y), tw1 + (1 — t)a)z)f(y)dy

~ Gl 101 +(1 —t)wz)> (17" @1+ =DIT" @) )dr

= (w2 — i)

1 1 ap
< ([ niz [76(ho 01+ -0n) v
0

ai

1 1 ap
+ fo (=0Tl [ 6(ho). 1o

+(1 - t)w2>f (y)dydt

1
— / tIT" (@1)|G(h, twy + (1 — Han)dt
0

1
- / (1 — O|T"(@2)|G(h, twy + (1 — t)a)z)dt>.
0

= (w2 — w1)

" !
><<|T (1) f( )(/ tG(h(y), tw1+(l—t)w2)dt>dy
4 !
. T (w2)| f( ) i G(h(y),tw1+(1—t)wz)dt)dy
|T”(a)2)|

/a2f(y) /01 tG<h(y), twl—i—(l—z)wz)d,)dy
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1
—w%mn/tahmn+a—nmwr
0
1
- |T”(a)2)| / G(/jl, tw1 + (1 — Hwy)dt
0

1
+|T"(wy)| / tG(h, toy + (1 — t)a)g)dt). (10)
0

Now by using the change of variable x = tw1 + (1 — t)w; for
t € [0, 1], we obtain

1
/ tG(h(y), tw1 + (1 — Hwy)dt
0

_ 1 w;h(y)
(w1 —w2)*\ 6
0By Sohd(y)  @eth(y)  wo}
6 6 2 6
h? w2h? w3w?  wih
wiwrh*(y) ) o) H W7 > o) +a)2h3(y)
2 2 2 3
3
w15
-——=). 11
3 ) (11)
Replacing A(y) by hin (11), we get
1
/ 1G(h, tw; + (1 — Hwo)dt
0
_ 1 (w?il
(@ — o)\ 6
a)l(f_l)3 5602(/71)3 a)gw%l_z a)za)? a)la)z(l_l)z
6 6 2 6 2

21\2 2. 2 37 3

ws(h) wywi  wyh -3 W],

-4+ == 4+ = Fwyth)y — —= ). 12
> 5 3 w2 (h) 3 (12)

Also,

1
/ Gh(y), tw1 + (1 — t)wp)dt
0

_ (FPQ) — ©h() — 01h() + 012)
2w — 1) '

13)

Replacing A(y) by & in (13), we get

((h)? — inh — w1 h+w )
2(wr—wy) ’

1
/ G(h, tw; +(1=0an)dt =

0
(14)

Substituting the values from (11)—(14) in (10) and simplify-

ing, we get the result (4). 0
Remark 1: If we use the Green functions Gy — Gs as

given in [22] instead of G in Theorem 2, we obtain the same

result (4).

Now we demonstrate some numerical experiments to show

the tightness of the bound (4).

Example 1: Let T(y) = y*, h(y) = y, f(y) = 1 for all

y € [0, 1] then T"(y) = 12y > 0, |T"/"(y) = 24 > 0
for all y € [0, 11. Which shows that T and |T"| are convex
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functions. Also, h(y) € [0, 1] for all y € [0, 1], therefore
using inequality (4) for these facts with [w1, w2] = [a1, az] =
[0, 11, we obtain [ T(h(y))dy — T( /i h(y)dy) — 02—
0.0625 = 0.1375 and its corresponding right hand side gives
0.25. Thus from inequality (4) we conclude that

0.1375 < 0.25. (15)

Now taking right hand side of inequality (5) in [13], we get

1

ST o[ I1h = el + 1 = el |
. 6[302 —3c+1
N 3

It is important to note that g(c) attains its minimum value at
¢ = 0.5 which is g(0.5) ~ 0.1458 and thus from (16) we
obtain

+ (c2 —c+ %)2] —6g(c).  (16)

1

5”T,,||Lw([0,1]),[||h —clZ, + llh - c||§l] ~ .8748.
Hence from inequality (5) in [13], we get

0.1375 < 0.8748. (17)

Similarly taking right hand side of inequality (8) in [13],
we get
S e =l = 4 ot 7] [ 609 — o]
2 ({0.1p- L2 2001 0

:6[302 —3c+1
3

Now [(c) attains its minimum value at ¢ = 0.5 which is
1(0.5) &~ 0.0833 and thus from (18) we deduce

] —6l(c). (18)

1 1 1 2
ST e .h—z——'fT”[/h — oy
2|| oo (o, 17)- 17 = ¢ll72 > inf A (h(y) — c)dy
~ 0.4998.
Hence from inequality (8) in [13], we get
0.1375 < 0.4998. (19)

From (15), (17) and (19), it can easily be concluded
that the bound in (4) for the Jensen gap is better than
the bounds in (5), (8) from [13]. Also, inequality (15)
verifies the tightness of the bound in (4), towards the
Jensen gap.

Example 2: Let T(y) = €, h(y) = y*, f(y) = 1 for all
y € [0,11then T"(y) = & > 0, |[T"/"(y) = & > 0
for all y € [0, 1]. Which shows that T and |T"| are convex
functions. Also, h(y) € [0, 1] forally € [0, 1], therefore using
inequality (4) for the above facts with (w1, w2] = [a1, a2] =
[0, 1] we obtain [} T(h(y))dy — T( In h(y)dy) — 1.4627 —
1.3956 = 0.0671 and right hand side of inequality (4) gives
0.0748. Thus from inequality (4), we deduce the following
result

0.0671 < 0.0748. (20)
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Now taking right hand side of inequality (5) in [13], we get
1
SIT leqon- I = el + 1k = €l |

2 1 4 3 1\2
_ 2_ = - T -
= 1.3592[c 3c+ 5 + <3c2 c+ 3> ]
= 1.3592¢(c). 21)

Now g(c) attains its minimum value at ¢ =~ 0.31 which is
2(0.31) = 0.1536 and thus from (21) we get

l||T”|| Il — cli2, + [lh — cll?, | ~ 0.2088
> L(0,1])- cliza cliyr |~ 0.2088.
Hence from inequality (5) in [13], we get

0.0671 < 0.2088. (22)

Similarly taking right hand side of inequality (8) in [13],
we obtain

S e = el — % int 7] [ 609 — o]
%0([0,1]) - — ) — = —
2 LT 21001 0

_ 1.3592[c2 - §c+ é] - %[363_ 1]2 — ). (23)

Now [(c) attains its minimum value at ¢ ~ 0.33 which is
1(0.33) =~ 0.1208 and thus from (23) we get

1 " 2 1. " ! 2
EIIT lzooqo,1p)- 12 — ¢llj, — 5 inf T [ A (h(y) — C)dy]

2 [0,1]
~ 0.1208.
Hence from inequality (8) in [13], we get
0.0671 < 0.1208. (24)

Now inequalities in (20), (22) and (24) show that the
bound in (4) for the Jensen gap is better than the bounds
in (5), (8) from [I3]. Also, inequality (20) gives the
surety of the tightness of the bound in (4), towards the
Jensen gap.
In the following proposition, we present a converse of
the Holder inequality as an application of the above
theorem.

Proposition 1: Letp; € RT—{(2,3)U(0, 11}, p» > 1such

that F’Ll +pl2 =land?y, & :lay,az] = RT be twofunctions
_n

such that t1'(y), 7). t1()6Y) and & (y)é“z " (y) are
integrable on [ay, az] Also, let [w1, w2] be a positive interval

such that ¢ (y);‘2 " (y) € [w1, wa], then

([ eproma) ([ om)® - [*aveon

122
- <P1(p1 — D@y =o' (/;f G0E " 0dy
B 6(w2 — 1) Jo2 &2 )y
- (f;’f zl(y);z(y)dy>s>
Jat &7 Gy

98004

1=22
Pi(p1— (@20 — w1 ) (f;‘f tEMe, " )y

[ o)y
Jat cl(y)zz(y)dy )) /
dy. 25
— (B — o &)y (25)
Proof: Using (4) for T(g) = ¢P1, f(y) = ;52()1) and
2}

h(y) = 21(0)¢, " (), we deduce

2(wr — w1)

1

D2 -1 a2
/ & 0dy)” / & )y / a0

B (PI(PI e A, (f;‘f G0, " oy
a 6(w2 — 1)

JaZ 62 ()dy

(f ng(y)d/ Cl(y)g“z(y)dy))

1-22
L po- D(@ o} —wioh (fa“f $2me, " )dy
f"z &b (y)dy

2(w2 — w1)

a

1
(f = P () 512 (y)dy )) / 2 (y)dy.
2 aj

(26)

Utilizing the inequality x# — y# < (x — y)?, 10 <y<x, Be
pP1—
0,11 for p = L x = ([2eloiy)” ([ e 0ay)

and

y= ([ (y)é“z(y)dy)pl, we obtain
az pi ap pi a
/ ;fl(y)dy ! / Cf%y)dy) 2 —/ oo 0)dy
ai

a
(/ o )dy o' (ndy

1

2 pr\ Pt
([T aweom)™)". @)
ap

Now using (27) in (26), we get (25). U

In the following corollary, we demonstrate another converse

of the Holder inequality as an application of Theorem 2.
Corollary 1: Let {1, & : [ay, az] — R be two functions

such that t7'(y), £3*(v) and §1(y)(y) are integrable on
[a1, az]. Also, let [w1, wa] be a positive interval such that

fl(y)éz_pz(y) € [wy, wy], then
(i): Forpy > 1 and py = p—f’ll, we have

([ o)™ ([“e
a aj
< {(1—%) (8=l

- 6p1(w2 — 1)
§ (/Zf G006 o)y (I;‘f ¢f"<y>dy)s)
Jal &2y S ey

1 ap
o) - [ amaomdy
ap
1
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1 -2 E‘z
(1 [71) (a)za)l — w1, )

- 2p1(w2 — w1)
(f 6" 006 o)y ( Jorep (y)dy)2>}
Jar 632 0)dy Ja2 b2 (dy
x / 2 ()dy. (28)

(ii): For0 < py < landp, =
we have

1 ap 1
[ s - / o (y)dy)’”( f 202y
aj

SZLL with - € (0, 00)\ (2, 3),

6p1(w2 — 1)
<f 6" 05 Oy ( Ja st (y)dy)3>

Jo2 2 )dy Jo2 &2 )y

1 1
L_2 L_2
1 r1 r1
(P_l — 1) (a)zwl — w1, )

+

2p1(w2 — w1)
(f &7 08, P ()dy - <fa“f C{”(y)dy)2>}
JaZ &2y Jo2 52 )y
x / £5” (v)dy. (29)
(iii): For p1 < 0and py = _1, we have

1 ap 1
/ 0G0y - / o) ([ o)

{(p%—l)(wz T

6p2(w2 — w1)

( S22 5 0)e 7 )y (f:f g§2<y)dy)3>

RGO Jaz el oy
) L_o
NCRDICTREET )
2p2 (w2 — w1)
(f &) " 0)dy ~ <fa“f 4“52(y)dy)2>}
Ja2 el )dy Jaz &l dy
x [ ¢t ()dy. (30)
ap

Proof: (i): Let T(g) = gp%, then it can easily be shown
that the function T is concave and |T"| is convex. Therefore
using (4) for h(y) = &' 0), fO) = 5°0), we
get (28). 1
(ii): In this case, the functions T(¢) = ¢t and |T"| are
convex. Therefore using (4) for h(y) = ¢ ()¢, (), fO) =
2 (), we get (29).
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(iii): If p1 < 0, we have 0 < py < 1, which shows that this
case is the reflection of case (ii). Therefore, replacement of
P1, P2, {1, &2 by pa, p1, &2, &1 in (29) will lead us towards the
result (30). O
The following corollary proposes a bound for the Hermite-
Hadamard gap as an application of Theorem 2.

Corollary 2: Let ¢ € C2[a1 , az] be a function such that
|| is convex, then

ay +ap
v(537))
GACES W;g(;aZ)')(az —a? a1
Proof: Using (4) for ¢y =T, [w1, w2] = [ay1, az] and

fO) =1, h(y) =yforally € [a1, az], we get (31). |
Remark 2: The inequality (31) has also been proved by
Sarikaya et al. in [30].

IIl. APPLICATIONS IN INFORMATION THEORY
Information theory is a branch of Science, which scien-
tifically deals with the communication, quantification and
storage of different kinds of information. Information is
an abstract entity, therefore it cannot be quantified easily.
A probability density function can be used for quantification
of information about a certain event. A divergence can mea-
sure the difference between two probability densities. Csiszar
[22] introduced a divergence known as Csiszdr divergence,
which is the base for other divergences for example Kullback-
Leibler divergence, x2-divergence, Jeffrey’s divergence etc.
Divergences have many applications in various fields of Sci-
ence, Technology and Art for example Pattern recognition
[23], Genetics [10], Applied Statistics [19], Signal processing
and Coding [31] etc. Jensen inequality plays a vital role to
deduce the estimates for various divergences [16], [18], [20],
[28]. In this section, we present some applications of our main
result for various divergences.

Definition 1 (Csiszdr divergence): Let (w1, w2] € R and
¢ : w1, w2] — R be a function. Also let X : [a1, a2] —
[w1, 2], Z : [a1,a2] — (0, 00) be two functions such
that X_g; € [w1, w2] for all y € [a1, az], then the Csiszdr
divergence is defined by [22]

(y))

DX, Z) = / 2006( 5,

Theorem 3: Let ¢ € C i[a)l w»] be a function such that
|@”| is convex. Also X : [a1, ar] — [w1, w21, Z : [a1, a2] —
fal X0y x(y)

(0, 00) be two functions such that m 7o)

€ (w1, w2],

forally € [ay, az], then

azl 'f(x,Z)—qs(f (y)y)‘

1 Z(ydy
B |¢”<wz>| — ¢ (@)
- 6(w2 — w1)
S XDy x a2
JZzZydy ( f;?zwdy)

98005



IEEE Access

M. Adil Khan et al.: New Bound for the Jensen Gap With Applications in Information Theory

2|9 (@1)| — w1l¢" (@)

2(w2 — w1)
a X? a
Tl Zody (f 2X<y>dy) )
[2Zmdy ~ \ = ZG)dy

Proof: Using (4) for T = ¢, h(y) = ’2‘8’) and f(y)
Z(y), we obtain (32).
Definition 2 (Shannon entropy): For a positive probabll—
ity density function Z(y) defined on [a1, az], the Shannon
entropy is defined by [22]

ay
EZ) = — / Z()log Z(y)dy.

Corollary 3: Let [w1,a)2] C R' and Z(y) be a positive
probability density function defined on [ay, ax] such that
ZL@) € w1, wy] forally € [ay, az], then

log(az — ay) — E*(Z)

<a)%+a)1a)2+a)%</‘tl2 1 4
< 4—> ——dy —
20iw3 a Z0)

w1+ w) 2 1 3)
o ( / g @—ar) e
Proof: Using (32) for the function ¢(¢) = —logg, ¢ €
[w1, w2] and X (y) = 1, we get (33). [l
In the following example we verify the inequality (33).
Example 3: Let Z(y) = lszor ally € [al,ag] =1, 2]
be a reciprocal distribution, then Z(y) € [ ] = [w1, wa] for
ally € [1, 2]. Therefore using (33) for thesefacts we obtain

(az — 611)2)

log(az —ar) — E*(Z)

= 0.0199
2 2 a
+ w0 + 2
<0049 = AT ( / dy ~ (@2~ a?)
207 w5 a Z0Q)
w1 + wy ( [“2 1 3
Lot (L )
6wiw3 \Jo, Z2(y)

Definition 3 (Kullback-Leibler divergence): For two posi-
tive probability densities X (y) and Z(y) defined on [ay, a3],
the Kullback-Leibler divergence is defined by [22]

ki “ X(y)
D (X,Z)_fa] X(y)log(z( )) y.
Corollary 4: Let [w1,w2] € RT and X : [a1,a2] —
[w1, w2], Z : [a1, az] — (0, 00) be two positive probability
density functions such that )Z(—gg € l[wy,w2], for all y €
a1, az], then

ap X2
DH(X.Z) < 1+w2</ (Y)dy—l)
201w Yoy Z(Y)
ay X3Q) 4
_ fal Zz(y)dy 1 (34)
Proof: Using (32) for the function ¢>(g) = ¢ logg, we
get (34). O

Definition 4 (Jeffrey’s divergence): For two positive prob-
ability densities X(y) and Z(y) defined on [ay, a>], the

98006

Jeffrey’s divergence is defined by [22]

DX, 2)= / (X0) - Z(y))lg(zﬁy;)

Corollary 5: Let [a)1 ] € Rt and X : [a1,a2] —
[w1, w2], Z : [a1, az] — (0, 00) be two positive probability
densities such that )Z% € [w1, wa], forall y € [ay, az], then
a)]2 + w% + wiwy + a)la)g + a)za)%

2 2
2a)1a)2

“ X2(y)
d
X</a1 Z(y) Y

“ X3()
x (/al 710y 1). (35)
Proof: Using the function ¢(¢) = (¢ — 1)log ¢ in (32),

we get (35). U

Definition 5 (Bhattacharyya coefficient): For two positive
probability densities X(y) and Z(y) defined on [ay, a3], the
Bhattacharyya coefficient is defined by [22]

CPX.7) = f JXOZO0)d.

Corollary 6: Let [a)1,a)2] C Rtand X : [a1,a2] —
[w1, w2], Z : [a1, az] — (0, 00) be two positive probability
density functions such that )2(_8 € lw1,wr], for all y €

a1, az], then
3
— 2 ay x3
: @, (/ (Y)dy_ 1)
w2 Z2(y)
240)] o) (a)2 — wl)

D(X,Z) <

2.2

) w1 + wy + wijw2
bwiw;

ol SV

w

1-Clx,2) <

N‘wJ

5 5
2 _ .2 ay y2
N 3a)z3 ok (/ };(y)dy— l).
86()50)7(602—60]) aj (}’)
(36)
Proof: Using (32) for the function ¢(s) = —,/c, we
get (36). O

Definition 6 (Hellinger distance): For two probability
density functions X(y) and Z(y) defined on [ai, a2], the
Hellinger distance is defined by [22]

D'X,2) = f (VXG) - VZ0)) d.

Corollary 7: Let [w1, a)g] C Rtand X : [a1,an] —
[w1, w2], Z : [a1, ax] — (0, 00) be two probability densities
such that }Z(T(;; € [w1, wa], forally € [ay, az], then

1)

3 3

24w] w5 (w2 — w1)

5 5

a)f _ 0)7 an X2

R B (/ > (y)dy—l>. 37)
SwEa)ZZ(wg—wl) a o)

Proof: Using (32) for the function ¢(s) = 3(1 — /5)%,

we get (37). (|

Definition 7 (Triangular discrimination): Let X(y) and

Z(y) be two positive probability density functions defined on

ol N[V
0

phx,z) <

aé /az X3@y)

Z20)® " 1)

aj
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[a1, a2], then the Triangular discrimination is defined by [22]

a _ 2
D*(X,Z) = / ’ Mdy
aj X(y)+Z(©)
Corollary 8: Let [w1,w2] € R and X lai, a2] —

[w1, w2], Z : [a1, az] — (0, 00) be two positive probability
density functions such that )Z(—((j; € lw1,w], for all y €
[a1, a2], then

DX, Z)
< Mm+n%wm+m>(/@ﬁwd_g
= 31 + D@ + Dz —on Vo 22007
«m@u+b3—m@n+D5</”X%Wd 1)
@1+ D@+ Diwr —on) o, Z0) © )
(38)
Proof: Using (32) for the function ¢(¢) = @;Tll)z we
obtain (38). O
Remark 3: It is important to note that we can give the
discrete version of the results presented in this manuscript.

IV. CONCLUDING REMARKS

A growing interest in applying the notion of convexity to
various fields of science has been recorded, in the last few
decades. Convex functions have some rational properties
such as differentiability, monotonicity and continuity, which
help pretty good in their applications. The Jensen inequal-
ity has generalized the concept of classical convexity. This
inequality and the results around its gap, resolve some diffi-
culties in the modeling of some physical phenomena. Thus,
we have derived a new bound for the integral version of
the Jensen gap involving functions whose absolute value
of second derivative are convex. Based on this bound, we have
deduced converses of the Holder inequality as well. Also,
a bound for the Hermite-Hadamard gap has been obtained.
Finally, we have demonstrated some bounds for Csiszdr,
Jeffrey’s and Kullback-Leibler divergences etc in information
theory as applications of the main result. The numerical
experiments, which are demonstrated in Section II not only
confirm the sharpness of the Jensen inequality but also give
the surety of the tightness of the bound in (4) towards the
Jensen gap. An application of the main result for Shannon
entropy has also been discussed through a numerical exam-
ple, which verifies the bound of Shannon entropy. Also, it is
important to note that the bounds around various divergences
can be applied for signal processing, magnetic resonance
image analysis, pattern recognition and image segmentation
etc. The proposed idea may inculcate further research in the
area of mathematical inequalities.
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