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ABSTRACT Despite the various advantages of existing warranty designs, these designs are still limited
to inherent reliability and ignore the interaction between use reliability and regional difference. A new
sub-region warranty differential pricing strategy based on the regional granularity of use reliability is
proposed to solve these issues. A use reliability prediction model based on regional granularity partition
results and after-sales failure data is established to evaluate product use reliability accurately in different
sub-regions. Then, a novel high-dimensional optimization model that considers the regional difference in use
reliability, warranty, and price is developed to optimize the regional warranty differential pricing strategy.
Two scenarios for pricing and warranty, namely, unified and partition warranty schemes, are considered, and
the necessary optimality conditions for each scenario are determined. Afterward, a practical case study is
conducted in the air-conditioning industry to verify the performance of the proposed model. The sensitivity
of the model is also analyzed. Numerical experiments show that the sub-region warranty differential pricing
strategy allows for a suitable trade-off among use reliability, warranty, and selling price.Moderately reducing
the selling price of sub-regions with high use reliability and increasing the selling price of sub-regions with
low use reliability can enhance profitability. This work provides manufacturers with guidelines on designing
sub-region warranty differential pricing strategies.

INDEX TERMS Sub-region warranty, differential pricing, use reliability, high-dimensional optimization
model, air-conditioner.

I. INTRODUCTION
Warranty, as a competitive marketing tool, is crucial in
enhancing perceived customer value and stimulating mar-
ket demand [1]. With the rapid development of production
technologies and increase in market competitiveness, prod-
uct quality and reliability have been continuously improved.
This improvement has led to high customer expectation
for after-sales service quality and length of the warranty
period and coverage, thereby affecting the expected war-
ranty costs and integrated profit. Warranty policy deci-
sions should consider not only the key marketing factors,
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including selling price, warranty period, and post-warranty
commitments, but also the inherent technical factors, such
as product quality and reliability [2], [3]. However, the use
reliability of products distributed in different geographical
regions exhibits a significant difference because the working
conditions and service time of products vary from region
to region [4]. Therefore, developing a scientific and rea-
sonable warranty strategy from the perspective of prod-
uct use reliability is meaningful. Doing so can control and
reduce warranty costs, increase manufacturers’ profits and
customer satisfaction with after-sales service, and enable
manufacturers to achieve regional warranty management,
differential extended warranty service, and personalized
marketing.
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Researchers from diverse disciplines have conducted many
studies on warranty decisions from different perspectives due
to the importance of such decisions [5]–[7]. Reliability-based
warranty decisions mainly involve product reliability evalua-
tion and formulation of a reasonable warranty period on the
basis of reliability information. A number of extensions of
reliability evaluation methods and reliability-based warranty
modeling have been reported in recent years.

A. RELIABILITY EVALUATION
Reliability evaluation methods in literature are divided into
three basic types, namely, methods based on reliability tests,
component-based numerical and probabilistic simulations,
and statistical analysis of field data [8]–[11]. Although relia-
bility tests have high popularity and extensive applications,
they are unsuitable for current high-reliability or long-
life products because they are time consuming and expen-
sive [12]. Simulations can be used to support reliability tests
in certain cases to solve this problem partly. However, sim-
ulations might demonstrate low accuracy when applied to
complex products with various failuremechanisms [11]–[13].
Thus, reliability evaluations based on tests and simulations
are limited in many application fields. By contrast, reliability
evaluations based on field return data have low time con-
sumption and cost and are accurate. Accordingly, they can
overcome the limitations of the two other methods.

Various field data-based reliability evaluation approaches
have been developed in recent years. For instance, Lu [14]
proposed a reliability prediction method based on early
field failure data to identify vehicle parts that are likely
to become actionable items. Ion et al. [15] studied field
reliability prediction by using early warranty data from
repair centers to check if the reliability of consumer elec-
tronics is at the proper level. Al-Garni et al. [16] utilized
Weibull and gamma distribution models to estimate the reli-
ability of air-conditioners by using field data. Moreover,
Yuan and Kuo [17] used the Weibull exponential distribution
to simulate the L-shaped hazard rate function. A change-
point-based reliability prediction model using field return
data was investigated by Altun and Comert to predict the
reliability performance of high-volume complex electronic
products during their warranty period [18]. Kleyne and Ben-
der [19] introduced a practical method of reliability predic-
tion that merges a military standard approach with manu-
facturer’s warranty data to improve the accuracy of failure
rate prediction. Gurel and Cakmakci [20] used a parametric
Weibull model and the linear regression method to estimate
hazard rates of LCD TV on the basis of lifetime data obtained
by service departments. Furthermore, Hsu et al. [21] pro-
posed a hierarchical reliability model for the joint modeling
of laboratory and field data. With this model, the infor-
mation from multiple products of the same type can be
integrated efficiently. Wang et al. [22] studied a reliability
evaluation model of vehicles based on support vector regres-
sion by using 2D warranty data. To investigate the effect of
usage rate on product degradation, Dai et al. [23] presented

an accelerated failure time model in which the parameters
are estimated by the stochastic expectation–maximization
algorithm using censored and field data. To improve pre-
diction accuracy, Ghasemieh et al. [24] proposed a new
hybrid model based on heuristic optimization methodologies
and artificial neural network. On the basis of 2D warranty
data, He et al. [25] developed a log-linear regression model
of the product failure rate by setting the usage rate and
manufacturing day as covariates and utilized the maximum
likelihood approach to estimate the parameters. Meanwhile,
Prakash and Mukhopadhyay[26] performed a complete fail-
ure mode (CFM) analysis based on warranty data to deter-
mine the reliability of individual components.

Although these field data-based methods achieve desirable
results, they still have the limitations. First, they do not
fully utilize after-sale fault data to evaluate the use reliabil-
ity of products in different regions quantitatively. Second,
they cannot establish a mathematical model that reflects the
quantitative relationship between use reliability and different
geographical regions nor can they reveal the quantitative
relationship between inherent reliability and use reliability.
Third, these models were developed only for specific prob-
lems and thus lack generalizability. Therefore, establishing a
generalized prediction model to evaluate the use reliability of
products in different regions is essential.

B. RELIABILITY-BASED WARRANTY MODELING
Many studies have focused on optimal strategies that link
an engineering design variable (product reliability) with war-
ranty to either maximize manufacturers’ profit or minimize
the total cost. Several of these works, such as [2], [3], [27],
and [28], considered only qualitative aspects. Meanwhile,
previous quantitative studies have investigated the interac-
tions among decisions on reliability, warranty, price, and
production. In particular, quantitative studies have provided
a series of warranty decision models from the perspective of
cost minimization or profit maximization.

Warranties based on cost minimization have been exam-
ined in prior research. Chien [29] proposed an analytical
model to determine the optimal warranty period and out-
of-warranty replacement age for a general repairable prod-
uct sold under a failure-free renewing warranty agreement
by minimizing the corresponding warranty cost functions
from the perspective of the seller and buyer. To set the opti-
mal reliability, price, warranty length, and warranty service
quality, Wang and Liu [30] reconstructed the product demand
function by analyzing the effect of warranty service quality
on customer satisfaction and repeated purchase and further
introduced a modified cost function and warranty decision
model. Ambad and Kulkarni [31] presented an objective
optimization function weighted by the mean time between
failures (MTBF) and warranty cost to increase product reli-
ability and minimize warranty costs. The authors developed
a solution based on the genetic algorithm and analyzed the
relationship among MTBF, reliability, and warranty costs.
Chen et al. [32] studied a comprehensive warranty cost
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model for repairable products presenting two types of failure
under burn-in and free replacement warranty/pro-rata war-
ranty policies. They obtained the failure rate distribution and
optimal warranty period length from the warranty cost model
and after-sales service data.

Warranties based on profit maximization have also been
investigated. Murthy [33] introduced an analytical model that
comprehensively considers the reliability, warranty, and price
of a new product with the aim of maximizing the generated
profit. To determine the optimal quality and price strategy
for a new product, Teng and Thompson [34] developed
a two-parameter decision model of quality and price and
used the maximum principle method to solve this model.
Wu et al. [35] developed a new price–warranty decision
model based on [34] by replacing quality level with warranty
period length to maximize the total profit. DeCroix [36]
introduced a new model based on game theory to represent
companies that are compelled to design warranties, reliability
parameters, and selling prices. Another optimal strategy was
proposed by Fang and Huang [37], who utilized a Bayesian
analysis approach to set the optimal price andwarranty period
when the manufacturer does not have sufficient historical
sales data. Huang et al. [38] investigated a mathematical
model of selecting the optimal reliability, warranty period,
and price to maximize the discounted expected profit for a
general repairable product sold under an FRW policy. The
study developed solutions for stable and dynamic markets
by using the maximum principle method. On the basis of
the work of [38], Darghouth et al. [39] proposed an ana-
lytical model for the joint optimization of the design, war-
ranty, and price of a new product sold with a maintenance
service contract considering one unique service provider.
The goal was to maximize the discounted expected profit
over the product life cycle. Two specific types of markets
and four maintenance service contracts were considered.
Shang et al. [40] investigated the condition-based renewable
replacement warranty policy by combining the inverse Gaus-
sian degradation model, which maximizes profit by opti-
mizing the replacement threshold, sale price, and warranty
period. Zhu et al. [41] recommended an integrated model that
makes simultaneous optimal decisions on product reliability,
warranty policy, regular price, promotion price, and lengths of
regular sales and promotions to maximize the total profit over
the product lifecycle. Other relevant multi-objective models
have also been developed [42]–[44] to solve multi-objective
warranty optimization issues due to research and develop-
ment (R&D) expenditures, production cost, market share,
warranty attractiveness index, warranty costs, spare parts
cost, MTBF, and net profit.

Many integrated models have been proposed to address
warranty optimization problems with single and multiple
objectives. However, these analytical models still have defi-
ciencies. First, they consider only the product quality levels
or inherent reliability aspects and ignore the regional differ-
ences of use reliability. Second, studies on warranty decisions
that simultaneously consider use reliability, warranty period,

FIGURE 1. Regional granularity partition of the use reliability of AC.

and sale price are unavailable. Research on sub-region war-
ranty differential pricing strategies is also lacking.

To deal with the problems that cannot be addressed by
these models, the present study considers the significant
regional difference in the use reliability of products in dif-
ferent regions. To the best of our knowledge, very few stud-
ies have focused on the correlation between use reliability
and regional difference. In our previous work [45], [46],
we constructed a multivariable high-dimensional clustering
model of use reliability and utilized the improved cluster-
ing algorithm to solve the model, which is aimed at the
minimum difference of use reliability in similar regions.
We obtained optimal regional granularity partition results
on use reliability. As shown in Fig. 1, the use reliability of
air-conditioner (AC) in 31 provincial administrative areas of
Mainland China is divided into 10 groups of geographical
regions. Given that product reliability, warranty costs, war-
ranty period, and sale price are closely related [27], [47], [48],
the regional difference in use reliability and length of the
warranty period directly affects the actual warranty cost per
unit and selling price in different sub-regions. This difference
should be considered when evaluating optimal warranty pol-
icy decision-making options. On the basis of these consider-
ations, we design a sub-region warranty differential pricing
strategy based on the regional granularity of use reliability.

Accurate prediction of use reliability is an important pre-
requisite for achieving a sub-region warranty differential
pricing strategy. With this concept in mind, we establish a
mathematical model that reflects the quantitative relationship
between use reliability and different geographical regions
based on regional granularity partition results. We intro-
duce a general formula of the expected warranty cost and
modify the sales model for each sub-region. Furthermore,
a high-dimensional optimization model that considers the
regional difference in the use reliability, warranty period,
and selling price of each sub-region is developed to opti-
mize the sub-region warranty differential pricing strategy.
Two scenarios for pricing and warranty, namely, unified and
partition warranty schemes, are considered, and the necessary
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optimality conditions for each scenario are derived. The pro-
posed model is then applied to a practical case study in the
air-conditioning industry for illustration. Analyses of the two
scenarios and model sensitivity are also conducted.

Our study differs from prior studies in the following
aspects. First, previous studies determined optimal war-
ranty decisions on the basis of product inherent reliability.
The present study determines optimal sub-region warranty
decisions by considering the product use reliability, war-
ranty period, and selling price of each sub-region. Second,
unlike prior work, this study investigates the quantitative
relationship between use reliability and different geograph-
ical regions and evaluates the use reliability in different
sub-regions on the basis of regional granularity partition
results and after-sales failure data. Third, this work quan-
titatively examines the effect of the regional difference in
use reliability on product warranty and selling price. More-
over, the proposed high-dimensional optimizationmodel uses
a differential pricing strategy instead of a unified pricing
strategy in different sub-regions.

The remainder of this paper is structured as follows.
Section II describes the sub-region warranty differential pric-
ing strategy with a modeling framework. Section III intro-
duces the proposed mathematical model, and Section IV
presents the model optimization analysis. Section V provides
a practical case study that illustrates the proposed models and
a discussion of the results. The conclusions and future work
directions are given in Section VI.

II. ANALYSIS OF THE SUB-REGION WARRANTY
DIFFERENTIAL PRICING STRATEGY
Warranties are closely related to many complex factors,
including product design decision, manufacturing and pro-
duction process control, selling, after-sales service, and envi-
ronmental conditions [27]. Hence, key factors should be
determined and analyzed prior to developing a mathemat-
ical model for the sub-region warranty differential pricing
strategy.

A. FACTORS FROM THE TECHNOLOGY PERSPECTIVE
The warranties offered by manufacturers are generally asso-
ciated with product reliability [41], [49]. Specifically, high
product inherent reliability equates to a long and improved
warranty term from manufacturers. Product inherent reliabil-
ity is calculated through a reliability test under standard con-
ditions. Product design, control of raw materials, and quality
control in the production phase determine product inher-
ent reliability, which gradually increases with investments
in R&D and production. Thus, product inherent reliability
can be enhanced by structural improvements, strict quality
control activities, and process management measures during
product development and production.

The reliability of products placed into the actual use
environment is called use reliability. Inherent reliability
is the basis of use reliability. That is, inherent reliabil-
ity positively affects use reliability, which implies that use

reliability increases as inherent reliability increases. Further-
more, the service quality level in different sub-regions can
meet the same quality standard requirements through contin-
uous quality improvement and strict quality control activities
because the service quality factors are controllable. Thus, its
effect on use reliability is ignored in this study. In addition, the
use reliability of products distributed in different sub-regions
exhibits a significant difference due to the regional differ-
ence of the factors that influence use reliability. Furthermore,
the regional difference of use reliability inevitably affects the
length of the warranty period and the expected warranty cost.
Therefore, product use reliability is an important basis for
manufacturers to formulate effective warranty strategies.

B. FACTORS FROM THE MARKETING PERSPECTIVE
Warranty ensures product reliability and can be used as a
valuable marketing tool [50]. Generally, product warranty
cost, warranty period, selling price, and sales volume vary
under different warranty policies. Designing an effective war-
ranty strategy can enhance customers’ perceived value and
stimulate market demand, thus affecting the sales volume
and sale price. Sale price is the only factor that can generate
profit in the market decision, but it is also subject to market
environment factors, such as competitive position and com-
petitive situation of the firm. In addition, sale price reversely
affects sales volume, that is, sales volume is sensitive to sale
price [51]–[53]. Sales volume is constrained by the market
environment and regional difference in consumer demand
in different regions. Accordingly, the length of the warranty
period, the warranty cost for a unit product, the market envi-
ronment, and the regional difference in consumer demand
inevitably lead to fluctuations in the sale price and sales
volume of products in different sub-regions.

In accordance with this analysis, a modeling framework
of the sub-region warranty differential pricing strategy is
established based on the regional granularity of product use
reliability. As presented in Fig. 2, the overall idea of this
model is to comprehensively consider the effects of key tech-
nical features, marketing variables, and regional difference
in use reliability on warranty decisions. The multiple and
complex interactions among product warranty period, war-
ranty cost of each sub-region, R&D and production costs, sale
price of each sub-region, sales volume of each sub-region,
sales revenue of each sub-region, and integrated profit are
analyzed to determine the optimal combination of product use
reliability, warranty period, and sale price of each sub-region,
thereby maximizing the manufacturer’s profit.

Overall, the sub-region warranty differential pricing strat-
egy effectively improves market competitiveness and war-
ranty benefits. It can also overcome the deficiencies brought
about by inherent reliability.

III. MATHEMATICAL MODEL
This section describes product warranty policy and fail-
ure. A general formula of expected warranty cost is devel-
oped, and the sales model for each sub-region is modified.
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FIGURE 2. Modeling framework for the sub-region warranty differential pricing strategy based on use reliability.

The proposed use reliability prediction model and the high-
dimensional optimization model are also illustrated.

A. PRODUCT WARRANTY POLICY
Warranty assures the purchaser that failed items can be
replaced or repaired by the manufacturer during the warranty
period at no cost or at a reduced cost depending on the
terms of the warranty contract. Manufacturers offer multi-
ple types of warranty policies for various products. FRW,
PRW, and renewing FRW (RFRW) are the most common
warranty policies [39]. Among them, FRW has been widely
applied in various products, including consumer, industrial,
and commercial ones.

On the basis of the former analysis, we consider that the
product in this report is sold with the FRW policy. The policy
states the following: ‘‘under the policy, the manufacturer
agrees to replace or repair failed items free of charge up for a
limited period from the time of the initial purchase’’ [54].

B. PRODUCT FAILURE
The assumption that f (t, λ) =

{
dF (t, λ)

/
dt
}

denotes
the failure density function, where F (t, λ) is the cumula-
tive failure distribution function for the first time to failure.
The failure rate function is given as follows:

r (t, λ) =
f (t, λ)

1− F (t, λ)
, (1)

where λ is an indicator of product reliability, i.e., a small value
of λ indicates good product quality. Parameter λ can be used
to characterize the failure distribution. Specifically, λ is the
failure rate for an exponential failure distribution, and it is
the scale parameter for Weibull and gamma distributions.

The number of failures under a warranty is a random vari-
able that depends on the type of repair actions implemented

to rectify the problem. The most common repair actions are
as follows [5]: (i) replace the failed item with a new one;
(ii) repaired items have a distribution that is different from
F (t, λ); and (iii) the failed item is rectified through minimal
repair. The third case is suitable for multi-component prod-
ucts wherein the item failure is due to a single or only a few
components [39]. Thus, we suppose that the product under
consideration is repairable, and any failure can be rectified.
We also pay attention to the action of minimal repair, which
brings the system to a condition similar to that prior to item
failure.

We assume that repair times are negligible, and failures
occur over time according to a non-homogeneous Poisson
process with an intensity function given by the failure rate
function r (t, λ). Thus, the expected number of failures over
[0, t) ,N (t, λ) is obtained as follows:

N (t, λ) =
∫ t

0
r (t, λ) dt. (2)

C. EXPECTED WARRANTY COST FOR EACH SUB-REGION
When an item is repaired under a warranty, the manufac-
turer incurs high costs, including material, transportation,
labor, management, and intangible costs. We combine these
costs into a single cost called the repair cost, which is a
random variable due to the uncertainty of several costs [6].
We let cm be the expected value of the repair cost and W be
the warranty period. The expected number of failures for the
ith sub-region in consideration of minimal repairs over the
warranty period, N (W , λi), is calculated as

N (W , λi) =
∫ W

0
r0 (t, λi) dt (3)
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with

r0 (t, λi) =
f0 (t, λi)∫
∞

t f0 (x, λi) dx
. (4)

Thus, the expected warranty cost for a unit product in the
ith sub-region, ω(W , λi), is given by

ω (W , λi) = cm

∫ W

0
r0 (t, λi) dt, i = 1, 2, · · ·, I . (5)

where cm is the expected cost of each repair, λi is an indicator
of the use reliability of products in the ith sub-region, and the
parameter I is the number of regional granularity partitions
of product use reliability.

We suppose that product failure distribution is an exponen-
tial distribution with parameter λi. Thus, F(t, λi) = 1−e−λit .
The expected warranty cost for a unit product in the ith sub-
region, ω (W , λi), can be rewritten as follows:

ω (W , λi) = cmλiW . i = 1, 2, · · ·, I . (6)

Eq. (6) shows that the expected warranty cost for a unit
product in different sub-regions exhibits dynamic fluctuation
due to the regional difference in product use reliability.

D. USE RELIABILITY PREDICTION
On the basis of the discussion above, the first task is to
predict the use reliability of products in different sub-regions
to achieve warranty decision optimization. The upgrading
of mass-produced products shows continuity and gradual
improvement, that is, different generations of the same type
of products can maintain a stable structure and function
(i.e., the factors of reliability have the same effect on product
use reliability). Thus, we can make full use of the historical
data of the same type of products to quantitatively compute
the effect degree and predict the actual use reliability of new
products in different regions.

As previously discussed, the regional granularity partition
of use reliability accurately reveals that the use reliability
of products is as similar as possible in the same sub-region
and as different as possible in different sub-regions. Essen-
tially, the difference degree of product use reliability depends
entirely on the integrated distance between different sub-
regions. Therefore, the integrated distance between differ-
ent sub-regions is introduced in this study to characterize
the difference degree of actual use reliability in different
sub-regions.

The least squares method is used to fit the polynomial in
advance to clarify the mathematical relationship between the
difference degree of use reliability and the integrated distance
between different sub-regions. The polynomial fitting func-
tion is as follows:

y(x) =
K∑
k=0

akxk , (7)

where y(x) represents the difference degree of use reliabil-
ity in two sub-regions, x represents the integrated distance
between two sub-regions, ak is an undetermined coefficient,

and K is the highest power of the polynomial. In considera-
tion of the sensitivity of the difference degree to the choice
of K , preliminary experiments are conducted by estimating
different K values. The best value is selected for K through
a comparative analysis of the calculation errors and objective
actual conditions.

On this basis, a mathematical model that reflects the quan-
titative relationship between use reliability and the integrated
distance for different sub-regions is established as follows:{∣∣1λij∣∣= ∣∣λi−λj∣∣=aKDKij +· · ·+akDkij+· · ·+a1Dij + a0
Dij = ω1 · dij(AQED)+ ω2 · dij(ISED)+ ω3 · dij(VCED),

0 ≤ k ≤ K . (8)

where λi and λj are the use failure rates of the same type
of products in the ith and jth sub-regions, respectively, and
they are used to characterize the actual use reliability level.
1λij represents the difference degree of the use failure rate for
the ith and jth sub-regions, and ak (0 ≤ k ≤ K ) is an unde-
termined coefficient. Dij is the integrated distance between
the ith and jth sub-regions, and dij(AQED), dij(ISED), and
dij(VCED) are the absolute quantity Euclidean distance,
the increment speed Euclidean distance, and the variation
coefficient Euclidean distance, respectively. ω1, ω2, and ω3
are the weight coefficients of three types of distance and
satisfy the constrained equation ω1+ω2+ω3 = 1. The three
types of distance and the weight coefficients are similar to
those used in [4].

The corresponding evaluation criteria for selecting K are
as follows.

In the first case, i.e., when K = 0 and y(x) = a0,
regardless of the changes in the integrated distance between
two different sub-regions, the difference degree of use failure
rate in the two sub-regions is assumed to be constant, which
is inconsistent with [4] and [45]. Consequently, K = 0 is not
consistent with objective actual conditions.

In the second case, i.e., when K = 1 and y(x) = a0 + a1x,
the difference degree of use failure rate increases monotoni-
cally with the increase in the integrated distance between the
two different sub-regions. Then, the larger integrated distance
indicates a larger difference degree of the use failure rate. This
finding is crucial in selecting the best value for K .
In the third case, i.e., when K = 2 and y(x) = a0 +

a1x + a2x2, y(x) decreases monotonically in the interval
(0, a1

2a2
), indicating that the difference degree of use failure

rate decreases as the integrated distance between two dif-
ferent sub-regions increases. This situation is inconsistent
with objective actual conditions. Accordingly, K = 2 is also
undesirable in this study.

On the basis of this analysis, we determine the best value
K = 1 and obtain y(x) = a0 + a1x. We let δ and ξ be
undetermined coefficients. To make a concise expression,
Eq. (2) can be rewritten as follows:{∣∣1λij∣∣ = ∣∣λi − λj∣∣ = δDij + ξ
Dij=ω1 ·dij(AQED)+ω2 · dij(ISED)+ω3 ·dij(VCED).

(9)
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After determining the mathematical relationship between
product use reliability and integrated distance for different
sub-regions, the next key problem to be resolved is the esti-
mation of undetermined coefficients δ and ξ to accurately
predict the product use reliability in different sub-regions.
The specific steps are as follows:

(1) The after-sales fault data are classified and statistically
analyzed on the basis of the regional granularity partition of
product use reliability. Then, the actual use failure rate of
products in certain regions is estimated in accordance with
the statistical analysis results of existing after-sales fault data.
Here, product use failure rate λ∗i in the ith sub-region is deter-
mined by the maximum likelihood method. It is calculated as

λ̂∗i =
Fi∑

i∈G
Ti +

∑
i∈H

T+i
, i = 1, 2, · · ·, I . (10)

where Fi is the total number of product failures in the ith sub-
region, Ti is the working time of faulty products in the ith sub-
region, T+i is the working time of fault-free products in
the ith sub-region, G represents the faulty products in the
ith sub-region, and H represents the fault-free products in
the ith sub-region.

(2) Combined with the regional granularity partition of
use reliability obtained previously, the integrated distance
between different sub-regions can be calculated using Eq. (9).

(3) Parameters δ and ξ are computed using the least squares
method, and a mathematical model reflecting the quantitative
relationship between use reliability and integrated distance
for different sub-regions is derived. Thus, the actual use fail-
ure rate of the same type of products in different sub-regions
can be estimated.

(4) The influence coefficient is calculated to measure the
difference degree of use reliability of the same type of prod-
ucts in each sub-region. We let λ∗i be the use failure rate of
the same type of products in the ith sub-region. Its influence
coefficient is given by

αi ≈ λ
∗
i /λ
∗

0, i = 1, 2, · · ·, I . (11)

where αi is the reliability influence coefficient in the
ith sub-region and λ∗0 is the inherent failure rate of the same
type of products.

E. SALES MODEL FOR EACH SUB-REGION
Generally, the product sales volume depends on various fac-
tors, including product quality, sale price, advertising, and the
competitive environment. On the one hand, purchasers often
utilize warranty information to evaluate product quality and
determine whether the sale price is appropriate. Hence, war-
ranty and sale price are the two main factors that determine
product sales. On the other hand, product reliability cannot
be directly observed, so its effect on the purchase decision
is ignored. On this basis, the Glickman–Berger model [55],
in which demand is characterized by a displaced logarith-
mic linear function, is introduced in this study because the
model has been validated in a number of relevant studies.

It is calculated as

Q (P,W ) = k1 (W + τ)β P−γ ,

k1 > 0, τ > 0, 0 < β < 1, γ > 1. (12)

where Q is the total demand quantity, k1 is a scale factor,
and τ is a constant of time displacement that allows for
the possibility of nonzero demand when W is zero. Param-
eters β and γ denote warranty elasticity and price elasticity,
respectively.

Afterward, the regional difference in use reliability pre-
sented above is used to divide the entire region into different
sub-regions and achieve the sub-region warranty differential
pricing optimization strategy. In accordance with this rea-
soning, the regional differential price inevitably leads to a
regional difference in product sales volume in different sub-
regions. Thus, constructing a new sales model that adapts
itself to variable regional market conditions and sale price
instead of using fixed values is essential.

A variant of the aforementioned sales model is written
as below. We let I be the number of regional granularity
partitions for product use reliability and Pi (1 ≤ i ≤ I ) be
the unit sale price for the ith sub-region. The product sales
volume for the ith sub-region is given by

Qi (Pi,W ) = ki (W + τ)β P
−γ
i ,

ki, τ > 0, 0 < β < 1, γ > 1; 1 ≤ i ≤ I . (13)

where Qi is the product sales volume for the ith sub-region,
it is a function associated with warranty period W and sale
price Pi. Thus, the total sales volume Q is equal to the sum of
sales volume of products in each sub-region. It is given by

Q =
I∑
i=1

Qi (Pi,W ). (14)

where ki (1 ≤ i ≤ I ) is a scale factor for the ith sub-region
to show the relative impact of competitors and other market
factors, such as number of potential consumers and consumer
purchasing power. τ , β and γ are similar to those defined
above. These parameters can be easily obtained through a
market survey and analysis by the marketing department.
As shown in Eq. (13), warranty period positively affects sales
volume, i.e., Qi increases as W increases. By contrast, sale
price negatively affects sales volume, i.e., Qi decreases as
Pi increases. Specifically, sales volume function Qi based
on variable regional market conditions and selling price is
modified dynamically for each sub-region, as opposed to
existing research that applied a single value to all regions.

F. OPTIMIZATION MODEL FOR THE SUB-REGION
WARRANTY DIFFERENTIAL PRICING STRATEGY
On the basis of the discussion and analysis shown above,
we develop a high-dimensional optimization model to
express the expected integrated profit for the sub-region
warranty differential pricing strategy based on product use
reliability in different sub-regions.
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Specifically, the expected integrated profit for different
sub-regions depends on the selling price for each sub-region,
sales volume for each sub-region, unit R&D cost, unit pro-
duction cost, and expected warranty cost for the unit product
in each sub-region. The expression for expected integrated
profit is

maxπA=
I∑
i=1

[
Pi − cr − cp − ω (W , λi)

]
Qi (Pi,W )

=

I∑
i=1

(
Pi−cr−cp−cmλiW

)
ki (W + τ)βP

−γ
i . (15)

where I is the number of regional granularity partitions of
use reliability, cr is the unit R&D cost, and cp is the unit pro-
duction cost. The other variables are similar to those defined
above.

The main objective is to determine the optimal com-
bination of use reliability λi (i = 1, 2, · · ·, I ), warranty
period W ∗, and selling price for different sub-regions
P∗i (i = 1, 2, · · ·, I ) that maximize the expected integrated
profit πA given by Eq. (15) for products sold with an FRW
policy. The constraint conditions of Pi andW are as follows:

s.t.


W ∈ [0,Lmax],
Pi ∈ (Camin,Pcmax),
I∑
i=1

cmλiWki (W + τ)β P
−γ
i ∈ (0,Cwmax], 1 ≤ i ≤ I .

(16)

where Lmax is the maximum service life of a product, Camin is
the minimum average cost of a product, Pcmax is the maxi-
mum sale price that is acceptable to consumers, and Cwmax
is the maximum after-sales maintenance cost during the war-
ranty period. Parameters Pcmax and Cwmax can be obtained
through a market survey and profit analysis before new prod-
ucts are placed on the market.

IV. MODEL OPTIMIZATION ANALYSIS
The high-dimensional optimization model discussed above is
considered for the two scenarios of product pricing and war-
ranty, which are referred to as unified and partition warranty
schemes.

A. UNIFIED WARRANTY (SCENARIO 1)
Under the unified warranty scheme, the selling price and
warranty period for the same type of products in different
sub-regions are considered unique and invariant, i.e., PX =
Pi (i = 1, 2, · · ·, I ), W = WX , Qi(PX ,WX ) = ki(WX +

τ )βP−γX , and πA = πX . The main objective is to select the
optimal values of PX and WX using Eqs. (15) and (16). The
specific derivation is expressed below.

We obtain the Hessian matrix of the expected integrated
profit function with respect to PX and WX from Eq. (15) as

follows:

D(πX ) =


∂2πX

∂W 2
X

∂2πX

∂WX∂PX
∂2πX

∂PX∂WX

∂2πX

∂P2X

 .
where

∂2πX

∂W 2
X

= −β (WX + τ)
β−2 P−γX

×

I∑
i=1

ki
[
(1− β)

(
PX − cr − cp − cmαiλ0WX

)
+ 2cmαiλ0 (WX + τ)

]
(17)

∂2πX

∂WX∂PX
=

∂2πX

∂PX∂WX

= (WX + τ)
β−1 P−γ−1X

×

I∑
i=1

ki
[
βPX + γ cmαiλ0 (WX + τ)

−βγ
(
PX − cr − cp − cmαiλ0WX

)]
(18)

∂2πX

∂P2X
= −γ (WX + τ)

β P−γ−2X

×

I∑
i=1

ki
[(
PX + cr + cp + cmαiλ0WX

)
−γ

(
PX − cr − cp − cmαiλ0WX

)]
. (19)

We let D1 be the first-order principal determinant and D2
be the second-order principal determinant. Then,

D1 =
∂2πX

∂W 2
X

, (20)

D2 =
∂2πX

∂W 2
X

×
∂2πX

∂P2X
−

∂2πX

∂PX∂WX
×

∂2πX

∂WX∂PX
. (21)

According to the computed principal and minor determi-
nants, D1 < 0. When γ <

PX+cr+cp+cmαiλoWX
PX−cr−cp−cmαiλoWX

, we have
D2 > 0. Thus, the expected integrated profit given by Eq. (15)
has a strict concave function for PX andWX , which proves the
existence of optimal solutions of the model under the unified
warranty scheme.

The necessary conditions for P∗X andW ∗X to be optimal are

∂πX

∂WX
=

I∑
i=1

[
−cmαiλ0ki (WX + τ)

β P−γX

+β
(
PX−cr−cp−cmαiλ0WX

)
ki (WX+τ)

β−1 P−γX
]

= 0, (22)

∂πX

∂PX
=

I∑
i=1

[
ki (WX + τ)

β P−γX

−γ
(
PX−cr−cp−cmαiλ0WX

)
ki (WX+τ)

βP−γ−1X

]
= 0. (23)
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From Eqs. (22) and (23), we can obtain P∗X andW ∗X without
the constraints. They are calculated as

W ∗X =

Iβ
(
cr + cp

)
− (γ − 1) cmλ0τ

I∑
i=1
αi

(γ − β − 1) cmλ0
I∑
i=1
αi

, (24)

P∗X =
γ

γ − β − 1

(
cr + cp −

cm
I
λ0τ

I∑
i=1

αi

)
. (25)

If P∗X andW ∗X satisfy the constraints given by Eq. (16), then
P∗X andW ∗X are the optimal selling price and warranty period,
respectively. Otherwise, the optimal selling price P∗ is given
as

P∗X =

{
Camin PX < Camin

Pcmax PX > Pcmax.
(26)

The obtained P∗X in this case is substituted into
Eq. (16). Then, the optimal warranty period W ∗X can be
determined.

B. PARTITION WARRANTY (SCENARIO 2)
Under the partition warranty scheme, the selling price and
warranty period for the same type of products in different
sub-regions are considered variables, i.e., P1 6= P2 6=
· · ·Pi 6= · · · 6= PI (i = 1, 2, · · ·, I ), W = WY , Qi(Pi,WY ) =
ki(WY + τ )βP

−γ
i , and πA = πY . The main objective is to

determine the optimal values of Pi (i = 1, 2, · · ·, I ) and WY
simultaneously by using Eqs. (15) and (16). The specific
derivation is described below.

We obtain the Hessian matrix of the expected profit func-
tion with respect to Pi (i = 1, 2, · · ·, I ) andWY from Eq. (15)
as follows:

D(πY )=



∂2πY

∂P21

∂2πY

∂P1∂P2
· · · · · ·

∂2πY

∂P1∂PI

∂2πY

∂P1∂WY

∂2πY

∂P2∂P1

∂2πY

∂P22
· · · · · ·

∂2πY

∂P2∂PI

∂2πY

∂P2∂WY
...

...
. . .

...
...

...
...

. . .
...

...

∂2πY

∂PI∂P1

∂2πY

∂PI∂P2
· · · · · ·

∂2πY

∂P2I

∂2πY

∂PI∂WY

∂2πY

∂WY ∂P1

∂2πY

∂WY ∂P2
· · · · · ·

∂2πY

∂WY ∂PI

∂2πY

∂W 2
Y



.

where

∂2πY

∂Pi∂Pj
=

∂2πY

∂Pj∂Pi
= 0 (i 6= j), (27)

∂πY

∂P2i
=−γ ki(WY+τ )βP

−γ−2
i [(Pi+cr+cp+cmαiλ0WY )

−γ (Pi − cr − cp − cmαiλ0WY )], (28)

∂2πY

∂W 2
Y

=−β (WY + τ)
β−2

×

I∑
i=1

kiP
−γ
i

[
(1−β)

(
Pi−cr−cp−cmαiλ0WY

)
+ 2cmαiλ0 (WY + τ)

]
, (29)

∂2πY

∂Pi∂WY
=

∂2πY

∂WY ∂Pi

= kiP
−γ−1
i (WY + τ )β−1[βPi + γ cmαiλ0(WY + τ )

−γβ(Pi − cr − cp − cmαiλ0WY )]. (30)

We let D1,D2, · · · ,DI ,DI+1 be the first-order princi-
pal determinant to the I + 1 order principal determinant.
Then,

D1 =
∂2πY

∂P21
= −γ k1P

−γ−2
1 (WY + τ )β [(P1 + cr + cp + cmα1λ0WY )

− γ (P1 − cr − cp − cmα1λ0WY )], (31)

D2 =
∂2πY

∂P21
×
∂2πY

∂P22
−

∂2πY

∂P1∂P2
×

∂2πY

∂P2∂P1

=

2∏
i=1

γ kiP
−γ−2
i (WY+τ )β [(Pi + cr + cp + cmα1λ0WY )

− γ (Pi − cr − cp − cmα1λ0WY )], (32)

By recursively implementing these equations, we obtain

DI = (−1)I
I∏
i=1

γ kiP
−γ−2
i (WY + τ)

β

×
[(
Pi + cr + cp + cmαiλ0WY

)
−γ

(
Pi − cr − cp − cmαiλ0WY

)]
, (33)

DI+1 = DI ×
∂2πY

∂W 2
Y

= −DIβ (WY + τ)
β−2

×

I∑
i=1

kiP
−γ
i

[
(1− β)

(
Pi − cr − cp − cmαiλ0WY

)
+ 2cmαiλ0 (WY + τ)

]
(34)

According to the derivation, ∂2πY
∂W 2

Y
< 0. When γ <

Pi+cr+cp+cmαiλoWY
Pi−cr−cp−cmαiλoWY

and if I is considered an odd number,

then DI < 0; thus, DI+1 = DI ×
∂2πY
∂W 2

Y
> 0. On the

contrary, if I is an even number, then DI > 0; thus, DI+1 =
DI ×

∂2πY
∂W 2

Y
< 0. The Hessian matrix in this case is therefore

negative, i.e., the expected integrated profit given by Eq. (15)
has a strict concave function forWY and Pi (i = 1, 2, · · ·, I ),
which proves the existence of optimal solutions of the model
under the partition warranty scheme.
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The necessary conditions for W ∗Y and P∗i (i = 1, 2, · · ·, I )
to be optimal are

∂πY

∂WY
=

I∑
i=1

[
−cmαiλ0ki (WY + τ)

β P−γi

+β
(
Pi−cr−cp−cmαiλ0WY

)
ki (WY+τ)

β−1 P−γi
]

= 0, (35)
∂πY

∂Pi
= ki(WY + τ )βP

−γ
i − γ (Pi − cr

− cp − cmαiλ0WY )ki(WY + τ )βP
−γ−1
i = 0. (36)

By analyzing the set of equations above, we determine
W ∗Y and P∗i (i = 1, 2, · · ·, I ) that maximize the expected
profit given by Eq. (15) without the constraints. If W ∗Y
and P∗i (i = 1, 2, · · ·, I ) satisfy the constraints given by
Eq. (16), then W ∗Y and P∗i (i = 1, 2, · · ·, I ) are the opti-
mal warranty period and selling price for different sub-
regions, respectively. Otherwise, the optimal selling price
P∗i (i = 1, 2, · · ·, I ) is taken as follows:

P∗i =

{
Camin Pi < Camin

Pcmax Pi > Pcmax.
(37)

In this case, the obtained P∗i (i = 1, 2, · · ·, I ) is substituted
into Eq. (16) to determine the optimal warranty period W ∗Y .

V. PRACTICAL CASE STUDY AND DISCUSSION
In this section, a practical case of the air-conditioning indus-
try in China is presented to illustrate the validity and appli-
cability of the proposed models. The models are applied to
evaluate the use reliability of air-conditioners and optimize
warranty decisions. On this basis, we obtain the optimal
combination of use reliability, warranty period, and selling
price of air-conditioners. We provide a detailed discussion of
the influence rules of model parameters on warranty period,
selling price, expected warranty cost and profit for different
sub-regions via a sensitivity analysis.

In accordancewith the regional granularity partition results
of use reliability of air-conditioners (Fig. 1), we set I = 10.
Then, we calculate ki through the following steps. First,
the sales volume of air-conditioners in different regions Qi is
computed using the quantity of owned air-conditioners pub-
lished by the National Bureau of Statistics of China [56].
Second, in accordance with warranty period W and average
sales price P commonly used by the current air-conditioning
industry, ki is computed as ki = Qi (Pi,W ) (W + τ)−β P

γ
i .

The values used in the actual example are shown in Table 1.
Considering the particular type of air-conditioners in this

case study, we set the following values: inherent failure
rate λ0 = 0.00803, expected cost of each minimal repair
cm = U400, unit R&D cost cr = U500, unit production
cost cp = U1100, maximum service life Lmax = 12 years,
minimum average cost Camin = U2000, and maximum price
Pcmax = U4000. In the sales model given by Eq. (13), we set
β = 0.02, γ = 2, and τ = 0.5. In view of the actual ownership

TABLE 1. Values of ki for different sub-regions.

quantity of air-conditioners in Mainland China, we set the
maximum after-sales maintenance cost during the warranty
period to Cwmax = U100 million.

A. ESTIMATION OF USE RELIABILITY
In accordance with the regional granularity partition results
and existing after-sales failure data of the same type of air-
conditioners, we obtain the use failure rate of the same type
of air-conditioners in certain sub-regions. The integrated dis-
tance between these sub-regions is determined with Eq. (9).
On this basis, we obtain δ = 0.0018 and ξ = −0.0024 by
using the least squares method. The quantitative relationship
model between the use failure rate of air-conditioners and the
integrated distance for different sub-regions is given as∣∣1λij∣∣ = ∣∣λi − λj∣∣ = 0.0018Dij − 0.0024.

TABLE 2. Actual use failure rate and its influence coefficients for
different sub-regions.

Furthermore, we obtain actual use failure rate λi and its
influence coefficients for different sub-regions (Table 2). For
a thorough comparison of the inherent failure rate and actual
use failure rate, we record the results of the failure rate of
products in different sub-regions. We present the results of
six typical regions as an example (Fig. 3).

As shown in Table 2, an evident regional difference is
found in the actual use failure rate and influence coefficients.
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FIGURE 3. Use failure rate in six regions.

This finding ismainly due to the difference in natural environ-
mental conditions, economic conditions, and user lifestyle of
different sub-regions, all of which result in increased diversity
of use reliability. In addition, the results demonstrate that
large influence coefficients equate to a high actual use failure
rate, i.e., low use reliability level.

As depicted in Fig. 3, the actual use failure rate for differ-
ent regions fluctuates around the inherent failure rate. The
actual use failure rate for Sinkiang and Liaoning is lower
than the inherent failure rate. The actual use failure rate is
close to the inherent failure rate for Beijing. By contrast,
the actual use failure rate for the three other regions is signif-
icantly higher than the inherent failure rate (the failure rate is
increased by about 3% to 27%). This analysis implies that a
fluctuation in the actual use failure rate causes a difference in
the expected warranty cost per unit. Hence, considering the
regional difference in use reliability is necessary in making
scientific and rational warranty decisions.

B. RESULTS OBTAINED BY UNIFIED
WARRANTY (SCENARIO 1)
The obtained parameter values are substituted into Eqs. (24)
and (25) to further determine the optimal combination of
warranty period and selling price for the unified warranty
scheme. Then, the combination is compared with traditional
warranty optimization methods that are based on inherent
reliability and inherent reliability growth. In Table 3, — indi-
cates that the objective functions do not consider the decision
variable.

TABLE 3. Comparison with other inherent reliability-based models (the
best results are highlighted in bold).

Table 3 shows that compared with the other inherent
reliability-based methods, the unified warranty scheme based
on use reliability obtains the desired value and extended

warranty period, thus revealing its superiority. The primary
reason for the desired results is that our proposed scheme
considers the diversity in the use reliability of products in
different sub-regions. The inherent reliability growth-based
method achieves the second largest value, and the inherent
reliability-based method has the smallest value. The main
reason for the difference in optimization results is that the
two inherent reliability-based methods assume that the use
reliability of products in different sub-regions is equal to their
inherent reliability. However, the inherent reliability-based
method does not consider the growth of inherent reliability of
products in the manufacture and use processes. Thus, it is the
worst approach in terms of the length of the warranty period.

In addition, inherent reliability-based methods only estab-
lish warranty benefit prediction functions with the warranty
period as the decision variable; hence, the corresponding
price variable cannot be obtained. However, our proposed
model comprehensively considers the influence of selling
price, warranty period, and regional difference on actual use
reliability to achieve the joint optimization of the three param-
eters. Therefore, the warranty period must be designed based
on use reliability to match the actual situation of products in
different regions.

C. RESULTS OBTAINED BY PARTITION
WARRANTY (SCENARIO 2)
In this case, the selling price and warranty period vary from
sub-region to sub-region, and we consider the case I = 10.
We letP1,P2, · · · ,P10,WY be the prices andwarranty period
for the 10 different sub-regions. Thus, we have an optimiza-
tion problem involving 11 variables (P1,P2, · · · ,P10, and
WY ) that need to be selected optimally. Parameters ki and λi
(i = 1, 2, · · · , I ) are similar to those used in Scenario 1.
All parameter values are substituted into Eqs. (15) and (16).

TABLE 4. Optimal solutions for the partition warranty scheme.

Given the complex nature of the high-dimensional opti-
mization model, the MATLAB program is used to evaluate
the optimal prices and warranty period. The optimal solutions
for the partition warranty scheme are shown in Table 4.
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As indicated in Table 4, the warranty period based on use
reliability is significantly extended, given that W = 6 years
is commonly used by the current air-conditioning industry.
When the warranty period is extended appropriately, cus-
tomer satisfaction and brand influence are improved cor-
respondingly, thereby affecting the sales volume and total
profit. In addition, the results reveal that the regional differ-
ence in the actual use failure rate causes a regional difference
in prices and expected warranty cost per unit. As the use
failure rate increases, the expected warranty cost per unit
increases gradually, and the prices show an increasing trend
with a corresponding extent. Specifically, an evident price
difference exists between different sub-regions, indicating a
good advantage in differential pricing. Therefore, the pro-
posed partition warranty scheme makes full use of the high
diversity of use reliability. It can overcome the shortcomings
of existing warranty decisions based on inherent reliability.

TABLE 5. Comparison of the two scenarios (the best results are
highlighted in bold).

For a quantitative comparison of the two scenarios,
Table 5 summarizes the results of the unified and parti-
tion warranty schemes. Compared with the unified warranty
scheme, the partition warranty scheme obtains better results
on expected total profit. Under the partition warranty scheme,
the company can increase its sales volume by appropriately
reducing the price of products with a high use reliability
level, as shown in sub-regions i = 1, 2, 3, 4, 5, 6, 7. On the
contrary, the company can reduce its warranty cost pressure
by correspondingly increasing the price of products with a
low use reliability level, as shown in sub-regions i = 8, 9, 10.
This analysis implies that the values of P∗i based on the
partition warranty scheme are modified dynamically for each
sub-region, as opposed to the unified warranty scheme in
which a single fixed value of P∗X is selected for different
sub-regions.

A comparison of Tables 3, 4, and 5 shows that the parti-
tion warranty scheme obtains better results than the unified
warranty scheme. Therefore, the partition warranty scheme

is more suitable for achieving an effective trade-off among
use reliability, warranty period, and selling price.

D. SENSITIVITY ANALYSIS OF MODEL PARAMETERS
To comprehensively analyze the effect of warranty elastic-
ity and price elasticity parameters on the optimal values of
warranty period, selling price, and expected warranty cost
and profit for different sub-regions, we perform a sensitiv-
ity analysis by changing one parameter at a time (parame-
ters β and γ ) while keeping the remaining parameters similar
to those used in Scenarios 1 and 2.

FIGURE 4. Expected warranty cost per unit for Scenario 2 with β change.

FIGURE 5. Selling price for Scenario 2 with β change.

Six typical regions are regarded as examples to investigate
the expected warranty cost per unit and the selling price of
Scenario 2 under five different parameters. The results for
different regions with β change are depicted in Figs. 4 and 5.
For a careful comparison of Scenarios 1 and 2, the cor-
responding results on the optimal warranty period, selling
price, sales volume, and profit obtained by the two scenarios
with β change are also provided in Tables 6 to 8.

As shown in Fig. 4, a significant upward trend is observed
in the expected warranty cost per unit. The key reason for
this result is that the warranty period increases as β increases
(Table 6). In particular, when the value of β increases from
0.010 to 0.030, the expected warranty cost per unit increases
by at least 2.3 times. As depicted in Fig. 5, the selling price
increases sharply due to the increase in the warranty period

95534 VOLUME 8, 2020



L. Jie et al.: Sub-Region Warranty Differential Pricing Optimization Strategy Based on Regional Granularity of Use Reliability

TABLE 6. Optimal solutions obtained by the two scenarios with β change.

and expected warranty cost per unit. The results also reveal
large differences in the expected warranty cost per unit and

selling price in different regions due to the regional difference
in use reliability.

Table 6 shows that the warranty period and price obtained
by the two scenarios increase as β increases. The price differ-
ence under Scenario 2 increases with β as well. For instance,
when β = 0.010, the range of P∗i is always within the interval
of [3323, 3231.9]. However, when β = 0.030, the range of
P∗i is always within the interval of [3276.6, 3306.0]. Accord-
ingly, the appropriate ranges of P∗i based on Scenario 2 are
adjusted adaptively in accordancewith its use reliability level.

Table 7 shows that extension of the warranty period helps
increase consumers’ purchasing power. Thus, the sales vol-
ume for different sub-regions also increases as β increases.
Specifically, when the value of β increases from 0.010 to
0.030, the sales volume for each sub-region increases by 2%
to 3%. Regardless of the value of β, Scenario 2 always
has large values for sales volume in sub-regions i =
1, 2, 3, 4, 5, 6, 7 and small values in sub-regions i = 8, 9, 10
due to the price variations.

Table 8 indicates that the profit for each sub-region
increases as β increases due to the increase in sales volume.
The profit of Scenario 2 is greater than that of Scenario 1,
indicating that Scenario 2 outperforms Scenario 1. In addi-
tion, the profit in sub-regions i = 3, 6, 8, 9, 10 accounts for
more than 85% of the expected total profit. We can conclude
from Tables 6, 7, and 8 that the company should exert its best
effort to satisfy consumers in these sub-regions, moderately
extend the warranty period, and increase the sales volume to
increase total profit πY .

A sensitivity analysis is also performed for parameter γ by
adjusting the value of γ from 1.8 to 2.2. Several typical
regions are used as examples to analyze the expected war-
ranty cost per unit and the selling price of Scenario 2 under
five different parameters, i.e., γ = 1.8, 1.9, 2.0, 2.1, 2.2.
The results are illustrated in Figs. 6 and 7. For a careful

TABLE 7. Sales volume for different sub-regions with β change.
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TABLE 8. Profit for different sub-regions with β change.

FIGURE 6. Expected warranty cost per unit for Scenario 2 with γ change.

FIGURE 7. Selling price of Scenario 2 with γ change.

comparison of Scenarios 1 and 2, the corresponding optimal
warranty period, selling price, and total profit obtained by
the two scenarios with γ change are presented in Table 9.
The sales volume and profit for each sub-region are shown
in Figs. 8 and 9, respectively.

TABLE 9. Optimal solutions obtained by the two scenarios with γ change.

Table 9 indicates that the price and warranty period
obtained by the two scenarios decrease as γ increases.
When γ = 1.8, the range of P∗i under Scenario 2 is
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FIGURE 8. Sales volume for different sub-regions with γ change.

FIGURE 9. Profit for different sub-regions with γ change.

always within the interval of [3670.9, 3698.1]. However,
when γ = 2.2, the range of P∗i is always within the inter-
val of [2970.6, 2984.9]. This analysis implies that the price
difference under Scenario 2 decreases with γ as well.
Fig. 6 shows a significant reduction in the expected war-

ranty cost per unit, and the magnitude of the reduction
is gradually decreasing. The key reason for this result is
that the warranty period decreases as β increases (Table 9).
Specifically, when the value of γ increases from 1.8 to
2.2, the expected warranty cost per unit for each sub-region
decreases by about 35.5%. Fig. 7 shows that the selling price
decreases sharply due to the decrease in warranty period and
expected warranty cost per unit. In addition, the expected
warranty cost per unit and selling price exhibit regional dif-
ferences, which is consistent with the results in Figs. 4 and 5.

As depicted in Fig. 8, the decrease in warranty period
causes a reduction in sales volume. Accordingly, the sales
volume for each sub-region decreases as γ increases, but the
magnitude of the reduction is gradually decreasing. When the
value of γ increases from 1.8 to 2.2, the sales volume for
each sub-region decreases by 94%. As shown in Fig. 9, the
profit for each sub-region decreases as γ increases due to the
decrease in sales volume. The profit is mainly concentrated
in sub-regions i = 3, 6, 8, 9, 10, which is consistent with
the results in Table 8. Therefore, the warranty period and
price should be determined scientifically and reasonably in

accordance with the actual conditions in these sub-regions in
order to increase customer satisfaction and themanufacturer’s
profit simultaneously.

VI. CONCLUSIONS
We developed a novel sub-region warranty differential pric-
ing optimization strategy based on the regional granularity of
use reliability and revealed the benefits of achieving balance
among use reliability, warranty, and selling price.

We began with an overview of the development of
reliability-based warranty decisions and a discussion of the
limitations of current reliability evaluation methods and
reliability-based warranty modeling. Then, we introduced a
general formula of expected warranty cost and modified the
sales model for each sub-region. Moreover, we established
a new use reliability prediction model on the basis of the
regional granularity partition results and after-sales failure
data to accurately evaluate use reliability in different sub-
regions. The proposed approach can ensure that the economic
benefit of the regional difference in use reliability is explored
to the greatest extent. Next, we built a high-dimensional
decision model that considers the regional difference in use
reliability, warranty, and price to optimize the regional war-
ranty differential pricing strategy.We discussed two scenarios
for pricing and warranty period: a unified warranty scheme
(with a constant selling price and warranty period in all
regions) and a partition warranty scheme (with the selling
price and warranty period varying from region to region).
We also separately derived the necessary conditions that char-
acterize the optimal combination of use reliability, warranty
period, and selling price to analyze the interactions among the
variables of the proposed model. Afterward, we conducted
a practical case study and a detailed sensitivity analysis of
model parameters.

The validity and applicability of our model were demon-
strated through comparisons between the proposed model
and other alternatives. The results showed that our proposed
scheme contributes to a longer warranty period and might be
more suitable for an effective trade-off among use reliability,
warranty, and selling price. In addition, manufacturers can
make the most profitable decisions on use reliability, war-
ranty period, and selling price by using the developed model
under the partition warranty scheme. In particular, a moderate
reduction in the unit sale price of sub-regions with high use
reliability and an increase in the unit sale price of sub-regions
with low use reliability are effective methods to increase
profit and can provide a good reference for manufacturers
when formulating warranty strategies.

The relevant results of this study can increase these
methods’ usefulness in practical applications compared with
other inherent reliability-based methods. Notably, we provide
several recommendations for using the model in practice.
First, the number of regional granularity partitions of use
reliability must be known in advance. Second, the scale
factor for each sub-region must be pre-computed to show
the relative impact of competitors and other market factors.
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Third, determining the actual use reliability in different
sub-regions is a key step and an important prerequisite for
a successful model application.

However, the proposed model still has several limitations
because of the complexity and difficulty of the addressed
problem. The model can be further extended in differ-
ent directions. For instance, channel investment, advertising
investment, and brand influence are not considered in this
model. To obtain a more realistic model, future studies could
consider these factors and modify the presented model rea-
sonably. Moreover, the current model could be extended to
warranty optimization issueswithmultiple objectives, such as
cost minimization, market share maximization, sales revenue
maximization, and profit maximization. Establishing a war-
ranty optimization model with multiple objectives and con-
straints would likewise be interesting. In addition, studying
this model with other types of common warranty policies
(PRW or RFRW) and different types of repair actions is
another topic for future work. The application of the proposed
model or its extension to other consumer electronics can also
be explored.

REFERENCES
[1] A. Y. Alqahtani and S. M. Gupta, ‘‘Warranty as a marketing strategy

for remanufactured products,’’ J. Cleaner Prod., vol. 161, pp. 1294–1307,
Sep. 2017.

[2] D. N. P. Murthy and W. R. Blischke, ‘‘Strategic warranty manage-
ment: A life-cycle approach,’’ IEEE Trans. Eng. Manag., vol. 47, no. 1,
pp. 40–54, Feb. 2000.

[3] D. P. Murthy, ‘‘Product warranty and reliability,’’ Ann. Oper. Res., vol. 143,
no. 1, pp. 133–146, May 2006.

[4] L.-L. Jie, W.-D. Liu, L.-P. Qiu, S.-S. Teng, and Z. Sun, ‘‘Regional clus-
ter analysis of mainland China based on factors of the reliability of
air-conditioning systems,’’ Sci. Technol. Built Environ., vol. 23, no. 4,
pp. 709–724, May 2017.

[5] W. R. Blischke and D. P. Murthy, Product Warranty Handbook. New York,
NY, USA: Marcel Dekker, 1996.

[6] W. R. Blischke and D. P. Murthy,Warranty Cost Analysis. New York, NY,
USA: Marcel Dekker, 1994.

[7] D. N. P. Murthy and I. Djamaludin, ‘‘New product warranty: A literature
review,’’ Int. J. Prod. Econ., vol. 79, no. 3, pp. 231–260, Oct. 2002.

[8] B. Foucher, J. Boullié, B. Meslet, and D. Das, ‘‘A review of reliability
prediction methods for electronic devices,’’ Microelectron. Rel., vol. 42,
no. 8, pp. 1155–1162, Aug. 2002.

[9] W. Denson, ‘‘The history of reliability prediction,’’ IEEE Trans. Reliab.,
vol. 47, no. 3, pp. 321–328, Oct. 1998.

[10] J. G. Elerath and M. Pecht, ‘‘IEEE 1413: A standard for reliability predic-
tions,’’ IEEE Trans. Rel., vol. 61, no. 1, pp. 125–129, Mar. 2012.

[11] P. O’Connor and A. Kleyner, Practical Reliability Engineering. Hoboken,
NJ, USA: Wiley, 2011.

[12] W. Q. Meeker and L. A. Escobar, Statistical Methods for Reliability Data.
Hoboken, NJ, USA: Wiley, 2014.

[13] W. Q.Meeker andM. Hamada, ‘‘Statistical tools for the rapid development
and evaluation of high-reliability products,’’ IEEE Trans. Rel., vol. 44,
no. 2, pp. 187–198, Jun. 1995.

[14] M.-W. Lu, ‘‘Automotive reliability prediction based on early field failure
warranty data,’’Qual. Rel. Eng. Int., vol. 14, no. 2, pp. 103–108,Mar. 1998.

[15] R. A. Ion, V. T. Petkova, B. H. J. Peeters, and P. C. Sander, ‘‘Field reliability
prediction in consumer electronics using warranty data,’’ Qual. Rel. Eng.
Int., vol. 23, no. 4, pp. 401–414, Jun. 2007.

[16] A. Z. Al-Garni, M. Tozan, A. M. Al-Garni, and A. Jamal, ‘‘Failure fore-
casting of aircraft air conditioning/cooling pack with field data,’’ J. Aircr.,
vol. 44, no. 3, pp. 996–1002, May 2007.

[17] T. Yuan and Y. Kuo, ‘‘Bayesian analysis of hazard rate, change point,
and cost-optimal burn-in time for electronic devices,’’ IEEE Trans. Rel.,
vol. 59, no. 1, pp. 132–138, Mar. 2010.

[18] M. Altun and S. V. Comert, ‘‘A change-point based reliability prediction
model using field return data,’’ Rel. Eng. Syst. Saf., vol. 156, pp. 175–184,
Dec. 2016.

[19] A. Kleyner and M. Bender, ‘‘Enhanced reliability prediction method based
on merging military standards approach with manufacturer’s warranty
data,’’ in Proc. Annu. Rel. Maintainability Symp., 2003, pp. 202–206.

[20] U. Gurel and M. Cakmakci, ‘‘Impact of reliability on warranty: A study of
application in a large size company of electronics industry,’’Measurement,
vol. 46, no. 3, pp. 1297–1310, Apr. 2013.

[21] N. J. Hsu, S. T. Tseng, and M. W. Chen, ‘‘Adaptive warranty prediction
for highly reliable products,’’ IEEE Trans. Rel., vol. 64, no. 3, pp. 1–11,
Sep. 2015.

[22] G. Wang, S. He, Z. He, Y. Lou, and Y. Li, ‘‘Two-dimensional reliability
modeling based onwarranty data using support vector regression,’’ inProc.
Int. Conf. Service Syst. Service Manage., Jun. 2017, pp. 1904–2161.

[23] A. Dai, Z. He, Z. Liu, D. Yang, and S. He, ‘‘Field reliability modeling
based on two-dimensional warranty data with censoring times,’’ Qual.
Eng., vol. 29, no. 3, pp. 468–483, Jul. 2017.

[24] R. Ghasemiyeh, R. Moghdani, and S. S. Sana, ‘‘A hybrid artificial neural
networkwithMetaheuristic algorithms for predicting stock price,’’Cybern.
Syst., vol. 48, no. 4, pp. 365–392, Mar. 2017.

[25] S. He, Z. Zhang, W. Jiang, and D. Bian, ‘‘Predicting field reliability based
on two-dimensional warranty data with learning effects,’’ J. Qual. Technol.,
vol. 50, no. 2, pp. 198–206, Apr. 2018.

[26] S. Prakash and A. K.Mukhopadhyay, ‘‘Reliability analysis of tricone roller
bits with tungsten carbide insert in blasthole drilling,’’ Int. J. Mining,
Reclamation Environ., vol. 34, no. 2, pp. 101–118, Feb. 2020.

[27] D. N. P. Murthy, M. Rausand, and S. Virtanen, ‘‘Investment in new product
reliability,’’ Rel. Eng. Syst. Saf., vol. 94, no. 10, pp. 1593–1600, Oct. 2009.

[28] W. R. Blischke and D. N. P. Murthy, ‘‘Product warranty management—
I: A taxonomy for warranty policies,’’ Eur. J. Oper. Res., vol. 62, no. 2,
pp. 127–148, Oct. 1992.

[29] Y.-H. Chien, ‘‘Determining optimal warranty periods from the seller’s
perspective and optimal out-of-warranty replacement age from the buyer’s
perspective,’’ Int. J. Syst. Sci., vol. 36, no. 10, pp. 631–637, Aug. 2005.

[30] X. Wang and L. Liu, ‘‘Optimal reliability, warranty length, price and
service quality for repeat purchase products,’’ in Proc. 19th Int. Conf. Ind.
Eng. Eng. Manage., Jun. 2013, pp. 917–927.

[31] P. M. Ambad and M. S. Kulkarni, ‘‘A methodology for design for warranty
with focus on reliability and warranty policies,’’ J. Adv. Manage. Res.,
vol. 10, no. 1, pp. 139–155, May 2013.

[32] Z. Chen, T. Zhao, S. Luo, and Y. Sun, ‘‘Warranty cost modeling and
warranty length optimization under two types of failure and combi-
nation free replacement and pro-rata warranty,’’ IEEE Access, vol. 5,
pp. 11528–11539, 2017.

[33] D. P. Murthy, ‘‘Optimal reliability choice in product design,’’ Eng. Optim.,
vol. 15, no. 4, pp. 94–281, 1990.

[34] J. T. Teng and G. L. Thompson, ‘‘Optimal strategies for general price-
quality decision models of new products with learning production costs,’’
Eur. J. Oper. Res., vol. 93, no. 3, pp. 89–476, 1996.

[35] C.-C.Wu, P.-C. Lin, and C.-Y. Chou, ‘‘Determination of price andwarranty
length for a normal lifetime distributed product,’’ Int. J. Prod. Econ.,
vol. 102, no. 1, pp. 95–107, Jul. 2006.

[36] G. A. DeCroix, ‘‘Optimal warranties, reliabilities and prices for durable
goods in an oligopoly,’’ Eur. J. Oper. Res., vol. 112, no. 3, pp. 554–569,
Feb. 1999.

[37] C.-C. Fang and Y.-S. Huang, ‘‘A study on decisions of warranty, pricing,
and production with insufficient information,’’ Comput. Ind. Eng., vol. 59,
no. 2, pp. 241–250, Sep. 2010.

[38] H.-Z. Huang, Z.-J. Liu, and D. N. P. Murthy, ‘‘Optimal reliability, warranty
and price for new products,’’ IIE Trans., vol. 39, no. 8, pp. 819–827,
May 2007.

[39] M. N. Darghouth, D. Ait-kadi, and A. Chelbi, ‘‘Joint optimization of
design, warranty and price for products sold with maintenance service
contracts,’’ Rel. Eng. Syst. Saf., vol. 165, pp. 197–208, Sep. 2017.

[40] L. Shang, S. Si, S. Sun, and T. Jin, ‘‘Optimal warranty design and post-
warranty maintenance for products subject to stochastic degradation,’’ IISE
Trans., vol. 50, no. 10, pp. 913–927, Oct. 2018.

[41] X. Zhu, C. Jiao, and T. Yuan, ‘‘Optimal decisions on product reliability,
sales and promotion under nonrenewable warranties,’’ Rel. Eng. Syst. Saf.,
vol. 192, Dec. 2019, Art. no. 106268, doi: 10.1016/j.ress.2018.09.017.

[42] J. G. Patankar and A. Mitra, ‘‘A multi-objective model for warranty cost
estimation using multiple products,’’ Comput. Oper. Res., vol. 16, no. 4,
pp. 341–351, Jan. 1989.

95538 VOLUME 8, 2020

http://dx.doi.org/10.1016/j.ress.2018.09.017


L. Jie et al.: Sub-Region Warranty Differential Pricing Optimization Strategy Based on Regional Granularity of Use Reliability

[43] A. Mitra and J. G. Patankar, ‘‘An integrated multicriteria model for war-
ranty cost estimation and production,’’ IEEE Trans. Eng. Manag., vol. 40,
no. 3, pp. 300–311, Aug. 1993.

[44] P. M. Ambad and M. S. Kulkarni, ‘‘A goal programming approach for
multi-objective warranty optimization,’’ Int. J. Syst. Assurance Eng. Man-
age., vol. 8, no. 4, pp. 842–861, Oct. 2017.

[45] L. L. Jie, W. D. Liu, S. S. Teng, and Z. Sun, ‘‘Regional granularity decision
method for operational reliability based on dynamic optimal-selection
cellular genetic clustering,’’Comput. Integr. Manufact. Syst., vol. 24, no. 8,
pp. 1929–1945, Aug. 2018.

[46] L. Jie, W. Liu, Z. Sun, and S. Teng, ‘‘Hybrid fuzzy clustering methods
based on improved self-adaptive cellular genetic algorithm and optimal-
selection-based fuzzy c-means,’’ Neurocomputing, vol. 249, pp. 140–156,
Aug. 2017.

[47] R. Anisur and C. Gopinath, ‘‘Review of long term warranty policies,’’ Asia
Pacific J. Oper. Res., vol. 23, no. 4, pp. 453–472, Dec. 2006.

[48] D. K. Manna, S. Pal, and S. Sinha, ‘‘Optimal determination of warranty
region for 2D policy: A customers’ perspective,’’ Comput. Ind. Eng.,
vol. 50, nos. 1–2, pp. 161–174, May 2006.

[49] P.Motabar, H. E. Gonzalez, P. Rundle, andM. Pecht, ‘‘How poor reliability
affects warranties: An analysis of general Motors’ powertrain warranty
reduction,’’ IEEE Access, vol. 6, pp. 15065–15074, 2018.

[50] J. Bai and H. Pham, ‘‘Repair-limit risk-free warranty policies with imper-
fect repair,’’ IEEE Trans. Syst., Man, Cybern. A, Syst. Humans, vol. 35,
no. 6, pp. 765–772, Nov. 2005.

[51] M. Das Roy and S. S. Sana, ‘‘Random sales price-sensitive stochastic
demand: An imperfect productionmodel with free repair warranty,’’ J. Adv.
Manage. Res., vol. 14, no. 4, pp. 408–424, Oct. 2017.

[52] N. M. Modak, N. Modak, S. Panda, and S. S. Sana, ‘‘Analyzing structure
of two-echelon closed-loop supply chain for pricing, quality and recycling
management,’’ J. Cleaner Prod., vol. 171, pp. 512–528, Jan. 2018.

[53] S. Saha, N. M. Modak, S. Panda, and S. S. Sana, ‘‘Promotional coordina-
tionmechanismswith demand dependent on price and sales efforts,’’ J. Ind.
Prod. Eng., vol. 36, no. 1, pp. 13–31, Feb. 2019.

[54] G.-L. Liao, ‘‘Production and maintenance policies for an EPQ model with
perfect repair, rework, free-repair warranty, and preventive maintenance,’’
IEEE Trans. Syst., Man, Cybern., Syst., vol. 46, no. 8, pp. 1129–1139,
Aug. 2016.

[55] T. S. Glickman and P. D. Berger, ‘‘Optimal price and protection period
decisions for a product under warranty,’’ Manage. Sci., vol. 22, no. 12,
pp. 1381–1390, Aug. 1976.

[56] Statista. (2020). National Bureau of Statistics of China. [Online]. Avail-
able: http://data.stats.gov.cn/search.htm

LILIN JIE received the Ph.D. degree in quality and
reliability engineering from Nanchang University,
Nanchang, in 2018. She is currently a Lecturer
with the School of Measuring and Optical Engi-
neering, Nanchang Hangkong University, China.
Her current research interests include quality man-
agement, reliability engineering, and evolutionary
computation.

WEIDONG LIU received the Ph.D. degree in
mechanical engineering from the Nanjing Univer-
sity of Science and Technology, Nanjing, in 1994.
He is currently a Professor with the School of
Mechanical and Electrical Engineering, Nanchang
University, and School of Economic Manage-
ment, Nanchang Hangkong University, China.
He is also the President of the Association for
Quality, Jiangxi, China. His current research inter-
ests include quality management, reliability about

the mechanical, and electrical products or equipment.

MING LI received the Ph.D. degree in mea-
surement technology and instruments from the
Nanjing University of Aeronautics and Astronau-
tics, Nanjing, in 1997. He is currently a Profes-
sor with the School of Information Engineering,
Nanchang Hangkong University, China. His cur-
rent research interests include evolutionary com-
putation and image processing.

JUNHUA LI received the Ph.D. degree in mea-
surement technology and instruments from the
Nanjing University of Aeronautics and Astronau-
tics, Nanjing, in 2009. He is currently a Professor
with the School of Information Engineering, Nan-
chang Hangkong University, China. His current
research interests include evolutionary computa-
tion and intelligent control.

VOLUME 8, 2020 95539


	INTRODUCTION
	RELIABILITY EVALUATION
	RELIABILITY-BASED WARRANTY MODELING

	ANALYSIS OF THE SUB-REGION WARRANTY DIFFERENTIAL PRICING STRATEGY
	FACTORS FROM THE TECHNOLOGY PERSPECTIVE
	FACTORS FROM THE MARKETING PERSPECTIVE

	MATHEMATICAL MODEL
	PRODUCT WARRANTY POLICY
	PRODUCT FAILURE
	EXPECTED WARRANTY COST FOR EACH SUB-REGION
	USE RELIABILITY PREDICTION
	SALES MODEL FOR EACH SUB-REGION
	OPTIMIZATION MODEL FOR THE SUB-REGION WARRANTY DIFFERENTIAL PRICING STRATEGY

	MODEL OPTIMIZATION ANALYSIS
	UNIFIED WARRANTY (SCENARIO 1)
	PARTITION WARRANTY (SCENARIO 2)

	PRACTICAL CASE STUDY AND DISCUSSION
	ESTIMATION OF USE RELIABILITY
	RESULTS OBTAINED BY UNIFIED WARRANTY (SCENARIO 1)
	RESULTS OBTAINED BY PARTITION WARRANTY (SCENARIO 2)
	SENSITIVITY ANALYSIS OF MODEL PARAMETERS

	CONCLUSIONS
	REFERENCES
	Biographies
	LILIN JIE
	WEIDONG LIU
	MING LI
	JUNHUA LI


