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ABSTRACT Two new constructions for families of optical orthogonal codes are presented. The first is a
generalization of the well-known construction of Sidon sets given by I. Z. Ruzsa. The second construction
is optimal with respect to the Johnson bound, and its parameters (n, w, 1) are respectively (ph+] —p,p, 1),
where p is any prime, / is an integer greater than 1 and the family size is p"~! +p" 2 + ... + p*> +p.

INDEX TERMS Optical code-division multiple access (OCDMA), optical orthogonal code (OOC), optical

CDMA, Sidon set.

I. INTRODUCTION

An (n,w,A) optical orthogonal code (OOC) [2] C,
n>1,1<w<n,1<A<w,isafamily of (0, 1) sequences
of length n and constant Hamming weight w which satisfy the
following two properties:

o The Autocorrelation Property:

n—1
> wier < 2 (1)
k=0
for any x = (xp,x{,...,x,—1) € C and any integer
7 % 0 mod n.
o The Cross-Correlation Property:

n—1
> xvker < A, )
k=0

forany x = (x0, X1, ..., X—1), Yy = V0, Y15 -+ -, Yn—1) In
C, such that x # y and any integer 7, where @ denotes
addition modulo n. We will refer to A as the maximum
correlation parameter.
Codes with these properties have been called optical orthog-
onal codes in [1] and [2] in connection with applications
in optical code-division multiple-access communication sys-
tems (OCDMA). OOC was first suggested in 1989 [2], in par-
ticular, OOCs with A = 1 have been more extensively studied
in [2]-[11].
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For a given set of values of n, w and A, the largest possible
size of an (n, w, 1) optical orthogonal code is denoted by
®(n, w, A). A code achieving this maximum size is called
optimal. The Johnson upper bound [2] on the cardinality of
a constant-weight binary code can be adapted to yield the
following upper bound

®(n,w, 2) < U_v u:i U:i {U:HJJH

This correspondence is concerned only with OOCs families
having parameter A = 1. In this case, the Johnson bound takes

on the form
n—1
dn,w, 1) < | —|.
ww —1)

Some know algebraic constructions for families of OOCs are
presented in Table 1. The new constructions introduced in this
paper are shown in Table 2.

We may also view optical orthogonal codes from a
set-theoretical perspective. An (n, w, A)-OOC C can be alter-
natively considered as a family of w-sets of integers modulo
n, in which each w-set corresponds to a codeword and the
integers within each w-set specify the nonzero bits of the
codeword. In this setting, the correlation properties can be
reformulated as follow.

The Autocorrelation Property:

l@+X)NX |< A, 3)
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TABLE 1. Parameters of optical orthogonal codes with 1 = 1, here p denote a prime, and q is a power prime of p.

Construction name Parameters Code Size Constraints
Singer Construction* [16] [2] (?+q+1,q+1,1) 1
d
1= L , deven,
L d+1_4 ¢2—1
Projective Geometry* [2] (% T 4+tL1)
d -
32 7‘11 , dodd.
Combinatorial Method* [2] (n,3,1) L% n # 2 mod 6
qm—l -1
Generalized Bose-Chowla* [4] (g™ —1,q,1) 1 All positive integer m
q—
Chu-Golomb* [8] (m(g®> +q+1),q+1,1) m Every prime divisor of m is greater than

gandm < g2 4+q+1

Chu-Golomb [8]

(¢ +q+1)q+1,1)

@ +q+1"

All prime divisors of g2 + ¢ + 1 are
bigger than g

p"—1

JK construction A [11] (Mp™, M, 1) i p—1=MT

JK construction®* B1 [11] (Mp, M, 1) T p—1=MT,(M—-1)2>p—1
JK construction B2 [11] (Mp1 - pg, M, 1) mTikil M| (pi—1)fori=1,...,k
Conics on  Finite [17] | (¢®*+¢®+q+1,g+1,2) | ¢ —¢®>+4q

Projective Plane

Chung-Kumar* [3] (P*™ —1,p™ +1,2) pm—2 All positive integer m

Chung-Kumar* [3]
Wilson difference sets)

(via

(pyw, 1)

p=wlw-1)r+1
w=2t+1, orw =2t

Alderson-Mellinger* [15]

(" +1,q+1,2)

A el s R o e ol §)

k is even

MZKZ Family A [9] (pm,m, t) g dlp—1 plt+1/d1,(d) m|(p—1),1<t<m
MZKZ Family 5 [9] ((g— Dp.p —1,1) 125 1<t< (p—t)
MZKZ Family C [9] (m(q+1),m,2t) m > dj(g—1) d)e([t/d]) where | m|(g — 1), (m,q + 1) = 1,
q2t+1_Q7 1<t<6 1§t§m/2
c(t) =
2 q2t+1 _ q2t76/7, t 2 7

An x in the table indicates that the corresponding construction is optimal with respect to the Johnson bound.

TABLE 2. New family of optical orthogonal codes from this correspondence.

Construction name Parameters Code Size Constraints
Ruiz, Delgado, Trujillo Construction ("t —p,p, 1) ph—1 -1 pis prime, h > 2
h—1
Ruiz, Delgado, Trujillo Construction* | (p"+1 —p, p,1) % pis prime, h > 2
An * in the table indicates that the corresponding construction is optimal with respect to the Johnson bound.

for any X € C and any integer a # 0 mod n.

The Correlation Property:

| @+X)NY |< A,

for any X, Y € C, such that X # Y and any integer a, where
a+X = {a+x : x € X}, and all integers under consideration

are taken modulo 7.

Using this fact, we can derive the following interpretation
of the correlation properties.
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Let C be an (n, w, 1)-O0C, then the following two condi-

tions hold:
)

A ways;

1) for each X € C, any nonzero integer a can be repre-
sented as a difference x — x’, with x, x’ € X in at most

2) foreachX € Cand Y € C with X # Y, any integer a

can be represented as a difference x — y, with x € X

andy € Y in at

most A ways.

The following notation will be useful later.
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Notation 1: For a subset X of an additive group G, we will
denote by A(X) the set of all the nonzero differences in X:

AX):={a—b:a,beX,a+#b}

We will use the following elementary proposition about
(n, w, 1)-O0Cs.

Lemma 1: Let C be an (n, w, 1)-OOC then

1) | AX) |=ww — 1) forany X € C.

2) AX)NAQY)=¢0forany X,Y e C,withX # Y.

In Section II, we present two new families of optical
orthogonal codes with A = 1. One of these is optimal with
respect to the Johnson bound. We will show that these have
a nice algebraic structure. Our constructions use the Sidon
set given by Ruzsa [14] and the construction of OOC by
Moreno et al. [4]. Finally, we give some concluding remarks
in Section III.

Il. CONSTRUCTIONS
Definition 1: Let (G, +) be an abelian additive group with
identity e and A C G. A is called a Sidon set in G, if for any
x # e mod G, we have
|x+A)NA < 1.

Lemma 2: Let (G1,+), (G, *) be abelian groups and
¢ : G1 —> G7 an injective homomorphism. If A is a Sidon
set in G1, then ¢(A) is a Sidon set in G3.

Example 1: Let p be a prime number, @ a primitive root
modulo p, and R = {(,&)) : 1 < i < p—1} C
(Zp—1 X Zp, +). Ris aSidon setin (Zy—_1, +) X (Zp, +) with
p — 1 elements. Define ¢ : (Zp—1, +) X (Zp, +) —> Zpp—1)
by ¢(i,«') = x, where x is a solution to the system of
congruences

x=imod(p—1),
xzotimodp.

By the Chinese remainder theorem, ¢ is an injective homo-
morphism and so

P(R)=R(p,a)={pi—(p—Da': 1 <i<p-—1}

is a Sidon set in Z,(,—1) with p — 1 elements.
The set R(p, o) is know as Ruzsa’s construction [14].

A. CONSTRUCTION A
Let p be a prime number, & > 2 integer, Ith the finite field
with p’* elements, and 6 a primitive element in Fpn. Let

P = {p(x) € Fplx] : 1 < deg(p(x)) < h — 1 and p(0) = 0},
(%)
then | P |= p"~! — 1. We will prove that
C = {{p"logy(p(®) + @) — (" — Da: a € F,} : p(x) € P}

isa (p(p"* — 1), p, 1)-00C with p"~! — 1 elements.
Proof 1: We consider the family of subsets

R = {{(a, logg(p(0) + a)) : a € Fp} : p(x) € P}, 6)
of the group (Z, +) x (th_l, +).
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Cross Correlation Property: we need to show that
each element (a,b) € Z, x th,l can be represented
as a difference (x,y) — (x/,y) with (x,y) € X and
(x’,y) € Y in at most one way, forany X, Y € RwithX # Y.
By contradiction, suppose that there exist ay, az, as, as € Zj,
with a1 # a», a3 # aq, and p(x), g(x) in P, p(x) # g(x) with
degp =i and deg g = j, such that

(a1, logy(p(0) + a1)) — (a2, logy (p(0) + a2))
= (a3, 10gy(q(0) + a3)) — (a4, logy(q(9) + a4)).
Then

a) —ap = az — a4 mod p, @)

(P(®) + a)(P®) + as) = (q(6) + a3)((B) + a2) mod p".

Therefore
(a1 — az)q(0) + aras = (a3 — as)p(0) + azaz ()

in IF . The equation (8) can be seen as a polynomial in & with
degree less than A, and therefore must be equal to zero.

If j > i, then a; = ap, which is a contradiction then i = j
and since deg(p(x)), deg(g(x)) > 0 we have

(a1 — a2)q(0) = (a3 — aq)p(0), &)
aras = asza. (10)

By (9)
ay —ay = (a3 — ag)u, (1)

for some unit u € Z,. By (7) and (11) we have
(a3 — ag)(u — 1) = 0 mod p.

If u # 1 modp, then a3 — a4 = O mod p which is a
contradiction. Therefore # = 1 and then g(9) = p(6) which
contradicts the fact that deg(9, Fp) = h.

This concludes the proof of the cross-correlation property.

Autocorrelation Property: in this case, we can set
px) = g(x) in the previous proof. From (9) and
(10) we have that ay, az, az, as are roots of the equation
x2 — (a; + as)x + ajas = 0 over IF,. Thus

{a1, a4} = {a2, az}.

Since a; # a and a3 # a4, then a; = a3 and ay = a4, which
corresponds to autocorrelation at the shift zero.

Finally, by the Chinese remainder theorem and Lemma 2,
the set

C = {{p"logy(p(®) +a) — " — Da:a € Z,) : p(x) € P}

isa (p(p" — 1), p, 1)-00C with p"~! — 1 elements.

Theorem 1: For any prime p and any integer i > 2, the set
C defined as above is a (p(p" — 1), p, 1)-O0C with p"~! — 1
codewords.

Example 2: For p = 3 and h = 3, consider p(x) = x> +
2x + 1 as the generator polynomial for [F»7 and let 6 be a
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root of p(x). We can construct the following (78, 3, 1)-O0C
C; consisting of the following codewords.

c1 = {271ogy(p1(0) + a) — 26a : a € Z3} = {27, 29, 61},
c2 = {271ogy(p2(0) + a) — 26a : a € Z3} = {16, 66, 74},
c3 = {271ogy(p3(0) + a) — 26a : a € Z3} = {38, 54,73},
c4 = {271ogy(p4(9) + a) — 26a : a € Z3} = {71, 75,76},
cs = {271ogy(ps(9) + a) — 26a : a € Z3} = {11, 36, 58},
ce = {271ogy(ps(0) + a) — 26a : a € Z3} = {8, 15, 25},

c7 = {271logy(p7(6) + a) — 26a : a € Z3} = {30, 59, 70},
cg = {271ogy(ps(0) + a) — 26a : a € Z3} = {5, 46, 69},

where pi1(x) = x, po(x) = 2x, p3(x) = x%, pa(x) = 2x2,
ps(x) = x> +x, pe(x) = 2x> + x, p7(x) = x*> + 2x, and
ps(x) = 2x% 4 2x.

B. CONSTRUCTION B
The previous construction is not optimal with respect to the
Johnson bound. However, it is possible to generate an optimal
optical orthogonal code by adding to it a suitable number of
codewords.

For this purpose, we analyze the set of nonzero elements
that can be represented as a difference x — x’ with x, x’ € X,
X € C. We consider the sets

AX) = {(a—b)mod (p(p" — 1)) :a, b € X,a # b},
D=]Jax.

XeC
By Lemma 1 we have that | D |= (p — D" - p).

Denote by M,, the set of nonzero multiples of p modulo
p("—1).LetM = M,UM,, where g = %. We will prove
that DN M = @.

1) Letz = pt forsome 1 <t < ph — 2. Suppose that

z=x—y,forsomex,y € X and X € C. Then

z = [logy(p(®) + a)(p(®) + b) "' mod (p" — 1),
z = (a—b) mod p,

for some a, b € Z, and p(x) € P. Since z = pt, then
a = b mod p, therefore a = b. Accordingly z = 0 mod
(" — 1) and also z = 0 mod p, implying z = 0 mod
p(P" — 1) which is a contradiction.

2) Letz = gt for some 1 < t < p?> — p. Suppose that
z=x—yforsomex,y € X and X € C. Then

z = [logy(p(6) + a)(p(0) + b)~'] mod (" — 1),
z = (a—b) mod p,

for some a,b € Z, and p(x) € P. Therefore
0°(p@) +b) =p6) +ainF .

We consider two cases.

Case 1. If 6% = 1, then ¢ = b mod p and thereby z =
0 mod p. Thus t = pk forsome 1 <k <p — 1.

Since % = 1, then z = 0 mod (ph — 1) and there-
fore z = Omod (p — 1). By the above, we have
p = 0 mod p(p — 1) which is a contradiction.
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Case 2. If 6* # 1, since 0° € [, then
q(x) = p(x)(0* — 1) + (b — a) is a polynomial in IF,, [x]
of degree less than & that such g(6) = 0, which is a
contradiction.

Thus

D = Zp(ph—l) \(M U {0})

Now we will use the following construction of OOC given
by Moreno et al. [4].

Lemma 3: Let h > 2 be an integer, 6 a primitive element
of IFu, P as in (5) and Q = {p(x) € P : pis monic}. Then

C = {{logyg(p(0) +a) : a € F} : p(x) € Q}

h—
is an optimal (p" — 1, p, 1)-00C with Z-_=1 codewords.
Now, let ¢ : Zy_y — Zph_1y given by ¢(x) = px. It is not
hard to see that ¢ is an injective homomorphism. Applying ¢

to each element of C, by Lemma 2 we have that

U ¢) = {{plogy(p®) + a) : a € Z,)

XeC

isa ("1 = p, p, 1)-00C with 22! codewords.

Finallly, we prove that C = C; U C, where
Cr = {{p"logy(p(O) +a) — " — Da:a e Zp} : p(x) € P}
C2 = {{plogg(p(0) +a) : a € Zy} : p(x) € Q}}
isa (p(p" — 1), p, 1)-00C.

It is sufficient to prove the cross-correlation property for
any X € C; and any Y € C,. We will prove that

la+X)NY <1

for any integer a.
Suppose that there exists an integer a such that

_ 4 /
a=x—y=x —-Y,

for some x,x" € X,y,y € Y withx # x' andy # y.
Then x — x’ = y — y, which is a contradiction because
x—x" & M, while thaty’ —y € M,,. Also, since C; NC, = 0,
we have | C |=p" ' +p' 2 + .-+ p? +p.

Theorem 2: For any prime p and any integer h > 2,
the set C defined as above is a (p(p" — 1), p, 1)-O0C with
Pt 4 ph 2 4 4 p? + p codewords.

Corollary 1: The construction of Theorem 2 is optimal
with respect to the Johnson bound.

Proof 2:

h+1 2 2
pr—=p°  pT—p—1
o _p’p’])Z{ pP—p * pP—p J

=|C].

Remark 1: For h = 1 the set given in (6) can be expressed
in the form

R ={(a,logg(0 +a):0+a#0}CZ,x L1,

which coincides with the Sidon set shown in Example 2.
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Example 3: Continuing with Example 2, by Lemma 3 we
can construct the following (26, 3, 1)-OOC C’ consisting of
the following codewords.

c9g = {logy(p1(®) +a) :a € F3} ={1,3,9},
c10 = {logy(p3(0) +a) : a € F3} = {2, 12,21},
c11 = {logy(ps(0) +a) : a € F3} = {6, 10, 11},
c12 = {logy(p7(0) +a):a € F3} = {4,7, 18}.

Then Cr = {{3, 9, 27}, {6, 36, 63}, {18, 30, 33}, {12, 21, 54}}
is a (78,3,1)-00C, and so C; U C, is an optimal
(78, 3, 1)-00C.

Remark 2: Constructions .4 and B in this paper have the
same length of the Family B in [9] for ¥ = 1 (see the
MZKZ Family B in Table 1). However, our constructions
have weight one unit more. Our approach seems to be more
natural and as a consequence, our second code has optimal
cardinality, which is an advantage if it is applied to OCDMA
systems. In this scenario, construction B is better than MZKZ
Family B.

Ill. CONCLUSION

We presented two new constructions of optical orthogonal
codes with A = 1. One of these is optimal with respect to
the Johnson bound and its parameters are (p@" — D), p, 1),
where p is a prime number and / is an integer greater than 1.
The code size is p"~! + - - - 4+ p* +p.

For A > 1 the combinatorial problem involving the concept
of OOC is more difficult. We can apply a procedure similar to
that seen in this document, however, the size of the obtained
code is far from reaching the Johnson bound. The current
method under certain circumstances can be applied to opti-
mize the families of asymptotically optimal OOCs presented
in [11] and [12]. This is a subject for future work.
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