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ABSTRACT The grant-free random access (RA) can minimize the access delay but also brings severe
data transmission interferences. To overcome this defect, we propose a new RA scheme that inserts a base
station (BS) broadcasting message after user equipments (UEs) transmitting pilots. In this scheme, UEs can
determine whether they have colliders by resolving the broadcasting message, and only non-colliding UEs
can transmit data in the following step while colliding UEs keep silent. By doing this, the data interferences
from colliding UEs are eliminated without costing much extra time. Since this BS broadcasting message is
also used in the legacy grant-based RA, we call the new RA scheme as a hybrid-grant RA. We investigate
the hybrid-grant RA in massive multiple-input multiple-output (MIMO) systems and obtain a tight closed-
form approximation of the spectral efficiency with maximum-ratio-combing (MRC) and zero-forcing (ZF)
receivers, respectively. Via simulation, we find that our proposed hybrid-grant RA can obtain a significant
gain on the spectral efficiency compared with grant-free RA, especially for ZF receivers. In particular, this
gain grows rapidly as the UE number goes up, which means the hybrid-grant RA is more suitable for the
system with large amount of UEs and it is a typical scenario in future communications networks. Moreover,
we also analyze the optimal pilot length and UE activation probability that maximize the spectral efficiency,
which can be used as references for the practical application of the proposed hybrid-grant RA.

INDEX TERMS IoT, massive MIMO, random access.

I. INTRODUCTION
The massive multiple-input multiple-output (MIMO) system
which employs hundreds of antennas at the BS to serve tens of
users simultaneously in the same time-frequency resource has
been regarded as an essential technique of the fifth generation
(5G) wireless systems [1], [2]. The large size of transmit
antenna array not only improves the system capacity sig-
nificantly [3], [4], but also averages out the effect of fast
channel fading and provides extremely sharp beamforming
concentrated into small areas [5], [6]. Aside from these,
the huge degrees-of-freedom offered by massive MIMO also
reduce the transmit power [7]. Due to the limited amount of
user equipments (UEs), the conventional massiveMIMOusu-
ally considers fully-loaded access of all UEs. However, this
situation will change in Internet-of-Things (IoT) systemS.
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approving it for publication was Liang Yang .

IoT intends to make everyday objects connected and smart
by deploying great amount of machines that are typically
wireless, such as sensors [8], [9]. The autonomous com-
munications among machines in IoT creates a new frontier
of wireless communications and networks, called machine-
to-machine (M2M) communications. Millions of devices are
employed in M2M which leads to the number of terminals
much larger than the available pilots. Therefore, the access
of the massive devices becomes a key issue in M2M commu-
nications [10], [11].

Random access (RA) has been studied extensively in long
term evolution (LTE). The legacy grant-based RA briefly
includes four steps: UE request, BS acknowledge, colliding
UE retransmit pilot, and BS grant admission [12]. Using the
advantage of massive MIMO like high spatial resolution and
channel hardening to improve the performance of grant-based
RA has been studied in [13], [14]. However, due to the com-
plicated signaling and several possible iterations between the
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BS acknowledgment and UE retransmission, the grant-based
RA has a relative long waiting time before the data transmis-
sion. Therefore, it cannot meet the demand of short delay in
M2M communications [15], [16]. Given this, the grant-free
RA with low signaling overhead attracts much attentions.
In grant-free RA, the request-grant procedure is removed and
UEs transmits directly the randomly-select pilot along with
data [17]–[19]. By doing this, the access delay is minimized,
but the transmission interference is also enhanced. The col-
liding UEs which select the same pilots cannot be detected
by the BS, but they transmit data together with non-colliding
UEs. Therefore, their data transmissions have no positive
effect on the system performance but only bring interferences
to the data transmission of other UEs, especially when the UE
number is large. A new random access mechanism is needed.

In this paper, we modify the grant-free RA by inserting
a BS broadcasting message after the UE transmitting pilot
sequences. This message contains the identifications (IDs)
of all non-colliding UEs, and UEs can determine whether it
has colliders by resolving the message. Only non-colliding
UEs can transmit data in the following time while colliding
UEs keep silent. By doing this, the data transmission inter-
ferences from colliding UEs are eliminated. Since the BS
broadcasting message is also used in the legacy grant-based
RA, the proposed new RA scheme can be regarded as a com-
bination of grant-based and grant-free RA. Therefore, we call
it hybrid-grant RA. In this paper, we investigate the perfor-
mance of the hybrid-grant RA in massive MIMO systems.
After taking into account the extra time consumed by the BS
broadcasting, we obtain a tight closed-form approximation of
the spectral efficiency with maximum-ratio-combing (MRC)
and zero-forcing (ZF) receivers, respectively. For compari-
son, we also give the spectral efficiency using the grant-free
RA, and compare these two schemes from multiple aspects.
In particular, we find that our proposed hybrid-grant RA can
obtain a significant gain on the spectral efficiency, and the
gain with ZF receivers is more remarkable. This gain grows
rapidly as the UE number goes up. Hence, the proposed
hybrid-grant RA is more suitable for the system with large
amount of UEs, which is a typical application in the future
communications networks. Moreover, we also give the opti-
mal pilot length and UE activation probability that maximize
the spectral efficiency using hybrid-grant RA, which can be
used as references for practical configuration of hybrid-grant
RA.

The remainder of this paper is organized as follows.
Section II describe the system model and the proposed
hybrid-grant RA. In Section III, we derive a tight approxi-
mation of the spectral efficiency, and the spectral efficiency
with grant-free RA is also given for comparison. In SectionV,
we provide numerical results to validate the analytical results
and further study the performance of the hybrid-grant RA.
Finally, Section VI summarizes the main results of this paper.

Notation-Throughout the paper, vectors are expressed
in lowercase boldface letters while matrices are denoted
by uppercase boldface letters. We use XH to denote the

conjugate-transpose of X, and use [X]ij to denote the (i, j)-
th entry of X. Finally, ‖·‖ is the Euclidean norm.

II. SYSTEM MODEL AND RANDOM ACCESS
In this section, we describe the system model and introduce
the proposed hybrid-grant RA in detail.

A. SYSTEM MODEL
Consider a single-cell multiuserMIMO system, where the BS
is equipped with M antennas and N single-antenna UEs are
uniformly distributed in the cell which are denoted from UE
1 to UE N . UEs transmit their signals to the BS in the same
time-frequency channel. The M × 1 channel vector between
UE n and the BS is

gn = hn
√
βn, (1)

where h ∼ CN (0, IM ) is the M × 1 small-scale fading
vector between UE n and the BS, and βn is the large-scale
fading coefficient between UE n and the BS. Note that βn
models both path loss and shadow fading and is assumed to
be constant across the BS antenna array.

In each RA slot, every UE decides randomly and inde-
pendently whether or not to transmit data to the BS and
the activation probability is pa. See Fig. 1. Each active UE
randomly select a pilot sequence from the predefined pilot
pools and transmit it to the BS.A total number of τ orthogonal
pilot sequences are available, where each pilot sequence is τ
symbols long. The channel coherence interval is T symbols
long and T > τ . If several UEs select the same pilots, we say
a collision occurs. UEs that select the same pilots are called
colliding UEs, while UEs that select pilots different from the
pilots selected by other UEs are called non-colliding UEs.
Colliding UEs call each other as colliders. Only non-colliding
UEs can be detected and estimated by the BS.

FIGURE 1. Illustration of the system model.

B. PROPOSED HYBRID-GRANT RA
In the grant-free RA, active UEs directly send their data to the
BS after transmitting pilots. By doing this, the access delay
can be minimized. The procedure and the time allocated for
each step in a channel coherence interval of grant-free RA is
shown in Fig. 2 and 3, respectively.

However, the shortcoming of grant-free RA is also obvious.
Since colliding UEs cannot be detected and estimated by
the BS, the data transmissions from them have no positive
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FIGURE 2. Procedure of the grant-free RA.

FIGURE 3. Time allocation for each step of the grant-free RA.

effect on the system performance but bring interferences to
non-colliding UEs. The interference become more severe as
the number of UEs goes up. To fix this problem, we propose
a new RA scheme which inserts a BS broadcasting mes-
sage after active UEs transmitting pilot. UEs can determine
whether they have colliders by resolving this message and
only non-colliding UEs are allowed to transmit data. Since
this BS broadcasting message is also used in the legacy
grant-based RA, the new RA scheme can be regarded as a
combination of grant-free and grant-based RA. Therefore,
we call it hybrid-grant RA.

The detailed procedure of hybrid-grant RA is described
in Fig. 4. There are three steps. In Step I, each active UE
randomly selects a pilot sequences from the predefined pilot
pools and then transmit it to the BS. In Step II, after receiving
pilots, the BS detects non-colliding UEs and estimates their
channels. Then, it broadcasts a message which contains the
IDs of non-colliding UEs. In Step III, UEs that can match
their IDs from the message transmit data to the BS, while
other UEs keep silent. In hybrid-grant RA, the data interfer-
ences from colliding UEs in grant-free RA are eliminated and
the system performance can be improved.

Although the BS broadcasting message that contains colli-
son information is also used in the grant-based RA, we can

FIGURE 4. Procedure of the hybrid-grant RA.

note the difference. In grant-based RA, after resolving the
broadcasting message, the colliding UEs will randomly select
pilot sequences again (perhaps from a different pilot set)
and send them to the BS. Then, another round of message
broadcasting from the BS as well as the pilot retransmission
from colliding UEs may occur until the access requirement
is satisfied. Due to the complicated signaling and several
possible iterations between BS broadcasting and UE retrans-
mission, the grant-based RA has a relative long waiting time
before data transmission. Given that, our proposed access
mechanism only uses the BS broadcastingmessage to prevent
the data transmission from colliding UEs but does not allow
them to reselect and retransmit pilots. Therefore, the interfer-
ence can be reduced without costing much extra time.

Assume that the broadcasting message in Step II takes µ
symbols. Then, the time allocation for each step in a channel
coherence interval is given in Fig. 5.

FIGURE 5. Time allocation for each step of the hybrid-grant RA.

III. PERFORMANCE ANALYSIS
In this section, we derive the spectral efficiencies using
hybrid-grant RA with MRC and ZF receivers, respectively,
and the spectral efficiency using grant-free RA is also given
for comparison.

A. CHANNEL ESTIMATION
We use Fa to denote the set of active UEs and the number
of UEs in Fa is Na. The pilots sent by UE n can be stacked
into a τ × 1 vector, denoted as

√
τφn, where φ

H
n φn = 1 and

φHn1φn2 = 0 for n1 6= n2. As such, the received M × τ noisy
pilots matrix at the BS is

Y =
∑
n∈Fa

√
τPngnφTn +�, (2)

where Pn is the transmit power of UE n and � is the additive
white Gaussian noise (AWGN) matrix. In Assume that the
pilot sent by UE n does not collide with other pilots. Then,
the BS can detect this UE and estimate its channel by multi-
plying φ∗n as follows

yn = Yφn =
√
τPngn + ω, (3)

where ω = �φ∗n. Since φ
H
n φn = 1, elements of ω has the

same distribution as that of �. That is, ω ∼ CN (0, IM ).
With (3), we can get the minimum-mean-square-estimation
(MMSE) of gn as

ĝn = η
(
gn +

1
√
τPn

ω

)
, (4)
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where η = τλ/(τλ+ 1), while λ = Piβi (for any i) is the uni-
form product of each UE’s transmit power and its large-scale
fading coefficient. λ is usually defined as the criterion for
power control to compensate the large-scale fading among
different UEs.

B. SPECTRAL EFFICIENCY
After detecting the non-colliding UEs, the BS broadcasts
a message that takes µ symbols, and UEs can determine
wether it has colliders or not by resolving this message. Only
non-colliding UEs can transmit data while colliding UEs
keep silent. We use Fnon to denote the set of non-colliding
UEs and the number of UEs in Fnon is Nnon. The estimated
channel matrix between non-colliding UEs and the BS is
Ĝ =

{
ĝ1, . . . , ĝn, . . . |n ∈ Fnon

}
. The received M × 1 data

signal matrix at the BS is

r =
∑

n∈Fnon

√
Pngnxn + θ , (5)

where xn is the data symbol transmitted by UE n with
E{|xn|2} = 1, and θ ∼ CN (0, IM ) is the AWGN vector.
LetA denote the receiver matrix. Then, after linear reception,
we can get that

c = AHr. (6)

Next, we analyze the uplink rate with MRC and ZF receivers,
respectively.

1) MRC
For MRC receivers, A = Ĝ. Assume that UE n does not
collide with other UEs. Substituting A = G into (6), we can
get the detected data symbol for UE n as

cMRCn =

∑
i∈Fnon

√
PiĝHn gixi + ĝHn θ , (7)

and it can be further written as

cMRCn =

∑
i∈Fnon

√
PiĝHn (ĝi − g̃i)xi + ĝHn θ , (8)

where g̃i = ĝi − gi is the channel estimation error which
is independent on ĝi according to the property of MMSE
and g̃i ∼ CN (0, βi(1 − η)IM ). By treating the uncorre-
lated interference and noise in (8) as independent Gaus-
sian noise, we can get the ergodic achievable uplink rate of
UE n as

RMRCn

=E

log2
1+ Pn

∣∣̂gHn ĝn∣∣2∑
i∈F !nnon

Pi
∣∣ĝHn ĝi∣∣2+ ∑

i∈Fnon
Pi
∣∣ĝHn g̃i∣∣2+∥∥ĝn∥∥2


,
(9)

where F !nnon is the set that excludes n from Fnon. Since the
data transmission only takes part of the resource in the whole

coherence time, according to Fig. 5, we can get the spectral
efficiency of the system as

SMRC = (1−
τ + µ

T
)
∑

n∈Fnon

RMRCn (10)

The spectral efficiency in (10) is conditioned on a specific
UE activation and pilot selection. The unconditioned spectral
efficiency is given as

S̄MRC = E
{
SMRC

}
, (11)

The following theorem presents the closed-form approxima-
tion of (11).
Theorem 1: For MRC receivers, the closed-form approxi-

mation of spectral efficiency is

S̄MRC≈N̄non(1−
τ + µ

T
) log2

(
1+

(M + 1)ηλ

N̄nonλ− ηλ+ 1

)
, (12)

where

N̄non =
N∑
n=1

n
(
N
n

)
pna(1− pa)

N−n(1−
1
τ
)n−1 (13)

is the average number of non-colliding UEs.
Proof: See Appendix A.

Theorem 1 provides an analytical metric to evaluate the
performance of the hybrid-grant RA with MRC receivers,
and its tightness will be validated in Section V. To apply the
hybrid-grant RA in practice, we are interested in the optimal
τ and pa that maximize S̄MRC, where pa is adjustable since
we can set a random backoff time for each UE. However,
since S̄MRC does not monotonously change with both τ and
pa, the optimal τ and pa cannot be got straightforwardly. The
precise behavior of S̄MRC with respect to τ , pa and N will be
investigated in Section V, and we will use a low-complexity
algorithm to get the combination of optimal τ and pa in
Section IV.

If UEs are always active, pa = 1. The following corollary
gives the spectral efficiency under this special case.
Corollary 1: When UEs are always active, i.e., pa =

1, the approximation of the spectral efficiency with MRC
receivers becomes

S̄MRCpa=1 ≈ N (1−
τ + µ

T
)
(
1−

1
τ

)N−1

× log2

1+
(M + 1)ηλ

Nλ
(
1− 1

τ

)N−1
− ηλ+ 1

 . (14)

Proof: When pa = 1, we have that

N̄non = N (1−
1
τ
)N−1. (15)

Then, (14) is got by substituting (15) into (12).
The spectral efficiency in Corollary 1 applies to the system

with heavy traffic, where the service requirements arrival
frequently in the UE and thus the activation probability can
be regarded as 1.
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2) ZF

For ZF receivers, A = Ĝ
(
ĜH Ĝ

)−1
. Assume that UE n does

not collide with other UEs, and ĝn is the n′-th column of Ĝ.
Then, the detected data symbol of UE n is

cZFn =
∑
i∈Fnon

√
PiaHn′ (ĝi − g̃i)xi + aHn′ θ , (16)

where an′ is the n′-th column of A. Then, following the same
procedure as (9), we can get the achievable uplink rate of UE
n with ZF receivers as

RZFn = E

log2
1+

Pn∑
i∈Fnon

Pi
∣∣aHn′ g̃i∣∣2+‖an′‖2


 . (17)

Following the same procedure as (11), we can get the uncon-
ditioned spectral efficiency of the system for ZF receivers as

S̄ZF = (1−
τ + µ

T
)E

 ∑
n∈Fnon

RZFn

 . (18)

The following theorem presents the closed-form approxima-
tion of (18).
Theorem 2: For ZF receivers, the closed-form approxima-

tion of spectral efficiency is

S̄ZF≈N̄non(1−
τ + µ

T
) log2

(
1+

(M − N̄non)ηλ

N̄nonλ(1− η)+ 1

)
. (19)

Proof: See Appendix B.
The tightness of (19) will be validated in Section V, and
the behavior of S̄ZF with respect to τ , pa and N will be
investigated in the same section as well. Moreover, to facili-
tate the practical application of the hybrid-grant RA with ZF
receivers, we also obtain the optimal τ and pa that maximize
S̄ZF with a low-complexity algorithm in Section IV. The
following corollary gives the spectral efficiency under the
special case with pa = 1.
Corollary 2: When UEs are always active, i.e., pa = 1,

the approximation of the spectral efficiency with ZF receivers
becomes

S̄ZFpa=1 ≈ N (1−
τ + µ

T
)
(
1−

1
τ

)N−1

× log2

1+

[
M-N

(
1− 1

τ

)N−1]
ηλ

Nλ
(
1− 1

τ

)N−1
(1− η)+1

. (20)

Proof: The proof is omitted because it is similar with
the proof of Corollary 1.
The result in Corollary 2 can be used in the system with

heavy traffic.
Now, we have derived the spectral efficiencies of the pro-

posed hybrid-grant RA with both MRC and ZF receivers. To
show the effectiveness of this new scheme, we next give the
spectral efficiency using the grant-free RA for comparison.

3) COMPARISON
In grant-free RA, active UEs transmit their data directly after
the random selecting and transmitting pilots, no matter they
have colliders or not.

Assume that UE n does not collide with other UEs. Since
the BS still can only detect and estimate non-colliding UEs,
the estimation of gn is the same as (4). The received M × 1
data signal matrix at the BS is

rf =
N∑
n=1

√
Pngnxn + θf, (21)

where θf ∼ CN (0, IM ) is the AWGN vector. Then, after
linear reception, we can get that

cf = AHrf. (22)

The spectral efficiency in the following still given for MRC
and ZF receivers, respectively.

For MRC receivers, the detected data symbol for UE n is

cf,MRCn =

∑
i∈Fnon

√
PiĝHn (ĝi − g̃i)xi

+

∑
j∈Fcol

√
PjĝHn gjxj + ĝHn θ

f, (23)

where Fcol is the set of colliding UEs. Then, by treating the
uncorrelated interference and noise in (23) as independent
Gaussian noise, we can get the ergodic achievable uplink rate
of UE n as (24), as shown at the bottom of the next page.
In grant-free RA, according to Fig. 3, the data transmission

takes a T−τ
T fraction of the whole channel coherence time.

Therefore, the unconditioned spectral efficiency of the system
is

S̄f,MRC = (1−
τ

T
)E

 ∑
n∈Fnon

Rf,MRCn

 . (25)

Following the same procedure as (12), we can get the closed-
form approximation of (25) as follows

S̄f,MRC ≈ N̄non(1−
τ

T
) log2

(
1+

(M + 1)ηλ

N̄aλ− ηλ+ 1

)
, (26)

where N̄a = Npa is the average number of active UEs.
For ZF receivers, the detected data symbol for UE n is

cf,ZFn =

∑
i∈Fnon

√
PiaHn′ (ĝi − g̃i)

+

∑
j∈Fcol

√
PjaHn′gjxj + aHn′ θ

f. (27)

Then, the ergodic achievable uplink rate of UE n is

Rf,ZFn

=E

log2
1+

Pn∑
i∈Fnon

Pi
∣∣aHn′ g̃i∣∣2+∑

j∈Fcol
Pj
∣∣aHn′gj∣∣2+‖an′‖2


.
(28)
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Therefore, the unconditioned spectral efficiency of the system
is

S̄f,ZF = (1−
τ

T
)E

 ∑
n∈Fnon

RZF,cn

 . (29)

Following the same procedure as (19), we can get the closed-
form approximation of (29) as follows

S̄f,ZFn ≈N̄non(1−
τ

T
) log2

(
1+

(M − N̄non)ηλ

N̄aλ− N̄nonηλ+ 1

)
. (30)

Comparing (12) and (19) with (26) and (30), respectively,
we can find that our proposed hybrid-grant RA can get a
larger achievable rate due to the elimination of interferences
from colliding UEs, but it diminishes the time used for data
transmission. On the other hand, the grant-free RA can pro-
vide more time for data transmission, but the achievable rate
is impaired by the data interferences from colliding UEs. We
will compare these two schemes comprehensively and reveal
the superiority of the hybrid-grant RA with numerical results
in Section V.

To apply the hybrid-grant RA in practice, we are interested
in the optimal τ and pa that maximize the spectral efficiency,
which will be given in the next section.

IV. OPTIMAL SYSTEM CONFIGURATIONS
To facilitate the practical application of the hybrid-grant
RA, we aim to find the optimal pilot length and UE activa-
tion probability that maximize the spectral efficiency using
hybrid-grant RA. Note that the UE activation probability is
adjustable, since we can set a random backoff time for each
UE to lower its activation probability. Hence, the optimal UE
activation probability is upper bounded by the original acti-
vation probability. We give the optimal system configurations
for MRC and ZF receivers, respectively.

A. MRC
For MRC receivers, the spectral efficiency is given in (12).
To get the optimal pilot length and UE activation probability
that maximize the spectral efficiency, we need to solve the
following optimization problem

( ∗τMRC, ∗pMRCa ) = max
τ,pa

S̄MRC

s.t. 1 ≤ τ < T − µ

0 < pa ≤ pmaxa , (31)

where ∗

τMRC and ∗pMRCa denote the optimal τ and pa with
MRC receivers, respectively. pmaxa is the maximum activation
probability of UEs, i.e., the original UE activation probability

withoutmanual backoff. The upper bound of τ is got from that
τ + µ < T , which means at least one time resource should
be left for the data transmission.

After observing (31), we find that the objective function
S̄MRC is neither concave or convex with respect to τ and
pa, thus the classical Karush-Kuhn-Tucker (KKT) conditions
cannot be adopted. However, since τ is an upper-bounded
integer, we can exhaustively search all its feasible values.
Then, with a fixed τ , (31) reduces to a single-variable prob-
lem that optimizes pa. To solve this single-variable prob-
lem, we employ the Majorization-Minimization (MM) Algo-
rithm which can get the desired solution iteratively [20]. The
MM Algorithm briefly contains two steps: first, we approxi-
mate the objective function by its second-order taylor expan-
sion to turn the targeted optimization problem into a quadratic
one, which can be solved with much lower complexity; sec-
ondly, we successively maximize the objective function until
the sequence of iterative solutions converge to the optimal.
After getting the optimal pa for each value of τ , the final
optimal τ and pa are the combination that yield the largest
spectral efficiency. The detailed procedure is described in
Algorithm 1. The solution of (31) is summarized in the fol-
lowing theorem.
Theorem 3: The optimal τ and pa that maximizes the spec-

tral efficiency with MRC receivers, i.e., the solution of the
optimization problem (31) are the output of Algorithm 1.

From Theorem 3, we can get the optimal τ and pa that
maximizes the spectral efficiency with MRC receivers. The
effectiveness of these parameters will be validated through
numerical results by comparing with the system configured
without optimizations.

B. ZF
For ZF receivers, the spectral efficiency is given in (19).
To get the optimal pilot length and UE activation probability
that maximize the spectral efficiency, we need to solve the
following optimization problem

( ∗τZF, ∗pZFa ) = max
τ,pa

S̄ZF

s.t. 1 ≤ τ < T

pa ≤ pmaxa , (32)

After observing (32), we find that the objective function
S̄ZF is also not concave or convex with respect to τ and
pa. Therefore, we still use the MM Algorithm to solve the
optimal pa for each feasible value of τ , and select the τ and
pa that maximize the spectral efficiency as the final output.

1This is quadratic optimization problem and can be easily solved.

Rf,MRCn = E

log2
1+

Pn
∣∣ĝHn ĝn∣∣2∑

i∈F !nnon

Pi
∣∣ĝHn ĝi∣∣2+∑

i∈Fnon
Pi
∣∣ĝHn g̃i∣∣2+∑

j∈Fcol
Pj
∣∣ĝHn gj∣∣2+∥∥ĝn∥∥2


 . (24)
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Algorithm 1 Solving the Optimization Problem (31)

Initializ: τ0 = 1, χ = 0, any feasible p(0)a , maximum error

ε > 0

1: repeat

2: k = 0, C = S̄MRC
|τ=τ0

3: repeat

4: 11 =
dC
dpa |pa=p

(k)
a
, 12 =

d2 C
dp2a |pa=p

(k)
a

5: V = C
|pa=p

(k)
a
+ (pa − p

(k)
a )11 +

1
2 (pa − p

(k)
a )212

6: p(k+1)a = max
pa

V 1

s.t. 1 ≤ pa ≤ pmaxa

7: k = k + 1

8: until
∣∣∣p(k)a − p(k−1)a

∣∣∣ < ε

9: C = S̄MRC
|τ=τ0,pa=p

(k)
a

10: if C > χ then

11: χ = C , ∗τMRC = τ0,
∗pMRCa = p(k)a

12: end if

13: τ0 = τ0 + 1

14: until τ0 ≥ T − µ

The detailed procedure is similar as Algorithm 1 but a
replacement of S̄MRC by S̄ZF is needed. The solution of the
problem (32) is summarized in the following theorem.
Theorem 4: The optimal τ and pa that maximize the spec-

tral efficiency with ZF receivers, i.e., the solution of the
optimization problem (32) are the output of the algorithm
modified from Algorithm 1 by replacing S̄MRC, ∗τMRC, ∗paMRC

with S̄ZF, ∗τZF and ∗paZF, respectively.
The effectiveness of the optimal results got from The-

orem 4 will be justified in Section V by comparing with
the system configured with non-optimized parameters. More-
over, the performance of the optimal parameters with MRC
and ZF receivers will also have a comparison.

V. NUMERICAL RESULTS
In this section, we validate the accuracy of the spectral effi-
ciency in Theorem 1 and 2, and show the effectiveness of our
proposed access mechanism. We set λ = 1 which means the
large-scale fading is completely compensated. The following
parameters were chosen according to the LTE standard: an
OFDM symbol interval of Ts = 500/7 ≈ 71.4 µs, a sub-
carrier spacing of 1f = 15 kHz, a useful symbol duration
Tu = 1/1f ≈ 66.7 µs. We choose the channel coherence
time to be Tc = 1 ms. As a result, the coherence time of the
channel becomes T = TcTu/[Ts(Ts − Tu)] = 196 symbols.
According to 3GPP [12], the BS broadcasts the identifies of
non-colliding UEs in a message with fixed size of 48 bits.
Assume that QPSK modulation is adopted, so each OFDM
symbol contains 6 bits. Hence, we set the BS broadcasting
message takes µ = 8 symbols.

A. PERFORMANCE VALIDATION
In Fig. 6, the simulated spectral efficiency in (11), (18), (25)
and (29) are compared with the analytical approximation in
(12), (19), (26) and (30), respectively. We can see that the
simulation results and analytical approximation have a close
match, thus verifies our analytical results. Moreover, it can be
seen that the proposed hybrid-grant RA can get a remarkable
gain on the spectral efficiency over the grant-free RA, for both
MRC and ZF receivers. It is also found that the performance
gap betweenMRC and ZF ismore obvious in the hybrid-grant
RA, which also reveals the superiority of the hybrid-grant
RA since ZF outperforms more apparently in the high SINR
region. Due to the tightness between the simulations and anal-
ysis, we will use the latter for our following investigations.

FIGURE 6. Spectral efficiency vs. BS antennas number M, where τ = 10,
N = 30 and pa = 0.5.

Fig. 7 shows the spectral efficiency vs. UE number N
with different τ . We can see that the spectral efficiency first
increases and then decreases as N grows. This is because
when N is small, there are sufficient orthogonal pilots for
all UEs, thus the mean number of non-colliding UEs N̄non
increases as N grows; while when N exceeds a critical point,
more and more UEs need to compete for the limited pilots,
thus N̄non reduces as N grows. The spectral efficiency is
monotonously increasing with N̄non. Therefore, the spectral
efficiency first goes up and then decays as N goes up. The
critical point of N is closely related to τ , and we can observe
that bigger τ gives a bigger critical point. Moreover, we can
also find that the hybrid-grant RA can significantly improve
the spectral efficiency compared with the grant-free RA.
To demonstrate this improvement more precisely, we define
the relative gain. Its expressionwithMRC receivers is defined
as

1MRC
=
S̄MRC − S̄f,MRC

S̄f,MRC
, (33)

and that with ZF receivers is defined in the same way.
Fig. 8 shows the relative gain vs. UE number N . We can

see that the relative gain increases significantly as N grows,
and the gain with ZF receivers is more remarkable. When N
is very small, like 10, pilots are sufficient for all UEs and
there is barely no colliding UEs. Hence, the advantage of
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FIGURE 7. Spectral efficiency vs. UE number N , where M = 100 and
pa = 0.5.

FIGURE 8. Relative gain vs. UE number N , where M = 100 and pa = 0.5.

the hybrid-grant RA which comes from blocking the data
transmission of colliding UEs vanishes. Meanwhile, the extra
time cost by the BS broadcasting makes the hybrid-grant RA
even worse than the grant-free RA. Therefore, the relative
gain for N = 10 is negative. However, as N grows, the supe-
riority of the hybrid-grant RA begins to show out and grows
rapidly. For τ = 20, when N = 40, the hybrid-grant RA
can improve the spectral efficiency %100 with ZF receivers,
i.e., double the spectral efficiency, and improve the spectral
efficiency %40 with MRC receivers. When N goes up to 80,
the hybrid-grant RA can triple the spectral efficiency with
ZF receivers and improve the spectral efficiency %120 with
MRC receivers. There observations reveal that the proposed
hybrid-grant RA is highly effective on boosting up the spec-
tral efficiency, especially when N is large which is typical in
future communications networks. From this figure, we also
find that the relative gain reduces as τ increases. This is
because more pilots yields less colliding UEs, so the gain of
the hybrid-grant RA abates. After verifying the effectiveness
of the proposed hybrid-grant RA scheme, we next analyze the
performance of it more deeply.

Fig. 9 shows the spectral efficiency using hybrid-grant
RA vs. pilot length τ . We can see that the spectral effi-
ciency first increases and then reduce as τ grows. This is
because at the beginning of increasing τ , more pilots can yield
more non-colliding UEs and further promote the spectral

FIGURE 9. Spectral efficiency using hybrid-grant RA vs. pilot length τ ,
where M = 100 and pa = 0.5.

efficiency. When pilots go up to be sufficient for all UEs,
increasing τ cannot give more non-colliding UEs but retrench
the time used for data transmission. Therefore, the spectral
efficiency has a decline when τ exceeds the critical value.
The critical value is the optimal τ that maximizes the spectral
efficiency.

Fig. 10 shows the spectral efficiency using hybrid-grant
RA vs. UE activation probability pa. We can observe that the
increment of the spectral efficiency is followed by a decline.
This is because when pa is small, pilots are enough for all
the UEs that try to access. As pa grows, the pilot resources
become lacking. Hence, if pa continues to grow, more and
more UEs compete for deficient pilots, which results in the
decrease of the number of non-colliding UEs and further
reduce the spectral efficiency. Therefore, there exists an opti-
mal pa that maximize the spectral efficiency. The optimal τ
and pa will be investigated in the next subsection.

FIGURE 10. Spectral efficiency using hybrid-grant RA vs. activation
probability pa, where M = 100 and τ = 20.

B. OPTIMAL PARAMETERS
In this subsection, we investigate the optimal τ and pa got
from Theorem 3 and 4. Assume that pmaxa = 1.
Fig. 11 shows the optimal τ and pa vs. UE number N .

We can see that when N is small, the optimal pa = pmaxa ,
and when N is bigger than a threshold, the optimal pa
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FIGURE 11. Optimal parameters vs. UE number N .

begins to decrease as N grows. Meanwhile, the optimal τ
keeps increasing as N grows until reaches the peak value
and remains constant afterwards. This is because increasing
pilot can benefit the spectral efficiency until it satisfies the
access requirements of all UEs, and after that, increasing
pilots instead impair the spectral efficiency since the time
used for the data transmission is retrenched. Therefore, as N
grows, more pilots are needed to fullfill their access require-
ments, but pilots cannot increase infinitely. The platform
in Fig. 11(b) indicates that when τ reaches a peak value,
the impairment brought by large τ is remarkable. In the
meantime, too many UEs that participate in the pilot selection
will cut down the number of non-colliding UEs, so the active
UEs should decreases as N grows which is controlled by
pa. τ and pa interact with each other. The results in Fig. 11
find the balance between them which gives the maximum
spectral efficiency. Moreover, we also note that the optimal
τ and pa with bigger M and ZF receivers are larger than
that with smaller M and MRC receivers, respectively. This
is because the larger antenna array and ZF receivers are
both more capable to eliminate the interferences among UEs.
Hence, they can use more pilots to permit more UEs into the
transmission for better transmission performance.

FIGURE 12. Spectral efficiency with optimized and non-optimized
parameters and where M = 100.

Fig. 12 compares the spectral efficiency with optimized
and non-optimized parameters. The optimized parameters is
got from Theorem 3 and 4, and pa in the non-optimized
parameters is set equal to pmaxa , i.e., the original activation
probability without backoff. We can see that compared with
the non-optimized parameters, the optimized parameters can

lead to a remarkable gain on the spectral efficiency, especially
in contrast with the spectral efficiency using a small τ . In par-
ticular, as the UE number grows, the spectral efficiency using
non-optimized parameters declines after it reaches the peak
value, while that using optimized parameters keeps constant
after the peak value. Therefore, the gain got by optimized
parameters becomes more significant for larger N .

VI. CONCLUSION
In this paper, we proposed a new RA scheme which inserts a
BS broadcasting message including the IDs of non-colliding
UEs into the grant-free RA, with which UEs could deter-
mine whether they had colliders. Only non-colliding UEs
could transmit data in the following step while colliding
UEs keep silent. By doing this, the data interference from
colliding UEs could be eliminated without costing much
extra time. Since the BS broadcasting message was also
used in the grant-based RA, the new RA scheme could be
regarded as a combination of grant-free and grant-based RA.
Hence, we called it as hybrid-grant RA. We investigated the
hybrid-RA in massive MIMO systems. A tight closed-form
approximation of the spectral efficiency with MRC and ZF
receivers are obtianed, respectively. By comparing with the
grant-free RA, we found that our proposed hybrid-grant RA
could improve the spectral efficiency significantly, especially
for ZF receivers. This improvement grew rapidly as the UE
number increased, which meant that the hybrid-grant RAwas
more suitable for the future network with large amount of
UEs. Moreover, we also gave the optimal pilot length and UE
activation probability that maximize the spectral efficiency
using hybrid-grant RA which could be used as references for
practical applications of the hybrid-grant RA.

APPENDIX A
PROOF OF THEOREM 1
Applying the approximation in [21, Lemma 1] into (9),
we can get that (34), as shown at the top of the next page,
where Es denote the average over all possible UE activations
and pilot selections, and Eh denote the average over the
small-scale fading. Then, with some basic algebraic opera-
tions, we can get that

S̄MRC

≈ (1−
τ + µ

T
)Es

{
Nnon log2

(
1+

(M + 1)ηλ
Nnonλ− ηλ+1

)}
(a)
≤ (1−

τ+µ

T
)Es{Nnon} log2

(
1+

(M + 1)ηλ
λEs{Nnon}−ηλ+1

)
, (35)

where (a) is from the Jensen’s inequality. According to the
law of total expectation, we know that

Es {Nnon} =
N∑
n=1

P [Na = n]Es {Nnon|Na = n} , (36)

where P [x] is the probability of x. Conditioned on Na = n,
the probability that a UE does not collide with other UEs is

pnon = (1−
1
τ
)n−1 (37)
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S̄MRC ≈ (1−
τ + µ

T
)Es


∑

n∈Fnon

log2

1+
PnEh

{∣∣ĝHn ĝn∣∣2}∑
i∈F !nnon

PiEh
{∣∣ĝHn ĝi∣∣2}+∑

i∈Fnon
PiEh

{∣∣ĝHn g̃i∣∣2}+ Eh
{∥∥ĝn∥∥2}


 , (34)

Therefore, the conditioned mean number of non-colliding
UEs is npnon. Moreover, since Na has binomial distribution,
we know that

P [Na = n] =
(
N
n

)
pna(1− pa)

N−n. (38)

Applying these results into (36) gives thatEs {Nnon} = N̄non
in (13). Then, the desired result in Theorem 1 follows by
substituting (13) into (35).

APPENDIX B
PROOF OF THEOREM 2
We can write (17) as

RZFn = Eh

log2
1+

Pn

‖an′‖2
[
Pi
∑

i∈Fnon
βi(1− ηi)+ 1

]



≥ log2

1+ Pn

Eh
{
‖an′‖2

}[
Pi
∑

i∈Fnon
βi(1− ηi)+1

]
 (39)

Let ζ = 1/
[(

ĜH Ĝ
)−1]

n′n′
. Then, since the covariance

matrix of every row of Ĝ is V = diag [ηβ1, . . . , ηβn, . . .], ζ
is chi-squared distributed with probability density [22]

f (ζ ) =
e−ζ/ηβn

ηβn0(M − Nnon + 1)

(
ζ

ηβn

)M−Nnon
, ζ ≥ 0,

(40)

Therefore,

Eh
{
1
ζ

}
=

1
ηβn(M − Nnon)

. (41)

Then, with

‖an′‖2 =
[
AHA

]
n′n′
=

[(
ĜH Ĝ

)−1]
n′n′
, (42)

we can get that Eh
{
‖an′‖2

}
= 1/ηβn(M − Nnon). Plugging

it into (39) and (18), we can get that

S̄ZF ≥ (1−
τ + µ

T
)Es

{
Nnon log2

(
1+

(M−Nnon)ηλ
Nnonλ(1−η)+1

)}
(a)
≤ (1−

τ + µ

T
)

×Es{Nnon} log2
(
1+

(M − Es {Nnon})ηλ
λ(1−η)Es{Nnon}+1

)
, (43)

where (a) is from the Jensen’s inequality. Then, the desired
result in Theorem 2 can be got by substituting (13) into (43).
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