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ABSTRACT Base on the outer space search and the branch-and-bound framework, this paper presents
an efficient outer space branch-and-bound algorithm for globally solving generalized linear multiplicative
programming problem. First of all, we convert the problem into an equivalent problem. Then, by utilizing a
direct relaxation method, we establish the linear relaxed problem to compute the lower bound of the global
optimal value of the equivalent problem. By subsequently subdividing the initial outer space rectangle and
solving a series of linear relaxed problems, the proposed algorithm is convergent to the global optimal
solution of the primal problem. Finally, compared with some known algorithms, numerical experiments
are given to demonstrate the feasibility and effectiveness of the proposed algorithm.

INDEX TERMS Generalized linear multiplicative programming problem, global optimization, linear relaxed

problem, branch-and-bound algorithm.

I. INTRODUCTION
We investigate the following generalized linear multiplicative
programming problem:

p n n
min £(x) =Y O ey + e dipx; + &)
(MP) : =

i=1 j=1
st.xeX ={x]Ax <b, x >0},

n n
wherep > 2, > cjxj+ejand ) dijxj+gi,i=1,...,p, are
j=1 j=1
all bounded linear (affine) functions defined on X, A € R™*",
b € R™ X is a bounded polyhedron set. Because the prob-
lem (MP) have a wide of applications in microeconomics [1],
data mining/pattern recognition [2], plant layout design [3],
system reliability analysis and optimization [4]-[10], optimal
resource allocation for Power-Efficient MC-NOMA [11] and

The associate editor coordinating the review of this manuscript and
approving it for publication was Khalid Aamir.

VOLUME 8, 2020

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

other fields [12]-[14], and it has potential theoretical and
computational difficulty. So that, it has attracted the attentions
of many researchers and practitioners.

In the past few decades, a large number of algorithms
have been proposed for the problem (MP) and its special
form. Most of these algorithms are based on the branch and
bound framework, for examples, by utilizing convex envelope
and concave envelope of logarithmic function to construct
linear relaxation, Shen and Jiao [15] proposed a branch-
and-bound algorithm for linear multiplicative programming
problem with exponents; by utilizing two-level linear relax-
ation to construct linear relaxed problem, Jiao [16] pro-
posed a branch-and-bound algorithm for generalized linear
multiplicative programming problem of generalized poly-
nomial forms; based on partitioning and searching out-
come space region, Gao et al. [17] presented an outcome
space branch-and-bound algorithm for the special form of
the problem (MP); based on utilizing the convex envelope
of bilinear function, and by successively subdividing and
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searching the outcome space rectangle of the affine functions
n
Qd,;/x.,' +gi,i=1,...
Joutcome space branch-and-bound algorithm for solving the
general form of problem (MP); by using new linearizing
technique, Wang et al. [19] presented a novel algorithm for
the problem (MP); based on simplex partition and search,
wang et al. [20] proposed a simplex branch-and-bound algo-
rithm for the problem (MP). In addition to the branch and
bound algorithm mentioned above, some other types of algo-
rithms are also proposed to solve the problem (MP), such
as, Phuong and Tuy [21] and Chen and Jiao [22] proposed
two monotonic optimization methods for generalized linear
fractional programming problem and generalized linear mul-
tiplicative programming problems; by utilizing the concept
of level set, Liu and Zhao [10] gave a level set method
for solving the linear multiplicative programming problem
with exponents. Recently, Shen et al. [23]-[25] proposed
three polynomial time approximation algorithms for gener-
alized linear fractional multiplicative programming problem;
Zhao and Zhao [12] presented a convex relaxation method
for generalized linear multiplicative programming problem
with generalized linear multiplicative constraints; based on
geometric programming solver, Zhao and Yang [13] also
proposed an inner approximation algorithm for generalized
linear multiplicative programming problem with generalized
linear multiplicative constraints; Jiao ef al. [5] formulated an
outcome space method for generalized linear multiplicative
programming problem with linear constraints; these methods
can be also used to solve the problem (MP) considered in this
paper.

But as far as we know, apart from [18], most of the

n

, D, Yin et al. [18] proposed a new

algorithms mentioned above require that ) c;x; + ¢; > 0
=
n /
and ) diixj + g > 0, it is to say, the algorithm for the
j=1

problem (MP) with that Z cijixj + e; and Z djjxj + gi can
=1
acquire arbitrary values has been still httle studied in the

literatures. Thus, it is still very necessary to propose a new
practical algorithm for the general form of the problem (MP).

This paper will present a new outer space branch-
and-bound algorithm for globally solving generalized lin-
ear multiplicative programming problem (MP). First of all,
we convert the problem (MP) into an equivalent nonconvex
programming problem (EQ). Next, by utilizing the direct
linear relaxed technique, we establish the linear relaxed
problem of the equivalent problem (EQ). By subsequently
partitioning the outer space rectangle of the images of

Zd,jx] + gi,i = 1,

relaxed problems, the proposed algorithm is convergent to
the global minimum of the primal problem (MP). Compared
with the existent algorithms, the proposed algorithm have
the following some potential practical and computational
advantages:

.., p, and solving a series of linear
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(i) The mathematical modelling of the considered problem
has a more general form, which does not impose any special
n

signal restrictions on each linear function ) c;x; + ¢; and
j=1

n
> djxj + gi,i = 1,...,p, in the objective function of the
i=1

jf
problem (MP).

(i1) The branching search take place in the outer space rect-

n

angle of the images of ) djixj+gi,i=1,...
=1

the rectangle of Variablje region, which will greatly reduce the

dimension of the searched space and decrease the required

computational efforts since n usually far exceeds p in many

practical problems.

(iii) During the process of the branch-and-bound search, all
subproblems that need to be solved in each iteration are all
linear programming problems, and the scale of these linear
programming problems which can be solved by the known
LP solver remains unchanged.

(iv) Numerical experiments show that the proposed algo-
rithm has the stronger robustness, and which can be used to
solve all test problems to get their global optimal solutions
and global optimal values with the higher computational
efficiency.

The remaining section of the paper is organized as follows.
Firstly, we convert the problem (MP) into an equivalent prob-
lem (EQ) in Section 2, and by utilizing the direct relaxation
technique, we establish its linear relaxed problem. Secondly,
we propose a new outer space branch-and-bound algorithm
for the problem (EQ) in Section 3, and derive its global con-
vergence. Thirdly, some numerical experiments are reported
in Section 4, and numerical results demonstrate the stronger
robustness and the higher efficiency of the algorithm. Finally,
we present some concluding remarks in Section 5 and give
some future works.

Il. EQUIVALENT PROBLEM AND ITS LINEAR
RELAXED PROGRAMMING PROBLEM
In this section, we firstly will convert the problem (MP) into
an equivalent problem. Next, we will drive the linear relaxed
problem of the equivalent problem.

Without losing generality, for each j = 1,...,n, we

assume that IJQ = min,ex x; and uj(.) = max,cx Xj. And for
n

, D, rather than

eachi = 1,...,p, we let L? = minyex ) djix; + g and
n ‘/=1
Ul.0 = maxyey Y djjXj + g, which are easily computed by
Jj=1

solving 2p linear programming problems. Let FO = {a €
RP | Llp <a; < UO, i=1,...,p}, weconsider the following
problem:

Z o (Z cijXj + ¢€;)

i=1 j=1

n
s.t. Zd,jxj—i—gi—a,-zo,i:l,...,p
j=1
x eX, o€ FO.

min G(x, @) =

(EQ) :
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Obviously, the problems (MP) and (EQ) have the same
global optimal solutions and global optimal values. In the fol-
lowing, we will present a direct linear relaxation method for
constructing the linear relaxed problem of the problem (EQ),
which is given by the following Theorem 1.

Theorem 1: Let F = {a € RP | L; < o; < Ui =
I,...,p} < FO, for any x € X and o € F, define the
functions G(x, &), Ggrc(x, o) and GRC (x, ) as follows:

)4 n
Gx,a) = Z oz,-(z cijXj + e;),
l;l ./:l )
Z( Z cijLixj + Z cijUix;

Gre(x, o) =
i=1 j=1,¢;;>0 Jj=1,¢;j<0
+eia;),
P n n

GRC(X, o) = Z( Z cijU,-xj + Z CijL,'x]'
i=1 j=1,¢;;>0 Jj=1,¢;j<0
+ eja;).

Then, we have the following conclusions:
(i) For any x € X and o € F, we have

Gre(x, @) < G(x, @) < GRC(x, a);

(i)
lim Ggpclx,a)= lim G(x, )
|U=L|—0 |U=L|—0
= lim GfGx, ).
IU=L|—0
Proof: (i) Since

G(x, a) — GRc(x o)

= Za,(z CijXj + €;)
i=1 j=1
n

n
—Z( Z ciiLixj + Z cijUixj + eja;)

i=1 j=1,¢;>0 J=1,¢;j<0

n n n

p
ZZ(ZCU{X,‘XJ‘— Z cijLixj — Z cijUix;)
=

1 j=1 Jj=1,¢;j>0 Jj=1l,cij<0
P n n
= Z[ Z cijlo — Li)xj + Z cijlei — Ui)x;]
i=1 j=1,¢;;>0 Jj=1,cij<0
>0

and

GRC(x, ) — G(x, a)

n

p n
ZZ( Z cijUixj + Z ciiLix; + ejo;)

i=1 j=1,¢;;>0 Jj=1,¢ij<0
P n

- Z Oli(z cijxj + ei)
=1 j=1
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n

p n n
= Z( Z C,'jUi)Cj + Z cijLixj - Zcij(xixj)

i=1 j=1,¢;>0 j=1,¢jj<0 j=1
p n n

= Z[ Z cij(Ui — ap)xj + Z cij(Li — a;)x;]
i=1 j=1,¢;;>0 Jj=1,cij<0

>0,

from the above inequalities, we can get that, for any x € X

anda € F,

Gre(x, @) < G(x, @) < GRC(x, a).

(ii) since
G(x, @) — Gre(x, @)
P n
=Y > cijloi— L+

p n
<D0 Y ejUi— L —

i=1 j=1,¢;;>0

—Z(Uz L;)( Z CijXj —

Jj=1,¢;j>0

<Z(U L) Z cijitj —

Jj=1,¢;j>0
and
GRC(x, o) — Gx, o)
p n
=Y1 Y <

i=1 j=1,¢;;>0

n

P
<1 D> cjUi— L —

i=1 j=1,¢;;>0

ZZ(Ul L;)( Z CijXj —

Jj=1,¢;j>0

SZ(U Li)( Z cijtj —

J=1,¢;j>0
this implies that

Iim Ggc(x,a) =
IU-L||—0

n

Z cij(a; — Up)xjl

Jj=1l,cij<0

n

> Ui — L]

J=1,¢jj<0

n

Z c,-jxj)

Jj=1,¢;j<0
n

> )

Jj=1,¢ij<0

n
—a)xj + Z cij(Li — ai)xj]

j=1,clj<0

n

Z cij(Ui — Li)x;]

Jj=1,¢i;j<0

n

Z CijXj)

Jj=1,cij<0
n

Z Cijlj),

Jj=1,cij<0

Iim G(x,a)
| U-L||—0

lim  GRC(x, ).

|lU-L|—0

and the proof is completed.
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LetF ={¢c e R | L <o < Ui =1,...,p}be
FOoritsa sub-rectangle, by Theorem 1, we can establish the
linear relaxed problem (LPf) of the problem (EQ) over F as
follows:

P n
min Gre(r, @) =D () cjlixg

i=1 j=1,¢;;>0
n
+ Z c;jUixj + eiat;)
(LPy) : ij Y ikj
FJ- j=1,¢;<0
n
s.t. Zd,jxj—i—gi—a,-:O, i=1,...,p,

j=1

xeX, xerF.

By the constructing method for the linear relaxed problem,
over the same rectangle F, it is obvious that the feasible
region of the problem (LPf) contain the feasible region of the
problem (EQ), and the optimal value of the problem (LPp) is
less than or equal to that of the problem (EQ). That is to say,
the problem (LPf) can provide a valid lower bound for the
problem (EQ) over the same rectangle F'.

Ill. OUTER SPACE ALGORITHM AND ITS CONVERGENCE
In this section, we firstly introduce a rectangular bisection
method, then based on the branch-and-bound framework,
combine the rectangular bisection method and the former
linear relaxed problem together, a new outer space branch-
and-bound algorithm is proposed for globally solving the
problem (MP).

A. RECTANGULAR BISECTION METHOD
In the algorithm, the branching process take place in the outer
n

space rectangle of the affine functions )  djx; + gi, i =

j=1
1,..., p. Without loss of generality, let

FFl={aeRILi<ai<U,i=1,...,p}

be FOora sub-rectangle of F' 0. which is selected for the next
segmentation, the proposed rectangular bisection method is
described as follows. Let

qg=argmax{U; — Lijli=1,2,...,p}

be subscript of maximum edge of rectangle F¥~!, partition
F*=1into two new sub-rectangles

Fhil Li+ U

L;

{0 e RPIL; < <

i=1,2,...

Ji=q;
Ds L # q}

IA

a; < U,

and
Li+U;

FK? = (o € R?|

L <a; =U;,

<o =Usi=gq;
i=12,...,p,i+# q}.
Without loss of generality, assume {F¥} be a nested rect-
angular subsequence which be formed by the rectangular

partitioning process. Obviously, by the exhaustiveness of the

rectangular bisection method, we can get that klim Fk = a*.
—> 00
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B. OUTER SPACE BRANCH-AND-BOUND ALGORITHM
Combine the above rectangular bisection method and the
former linear relaxed problem together, a new outer space

branch-and-bound algorithm is proposed for solving the
problem (MP) as follows.

Algorithm Steps
Step 1. Let the initial iteration number £k = 0 and the
termination error condition & > 0, by solving linear pro-
gramming problems, for eachi =1, 2, ..., p, compute

n
LY =min Y djx; + g
i XEXZ ijXj T &i
Jj=1
and

n
0
U’ = max diixi + gi,
i s Z §Xj T 8i
J=1
let the initial rectangle

Fo={aeR |L)<a<U? i=1,...,p},

and let the initial active node set Yo = {F°}.

Solve the problem (LPro) to obtain its optimal solution
(xo, oeo) and optimal value LB(F 0), respectively. Let the
lower bound LBy = LB(F°) and the upper bound UBy =
G(x, 9.

If UBy — LBy < ¢, then the algorithm terminates, and
obtain the optimal solution (x°, «®) of the (EQ) and the
optimal solution x° of the (MP) over F, respectively.
Otherwise, let the deleted rectangle set 2 = @, k = 1, and
go on Step 2.

Step 2. Let UBy = UBj_1, partition F k=1 into two new
sub-rectangles F k.1 and F*2, let F* be the new set of the
partitioned sub-rectangles, and let = Q U {F¥~1} be the
set of the deleted rectangle.

For each rectangle F*' e F*, solve the problem (LPyx.)
to obtain its optimal solution (x*/, ¥ and optimal value
LB(F&"). If LB(F*') > UBy, then let F¥ = F*\
F' and Q = Q U {FX'}. Otherwise, let UB, =
min{UBy, G(x*, «¥")} be the new upper bound.

Step 3. Let Yx = (Yx—1 \ F*=1) U {F¥} be the remaining
partitioned rectangle set, and let LBy = maxrey, LB(F)
be the new lower bound.

Step 4. If UB;, — LBy < ¢, then the algorithm stops, and
we get the optimal solution (xk, ozk) of the (EQ) and the
optimal solution x* of the (MP), respectively. Otherwise,
let k = k 4+ 1 and return to Step 2.

C. CONVERGENCE OF OUTER SPACE ALGORITHM
In the subsection, the global convergence of the outer space
branch-and-bound algorithm is given as follows.

If the algorithm terminates going through k iterations, then,
at the ky, iteration, we can get the feasible solution x* of
the problem (MP) and the feasible solution (x*, &%) of the
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problem (EQ) by solving the (LPr«), where
n
Q; =Zdijx}‘+gi, i=12,...,p.

Let v be the global optimal value of the primal problem (MP).
From the convergent terminating condition, the updating
upper bound methods, the updating lower bound methods,
the equivalence of the problem (MP) and (EQ) and Theo-
rem 1, we can obtain that

G(xk, otk) <LBp+e¢, LBy <v, v< G(xk, ak)
and
F(5) = Gk, o).

Combining the several inequalities together, we can follow
that

vff(xk)fv—i—e.

Therefore, if the proposed algorithm terminates after going
through & iterations, then x* is an e —global optimal solution
of the problem (MP).

Theorem 2: If the proposed algorithm generates an infinite
sequence {x*} of solution, then the limitation x* of {x¥} will
be a global optimal solution of the problem (MP).

Proof: If the proposed algorithm generates an infinite
sequence of solution, then, by solving the linear relaxed
programming problem (LP« ), we can get a feasible solution
sequence {x*} of the problem (MP) and a feasible solution
sequence {(xK, &%)} of the problem (EQ), where

n
Q; =Zdijx}‘+gi, i=12,...,p.

n
= > dix + &is
j=1

= (Z dl]x + gi) € [Lk U k] and the exhaustiveness of

From the continuity of the linear function «;

the rectangular bisection method, for any i € {1,2,...,p},
we have that

n
Z dipx| + gi = kl_i)m

= hm mLk Uk of.

n

d,]x + gi

So that, (x*, «™) is a feasible solutlon of the problem (EQ),
by the Theorem 1, and also since {LBy} is an increasing lower
bound sequence with that LB, < v, we can get that

G(x*, a®)>v > lim LBy = lim Ggre(x*, o®)=Gx*, a*).
k— o0 k— o0

So, by the continuity of the function f(x) and the above
inequalities, we can get that

lim LBy = v = G(x*, o*) =f(x*) = lim f(x").
k—o00 k—>o00
Therefore, the limitation x* of {x¥} is a global optimal solu-

tion for the problem (MP), the proof is completed. o
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D. THE COMPLEXITY OF THE PROPOSED ALGORITHM
Definition 1: A nonempty compact hyper-rectangle with
sides parallel to the axes is denoted by

=[L1,U1]X...X[LP,UP]CRP.

The diameter of a hyper-rectangle F C R? is

S8(F) = max{fla — /|2 : @, &' € F}
= JW — L+ 4+ WU, Ly

Theorem 3: For the proposed branch-and-bound algo-
rithm, assumed that, for a given feasible hyper-rectangle F©,
there exists a fixed positive number C and an accuracy €.
In addition, we also assume that the branching process will
eventually subdivide the hyper-rectangle into s = 27 smaller
sub-hyper-rectangles. Then, in the worst case, the num-
ber of iterations of the proposed algorithm by dividing
the hyper-rectangle F° can be given by the following
expression:

i 2p.v,
v=0

where

S(F) max{S(Fl) lefl,2,...,s}).

z = Tlog, 1, 8(F) =
Proof: The proof method is similar to the proof
Theorem 5 in [14].

It can be seen that the number of iterations of the pro-
posed algorithm is exponential growth, but when the size
of p satisfies p < n, our algorithm has an advantage in
solving large-scale problem (MP), and the reader can refer
to [14].

IV. NUMERICAL EXPERIMENT
To test and verify the computational performance and robust-
ness of the algorithm, with the given convergent error
€ = 1.0e — 6, some numerical problems are coded by Mat-
lab 2014a in a microcomputer with Winl0 system, Intel(R)
Xeon(R) CPU E5-2620 v4 @2.10GHz processor and 16.0GB
RAM memory, these test problems and their numerical results
are listed as follows.

Problem 1 (Yin et al. [18]; Wang et al. [20]); Shen and
Huang [25]):

—4xy + (x1 +2x2 — 1.5 2x1 —x2 + 4)
+(x1 —2x2 +8.5)(2x1 +x2 — 1)
s.t. S5x1 — 8xp > —24,
S5x1 + 8xp < 44,
6x1 — 3xp < 15,
4x; + 5xp > 10,

xle.

min 3x
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Problem 2 (Yin et al. [I18]; Wang et al
Wang et al. [20]; Shen and Huang [25]):
min (0.813396x; + 0.6744x, + 0.305038x3
+0.129742x4 + 0.217796)
x(0.224508x1 + 0.063458x, + 0.93223x3
+0.528736x4 + 0.091947)
s.t. 0.488509x1 4+ 0.063458x; + 0.945686x3
4+0.210704x4 < 3.562809,
—0.324014x; — 0.501754x, — 0.719204x3
40.099562x4 < —0.052215,
0.445225x; — 0.346896x, + 0.637939x3
—0.257623x4 < 0.42792,
—0.202821x1 + 0.647361xp + 0.920135x3
—0.983091x4 < 0.84095,
—0.886420x; — 0.802444x, — 0.305441x3
—0.180123x4 < —1.353686,
—0.515399x1 — 0.424820x, + 0.897498x3
+0.187268x4 < 2.137251,
—0.591515x; 4+ 0.060581x, — 0.427365x3
4+0.579388x4 < —0.290987,
0.423524x; 4 0.940496x, — 0.437944x3
—0.742941x4 < 0.37362,
X1, X2, x3, x4 > 0.

Problem 3 (Gaoetal. [17]; Yinetal. [18]; Wang etal. [19];
Wang et al. [20]; Shen and Huang [25]):

min (x1 +x2)(x1 —x2 +7)
s.t. 2x1 +xp < 14,
X1 +x <10,
—4x; +x2 <0,
2x1 +x2 > 6,
X1+ 2x2 > 6,
X —x2 <3,
xp +x2 >0,
xp—x2+7>0,
X1,X2 = 0.
Problem 4 (Yin et al. [18]; Wang et al.
Wang et al. [20]; Shen and Huang [25]):
min x; + (2x; —3x2 + 13)(x; +x2 — 1)
st —x1+2x <38,
—x < =3,
X1+ 2x <12,
X1 —2x <=5, x1,x >0.

Problem 5 (Yin et al. [18]; Wang et al. [20]; Shen and
Huang [25]):

[19];

min —xl2 — x22 +(—x1 =30+ 2)4x1 +3x2+ 1)
st x1+x =5, —x1+x <6, x1,x>0.

80634

[19]);

Problem 6 (Yin et al. [18]; Wang et al. [20]); Shen and
Huang [25]):
min —2x7 — x5 — 2
+(—2x1 — 3x2 + 2)(4x1 + 6x2 + 2)
+Bx; + 5x + 2)(6x1 + 8x2 + 1)
s.t. 2x1 +x <10, —x; +2x <10, x1,x > 0.
Problem 7 (Yin et al. [18]; Wang et al. [19]; Shen and
Huang [25]):
min x; + (x; —xp +5)(x; +x2 — 1)
s.t. —2x1 —3x < -9, 3x; —x <8,
—x1+2x <8, x1+2x2 <12, x> 0.
Problem 8 (Yin et al. [18]; Wang et al. [19]; Shen and
Huang [25]):
min (x; + x2)(x1 — x2)
+O1 +x2 + Dxp —x2 + 1)
s.t. x1 4+ 2x <20, x1 — 3x <20,
1 <x1,x <3.
Problem 9 (Yin et al. [18]; Wang et al. [19]; Shen and
Huang [25]):
min (x] + x2)(x] — x2)
+(x1 +x20+2)(x1 —x2+2)
s.t. x1 4 2x <20,
x1 — 3xp <20,

1 <x; <4,

1 <x <4.

Problem 10 (Yin et al. [18]; Wang et al. [19]; Shen and
Huang [25]):

min 2x; — 2xp +x3 + 2)(—2x1 + 3x0 +x3 — 4)
+(—2x1 +x2 +x3 + 2)(x1 +x3 — 3x3 +95)
+(=2x1 —x2 +2x3 + T)(4x1 —x2 —2x3 = 5)

s.t. x1+x2 +x3 <10,
x1 —2xp +x3 < 10,

—2x1 + 2x2 + 3x3 < 10,
—Xx1 +x2 4+ 3x3 > 6,
x1>1,x>1,x3>1.

Problem 11 (Yin et al. [18]):

P n n
min Y O e+ e dipx + gi)
j=1

i=1 j=1

s.t. Ax <b, x > 0.

where, foreachi=1,...,p,j=1,...,n, ¢; and d;j are ran-
domly generated in the interval [0, 1]; foreachi =1, ..., p,
e; and g; are randomly generated in the interval [0, 100]; each
element of A is randomly generated in the interval [0, 1]; each
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TABLE 1. Comparison of numerical results for Problems 1-10.

Problems Refs. Optimal solution Optimal value Iterations Time(s)

1 This paper (0.0000, 3.0000) -2.50000 182 7.07510
Yin et al. [18] (0.0000, 3.0000) -2.50000 30 1.54421
Wang et al. [20] 0, 3) -2.5 1 0.063
Shen and Huang [26] 0, 3) -2.5 1 0.047

2 This paper (1.3148,0.1396,0.0000,0.4233) 0.89019 22 0.51458
Yin et al. [18] (1.3148,0.1396,0.0000,0.4233) 0.89019 0 0.05622
Wang et al. [19] (1.3148, 0.1396, 0, 0.4233) 0.8902 1 0.061
Wang et al. [20] (1.3148, 0.1396, 0, 0.4233) 0.8902 1 0.188
Shen and Huang [26] (1.3148, 0.1396, 0, 0.4233) 0.8902 1 0.093

3 This paper (2.0000, 8.0000) 10.00000 27 0.70909
Gao et al. [17] 2,8) 10 53 0.3
Yin et al. [18] (2.0000, 8.0000) 10.00000 0 0.04965
Wang et al. [19] 2,8) 10 1 0.046
Wang et al. [20] 2,8) 10 48 5.078
Shen and Huang [26] 2,8) 10 1 0.046

4 This paper (0.0000, 4.0000) 3.00000 172 3.53071
Yin et al. [18] (0.0000, 4.0000) 3.00000 0 0.05613
Wang et al. [19] ©, 4) 3 1 0.0727
Wang et al. [20] ©,4) 3 2 0.203
Shen and Huang [26] ©, 4) 3 1 0.046

5 This paper (0.0000, 5.0000) -233.00000 83 2.14846
Yin et al. [18] (0.0000, 5.0000) -233.00000 1 0.14337
Wang et al. [20] ©,5) -233 4 0.3232
Shen and Huang [26] ©,5) -233 1 0.047

6 This paper (0.0000, 0.0000) 4.00000 15 0.35513
Yin et al. [18] (0.0000, 0.0000) 4.00000 9 0.36751
Wang et al. [20] 0, 0) 4 7 0.6336
Shen and Huang [26] 0, 0) 4 1 0.062

7 This paper (0.0000, 4.0000) 3.00000 89 2.49274
Yin et al. [18] (0.0000, 4.0000) 3.00000 0 0.05496
Wang et al. [19] ©, 4) 3 1 0.0693
Shen and Huang [26] ©,4) 3 1 0.062

8 This paper (1.0000, 3.0000) -13.00000 50 0.95348
Yin et al. [18] (1.0000, 3.0000) -13.00000 0 0.05962
Wang et al. [19] (1,3) -13 1 0.0868
Shen and Huang [20] (1,3) -13 1 0.047

9 This paper (1.0000, 4.0000) -22.00000 52 1.02796
Yin et al. [18] (1.0000, 4.0000) -22.00000 0 0.05179
Wang et al. [19] (1,4) -22 1 0.0849
Shen and Huang [26] (1,4) -22 1 0.046

10 This paper (5.5000, 1.0000, 3.5000) -109.75000 602 19.0745
Yin et al. [18] (5.5000, 1.0000, 3.5000) -109.75000 16 0.50701
Wang et al. [19] (5.5556, 1.7778, 2.6667) -112.754 5 1.1491
Shen and Huang [26] (5.5556, 1.7778, 2.6667) -112.754 1 0.062

element of b is randomly generated in the interval [0, n]. Use
the proposed algorithm in this paper to solve this problem,
numerical results are given in Table 2.

In Table 2, some notations have been used in column
headers as follows:

n: Number of variables;

p: Number of sums;

m: Rows of matrix A;

Avg.NT: Average iteration numbers;

Std.NT: Standard deviation of iteration numbers;

Avg.Time: Average CPU time in seconds;

VOLUME 8, 2020

Std.Time: Standard deviation of CPU time.

From numerical results of Table 1, for Problems 1-10, com-
pared with the known algorithms in the literature, the algo-
rithm proposed in this paper can not only obtain the same
optimal solution and optimal value, but also they have almost
the same higher computational efficiency.

From numerical results of Problem 11 in Table 2, by solv-
ing randomly generated large-scale generalized linear mul-
tiplicative programming problem, and with the increase of
the scale of the Problem 11, our algorithm has the higher
computational efficiency than that of Ref. [18].
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TABLE 2. Comparison of numerical results for Problem 11.

The algorithm of Yin et al.[18] Our algorithm in this paper

(p,m,n) Avg (Std).NT Avg (Std).Time Avg (Std).NT Avg (Std).Time

(5, 10, 10) 5 (6.446359869 ) 0.140346 (0.15469412) 0(0.0) 0.036252 (0.058404039)
(5, 20, 20) 7.6 (8.796463936) 0.236998 (0.275757184) 0(0.0) 0.016184 (0.009127138)
(5, 30, 30) 21.6 (22.97438187) 0.825649 (0.836289456) 0(0.0) 0.032029 (0.02244793)
(5, 40, 40) 5.9 (11.97636561) 0.30698 (0.623155793) 0 (0.0) 0.036408 (0.017846175)
(5, 50, 50) 12.5 (16.05026826) 0.839662 (1.102545699) 0(0.0) 0.029245 (0.026237826)
(5, 100, 100) 24.9 (21.81971586) 6.330544 (5.638671191) 0 (0.0) 0.09047 (0.068449361)
(5, 100, 200) 30.6 (34.55173255) 13.055885 (14.96527528) 0(0.0) 0.250534 (0.125183682)
(5, 100, 300) 23.6 (36.23135536) 14.633973 (23.064317) 0(0.0) 0.308047 (0.209039172)
(5, 100, 400) 57 (36.2981481) 45.280506 (28.92516337) 0 (0.0) 0.373368 (0.226911009)
(5, 100, 500) 47.7 (41.88887415) 48.22372 (42.7063508) 0 (0.0) 0.720032 (0.151168206)
(5, 100, 600) 72.5 (43.47476918) 87.380897 (52.07858271) 0(0.0) 0.586001 (0.423804503)
(5, 100, 700) 62.6 (45.186527) 89.165117 (65.39505544) 0(0.0) 0.845871 (0.42601031)
(5, 100, 800) 56.9 (39.09376193) 92.093383 (62.86954342) 0 (0.0) 0.733427 (0.604325317)
(5, 100, 900) 80.7 (40.4833299) 145.666589 (74.46654072) 0(0.0) 1.391615 (0.73897593)
(5, 100, 1000) 54.525708 (50.4761085) 111.769038 (103.2291643) 0(0.0) 1.268125 (0.461095115)
(6, 100, 100) 46.3 (29.07098592) 12.446211 (7.413944637) 0 (0.0) 0.141623 (0.099508606)
(7, 100, 100) 48.5 (26.19690397) 13.262261 (7.5017517) 0 (0.0) 0.159061 (0.118739121)
(8, 100, 100) 41.8 (37.66755161) 12.616741 (11.59979295) 0(0.0) 0.166516 (0.118490103)
(9, 100, 100) 48 (40.57640256) 14.555257 (12.71466426) 0 (0.0) 0.243005 (0.183953506)
(10, 100, 100) 72.1 (35.6353445) 23.198052 (12.03062801) 0 (0.0) 0.200786 (0.110303909)
(10, 100, 200) 162.2 (35.99938271) 93.42215 (20.89542683) 0(0.0) 0.41298 (0.168034014)
(10, 100, 300) 147 (53.5225809) 126.485167 (47.81166161) 0 (0.0) 0.561374 (0.312797274)
(10, 100, 400) 139.3 (61.18650904) 154.452357 (69.15309498) 0 (0.0) 0.582496 (0.372896875)
(10, 100, 500) 156.7 (78.99936709) 224.351016 (113.7021576) 0(0.0) 0.865473 (0.159608338)
(10, 100, 1000) 199.6 (56.28933193) 574.328397 (152.4505564) 0 (0.0) 2.246488 (1.335188691)

On the whole, numerical results of Tables 1 and 2 show that
the algorithm can globally solve all test problems 1-11 with
the robustness and effectiveness.

Explanatory remarks: In Table 2, Avg (Std).NT in the
proposed algorithm is 0, this is because, under the same ran-
dom parameter condition, when using the method proposed
in this paper to solve Problem 11, the algorithm meets the
termination condition in Step 1, that is to say, when the
algorithm solves the relaxation problem in Step 1, we get an
approximate global optimal solution of the original problem
(MP), and the algorithm is terminated. Since we set the initial
iteration number k = 0 in Step 1, so that the output iteration
number is 0. Obviously, compared with the numerical results
of Problem 11 in [18], this shows that the proposed algorithm
in this paper has higher computational efficiency than that
of [18].

V. CONCLUSION

In this article, based on the branch-and-bound framework,

we propose a novel outer space algorithm for globally solving

generalized linear multiplicative programming problem (MP)
n

with only assumption that each affine function ) c;x; + ¢;
j=1
n
and ) djx; + g; can acquire arbitrary value. By utilizing
j=1
the equivalent transformation and the direct linear relaxation
method, the initial generalized linear multiplicative program-
ming problem (MP) can be converted into a sequence of linear
relaxed problems. By subsequently subdividing the initial
outer space rectangle of R”, and by subsequently solving a
sequence of linear relaxed problems, the proposed algorithm

80636

is convergent to the global optimal solution of the initial
problem (MP). During the branch-and-bound searching pro-
cess, all subproblems that require to be solved in each itera-
tion of the algorithm are all linear programming problems,
and the scale of these linear programming problems still
remains be unchanged. Finally, comparing with some existent
algorithms, numerical results demonstrate that the proposed
algorithm has the higher computational efficiency.

In the future, based on the convex relaxation bounding
technique and the branch-and-bound framework, the pro-
posed outer space branch-and-bound method can be extended
to solve globally minimizing generalized concave multiplica-
tive programming problem.

ACKNOWLEDGMENT

The authors would like thank to editor and the anonymous
referees for their valuable comments and suggestions, which
have greatly improved the earlier version of this articles.

REFERENCES

[1] H. Konno and T. Kuno, “Generalized linear multiplicative and fractional
programming,” Ann. Oper. Res., vol. 25, no. 1, pp. 147-161, Dec. 1990.

[2] H.-S. Ryoo and N. V. Sahinidis, “Global optimization of multiplicative
programs,” J. Global Optim., vol. 26, pp. 387-418, Aug. 2003.

[3] C. Xue and H. Jiao, “An approaximate algorithm for solving generalized
linear multiplicative programming,” J. Henan Normal Univ., Natural Sci.,
vol. 36, no. 5, pp. 13-15, 2008.

[4] P. Shen, B. Huang, and L. Wang, “Range division and linearization algo-

rithm for a class of linear ratios optimization problems,” J. Comput. Appl.

Math., vol. 350, pp. 324-342, Apr. 2019.

H. W. Jiao, S. Y. Liu, and Y. Q. Chen, “Global optimization algorithm for

a generalized linear multiplicative programming,” J. Appl. Math. Comput.,

vol. 40, nos. 1-2, pp. 551-568, Oct. 2012.

[6] T.Matsui, “NP-hardness of linear multiplicative programming and related
problems,” J. Global Optim., vol. 9, no. 2, pp. 113-119, Sep. 1996.

[5

VOLUME 8, 2020



H. Jiao et al.: Efficient Outer Space Algorithm for Generalized Linear Multiplicative Programming Problem I E E EACCGSS

[71

[8]
[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

C. H. Scott and T. R. Jefferson, “On duality for a class of quasicon-
cave multiplicative programs,” J. Optim. Theory Appl., vol. 117, no. 3,
pp. 575-583, Jun. 2003.

E. A. Youness, “Global optimality of multiplicative programming prob-
lems,” Bull. Calcutta Math. Soc., vol. 94, no. 2, pp. 129-136, 2002.

H. P. Benson and G. M. Boger, “Multiplicative programming problems:
Analysis and efficient point search heuristic,” J. Optim. Theory Appl.,
vol. 94, no. 2, pp. 487-510, Aug. 1997.

S. Liu and Y. Zhao, “An efficient algorithm for globally solving general-
ized linear multiplicative programming,” J. Comput. Appl. Math., vol. 296,
pp. 840-847, Apr. 2016.

Z. Wei, D. W. K. Ng, J. Yuan, and H.-M. Wang, “Optimal resource
allocation for power-efficient MC-NOMA with imperfect channel state
information,” IEEE Trans. Commun., vol. 65, no. 9, pp. 3944-3961,
Sep. 2017.

Y. Zhao and T. Zhao, “Global optimization for generalized linear mul-
tiplicative programming using convex relaxation,” Math. Problems Eng.,
vol. 2018, pp. 9146309.1-9146309.8, May 2018.

Y. Zhao and J. Yang, “Inner approximation algorithm for generalized linear
multiplicative programming problems,” J. Inequalities Appl., vol. 2018,
no. 1, Dec. 2018, Art. no. 354, doi: 10.1186/s13660-018-1947-9.

X. Liu, Y. L. Gao, B. Zhang, and F. P. Tian, “A new global optimization
algorithm for a class of linear fractional programming,” Mathematics,
vol. 7, no. 9, p. 867, 2019.

P. Shen and H. Jiao, “Linearization method for a class of multiplicative
programming with exponent,” Appl. Math. Comput., vol. 183, no. 1,
pp. 328-336, Dec. 2006.

H. Jiao, “A branch and bound algorithm for globally solving a class of
nonconvex programming problems,” Nonlinear Anal., Theory, Methods
Appl., vol. 70, no. 2, pp. 1113-1123, Jan. 2009.

Y. Gao, N. Zhang, and X. Ma, “An outcome space branch-and-bound
algorithm for a class of linear multiplicative programming problems,” in
Advances in Global Optimization. Springer, 2015.

J. Yin, H. Jiao, and Y. Shang, “Global algorithm for generalized
affine multiplicative programming problem,” IEEE Access, vol. 7,
pp. 162245-162253, 2019.

C.-F. Wang, Y.-Q. Bai, and P.-P. Shen, ““A practicable branch-and-bound
algorithm for globally solving linear multiplicative programming,” Opti-
mization, vol. 66, no. 3, pp. 397-405, Mar. 2017.

C.-F. Wang, S.-Y. Liu, and P.-P. Shen, “Global minimization of a gener-
alized linear multiplicative programming,” Appl. Math. Model., vol. 36,
no. 6, pp. 2446-2451, Jun. 2012.

N. T. H. Phuong and H. Tuy, “A unified monotonic approach to gener-
alized linear fractional programming,” J. Global Optim., vol. 26, no. 3,
pp. 229-259, Jul. 2003.

Y. Chen and H. Jiao, “A nonisolated optimal solution of general linear
multiplicative programming problems,” Comput. Oper: Res., vol. 36, n0. 9,
pp. 2573-2579, Sep. 2009.

P. P. Shen, T. L. Zhang, and C. F. Wang, “Solving a class of gener-
alized fractional programming problems using the feasibility of linear
programs,” J. Inequalities Appl., vol. 2017, Jun. 2017, Art. no. 147, doi:
10.1186/s13660-017-1420-1.

P. Shen and C. Wang, “Linear decomposition approach for a class of
nonconvex programming problems,” J. Inequalities Appl., vol. 2017, no. 1,
Dec. 2017, Art. no. 74, doi: 10.1186/s13660-017-1342-y.

P. Shen and B. Huang, “Global algorithm for solving linear multiplica-
tive programming problems,” Optim. Lett., vol. 14, no. 3, pp. 693-710,
Apr. 2020.

HONGWEI JIAO received the B.S. degree in
mathematics and applied mathematics and the
M.S. degree in applied mathematics from Henan
Normal University, China, in 2003 and 2006,
respectively, and the Ph.D. degree in applied math-
ematics from Xidian University. He is currently
an Associate Professor with the School of Math-
ematical Sciences, Henan Institute of Science and
Technology, China. He has published extensively
and holds numerous patents in his research areas.

His current research interests include optimization algorithms, system engi-
neering, and optimal control.

VOLUME 8, 2020

WENJIE WANG received the B.S. degree in math-
ematics and applied mathematics from the Henan
Institute of Science and Technology, Xinxiang,
China, in 2019. She is currently pursuing the mas-
ter’s degree in system science with the School of
Mathematics Science, Henan Institute of Science
and Technology. She has published extensively
and holds numerous patents in her research areas.
Her current research interests include optimization
algorithms, system science and engineering, and
optimal control.

RONGIJIANG CHEN received the B.S. degree
in mathematics and applied mathematics from
Henan University, in 1986. He is currently a
Professor with the Department of Mathematics,
Henan Institute of Science and Technology, China.
He has published over 40 research monographs.
His research interests include nonlinear program-
ming, software engineering, computer application,
optimization design, product design optimization,
manufacturing information systems, global opti-
mization algorithm, nonlinear systems, and optimal control theory.

YOULIN SHANG received the B.S. degree in
mathematics and applied mathematics from Henan
Normal University, China, in 1984, the M.S.
degree in control science and engineering from
the Henan University of Science and Technology,
China, in 2002, and the Ph.D. degree in operational
research and control from Shanghai University.
He is currently a Full Professor with the School of
Mathematics and Statistics, Henan University of
Science and Technology. He has published more
than 100 research monographs. He has published extensively and holds
numerous patents in his research areas. His current research interests include
optimization algorithms, system optimization, system engineering, and opti-
mal control.

JINGBEN YIN received the B.S. degree in mathe-
matics and applied mathematics from Henan Uni-
versity, China, in 1994, and the master’s degree
from Zhengzhou University, in 2009. He is cur-
rently an Associate Professor with the Depart-
ment of Mathematics, Henan Institute of Sci-
ence and Technology, China. He has published
over 30 research monographs. His research inter-
ests include software engineering, computer appli-
cation, optimization algorithm design, product
design, manufacturing information systems, optimization algorithm, nonlin-
ear systems, and optimal control theory.

80637


http://dx.doi.org/10.1186/s13660-018-1947-9
http://dx.doi.org/10.1186/s13660-017-1420-1
http://dx.doi.org/10.1186/s13660-017-1342-y

	INTRODUCTION
	EQUIVALENT PROBLEM AND ITS LINEAR RELAXED PROGRAMMING PROBLEM
	OUTER SPACE ALGORITHM AND ITS CONVERGENCE
	RECTANGULAR BISECTION METHOD
	OUTER SPACE BRANCH-AND-BOUND ALGORITHM
	CONVERGENCE OF OUTER SPACE ALGORITHM
	THE COMPLEXITY OF THE PROPOSED ALGORITHM

	NUMERICAL EXPERIMENT
	CONCLUSION
	REFERENCES
	Biographies
	HONGWEI JIAO
	WENJIE WANG
	RONGJIANG CHEN
	YOULIN SHANG
	JINGBEN YIN


