
Received March 22, 2020, accepted April 3, 2020, date of publication April 20, 2020, date of current version April 29, 2020.

Digital Object Identifier 10.1109/ACCESS.2020.2987422

Monitoring Reliability for Three-Parameter
Frechet Distribution Using Control Charts
YOULONG WU 1, SIDRA YOUNAS2, KAMRAN ABBAS2,
AMJAD ALI3, AND SAJJAD AHMAD KHAN 3
1College of Computer and Information Science, Hunan Institute of Technology, Hengyang 421002, China
2Department of Statistics, The University of Azad Jammu and Kashmir, Muzaffarabad 13220, Pakistan
3Department of Statistics, Islamia College Peshawar, Peshawar 25120, Pakistan

Corresponding author: youlong wu (youlongwu@126.com)

ABSTRACT Control Charts for attributes have been widely adopted for examining the fraction non-
conforming or non-conformities in a process. However, Shewhart control charts may face some practical
problems when the process fraction of non-conformities is very low. While dealing with high quality
parameters (low defects), a precise solution is to use time between events (TBE) charts. In the present study,
control charts for time between failures have been developed considering that the inter-failure time follows
Frechet distribution. Maximum likelihood estimation method (MLE) and Probability weighted moment
method (PWMM) are taken into account for estimation purposes. We have also used cumulative sums for
inter-failure times to monitor the reliability of three-parameter Frechet distribution. The distribution of sum
of Frechet random variates has been obtained with the help of moment approximation. Control limits of
cumulative chart for different values of shape parameter have been obtained. Two real data sets are analyzed
for illustrative purposes.

INDEX TERMS Control charts, moment approximations, average run length, Frechet distribution.

I. INTRODUCTION
A control chart is a statistical tool used to distinguish between
variation in a process resulting from common causes and
variation resulting from special causes. It presents a graphical
display of process stability/instability over time. One of the
assumptions of control charts is that the underlying distribu-
tion of the quality characteristic is normal, but there are situa-
tions where we have to deal with skewed data. While Dealing
with such non-normal circumstances, Shewhart control charts
may give misleading results about the process. It often leads
to an increase in Type-I risk with the increase in skewness.
In case of moderate to large departure from normality, there
are two adaptations. First, we can use transformations tomake
our data approximately normal and then use typical Shewhart
control limits. The other choice is to study the behavior of
process carefully to find the actual underlying distribution of
the quality characteristic.

Currently, many skewed distributions have been used to
model the lifetime of products. As in life testing of high
quality products, the data turns out to be highly skewed,
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so extreme value distributions perform very well in the field
of reliability engineering and electronics as compared to
normal distribution. There are many statistical distributions
used for reliability analysis, e.g. exponential, Weibull, Log-
normal, Gamma, Frechet etc. In present study, we are using
Frechet distribution (FD) to model the failure times of a
system or component(s), which was first introduced by a
FrenchmathematicianMaurice Frechet [9].We are exploiting
FD by means of time between failure control charts.

A lot of study has been conducted based on control charts
using different distributions and also on the parameter esti-
mation of FD. For example, Abbas and Tang [3] considered
maximum likelihood estimators (MLEs) and least square esti-
mators of FD with two parameters based on Type II censored
sample. Abid [5] estimated the MLEs, moment estimators,
regression estimators, percentile estimators, least square esti-
mators and L-moments estimators of FD. Xie et al. [23] sug-
gested to use T chart for Poisson and exponentially distributed
processes. Rao and Sricharani [1] worked on Time control
charts through non homogenous Poisson process based on
Dagum distribution. Rosaiah et al. [4] developed Shewhart
control charts based on percentiles for Gumbel distribution
which is also a positively skewed distribution. A method to
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monitor reliability for a three parameter Weibull distribution
was proposed by Surucu and Sazak [21]. The parameters of
the distribution were estimated and the study was extended
for cumulative time elapsed between r failures. The lower
and upper control limits of Tr control chart were obtained
by using percentage points of the corresponding distribu-
tion. To obtain the cumulative chart, the distribution of sum
of independent Weibull random variates was approximated
using two moment Normal approximation and three moment
Chi-square approximation. This work can be extended using a
different estimation technique and for different distributions.
Therefore, in our study we have adopted the same procedure
for constructing control limits for another life testing distri-
bution named FD. The problem of estimating parameters of
the distribution was set using ML and PWM methods.

II. TIME BETWEEN FAILURE CHARTS
Usually, Shewhart ‘c’and ‘u’ charts can be used to monitor
the process of non-conformities or defects, but for precise
results we deal with high quality in our production processes
leading to zero or low defect levels. These types of rare events
cannot be better explained by ‘c’ and ‘u’ chart. In this case,
Calvin [8] developed a new chart named time between events
(TBE) chart. This chart is used to monitor inter-arrival TBEs.
There are many versions of TBE charts including cumulative
count of conforming chart, cumulative quantity control chart,
time between first failure (T) and time between rth failure
(Tr)-charts, cumulative sum (CUSUM) and exponentially
distributed moving average (EWMA) T-charts and so on.
In the present study, T-chart and Tr-chart will be considered
as ourmodel is based on time between failures of a production
process.

A. FRECHET DISTRIBUTION
Many generalizations of Exponential distribution are useful
to model failure times, like Gamma, Weibull, and Inverse
Weibull distribution etc. In this article, three-parameter
Frechet distribution (FD) will be studied, to model time
between failures and construct control charts for various esti-
mates of model parameters. FD is a special case of gener-
alized extreme value distributions (EVDs) with cumulative
distribution function (CDF) given as

F (x) = exp
[
−

(
β

x − γ

)α]
, x > 0, (1)

and the probability density function (PDF) given as

f (x, α, β, γ ) =
α

β

(
β

x − γ

)α+1
exp

[
−

(
β

x − γ

)α]
,

x > 0, α, β > 0,−∞ < γ <∞. (2)

where α, β, γ , are shape, scale and location parameters
respectively. To monitor the failure time of systems or com-
ponents, one can utilize LCL and UCL. If the time between
failures plotted on the chart is below the LCL, it is an indica-
tion of increasing failure rate or system deterioration. If the
plotted time is above the UCL, it shows improvement in the

TABLE 1. Average ML estimates for α = 3, β = 1 and different values of γ

along with their CLs and MSE (within parenthesis) for n = 30.

process.Wewill estimate the location, shape and scale param-
eters of FD using maximum likelihood estimation (MLE) and
Probability weighted moments (PWM) method.

III. CONTROL CHARTS FOR FIRST FAILURE
The control limits for first failure can easily be obtained by
following the suggestion of Xie et al. [23]. He suggested that
the approximate LCL and UCL reduce to lower and upper
percentage points of the assumed distribution for first failure.
The percentage points of the assumed distribution will be
obtained using its quantile function which is

F−1(x) = γ̂ +
β̂

(− log p)
1
α̂

(3)

By substituting p = 1− λ
2 and p = λ

2 in (3), we get LCL and
UCL for T-chart as given in (4) and (5) respectively where λ
is the probability of rejecting true null hypothesis.

LCL = γ̂ +
β̂(

− log
(
1− λ

2

)) 1
α̂

(4)

UCL = γ̂ +
β̂(

− log
(
λ
2

)) 1
α̂

(5)

where α̂, β̂ and γ̂ are estimated usingML and PWMmethods.

A. MAXIMUM LIKELIHOOD ESTIMATION
Let X1, X2, X3..., Xn be a random sample of size ‘n’ from
three parameter FD, then the likelihood function of (2) is

L (x, α, β, γ ) =
n∏
i=1

(
α

β

(
β

xi − γ

)α+1
× exp

[
−

(
β

xi − γ

)α])
, (6)
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TABLE 2. Average ML estimates for α = 3, β = 1 and different values of
location parameter γ along with their control limits and MSE (within
parenthesis) for n = 60.

It is more convenient to work with log likelihood function.
The log likelihood function of (6) is

l = logL (x, α, β, γ )

=

n∑
i=1

log
(
α

β

)
+ (α + 1)

n∑
i=1

log
(

β

xi − γ

)

−

n∑
i=1

log
(

β

xi − γ

)α
, (7)

Partial derivatives of (7) with respect to α, β, γ and gives us
(8), (9) and (10) respectively

∂l
∂α
=

n
α
+ n logβ −

∑n

i=1
(xi − γ )

+

∑n

i=1

((
xi − γ
β

)−α
log

(
xi − γ
β

))
,= 0, (8)

∂l
∂β
=

nα
β
−
α

β

∑n

i=1

(
xi − γ
β

)−α
= 0, (9)

∂l
∂γ
= (α + 1)

∑n

i=1

1
xi − γ

−
α

β

∑n

i=1

(
xi − γ
β

)−α−1
= 0, (10)

The solution to the above system of normal equations is not
possible explicitly. Here we used the Laplace approximation
in the LearnBayes package of the R software version (i386
3.6.1) to get the point estimates.

The results given in Table 1 and 2 are the average ML
estimates obtained by solving these normal equations for
30 and 60 samples.

Figure 1, 2 and 3 illustrates T-charts for first failure using
ML estimates of the parameters. In the T-chart presented
in Figure 2, a small amount of shift is created in the location of
the process and hence T chart is unable to detect this shift. But
in Figure 3, the quantity of shift created is somehow large and
therefore T chart has detected the shift in the process location.

FIGURE 1. T-chart for first failure when α = 3, β = 1, γ = 2 for n = 60
failure numbers using ML Estimates.

FIGURE 2. T-chart with α = 3, β = 1, γ = 4 for first 60failures and α = 3,
β = 1, γ = 3.5 for next 60 failures using ML estimates.

FIGURE 3. T-chart for first failure with α = 3, β = 1, γ = 3 for first
30 failures and α = 3, β = 1, γ = 2 for next 30 failures using ML estimates.

It can be clearly noted that the charts constructed here
in Figure 1, 2 and 3 are in statistical control since no sam-
ple point falls below the LCL. However, when the process
possesses a shift in the location, T-charts can detect this shift
only when the quantity of the shift is large. Otherwise, T-chart
does not detect small amount of shift.

B. PROBABILITY WEIGHTED MOMENT METHOD
Probability weighted moment (PWM) method was proposed
by Greenwood et al. [12]. It has the following form:

Mq:r,s = E
(
xq (F (x))r (1− F (x))s

)
, (11)

VOLUME 8, 2020 71247



Y. Wu et al.: Monitoring Reliability for Three-Parameter FD Using Control Charts

TABLE 3. Average PWM estimates for α = 1, β = 0.5 and different values
of γ along with their CLs and MSE (within parenthesis) for n = 30.

FIGURE 4. T-chart for first failure when α = 1, β = 0.5, γ = 1 for n =

30 failure numbers using PWM estimates.

Hosking et al. [14] presented the following form

Br = E
[
XF (x)r

]
, r = 0, 1, 2, 3 . . . , (12)

The PWM equation is

Br =
1

r + 1

(
γ +

(
βα (r + 1)

) 1
α 0

(
1−

1
α

))
, α > 1,

(13)

The corresponding unbiased sample PWM’s proposed by
Landwehr et al. [17] are

B̂0 =
1
n

∑n

i=1
xi, (14)

B̂r =

∑n
i=1

( x−i
r

)
xi

n
( x−i

r

) , (15)

By equating these population and sample moments we will
get our required estimators. Table 3 presents PWM estimates
for the underlying parameters of the distribution.

T-charts based on PWM estimates has been presented
in Figure 4 and 5 where Figure 5 represents control chart with
a shift after thirtieth sample. From these figures, it can be
observed that the charts depict in control process behavior.
But from Figure 5, it has been clearly evident that when
shift occurs in the location of the process, T-chart based on

FIGURE 5. T-chart with α = 1, β = 0:5, γ = 2.5 for first 30 failures and α =

1, β = 0.5, γ = 2 for next 30 failures using PWM estimates.

PWM estimates is unable to detect this shift. It is to be noted
that the quantity of the shift observed here is small therefore
T chart is unable to detect small shifts but it may happen
that the same charts detects shift in the process when the
quantity of shift is large. To overcome this flaw, the behavior
of the process is examined using cumulative chart which
is called time between rth failure charts (Tr-charts) in the
terminology of TBE charts which is discussed in the later
section.

IV. CONTROL CHARTS FOR MORE THAN ONE FAILURE
It has been observed that T-chart is unable to detect small
shift in the location of the process. Therefore, we have chosen
another TBE charts with better performance which is called
Tr-chart. Tr-chart is sometimes called CUSUM T-chart as it
uses sum of failure times observed. For the construction of Tr-
charts, the distribution of cumulative time elapsed between a
fixed number of failures is required. But in the literature of
FD, we do not know the exact distribution of sum of Frechet
random variables. Therefore, to identify the underlying distri-
bution, two moment approximations have been used. Surucu
and Sazak [21] introduced a new variable for cumulative time
elapsed between ‘r’ failures as

Yi =
∑ir

j=r(i−1)+1
Xj, (i = 1, 2, 3, . . . .,m) . (16)

where Xj (j = 1, 2, 3, . . . ,N ) are independently and identi-
cally distributed (IID) Frechet random variates. Since we
have been dealing with the condition of constructing con-
trol limits based on percentage points of the distribution,
therefore, the limits cannot be obtained without having the
distribution of Yi. Here the random variable Yi represents
the sum of Frechet random variates. In order to obtain the
distribution of Yi, numerous approximations are available to
approximate one distribution from another distribution. Some
of those are based on equating moments of both distributions.
Here, two moment Normal approximation and three moment
Chi-square approximation will be considered, for details see
[10] and [22].
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FIGURE 6. T4 -chart with 40 cumulative observations for α = 12, β = 0.5,
γ = 1.3 using Normal approximation.

A. TWO MOMENT NORMAL APPROXIMATION
This approximation will give us better results for percentage
points of Y if the following conditions are roughly satisfied∣∣β∗1 ∣∣ < 0.5 and 2.8 <

∣∣β∗2 ∣∣ < 3.2 (17)

Here simulated skewness and kurtosis values have been used
to check the above conditions. Suppose

w1 = (y− c)/h ∼ N (0, 1) (18)

where ‘c’ and ‘h’are constants and can be obtained by equat-
ing moments on both sides of equation (18) and are equal to
c = µ́1 = E (Y ) and h =

√
µ2 ≡

√
V (Y ); see [10]. Since

−z λ
2
and z λ

2
are the lower and upper

(
λ
/
2
)
th percentage

points of W1 respectively, therefore the LCL and UCL of Y
which are the percentage points of the distribution of Y are

L̂r = c− hz
λ

2
(19)

Ûr = c+ hz
λ

2
(20)

While approximating the distribution of sum of Frechet ran-
dom variables, the results for different values of shape param-
eters are presented in Table 4. Since these approximations are
based on the moments of the distribution, therefore we cannot
take the value of shape parameter less than four. The reason
for this is the limitation of FD that its value of moments does
not exist for the value of the shape less than four. The LCL
and UCL of Tr chart based on Normal approximations are
presented in Table 5. Using two moment Normal approxima-
tion, Tr-charts for r= 4 are given in Figure 6 and 7. Small shift
is created in Figure 7 which the chart has detected clearly and
rapidly.

Recall that when the quantity of shift is small, T-chart
is unable to detect that shift. In contrast, Tr-chart based on
Normal approximation gives fast detection of shift even if the
quantity of shift is small.

B. THREE MOMENT CHI-SQUARE APPROXIMATION
If the following conditions are satisfied√

β
∗

1 > 0 and |β∗2 −
(
3+ 1.5β∗1

)
| ≤ 0.5

FIGURE 7. T4 -chart with first 40 cumulative observations for α =10,
β = 0.5, γ = 2 and next 40 cumulative observations for α = 10, β = 0.5,
γ = 1.9 using normal approximation.

TABLE 4. Moment approximations for the distribution of sum of Frechet
random variable for r = 4.

TABLE 5. Control limits for Tr-chart using normal approximation when β

= 0.5.

Then w2 =
(y− c)/

h ∼ χ
2
(v) gives better approximation for

the distribution of Y, where V = 8
β∗1
, h =

√
µ2
2V and c = µ′1 −

hV ; see [20]. The control limits are similarly obtained as in
(19) and (20).

L̂r = c+ hχ2(
λ/2,V

)′ (21)
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FIGURE 8. T4 -chart with 40 cumulative observations for α = 6.2, β = 0.5,
γ = 1.5 using chi-square approximation.

FIGURE 9. T-chart with first 40 cumulative observations for α = 6, β =

0.5, γ = 1 and next 40 cumulative observations for α = 6, β = 0.5, γ =

0.8 using chi-square approximation.

Ûr = c+ hχ2(
1−λ/2,V

)
.

(22)

Control limits based on Chi-square approximation for dif-
ferent values of shape parameter are presented in Table 6.
Figure 8 and 9 give us control charts for cumulative time
elapsed between four failures in a production process. These
charts are based on Chi-square approximation. These charts
also show in control behavior and there is no false alarm in
the chart. Also, we are using Tr-charts because individual
T charts are not able to detect small shifts in the process
behavior as described earlier. It is also clearly shown in Fig-
ure 9 that if small shift appears in the location of the process,
Tr-chart rapidly detects this shift. But T chart in the previous
sections was not able to detect small quantity of shift. Those
charts were only detecting shift of approximately 1σ or more.
Therefore, these types of TBE charts are preferable than the
previous ones.

V. AVERAGE RUN LENGTH
The probability of not detecting shift in a control chart is the
probability that all the points plot in control when process is
out of control and it is denoted by p. The power of the chart
i.e., 1− π is the probability of detecting shift in the process.
The average number of points that plot before the chart shows

TABLE 6. Control limits for Tr-chart using χ2 approximation with β = 0.5.

an out of control signal is defined asARL.GenerallyARL can
be expressed as

ARL0 =
1
λ
, (23)

when the process is in control. Here λ is the probability of
false alarm in the process so that the chart shows out of control
signal while the process is in control. When the process is out
of control, ARL is

ARL1 =
1

1− π
, (24)

But these formulae does not work always when the charts are
not Shewhart type therefore for Tr control chart Xie et al. [23]
gave the following formula for the ARL of Erlang distribution

AR̂Lr =
E (Yr )
1− π

. (25)

To calculate π , we need exact distribution of the correspond-
ing variable. So here we cannot make use of the above rule
as the distribution of sum of Frechet random variables is
not known exactly. Therefore, we will use the definition of
π . Since π is the probability that failure time falls within
control limits while having the process shifted to a new point,
therefore;

π = P [LCL < Tr < UCL|H1] , (26)

After standardization of (26), we have

π = F
[
UCLr − c

h

]
− F

[
LCLr − c

h

]
, (27)
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TABLE 7. ARL for chi-square approximation when α = 5.9, β = 1
and γ = 1.

TABLE 8. ARL for normal approximation when β = 0.5.

therefore equation (25) becomes

AR̂Lr =
E (Yr )

1−
[
F
(
UCLr−c

h

)
− F

(
LCLr−c

h

)] . (28)

If the probability of the detection of shift is estimated, we can
easily estimate ARL for the distribution of sum of Frechet
random variables using equation (26). In the present study,
we have used the same formula to findARL for Tr-charts. The
ARL for Chi-square approximation is given in Table 7 and
that of Normal approximation is given in Table 8. ARL values
depict that when a small shift in the process occurs, CUSUM
chart clearly detects this shift. The ARL is small for small
shift in the process and the probability of detecting shift
becomes very close to one when shift is about or greater
than 0.6 sigma. Therefore, it is clear that Tr-chart has rapid
detection of shift than individual T-charts. Hence we prefer
Tr-charts in a production process to reduce deterioration.

VI. DATA ANALYSIS
To illustrate, we have used real data sets taken from life
testing experiments. While fitting any distribution to a real

TABLE 9. Estimates for example 1.

FIGURE 10. T-chart for example 1 using ML estimates.

data set, first we have to check that whether the underlying
model is suitable for data set. For this purpose, we have been
using a graphical method and Kolmogorov-Smirnov (KS)
test: see [16], [20] in our study.
Example 1: This data set exhibits 31 observations of life-

time of lamps used in projectors. The projection hours were
recorded in hours when each lamp burned out; see [11]. Data
for failure of 31 lamps are presented here:

387, 182, 244, 600, 627, 332, 418, 300, 798, 584, 660, 39,
274, 174, 50, 34, 1895, 158, 974, 345, 1755, 1752, 473, 81,
954, 1407, 230, 464, 380, 131, 1205.

Parameter estimates for example 1 are given in Table 9. The
estimates are found usingML and PWMmethod. The control
limits are also computed using percentiles of the distribution
as described in section 3.

The value of KS-test for example 1 along with their corre-
sponding P-values are given below

DML = 0.0696, P− value = 0.9957

DPWM = 0.0667 P− value = 0.9976

T-chart for real data set 1 using ML estimates has been
presented in Figure 10 and using PWM estimates is presented
in Figure 11. Same as the charts based on simulation results,
these charts also depict that the process is in statistical control
since all the values of failure times plot are above LCL. The
LCL of these control charts become negative but if it is not
convenient for researchers to take negative LCL, they can
use zero as their LCL because in life testing experiments
there is no need to work with negative points. Therefore, the
technique works for real life testing processes and T-chart is
more appropriate for this data.
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FIGURE 11. T-chart for example 1 using PWM estimates.

TABLE 10. Estimates for example 2.

FIGURE 12. Goodness of fit plots for real data set 1 and 2.

Example 2: Another data set is taken from Lawless [18]
about time to failure of 23Ball Bearings and is presented here:

17.88, 28.92, 33.00, 173.40, 42.12, 45.60, 48.80, 51.84,
51.96, 54.12, 55.56, 67.80, 68.44, 68.64, 68.88, 84.12, 93.12,
98.64, 105.12, 105.84, 127.92, 128.04, 41.52.

The value of D-statistic along with their p-values for exam-
ple 2 based on ML and PWM methods have been given as
DML = 0.1021, P-value = 0.9503

DPWM = 0.0987, P− value = 0.9622

Parameter estimates for example 2 along with their estimated
CLs have been presented in Table 10. T-charts can also be
constructed for data set 2 as for data set 1.

It is clear from Figure 12 that FD has suitable fit for both
the data sets. Further, KS-test is also used to test the two
tailed hypothesis of goodness of fit. The significance level
used to test the hypothesis is λ = 0:05. Since the KS distance
is small and the p-value of KS-test for both real data sets is
greater than 0.05. Therefore, the null hypothesis cannot be
rejected and it is concluded that FD is suitable to model both
the datasets.

FIGURE 13. T4 -chart for example 2 using control limits based on Normal
approximation.

As mentioned earlier, T-charts have the shortcoming of
not detecting the shift when the quantity of shift is small.
Therefore, for the data given in example 2, Tr-chart is being
constructed. For example 1, we see that the value of shape
parameter estimated by both ML and PWM method is less
than 5.7, therefore the cumulative observations of this data
set do not follow Chi-square or Normal distribution approx-
imately. For example 2, Normal approximation can be used
whilemaking T4 chart. The data have been plotted on T4 chart
for time to four failures shown in Figure 13. PWM estimates
have been used for the approximation of the distribution of
sum and control limits of the chart have been estimated using
percentage points of Normal distribution.

VII. CONCLUSION
In this paper, an attempt have been made to develop a model
for time between failures of a process with three-parameter
FD. To monitor the reliability of high quality processes,
wemake use of T chart and Tr chart whose limits are based on
ML and PWM estimates. To obtain Tr− chart, the distribution
of sum of Frechet random variable is required. For this pur-
pose, two moment approximations are utilized that provide
promising results. T-charts show in control process behavior
but Tr charts are provenmore effective due to fast detection of
shift when the process deteriorates. One can extend this study
by considering different estimation technique for the model
parameters, constructing different types of TBE charts like
CCC charts, CQC charts, synthetic T charts etc. approximat-
ing the distribution of sum of Frechet random variables by
other moment approximations like four moment F- approxi-
mations or any other approximation technique or taking some
other life testing distribution to model failure times of a
system or component.
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