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ABSTRACT This study investigates the accuracy of quantization cell approximation (QCA) in a multiple-
input multiple-output (MIMO) broadcast channel. QCA is an analytical quantization model used to approx-
imate the quantized channel state information (CSI) in limited-feedback-based MIMO systems. It has been
widely used in important studies for analytical tractability because it approximates the quantized CSI as
a simple beta random variable multiplied by a deterministic value. Moreover, the effect of quantization
is solely concentrated on the deterministic value such that the corresponding performance analysis is
stochastically independent of the quantization process. Nevertheless, the accuracy of QCA has not been
carefully demonstrated in previous studies. In this study, a generalized version of QCA is proposed with a
complete analysis. Because the proposed QCA requires the use of a specific distance measure, the validity
of the distance measure is first investigated. Based on the proposed distance measure, the accuracy of QCA
is estimated by analyzing the difference between the spectral efficiencies achieved using QCA and random
matrix quantization (RMQ). The corresponding results show that the difference gradually decreases and
converges to zero as the number of feedback bits increases. As QCA and RMQ provide performance upper
and lower bounds, respectively, in terms of codebook construction, these results prove the asymptotic validity
of QCA with respect to the number of feedback bits. Both analysis and simulation results demonstrate that
the difference in spectral efficiencies is also small for a moderate number of feedback bits. In addition, this
study also demonstrates an asymptotic difference in spectral efficiencies with respect to the signal-to-noise-
ratio (SNR). The difference increases with the SNR, but it is bounded by a finite value. Thus, the difference
in the worst case SNR can also be suppressed by increasing the number of feedback bits.

INDEX TERMS Precoding, limited feedback, multiple-input multiple-output (MIMO), quantized feedback,
spatial-division multiplexing.

I. INTRODUCTION

Multiple-input multiple-output (MIMO) systems have been
studied as promising technologies to meet the consistently
increasing demand for higher-speed wireless communica-
tion [1], [2]. In particular, to achieve spatial multiplexing
gain without increasing the number of antennas for mobile
users, multiuser MIMO (MU-MIMO) systems have been pro-
posed. In MU-MIMO systems, an access point or base station
(BS) with multiple antennas simultaneously communicates
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with multiple users (i.e., with the group of their antennas
[2]-[4]). The multiple data streams prepared for multiple
antennas belonging to different users are guided to the asso-
ciated antennas using transmit and receive techniques called
spatial-division multiplexing (SDM). Accordingly, the capac-
ity of MU-MIMO systems increases linearly with the mini-
mum value between the numbers of BS antennas and total
antennas of the associated user group. Various SDM schemes
and corresponding theoretical results have been presented to
exploit the inherent gains in MU-MIMO channels [5]-[8].
For downlink transmission in MU-MIMO channels, differ-
ent users in the same communication group are not generally
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allowed to perform joint signal processing. Thus, an SDM
scheme is necessary at the transmitter to obtain a cer-
tain amount of multiplexing gain by appropriately guiding
the data streams to their associated users. To achieve this,
the transmitter requires a form of channel state information
(CSI). The accuracy of the CSI at the transmitter (CSIT)
generally determines the performance of downlink commu-
nication in MU-MIMO systems [9]. However, in practical
systems, obtaining a precise CSIT is quite challenging, par-
ticularly when a frequency-division duplex (FDD) is used.
This is because a transmitter operating in FDD mode cannot
directly track the downlink channels. A popular solution in
this type of case is limited feedback, in which each user
estimates, quantizes, and feeds back the CSI to its associated
transmitter [10]-[17]. Because limited feedback uses finite
rate quantization, inevitable multiuser interference occurs in
the received signal of each user.

In limited-feedback-based MU-MIMO systems, the down-
link spectral efficiency is significantly affected by the amount
of multiuser interference, and the amount of multiuser inter-
ference is determined by the number of feedback (or quanti-
zation) bits. In particular, the available multiplexing gain is
directly related to the number of feedback bits. Specifically,
in [9], assuming that each user has a single receive antenna,
the authors showed that the number of feedback bits should
be increased with respect to the signal-to-noise ratio (SNR)
at a rate of

B = (N; — 1)log, P (n

to achieve the full multiplexing gain using zero-forcing beam-
forming (ZFBF) based on limited feedback in MIMO broad-
cast channels,! where, B, N;, and P denote the number of
feedback bits, number of transmit antennas, and SNR, respec-
tively. In [18], the corresponding results were generalized to a
case where each user has multiple receive antennas. By using
the chordal distance as a distance measure for quantization
and the block diagonalization (BD) (based on limited feed-
back) as an SDM scheme, it was shown that the bit scaling,

B = N,(N, — Ny)log, P, 2)

is sufficient to achieve the full multiplexing gain, where N,
denotes the number of receive antennas. This scaling rate
implies that the required number of feedback bits per data
stream can be reduced using multiple receive antennas by
quantizing the matrix channel with an appropriate distance
measure. The amount of reduction corresponds to the pre-
log coefficient (N; — N,) for each receive antenna, which is
induced from the reduction in dimensionality for the quan-
tization per data stream [18]. An optimal distance measure
in terms of the achievable multiplexing gain was proposed
in [19], and it was shown that the optimal distance measure
achieves a higher multiplexing gain than the chordal distance
when the bit scaling rate is insufficient to achieve the full

n this study, a MIMO broadcast channel refers to a downlink MU-MIMO
channel as denoted in [9].
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multiplexing gain. However, it was empirically shown that
the bit scaling in (2) is also necessary for the optimal distance
measure in order to achieve the full multiplexing gain.

For analytical tractability, the aforementioned studies on
limited feedback used a random matrix (or vector, if N, = 1)
quantization (RMQ) to obtain the quantized CSI. With RMQ,
each codeword is an independent and isotropically distributed
unitary matrix. RMQ has been widely used in important
studies on limited feedback because it is intuitive in terms
of codebook construction, and the mathematical analysis is
tractable when the communication performance is averaged
over random codebooks [9], [18]. However, the mathematical
analysis with RMQ remains complicated because the quanti-
zation error is distributed based on the minimum order statis-
tics of 28 independent and identically distributed (i.i.d.) ran-
dom components. Thus, obtaining an explicit distribution or a
statistic for a performance metric in wireless communication
is difficult with RMQ.

As an alternative to RMQ, quantization-cell approximation
(QCA) was considered to approximate the distribution of the
quantized CSI [13], [20]-[22]. Based on QCA, the quantized
CSI is approximated as a simple beta-type random variable
multiplied by a deterministic value, which decreases as B
increases [13]. Thus, the corresponding analysis is stochas-
tically independent of B, which considerably simplifies the
mathematical analysis. Accordingly, more sophisticated anal-
yses can be performed with QCA with respect to various
performance metrics, as has been done in previous studies
[13], [19], [20], [23], [24]. Specifically, in [13], the distri-
bution of the approximated signal-to-interference-plus-noise
ratio (SINR) of each user was derived using QCA. Then,
based on the distribution, an asymptotic spectral efficiency
achieved by ZFBF with an appropriate scheduling was ana-
lyzed with respect to the number of users. The authors in [24]
proposed an extended version of QCA applicable for N, > 1,
to investigate the scaling law of the spectral efficiency with
respect to the number of users when each user uses multiple
antennas for SDM. Using QCA is much more advantageous
in complicated wireless communication systems such as MU-
MIMO in dense cellular networks because it considerably
simplifies the distribution of quantization errors. For exam-
ple, the authors in [23] analyzed various performance metrics
based on QCA, including the outage probability, network
throughput, and multi-stream transmission capacities in a
stochastic network. In [20], the SINR distribution, downlink
ergodic spectral efficiency, and optimal number of feedback
bits were additionally analyzed in a stochastic network.

As previously mentioned, several important studies on
FDD-based MU-MIMO systems have used QCA for ana-
lytical tractability. Nevertheless, the accuracy of QCA has
not been carefully considered and only a few simulation
results were provided in corresponding studies. In particular,
the extended version proposed in [24] requires additional
assumptions as compared with the conventional QCA derived
for N, = 1. However, the reliability of the approximation
was not carefully discussed. Because the concept of QCA
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is similar to that of a sphere-packing argument, one may
intuitively expect that QCA will closely capture the per-
formance of a well-designed quantization codebook if B is
sufficiently large. However, an analytical result supporting
this expectation does not exist. It is known only that QCA
achieves a performance upper bound in terms of codebook
construction. In recent wireless communications, the number
of transmit antennas at the BS has increased and the networks
consisting of these BSs are becoming denser [25]-[31]. The
corresponding performance analysis will be far more com-
plicated than those of existing MU-MIMO systems, and the
necessity of QCA will increase as the system becomes more
complicated owing to analytical tractability. Thus, we require
a mathematical basis on the reliability of QCA for further
applications, and this is the main subject of this study.

In this study, the accuracy of QCA in MIMO broadcast
channels is considered. Because mobile devices use multiple
receive antennas for SDM in recent wireless communication
[32], [33], the extended version of QCA proposed in [24]
is revisited in this study. The mathematical formulation and
corresponding bases are provided to validate further the use of
QCA for all N, > 1. Specifically, the generalized version of
QCA requires the use of a specific distance measure. Thus,
the performance of the corresponding distance measure is
first investigated. A sub-optimality of the distance measure
is analyzed in terms of the sufficient number of feedback bits
to achieve the full multiplexing gain. Then, the accuracy of
QCA is analyzed using the proposed distance measure. For
the accuracy, since the use of QCA and RMQ respectively
correspond to the upper- and lower-bound performances in
terms of codebook construction, the gap between the spectral
efficiencies achieved using QCA and RMQ is considered. It
is shown that they are asymptotically equivalent with respect
to B, implying that the error of using QCA can be arbitrarily
small for a sufficiently large B. Moreover, the spectral effi-
ciency gap is shown to increase with P and is bounded by a
finite value as P approaches infinity. During investigations,
matrix-variate distributions that are essential for analyzing
limited-feedback-based MU-MIMO systems are summarized
and are newly derived in this study. Moreover, a simulation
guideline is presented to help readers understand how to
construct a quantized channel matrix based on QCA. Because
QCA is an analytical method that does not construct an
explicit codebook, a realization of the quantized CSI should
be obtained based on matrix-variate distributions of the cor-
responding channel matrices. Both simulation and analysis
results demonstrate the accuracy of QCA. The error induced
from using QCA is generally small for moderate values of B
and P, and it gradually decreases and converges to zero as B
increases. The contributions of this paper can be summarized
as follows:

o The accuracy of the generalized QCA, applicable for all
N, > 1, is analyzed with various performance metrics
including, B, N, N, and P.

o The generalized QCA is composed of two basic
steps: 1) using a specific distance measure and then
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2) approximating the quantization region based on ideal
sphere-packing logic under the use of the distance mea-
sure. This paper provides the asymptotic optimality of
both steps.

o A simulation guideline is presented to help readers
understand how to construct the quantized channel
matrix when we use the generalized QCA for N, > 1.
Because QCA is an analytical method that does not
construct an explicit codebook, a realization of the quan-
tized CSI should be obtained based on matrix-variate
distributions of the corresponding channel matrices.

The remainder of this paper is organized as follows.
Section II introduces the system model and preliminaries,
and Section III introduces the principles of QCA and RMQ.
Section IV provides the mathematical formulation of QCA
that is applicable for all N, > 1. In addition, the accuracy
of QCA is analyzed based on the formulation. Section V
presents a guideline for performing a simulation with QCA
and RMQ. Section VI concludes the paper by discussing the
applications of QCA.

Notations: Matrices and column vectors are denoted by
upper- and lower-case boldface letters, respectively. The
superscripts (-)7 and (-)" indicate the transpose and complex
conjugate transpose of a matrix, respectively, and tr(-) and
det(-) indicate the trace and determinant of a matrix, respec-
tively. In addition, etr(-) indicates ") 0 is a zero matrix, and
I, is an mxm identity matrix. The partial ordering B > C
for two arbitrary square matrices indicates the positive defi-
niteness of B — C. The sets R and C represent the set of real
and complex numbers, respectively, and C"*" denotes the set
of all m x n complex matrices. Pr(-) denotes the probability
of an event, [E(-) denotes the expectation, and 4 denotes
the equality in distribution. For a matrix A, [A];; indicates
the (i, j)-th element of A; moreover, vec(A) represents the
vectorization of A that converts the m xn matrix into an mn x 1
column vector when the columns of A are stacked as follows:

vec(A) = [alT, azT, . ,a,{]T, 3)

where a; is the ith column of A. The operator ® represents the
Kronecker product. A random variable X is denoted as X ~
Beta(a, b) if it follows a beta distribution with parameters a
and b.

Il. SYSTEM MODEL

In this paper, a MIMO broadcast channel in which a single
base station (BS) communicates with K users is considered.
The BS has N; transmit antennas, and each user has NV, receive
antennas. Each MIMO channel between the BS and auser k €
{1, ..., K}is given by arandom channel matrix Hy, € CNixNy
whose entries are i.i.d. complex Gaussian random variables
with zero mean and unit variance. The received signal of user
k is then given by

yi = Hx +ng, “)

where X is the transmit vector and ny is a complex Gaussian
noise vector with independently distributed entries of zero
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mean and unit variance. The transmit vector is given by x =
Zl 1 Vis;, where V; € CNxNr i the precoding matrix and
s; € CNr<1 is the information symbol vector consisting of N,
independent data symbols for user /. Each user is fully served
with an N, degree of SDM. Thus, the transmitter broadcasts
a total of KN, independent data streams simultaneously. The
total transmit power is P at the BS, and equal power allo-
cation is considered across users and data streams, such that
E[slsﬁ 1= N%IN' Because the noise variance is normalized to
1, the transmit power P also corresponds to the average SNR.
To focus mainly on the effect of quantization, a specific user
scheduling algorithm is not considered (i.e., all K users are
simultaneously served by the BS, and their channel matrices
are i.i.d). All data streams are multiplexed based on SDM,
and the total number of data streams is equal to the number
of transmit antennas (i.e., it is assumed that K = )

Because of the symmetry, the distribution of the received
signal is equivalent for all k = 1, - - - , K. Thus, without loss
of generality, we can focus on analyzing the spectral effi-
ciency of user 1, and this corresponds to the average spectral
efficiency achieved by each user. From (4), the received signal
of user 1 can be represented as

K
yi=H{Vis;+ ) H{Vis; +n,. )
k=2
For simplicity, subscript index 1 indicating user 1 is omitted,
suchthaty =y, H=H;|,s =s;,and V = Vj.

A. LIMITED FEEDBACK MODEL AND DISTANCE MEASURE
The performance of the multiple-antenna transmission in
MIMO broadcast (downlink) channels can be improved by
using an appropriate precoding strategy [11]. The extent of
the performance improvement largely depends on the amount
of available CSI at the transmitter. To construct appropriate
precoding matrices, directional information of the channel is
required, which corresponds to the left unitary matrix of the
singular value decomposition (SVD) of the channel matrix
[18]. In this study, the compact SVD of the channel matrix H
is denoted as

H=Hz>U", (6)

such that the columns of H € CN*Nr span the column space
of H, the columns of U € CN-*M span the row space of H,
and the diagonal matrix £ € CN-*Nr consists of N, nonzero
eigenvalues of HH. -

To provide CSI to the transmitter, user 1 quantizes H
and feeds back the quantized CSI to the transmitter. To
accomplish this, user 1 uses a finite-length codebook C =
{W1, ..., Wy}, whichis fixed beforehand and is also known
to the BS; B indicates the number of feedback bits allocated
to each user, and different codebooks are used for different
users. Each codeword W; is given by a semi-unitary? matrix

2In this study, a non- s%lare matrix A € C"*" is semi-unitary if it satisfies
either AT A = I, or AA

= L.
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in CNixNr (je., WJHWj = I, ), and is different from all other
codewords. Let 7 = {I,...,258)} be the index set for the
codewords. Then, assuming perfect channel estimation at the
receiver side, the quantization process can be described as

n = argmind (Wj, H) , @)
jeg
where d(-, -) is a distance measure. Because all entries of each
channel matrix are i.i.d. complex Gaussian random variables,
His isotropically (or uniformly) distributed in CN**Nr, User
1 feeds back index 7 to the iransmrtter, and the transmitter can
obtain the quantized CSI H as

H=W,, ®8)

from codebook C.

For each codeword W; e C, channel subspace matrix H
can be decomposed into the components that lie in the column
space of W; and in the left null space of W; as follows:

H=W,W/H+ 1y, - WWHH. ©)
Let the compact SVD of (Iy, — WjoH YH be
~ 1
Iy, — W;W/HH = S;AE]', (10)

where the columns of S; € CN*Nr span an N,-dimensional
subspace isotropically drstrrbuted in the left null space of W;.
The diagonal matrix A; € CNr*Nr consists of the elgenvalues
of HY Iy, — W; W )H and E; € CN-*Nr is an isotropically
distributed unitary matrrx Moreover Sj, Aj, and E; are mutu-
ally independent [34]. Because the matrix A; measures the
quantization error, it is referred to as the quantization error
matrix in this study. Furthermore, the largest eigenvalue of
H Iy, — WjW;I)H is denoted as Aj, i.e.,

=S max ([A 1i.i) (11)

i=1,-

forj=1,---, 28 and the normalized matrix W; is defined

as
U £ Aj/A, (12)
forj=1,...,28
From (10), foreachj =1, ---, 28 we have
a1y, - W,WHH
= {(Iy, — WyWIHH (Iy, - W;WHH
= EAE]. (13)

From (8)—(13), the channel matrix can be represented using
the quantized channel matrix as

H = HH”H + (Iy, — HH")H
= HHH + (Iy, - W;WHH
PO 1
= HH"H + S;AEL. (14)
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B. PRECODING MODEL

In this study, BD is considered for the transmit precoding.
BD is a simple linear precoding method and is widely used
because it achieves a comparatively high spectral efficiency
using a relatively low-complexity algorithm for eliminating
multiuser interference between different users. The BD pre-
coder tries to make V as the matrix that satisfies VZ/H; = 0
for all I = 2,---,K. However, with limited feedback,
the BS only knows the quantized channel matrices {fIl :
[ = 1,---,K} that are fed back from the associated users.
Thus, the precoding matrix V of limited-feedback-based BD
is chosen to satisfy VAH;, =0forall/ =2, ---, K such that
the columns of V form an orthonormal basis of the left null
space of the following matrix:

G =[H, - Hg]. (15)

C. NOTATIONS: MATRIX VARIATE DISTRIBUTIONS

The achievable rate in a MIMO channel is generally repre-
sented by a log-determinant of a random matrix [2]. Thus,
the spectral efficiency of the system is dependent on the statis-
tics of such a matrix. This study defines the following matrix-
variate distributions based on previous studies on multivariate
statistical analysis [34]-[36].

Definition 1: A random matrix A € C™" is said to
have a complex matrix variate normal distribution with mean
matrix M and covariance matrix | ® €2», and is denoted
as A ~ CNp (M, Q) ® Qp), if vec(AT) follows a complex
multivariate normal distribution with mean vector vec(M)
and covariance matrix Q1 ® 5, where Q1 € C"™*™ » 0 and
Qr € C" = 0.

This definition is the complex counterpart of DEFINITION
2.2.1 in [34]. One may be more familiar with the special case
of Q, =1, [35], [36].

Definition 2: An m x m random Hermitian positive defi-
nite matrix A is said to have a complex Wishart distribution
with parameters m, a > m — 1, and Q € C™ > 0, and
is denoted as A ~ CW(a, Q), if its probability density
function (PDF) is given by

fa(B) = det(B)* "etr(—Q2"'B),  (16)

[ (a)det()4
for B > 0, and 0 otherwise, where fm(a) is the complex
multivariate gamma function defined as [36]

o0
C(a) 2 / det(B)* "etr(—B)dB
B”=B>0

m
— 72D @~ i+ D). (17)

i=1

Definition 3: An m x m random Hermitian positive defi-
nite matrix A is said to have a complex matrix variate beta
distribution with parameters m, a, and b, and is denoted as
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A ~ CBy(a, b), if its PDF is given by

T(a+b)
faB) = —"“————
(@)l (D)
for 0 < B < I,,;, and O otherwise.
If A ~ CWp(a, 1,,), then the expected value of A is given
by [37]

det(B)* "det(I,, — B)*™", (18)

E[A] = al,,. (19)

If A ~ CBp(a,b), then the expected value of A can be
calculated using the methods in [38] as

a

E[A] = L,.
[A] PR

(20)

D. PRELIMINARIES: MATRIX VARIATE DISTRIBUTIONS

In this section, some essential matrix-variate distributions in
MIMO broadcast channels are derived and summarized based
on the notations previously given. As a direct extension of
Theorems 3.2.5 and 5.2.4 in [34] to the domain of complex
numbers, we have the following lemmas.

Lemma I: Let X ~CN;y,(0,Q2®1,) and P € C*™" be a
Hermitian idempotent matrix of rank » > m. Then XPX? ~
CWp(r, Q).

Proof: The proof follows the same argument used to
prove Theorem 3.2.5 in [34]. |

Lemma?2: Let Y ~ CNpyn(0,Q ® I,) and S ~
CWp(ny, Q) be independent. If ny > m, then (S +
YY?)“2YYH((S + YY) ) ~ CBu(ny, n2).

Proof: The proof follows the same argument used to
prove Theorem 5.2.4 in [34]. |

Lemma 1 implies that

HHH ~ CWNy(Nl‘ler)s (21)

HYW;WI'H ~ CWy, (N, Iy,), (22)

HY(Iy, - WWHH ~ CWy, (N, = N, Iy,),  (23)

for arbitrarily chosen j € J. Furthermore, the following
lemma can be obtained from Lemmas 1 and 2.

Lemma 3: Forn > m, let Z € C"™™ be an orthonormal
basis for an m dimensional plane isotropically distributed in
CY" and P € C™" be a Hermitian idempotent matrix of
rank r > m. Then, ZHPZ ~ CB(r,n — r).

Proof: See Appendix A. [ ]

From this lemma, we have
Y 1y, — W,WiHH

= E;AE] ~ CBy, (N, — N, Ny).  (24)
Moreover, (19) and (21) implies that
E[H"H] = E[USU"] = N1y, (25)

and (20) and (24) imply that

Ny — N,
N

E[EjAjEJH 1= Iy, . (26)
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E. PERFORMANCE METRIC
For notational simplicity, the term including the multiuser
interference is denoted as

K
2> HV, V/H. 27)
k=2
By (6), Iy is represented as
K
Iy £ HV,V/H
k=2
1 K ~ ~ 1
= UZZ(ZHHVkaHH>22UH. (28)
k=2
In addition, from (14),

~ PO 1
HvV, = (HHHH + S, AZEDIV,
@ EA2 ISHY,. (29)
where (a) follows because A\ Vi =0forallk =2.-.. K

(Section II-B). Then, by combining (28) and (29), Iy is
reformulated as

K 1 1
Iy = Uzi(ZEﬁAgsgvkkasﬁAgEg)E%UH
k=2
1 K 1 1 1
= )\ﬁUZz(ZEﬁw;sﬁ”V,{stﬁ\p;Eﬁ”)zzU”. (30)
k=2

By defining
1 1
R 2 USTE WS/ V, VIS El 5207, (31)

fork=2,---,Kandj=1,--- 28 1y is represented as a
multi-variable function as follows:
Iy (i, (R Z 2Rk (32)

7, k}k 2)

Based on a sphere-packing argument [1], the achievable
rate in a MIMO channel is given by the ratio of the volume
(or, correspondingly, the power) of the total received signal
space to that of the noise-plus-interference space [18]. Thus,
from (5) and (27), the downlink instantaneous rate of user 1
can be represented by the following function R:

RGui (Rj i Yi—p: T)
det(- HYVVIH + L1y (ki (Ri i) + In,)
det(#- Iy (s (R ) + In,)
det[T + Iy (O {Ri i) + 1y, |
det[Iy (h. {Ri i) + 1y, ]

= log,

) (33)

T £ HY'VVAH
— USHAVVEAS U, (34)
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For convenience of analytical description, the instantaneous
rate R is represented as a multi-variable function of random
matrices. In (33), Iy is the only term dependent on the quan-
tization error.

The downlink spectral efficiency of each user is defined as
the ergodic downlink rate:

T £ E[R(, {Ri), T [bps/Hz], (35

where the expectation is taken over all the random compo-
nents in R.

Ill. ANALYTICALLY TRACTABLE MODELS FOR
QUANTIZATION

A. RMQ

For analytical tractability, two quantization models have
been widely used in previous studies for analyzing achiev-
able performance in MIMO broadcast channels based on
limited feedback. The first model uses randomly generated
codewords. It is well-known as random vector quantization
because it was first considered for vector quantization prob-
lems assuming N, = 1 in early studies of MIMO broadcast
channels [9]. Because each channel between a user and the
BS is given by a matrix, this type of quantization based on
random codewords is denoted as the previously defined RMQ
in this study. Assuming RMQ, each codeword W; € C is a
random unitary matrix uniformly distributed in C¥*Nr and
is independent of all other codewords. Then, the spectral
efficiency T is obtained by averaging over random codewords
as well as over other random components such as fading
channels. Because the performance of the system is averaged
over random codewords if we use RMQ, we can argue that
at least one realization of codewords always exists whose
performance is equal to or better than the ensemble average
[9]. This is a similar approach to the random coding argument
used to prove Shannon’s channel coding theorem. In this
context, the performance achieved using RMQ is considered
as the lower bound performance in terms of codebook con-
struction.

RMQ is easy to implement in a simulation, is intuitive in
terms of codebook construction, and is tractable for math-
ematical analysis. Thus, it has been consistently used to
analyze the communication performance in MIMO broadcast
channels based on limited feedback [9], [18]. In particular,
RMQ simplifies the analysis of quantization error matrix
A; (e.g., a significant amount of analysis was performed on
quantization errors when N, = 1 in [9]). However, commu-
nication systems are becoming increasingly complicated in
recent wireless communication standards (e.g., the number
of antennas is increasing, and the network is becoming denser
[25]-[31]). In these complicated systems, analyzing the quan-
tization error is considerably difficult based on RMQ because
the distribution of the quantization errors is still given by the
minimum-order statistics of 28 independent random variables
[9]. Moreover, obtaining simulation results with RMQ for a
large B is difficult when N, > 1 [18] (see Section V). QCA
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as described in the following section is an alternative solution
to further simplify the corresponding analysis.

B. QCA
As an alternative to RMQ, QCA has been considered for vec-
tor quantization problems when N, = 1 [13], [20], [21], [39].
It is also known as the quantization cell upper bound model
[13] or spherical-cap approximation for vector quantization
[20].

If N, = 1, QCA for vector quantization (QCAVQ) approx-
imates the true quantization area R; of each codeword w;,

Ri={xe CV: xfw;? > xfw;|>,Vj #i),  (36)
as
Ry~ Ry = {x e €0 xhwi/IxI? = 1), 37)

for some « invariant with respect to i [13], where w; denotes
the vector version (when N, = 1) of W;. Then, it further
assumes that R; and 7@1- are disjoint if 7 # j and leil Pr(h €
7A€l~)~: 1, where h denotes the vector version (when N, = 1)
of H. This is an ideal condition for the quantization region,
and thus QCAVQ is known to achieve a performance upper
bound in terms of codebook construction. Based on these
assumptions, we have [13]

B .N,—1
F%(x)z{Zx , 0<x=<«, (38)
1, <x,

where «(B) = 27%. and ¢; is the scalar version of Aj
such that from (13), ¢, 2 1 — |h¥h|. It is shown that Fo, (x)
with the QCAVQ is greater than any CDF of the quantization
error obtained from any codebook C [13]. This is the reason
QCAVQ is known to achieve performance upper bound. From
the CDF, we know that

i—" ~ Beta(N; — 1, 1). 39
In other words, with QCAVQ, the quantization error can be
represented by « multiplied by an ordinary beta random vari-
able. Thus, the entire effect of quantization is compressed into
the deterministic variable «(B) such that the mathematical
analysis becomes much simpler than using RMQ because
we do not need to take expectation over random codewords.
However, (39) is applicable only when N, = 1. Moreover,
QCAVQ has been implicitly assumed to provide tight approx-
imation by providing only certain simulation results in the
literature. Similar to the sphere-packing argument [1], one
may intuit that QCAVQ provides close approximation for
a large B. However, the lack of an analytical basis remains
regarding the accuracy of using QCAVQ.

The extended version of QCA for matrix quantization
was first proposed in [24] for analytical tractability, but
the detailed logic behind and corresponding accuracy of
the approximation were not carefully investigated. Thus,
the main subject of this study is to reformulate QCA to be
applicable for all N, > 1 and to carefully investigate the
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reliability of QCA. Because QCA and RMQ provide the
performance upper and lower bounds in terms of codebook
construction, respectively, the gap between the spectral effi-
ciencies obtained by using QCA and RMQ is the primary
focus of the analysis. The accuracy of QCA is investigated
with respect to various system parameters including N;, N,
B, and P.

IV. QCA FOR MATRIX QUANTIZATION

A. FORMULATION

In this section, QCA as proposed in [24], which is applicable
for all N, > 1, is reformulated. As described in Section II-
A, each codeword W; is a candidate for the quantized CSI,
and the quantization error is represented by A;. Consequently,
in quantization (7), a distance measure d should be carefully
determined to reduce the eigenvalues listed in diagonal matrix
A;j effectively. One famous example is the chordal distance,
where the quantization performance of the chordal distance
was discussed in previous studies [18], [40]. In terms of the
achievable multiplexing gain, an optimal distance measure
was also proposed in [19].

To develop QCA applicable for all N, > 1, the com-
mon random variable intrinsic in A; is considered. Because
H 1y, - WjW]H YH ~ By.(N; — N,, N,) (23), the PDF of
the largest eigenvalue A; follows a beta distribution with the
parameters N,.(N; — N,) and 1, which is given by [41]

£y @) = NNy = NV NeeN0=1 iy e 10,17, (40)

for arbitrarily chosen j € J.

Lemma 4: The largest eigenvalue A; and normalized
matrix ¥; = A;/A; are mutually independent.

Proof: See the proof of Lemma 1 in [24]. |

This means that all entries of the quantization error matrix
Aj equally contain A; as an independent component, implying
that reducing A; can reduce all the entries of A;. In other
words, we have an option to suppress the quantization error
matrix by solely minimizing single random variable ;. In this
context, the distance measure

di(W;, H) £ Aj, 41

is considered for each j € J, where 1; is defined in (11).

If we apply d = d; to (7), the quantization process
minimizes the largest eigenvalue of the quantization error
matrix to obtain the quantized CSI H. Because A; follows a
beta distribution with parameters N,.(N; — N,) and 1 (40),
the quantization process obtains the minimum of 28 beta
random variables, which is mathematically equivalent to the
vector quantization problem as described in [9], [13]. Thus,
we can equally apply the QCA argument used for vector
quantization such that the true quantization area 7; of each
codeword W;,

Ti= (X e CVNr gy (Wi, X) < di (W}, X), V) # i}, (42)
is approximated as

T~ T = {X € CVNr - dy (W, X) < 8}, (43)
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for some § invariant with respect to i. Note that dj(W;, H) is
a beta random variable with parameters N,(N; — N;-) and 1
(40), and it is equally likely for all i that a realization of H
belongs to 7;. Thus, (43) corresponds to

Fyoea() = Pr (di(W;. H) <x | H e 7))

- 44
1, s <ux, “44)

@ {(x/s)Ner—Nr), 0<x<s,

where (a) follows from (40) and (41). The original quantiza-
tion regions are disjoint (7; N 7; = @, if i # j) and the union
Ufjl Ti covers the entire quantization space (Zil Pr(H €
7)) = 1). By inheriting these properties, § is chosen to satisfy
Pr(H € 7;) = 278 such that

S(B) = 2~ NN 45)

In (44), the superscript QCA in )\;?CA is used to indicate
that it is obtained using QCA. Applying the union bound
of probability, it can be easily shown that the CDF in (44)
provides an upper bound for any CDF of X; obtained by
minimizing A; with any codebook C. This implies that QCA
in (44) provides a performance upper bound in terms of
codebook construction, given that d; is used as the distance
measure.

In summary, by combining the use of d = d; and the
approximation 7; ~ 7;in (43), we can obtain QCA applicable
for matrix quantization problems. That is, the CDF (44)
implies that

QCA
ﬁa ~ Beta(N,(N; — N,), 1). (46)

Furthermore, Lemma 4 implies that
E; AJAEN
8
for arbitrarilX chosen j. If N, = 1, then the quantization error
matrix AﬁQC corresponds to ¢; in (38) and (39). Thus, (47)
is the extended version of QCAVQ described in Section III-
B. It is obtained by additionally assuming d = dj, and is
applicable for all N, > 1. If a distinction is required, then this
extended version is hereafter referred to as QCA for matrix
quantization (QCAMQ). If not, it is simply called QCA for
all N, > 1.

d
= EjAjEJH ~ CBN,(Nt - Nrs Nr)y (47)

B. PERFORMANCE OF DISTANCE MEASURE

To generalize QCAVQ to QCAMQ, the largest eigenvalue
of the quantization error matrix is considered as the distance
measure for quantization (i.e., d = d in (7)). Thus, to verify
the validity of QCAMQ, we should first verify the validity
of using dj for quantization. In fact, obtaining an explicit
optimal solution for the quantization measure that maximizes
the spectral efficiency is barely possible. The chordal dis-
tance has been widely used for matrix quantization [18], [40]
because it corresponds to the sum of all eigenvalues in A; such
that minimizing the chordal distance can intuitively suppress
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the quantization matrix A;, and because the corresponding
quantization performance of the chordal distance was exten-
sively investigated in the literature [11], [40]. Denoting the
chordal distance as d,, it is represented as

(W, H) £ B (Iy, — W,W/)H]
= u[E;A;E]]. (48)

A distance measure that maximizes the multiplexing gain is
an alternative choice, and is defined as [19]:

A P H
dy (W), H) £ log, det| Iy, + NEAEE| @9

Because a spectral efficiency cannot be explicitly solved
with respect to B, the quantization performance in wireless
communication has commonly been analyzed in terms of the
number of feedback bits required to maintain the constant
spectral efficiency gap when compared with the optimal per-
formance [9], [18], where the optimal performance is the
achievable spectral efficiency with perfect CSIT. In matrix
quantization, both d, and d,,, are empirically known to require
the following scaling rate for B to achieve a constant spectral
efficiency gap with respect to the SNR from the spectral
efficiency obtained with the perfect CSIT:

B =N,(N, — N,)log, P+ C, (50)

for some constant C. To validate the use of dj, the sub-
optimality of d is presented by showing that the scaling rate
in (50) is also sufficient for d; to maintain the constant gap
from the optimal performance.

Lemma 5: Suppose that di(W;, H) = A; is used as the
distance measure (i.e., d = d; in (7)). Then,

d
R;r =R, (€29)

for arbitrarily chosen j from J = {1, -- -, 23}. Moreover, for
eachk=2,---,K,

N.(N; — N, 1
t— iVr

(52)

Proof: By definition (12), ¥; = % for eachj € J.
Because di(W;, H) = A; is used as the distance measure,
and the random matrices W; and E; are independent of A;

(Lemma 4), it follows that ¥, 4 V¥; and E; 4 E; for arbi-
trarily chosen j from J. Thus, the proof of (51) is completed.
For (52), see Appendix B. [ ]

We intend to derive a sufficient condition for B given that
d = dj to maintain a constant rate gap from the spectral
efficiency achieved with perfect CSIT. To achieve this, it suf-
fices to use RMQ for the quantization codebook because it
provides the performance lower bound in terms of codebook
construction.

Theorem 1: Let Tpcsy be the spectral efficiency achieved
with the perfect CSIT and Trmq be the spectral efficiency
achieved using limited feedback with RMQ.
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FIGURE 1. Spectral efficiency T, obtained by simulating (35), is depicted
with respect to P. N; = 6, Ny = 2, and B is scaled as (53).

Then, if d = dy, it suffices to scale the number of feedback
bits as

No + 1
B = Nolog, P + Ny log, ( ) — Nology(ri — 1) (53)
N,N,
to obtain
Tpcst — TrmqQ < N, log, 11, (54

where r; is any constant larger than 1 and Ny is defined as
No £ Ne(N; = Np).

Proof: See Appendix C. ]
This theorem implies the following. To maintain a rate gap no
greater than N, log, r; from the optimal spectral efficiency
achieved with the perfect CSIT, with respect to P, it suffices
to scale the number of feedback bits linearly with dB-scaled
transmit power given that d = d; for quantization. This
theorem demonstrates a suboptimality in terms of achieving
the full multiplexing gain with respect to P, as this scaling
rate of B is equivalent to that empirically obtained with the
optimal distance measure that maximizes the multiplexing
gain [19]. It is also equivalent to that obtained with the
chordal distance [18]; the only difference is the amount of
constant term Ng log, (1}(,‘14/\',[1 ) —Nplog,(r1—1). Fig. 1 verifies
this theorem, and it also compares the performance achieved
using d; with that achieved using the chordal distance (d.).
With bit scaling in (53), the difference in spectral efficiency
is negligible between using d; and d., which demonstrates
the asymptotic sub-optimality of d;.

Based on the suboptimality discussed in Theorem 1, unless
otherwise specified, it is hereafter assumed that the measure
dj is consistently used as the distance measure for quantiza-
tion.

C. ACCURACY OF QCA
As described in Section IV-A, QCAMQ consists of the fol-
lowing two essentials:

1) The use of d; as distance measure for quantization.
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2) Approximating the quantization cell of each codeword
as T; = 7; (43).

Because the validity of using d; was discussed in the previ-
ous section, the accuracy of the approximation 7; ~ 7; is
investigated in this section. As QCA and RMQ provide the
performance upper and lower bounds in terms of codebook
construction (Section III), respectively, the gap of spectral
efficiencies achieved using QCA and RMQ is analyzed.

Let AQCA be the largest eigenvalue of Aj; obtained using
QCA, and let ARMQ be the largest eigenvalue of A; obtained
by minimizing d; (d = dj in (7)) with RMQ); the subscript
index 7 is omitted for simplicity. Applying Lemma 5 to (35),
the spectral efficiency obtained using QCA and RMQ are
respectively given by

Toca = E[RAA, (R; ), T)]
— 5 g, ST H IO Ry 4 )
2 det(Iy(AQCA, (R, 1)) + M1,)
Trmg = EIRGRMQ (R 4}, T)]
E[l det(T + Iy (ARMQ (R; 1)) + %IN,)}
= Og
2 det(Ily (WRMQ, (R ) + Ly,)

(55)

If we have an /ipfinite number of feedback bits, then the
quantized CSI H obtained using a well-designed distance
measure and a quantization codebook will be arbitrarily close
to the true quantized CSI H (i.e., limp_, H = H). In this
context, the following theorem proves an asymptotic validity
of QCA and RMQ with d = d for quantization.

Theorem 2: Let Tpcsy be the spectral efficiency achieved
with the perfect CSIT as in Theorem 1. Then, with d = d; in
(7), we have

lim Toca = lim Trmq = Tpcst- (56)
B—oo B—oo
Proof: See Appendix D. [ ]

As both the lower (RMQ) and upper (QCA) bounds of
the spectral efficiency converge to the same value, they are
asymptotically equivalent assuming d = d; with respect to
B. This implies that QCA can precisely model the quantized
CSI obtained from any well-designed codebook that performs
better than RMQ if B is sufficiently large provided that d =
dj is used as a distance measure. This theorem also provides
an asymptotic optimality of the distance measure d;. How-
ever, we still do not know the number of feedback bits that
corresponds to a sufficiently large number of feedback bits.
Thus, having information regarding the accuracy of QCA for
moderate values of B is desirable.

Note that in (55), the terms R;; and T are not related to
the quantization error. By replacing them with their expected
values, we can define the following estimates:

Toca = E[ROEA, (E[R; (1}, E[T])]
Trmq = E[RORMQ (E[R; (1}, E[T])], (57)

where the outermost expectations are considered with respect
to all remaining random components.
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Each error for estimating Tgca using TQC A and estimating
Trmq using TRMQ may be greater than expected. However,
the only difference in calculating Toca and Trmq in (55) is
the difference between A2CA and ARMQ. Thus, anticipating
that the quantization performances of QCA and RMQ are
not significantly different, we can expect that the estimation
errors Toca — TQCA and TrvmQ — TRMQ are close, although
each of them may be greater than expected. In mathematical
terms, Toca — TQCA is given by

Toca — TQCA
= E[RACA {E[R; 41}, E[T])] — E[RAA, (R; 1}, T)]

)
~ [ B[ke. ER,0, BT
—R(x, {Rj}, T) |fsqca(x)dx, (58)

and similarly,

TrmQ — TrMQ = [0] E[R(x, {E[R; 1}, E[T])
—R(x, (R4}, ) [firmo (X)dx.  (59)
Consequently, their difference is represented as
(Taca — Toca) — (Trmo — TrmQ)
= [ B[k, Ry, BT~ R Ry )]
(faca(x) — firma(x))dkx, (60)

where fioca(x) = 0 for § < x < 1. Thus, each of the
following can make (Toca — TQCA) — (TrmqQ — TRMQ) be
sufficiently close to zero.
1) Both Trmq and Tqca are sufficiently close to TRMQ
and TQCA, respectively.
2) The PDFs f;oca(x) and firmo(x) are sufficiently close.
3) The absolute value of the integral in (60) integrated
only on {x € [0, 1] : fiaca(x) > firmo(x)} is suffi-
ciently close to that integrated only on {x e [0, 1] :
fraea() < frrmo().
The first one depends on the distributions of R;; and T.
Because they consist of normal beta and Wishart matri-
ces, their variances are not significantly large such that
both Toca — TQCA and Trmq — TRMQ are not expected to
be very large. However, neither of them can be arbitrarily
small. By contrast, f,oca(x) and f;rmo(x) can be arbitrarily
close as B increases because the supports of both PDFs
approach zero. As their supports approach zero, the third
one can also be arbitrarily close as B increases. Moreover,
as the values of A2CA and ARMQ pecome smaller, the inte-
grand E[R(x, {E[R; ]}, E[T]) — R(x, {R;}, T)] becomes
less dependent on x; the dummy variable x corresponds to
AQCA and ARMQ Thuys, the third one is well satisfied for small
values of AQCA and ARMQ
Based on these observations, the estimation error Tgca —
TQCA is expected to be sufficiently close to Toca — TQCA
for moderate values of B; the corresponding closeness will
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be demonstrated in the following sections. Consequently,
the following approximation is considered:

AT 2 Toca — TrmQ &~ TQCA — TRMQ £ AT. (61)

In (61), AT approximates the true rate gap AT between the
upper and lower bounds for spectral efficiency, where upper
bound Tqca is the spectral efficiency obtained using QCA
and the lower bound Trwq is obtained using RMQ. Thus, AT
should be sufficiently small if we want to use QCA to model a
limited-feedback-based system in MIMO broadcast channels.
Obviously, if B approaches infinity, we have

lim [(Toca — Toca) — (Trmq — TrmQ)] = 0. (62)
B—o0

Next, the approximated spectral efficiency gap AT is ana-
lyzed to investigate the validity of QCA. It follows from (33)
and (57) that

det(E[T] + 13" + %IN,)]
detI2% + My )
det(E[T] + I”RMQ 4 Ny
_E[logz EIT]+ ;M + Sy,

det@pM 4 Y1y,

AT = E|:10g2

}, (63)

where 1 8CA is defined and evaluated from (32) as

I £ 1y (.97 {EIR; (1))

= AQCA(iE[Rﬁ,k])

k=2
N 1
@t 0ca (64)
N,
where (a) follows from Lemma 5 With_ No = N,(N; — N,)
as defined in Theorem 1. Similarly, IEMQ is defined and
evaluated as

MQ 2 1y (ARMQ (E[R; 1 1))
— NO_H ARMQ (65)
N,

In (34), because V is an orthonormal basis of the left Ill/l\ll
space of G in (15), it is independent of both H and H.
Moreover, because H is a unitary matrix that is isotropically
distributed in C¥*N, Lemma 3 implies that HY VV/H ~
By, (Ny, N — Ny). Thus, from (20), E[HY VVIH] = {1y,
Consequently,

N
E[T] = JE[USU"] @ N1y, (66)

t

where (a) follows from (25). By combining (63)—(66),
we obtain

AT = N,E[log, (PN, + N; + PM2.9Y)]
— N:E[log, (N; + PM29%)]
+ N, E[log, (N; + PMARMQ)]
—N,E[log, (PN, + N, + PM2RMQ)], (67

where M is defined as M| £ ;’VJ:] for simplicity.
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From the CDFs of A2¢4/5 in (108) and ARMQ in (109),
we know that each expectation term comprising AT in (67)
is given by the common form of

N, Eflogy(a + bX)] (68)

for some constants a and b, where X is a random variable with
the CDF Fx(x) =1 — (1 — xm)L for some constants m and L
(e.g.,a = PN, + N;, b = PM15, m = Ny, and L = 1 for the
first expectation term of AT in (67)).

Lemma 6: Let X be a random variable distributed in [0, 1]
with the CDF Fy(x) = 1 — (1 — x’")L, where m and L are
positive integers. Then, we have

( m)L
Ellog(a + bX)] = f —dy + loga, (69)
for any positive constants a > 1 and b> 0.
Furthermore,

1 m m
y a
dy=|—-—-) log(1+b
/o %+yy < b) ol /@

a\m e (m\ (1 +b/a) — 1
G2 () S o

Proof: See Appendix E. . ]
Using Lemma 6, we can evaluate AT from (67) as follows:
AT -log2/N,
@ 1 1=y L - yNO
~Jo Ni/S+y YT 0 N2/8+y
ha —yN°>2 (1= yNoy> N°>2
o M+y / N1 +y

R L
Moy ’%+y

0128 1
f(l 7 <N +y N1+y>dy

® [ A=W~ Ny
0o N1+ 38y)(NV2 + éy)
£Y(B,P)

Lo Noy28 _
+6/6 (T = (8x)M0)* (N Nz)dx’ 1)
0

(N1 + 8x)(N> + 8x)

27,(B,P)

where (a) follows by applying Lemma 6 to each term in (67),
(b) follows from the variable change of y = §x for the second
term, and N; and N, are defined as

N, (PN, + N,
1é r( r+ t)7 Nzé r . (72)
P(No + 1) P(No + 1)

Alternatively, applying (70) to the first two terms on the right-

hand side (RHS) of @ in (71), we can reformulate AT in a
more explicit form:
AT -log2/N,

= log(1 + 8/N1) — log(1 4+ §/N3)

N:N
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FIGURE 2. Normalized gap of downlink rates achieved by using QCA and
RMQ. AT is obtained by simulating (35), and AT is obtained by (73) by
numerically integrating Y,.
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FIGURE 3. Normalized gap of downlink rates achieved by using QCA and

RMQ. AT is obtained by simulating (35), and AT is obtained by (73) by
numerically integrating Y,.

No

N No\ (14 8/Np)i — 1
_(NI/S)();(i)W
Mo N\ (14 8/Na) — 1

N 0 -
HNZ/&OZ(")W

i=1
— (=N1/8)™ log(1 + 8/Ny)
+ (=N2 /8N Tog(1 4+ 8/N2) + Ya(B, P).  (73)

D. ASYMPTOTIC ANALYSIS

1) WITH RESPECT TO B

Because N1 —N; > 0, Y1(B) is negative and Y5 (B) is positive
for B > 0. Moreover, because (1 — yNO)ZB < lis adecreasing
function of y in [0, 1], whose valid support approaches zero as
B increases, we can expect that Y»(B) is a positive decreasing
function that approaches zero as B increases. In addition,
because Ny + 8§y — Ny and N1 4+ 6y — Np with increasing
B, Y1(B) also approaches zero as B increases. Thus, unless
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the functions Y'1(B) and Y»(B) rapidly fluctuate with respect
to B, we can expect that AT gradually approaches zero as
B increases, as illustrated in Fig. 2. The spectral efficiency
gap between QCA and RMQ decreases as B increases, which
implies that QCA and RMQ are asymptotically equivalent
with respect to B. In Fig. 2, both AT and AT are normalized
by Trmq to emphasize that the rate gap is much smaller than
the achievable rate. The approximation is generally tight for
moderate values of B and becomes gradually closer while
approaching zero with increasing B, as expected.

In mathematical terms, limp_, o, Y1(B) = 0 is straightfor-
ward. Moreover, from (111), we have

lim (1 — (Sx)M0)2" = =", (74)
B—o0
Thus,
00 Ni — N,
lim ToB) = lim 8) | e ' 24
B—o00 B—o0 N1N2
N; — N oo 1
@ Jim (3)¥/ e~ 2M L4y
NONINZ 0
N[ 1
— im 2N (LY 2o 75
B—oo ~ NgN1N» No

where (a) follows from the variable change of 7z = Mo and
['(-) denotes the gamma function. Therefore, the rate gap
converges to zero as follows:

Jim AT(B) @ Jim AT(B) =0, (76)
where (a) follows from (62). This is an equivalent result to
Theorem 2, which implies that QCA and RMQ are asymptot-
ically equivalent with respect to B.

2) WITH RESPECT TO P
From (33) and (35), the spectral efficiency can be rewritten
as

det(T + Iy + %IN,)}

T =E|lo
[ 2 detly + N Ix,)

N -1
- 1E[1og2 det(IN,, +T(1y + F’IN,> )} (77)

At the RHS of (77), Iy is the only term that is related to
quantization, and %IM is the only term related to the transmit
power. Thus, the inverse matrix (I + %IM)_1 is the only
term that includes the effect of the quantization error or trans-
mit power. Note that

tim (1 + 500y) " =y, (78)
P—00 P
and
Jim (IU AN )7] ~ lim (&IN )7]. (79)
P PO\ P "

Thus, in terms of the achievable rate, the effect of the quanti-
zation error is negligible when P = 0, and gradually increases
as P increases; it is maximized at P — oo. Furthermore,
we can expect that the rate gap AT = Tgca — Trmg Will also
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increase as the effect of the quantization error in 7 increases.
Accordingly, it can be expected that

AT(P)~ AT(P) < lim AT(P). (80)
P—o0
Fig. 3 clearly demonstrates this observation. The normalized
gap is generally small and increases with respect to P. It
is larger for the case with N; = 4 because the number of
quantization bits is less sufficient than the case of N; = 6.
The error reaches near 7% in the worst case of this figure,
but it is still acceptable and can be decreased by using more
feedback bits if required.
From (67), AT can be rewritten as

AT = N,E[log, (N; + Ni/P + M{29%)]
~NE[logs (N:/P + M1A%M)]
+N,E[ log, (N;/P + M1ARMQ) ]
—N,E[log, (N; + N;/P + M1 2RMQ)], - (81)

based on the properties of the logarithm. If P — oo, it follows
that

lim AT = N,E[log, (N, + M294)]

P—o00
—N,E[log, (N, + M12RMQ)]
+N,E[ log, (A*MQ)] — N, E[ log, (124)].
(82)
Because AQCA 4 8X for a beta random variable X with

parameters No and 1, and ARMQ s the minimum of 258
ii.d. beta random variables with parameters Ny and 1,
E[log (A\®MQ)] and E[ log (A2“*)] can be obtained as fol-
lows by applying Lemma 3 in [9]:

2B

1«1
RMQ7 _ _ -

E[log A"MQ] = No &1

E[logA%*] = E[log X] + logé = —% +logs. (83)

The first and second terms on the RHS of (82) can be calcu-
lated using Lemma 6. Consequently, we obtain

lim AT -log2/N,
P—o00

La —yN°>23

1 1— No

0 M5+y 0 +y
+ L ogs Z

—_— — 0 —_— — —

No &

(@) Mis —Nr No M8
“log (14 35%) = (57:5) e (1+57)
ogll+ N, M og(l+ N,
(Nr )No% NO (l + A;[V_lra)l -1
M6 Pt i i(—1)No—i

1 B 28
5 (1 — (8x)Noy? 1 1 1
0 Wt ox No No = i
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(é) log (1 + M16> - (_—Nr>N0 log (1 + M18>
Nr M18 Nr
N, \No o (14 Moy g
~(i13) ;( : )W
—8/; idx—i—L—log(S—L S !
0 AA,;—’1+8x No No ‘=i
£ ATy, (84)

where (a) follows by applying (70) to the first integral and
the variable change of y = 4x to the second integral. In
addition, (b) follows because (1 — (5x)N0)2B is a decreasing
function of B, which is lower-bounded by the limiting value
(1 — 0N = =" given 1n (74) Moreover, it can be

easily shown that the integral fo dx is bounded by a

finite value. Thus, from (80) and (é4) it can be concluded
that AT increases with respect to P, but is bounded by the
finite value AT, (Fig. 4). In Fig. 4, the spectral efficiency
gap achieved between QCA and RMQ are depicted without
normalization, to verify the analytical upper bound AT>. The
analytical approximation AT well approximates AT and the
analytical upper bound AT, corresponds to an asymptote
with respect to P as expected. The gap obtained with N; = 4
and N, = 1 is considerably larger than that with N; = 8 and
N, = 2. However, because the achievable spectral efficiency
is also larger with N; = 4 and N, = 1, as shown in Fig. 5,
the normalized gap is not very different; this can be simply
verified by normalizing the rate gap in Fig. 4 by the spectral
efficiency in Fig. 5. In Fig. 5, the spectral efficiency of N; = 4
and N, = 1 is much larger than that of N, = 8 and N, = 2
for a large P because B = 30 is insufficient to perform
SDM effectively with eight transmit antennas. The potential
performance of the case of N; = 8 and N, = 2 with a
sufficient number of feedback bits will be greater than that
of the case of N; = 4 and N, = 1 as is partially shown
in Fig. 5 for a small P. In other words, because the amount of
quantization error increases with the SNR and the numbers of
antennas, it is better to use fewer antennas when the SNR is
high, and better to use more antennas when the SNR is low.

3) WITH RESPECT TO Ny
From (67), AT can be rewritten as

AT = N,E[log, (PN,/N; + 1 + PM129°4/N;)]
—N,E[log, (1 + PMiA%A/N,) ]
+N,E[log, (1 + PM2RMYN,)]
—N,E[log, (PN, /N; + 1 + PM{JRMQN) ). (85)

If N, approaches infinity for fixed P and B, the quantization
error unboundedly increases, and therefore, the advantage of
quantization becomes negligible for both cases of QCA and
RMQ. Specifically, because M; = N’(N’];—:V’Hl, we have
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FIGURE 4. Gap of downlink rates achieved by using QCA and RMQ. AT is
obtained by simulating (35), AT is obtained by (73) by numerically
integrating Y,, and AT, is obtained by (84).

Ny=4,N,=1,B=30

0 5 10 15 20 25 30 35 40
P [dB]

FIGURE 5. Spectral efficiency achieved using RMQ (Tgmq)- Trmq is
obtained by simulating (35).

limpy, - o0 % = 1. Thus,

lim AT = N,E[log, (1 + PA%4)]

N;—00
—N,E[log, (1 + PAY4)]
+N,E[log, (1 + PARMQ)]
—N,E[log, (1 + PARMQ)] = 0. (86)

Although (86) implies that AT — 0as N, — oo, this
result is obtained mainly because both the achievable rates
using QCA and RMQ approach zero as N, increases for
fixed P and B. Nevertheless, the effect of the difference
in quantization schemes (QCA vs. RMQ) disappears as N;
increases, as demonstrated in Fig. 6. In short, if N; increases
by implementing an increasingly larger number of antennas
at the BS, such as in massive MIMO systems, the achievable
rate of limited-feedback-based SDM gradually approaches
zero given that B is fixed. Thus, a more sophisticated algo-
rithm should be prepared to suppress the quantization error
efficiently with a sufficient number of feedback bits.
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FIGURE 6. Normalized rate gap of downlink rates achieved by using QCA
and RMQ. AT is obtained by simulating (35), and AT is obtained by (73)
by numerically integrating Y.

V. SIMULATION GUIDELINE

When we use QCA, a realization of the quantized CSI is
obtained from the corresponding distributions described in
Section I'V-A without constructing an explicit codebook. As
QCA is an analytically tractable model that is not based on
explicit codebook construction, it is advantageous for both
analysis and simulation. In this section, a guideline is pre-
sented to generate each realization of the quantized CSI H
for a given realization of the true CSI H during simulation.

By exchanging the roles of H and H in (14), H can be
decomposed as

fi — ARV + (1, - BEH
1

= HH"H + SAZE”, (87)
where the columns of S € CN>*Nr gpan an N,-
dimensional subspace isotropically distributed in the (N; —
N,-dimensional) left null space of H, the diagonal matrix
A, € CN*Nr consists of the eigenvalues of HY Iy, —
HH)H, and E € C¥*¥r is an isotropically distributed uni-
tary matrix. Moreover, S, Aj;, and E € CV*Nr are mutually
independent. It should be noted that A is invariant when the
roles of H and H are exchanged.

Remark 1: Anm x n, m > n, isotropically (or uniformly)
distributed semi-unitary matrix can be obtained as the n
orthonormal eigenvectors of AAY corresponding to the n
non-zero eigenvalues, where A is an m x n complex matrix
whose entries are i.i.d. complex Gaussian random variables
with mean 0 and variance 1.

The matrix E can be constructed according to Remark 1.
The matrix S can be obtained by multiplying an indepen-
dent and isotropically distributed semi-unitary matrix in
CWNi=NixNr 0 an orthonormal basis of the left null space
of H. -

Let QY be the QR—declompositiorll of HIH. As
HHYH'H = Iy, — SAZETYSAZE by definition
(87), wehave YAY = Iy, —I:ZA;lEVIH. Thus, Y can be obtained
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from the Cholesky decomposition of Iy, — EAE! after
realizations of E and Aj are obtained. Then, it follows that

~ ~ . Ly

H = HQY + SA’E", (88)
where Q can be obtained based on Remark 1 because it is
also an isotropically distributed unitary matrix obtained from
the QR decomposition. The procedure thus far is applicable
independent of the quantization process. We next discuss how

to construct A;, which depends on the distance measure and
quantization codebook.

4) QCA

From (47), if we use QCA, then the quantization error matrix
is given by Aj; L sA j for arbitrarily chosenj € J and is inde-
pendent of S and E. Furthermore, because A; for arbitrary j
consists of eigenvalues of a complex beta distributed matrix
with parameters N; — N, and N, (24), A; can be obtained from
any independent matrix A ~ CBy, (N; — Ny, N,). The matrix
Y is subsequently obtained using A; = §A; as previously
mentioned in (88). Then, by substituting both Y and Aj into
(88), we finally obtain Hfora given H.

5) EMULATING A SIMULATION OF RMQ WITH D = D,

As a comparison group, RMQ with d; and d, are consid-
ered in this study (Fig. 1). With RMQ, the quantized CSI is
generated by constructing a random codebook C of size 28
and then choosing the minimizing index 7 based on (7). This
is a cumbersome procedure as compared to QCA, and the
computational complexity of constructing random codebook
increases as B increases. The computational complexity of
using QCA is independent of B. Moreover, a codebook con-
struction for a large B may be impossible depending on the
device used for simulation. Because a simulation for a large B
with RMQ is included in this study, to verify the asymptotic
performance, a method that emulates the generation of the
quantized CSI with RMQ is also considered for efficiency
and feasibility. As previously discussed, it suffices to emulate
the distribution of Aj; for (88) to obtain a realization of the
quantized CSI based on RMQ during simulation.

Itd = d, V; = Aj;/A; is independent of both the
quantization process and quantization error A; (Lemma 5).
Thus, W; can be obtained from any independent complex beta
distributed matrix with parameters N;—N, and N,.. The largest
eigenvalue XA; can then be obtained using a CDF inversion
method.? That is, A; = F ;R]MQ(U ) with a realization U of an
independent random variable uniformly distributed in (0, 1),
where F )}%\AQ is the inverse function of F,rmo in (109).

6) EMULATING A SIMULATION OF RMQ WITH D = D¢
If d = d,, then all eigenvalues of A; are dependent on the
quantization process, where the quantization process selects

31n this study, the CDF inversion method refers to the method used to
generate a realization of any random variable with the known CDF. Let the
inverse function of the CDF be F~! (x). Then, a realization of the random
variable is obtained as F *1(U ), where U is a realization of an independent
uniform random variable [42].
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the codeword that minimizes the chordal distance between
W; and H. In this case, the minimum chordal distance is
first realized, and then the entries of A, are obtained from
their joint distributions conditioned on the realization of the
chordal distance. Although the joint PDF of the eigenvalues
of a complex beta matrix is known, a marginal distribution of
each eigenvalue is not generally known in a common explicit
form. Thus, a CDF inversion method should be prepared
for each value of N;, N,, and B, as described in [18]. A
numerical integration may be required for a large N, because
the marginal CDF is difficult to calculate explicitly.

The emulation of this case is well described in [18]. How-
ever, as a complement, it is revisited in this study with addi-
tional details. First, it is defined that

1

R 278 No

hB)= | ——) (89)
CN;,Ny,Ny,2

where the normalizing constant ¢, p 4, is equivalent to that

defined in [40]. By combining Corollary 1 and Lemma 3 in

[40], we can obtain the CDF of the minimum of 28 i.i.d.

chordal distances as

0, x <0,

CN, N,.N,2 " 2BxNo 0 < x < min(h(B), 1). 90)

Fin(x) = {
If h(B) > 1, then the CDF is not explicitly known for
x > 1. Thus, complete emulation is possible only when B is
sufficiently large to satisfy #(B) < 1.If B is too small to guar-
antee h(B) < 1, then a normal quantization with an explicit
random quantization codebook should be performed instead.
However, as the codebook is not very large, the computational
complexity is not very high in these cases.

Subsequently, the marginal distributions of the eigenvalues
of a complex beta matrix conditioned on the chordal distance
are required. They do not have a general form applicable to all
N; and N, and thus they should be calculated for each case.
For example, if N, = 2, then the joint PDF of the eigenvalues
of a complex beta matrix is given by (Definition 1.1 of [41])

T, y) = CxMNm2NryNe=aNe (32, O1)

where the eigenvalues are denoted as n; and 7y, and C =
(N, —2N,+3)T(N; —2N,+4) . .
F(Nt_r2Nr+1)F(Nt_[2Nr+2)r(3). The marginal PDF of n; condi-

tioned on the chordal distance n = 1y + 1, is calculated as

_fﬂmi(x’y) _fm,nz(X,y—x)
S &ly) = 50 = )

The PDF of the chordal distance f;(y) can be obtained at least
for 0 < y < 1 by differentiating (90) after substituting B = 0.
If B is sufficiently large to satisfy #(B) < 1, then a realization
of the minimum of the chordal distances is less than 1 with
probability 1. Thus, it suffices to know f;(y) for y < 1. The
marginal CDF F,,|,(x|y) is obtained by integrating f;,,(x|y)
with respect to x.

Now, we are prepared to generate A; for this specific case.
Based on (90) and the CDF inversion, a realization D of
the minimum of 22 i.i.d. chordal distances is first obtained.
With D, a realization of 7 is subsequently obtained using

92)
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Fy,1y(x|D) and the CDF inversion. Lastly, we obtain 7, =
D — n1. Because each inverse function of the corresponding
CDFs may not have an explicit form, a numerical quantiza-
tion may be required for the CDF inversion.

As demonstrated in this section, emulating the use of RMQ
with the chordal distance is quite cumbersome as compared
to the QCA proposed in this study, and is not always feasible.
QCA is very easy to simulate; is applicable for all system
parameters including N;, N,, B, and P, and the computation
time is significantly shorter than that required to construct an
explicit codebook.

VI. CONCLUSION

The main objective of this study was to investigate the validity
of an analytical quantization model called QCA. To achieve
this, the gap between the upper and lower bounds for the
spectral efficiency was investigated, with the upper and lower
bounds being obtained using QCA and RMQ, respectively.
The analytical results demonstrated that the gap is generally
small regardless of system parameters N;, N,, B, and P. It
was further shown that the gap can be arbitrarily small for
a sufficiently large B. Simulation results were obtained to
demonstrate the accuracy of the analytical results. Based on
the analytical and simulation results, QCA can be regarded
as a quantization model that closely approximates the perfor-
mance achieved with a well-designed codebook. Moreover,
the analysis framework derived in this study can be applied to
various wireless networks to further validate the performance
of QCA, if required.

If QCA is used to model the quantization process, then
the primary advantage is that the stochastic analysis is con-
siderably simplified as compared to the case when using an
explicit codebook. If an explicit codebook is used, then the
quantized channel is given by the minimum order statistics
of 28 random variables, which may also exhibit certain cor-
relations depending on the codebook design. Thus, the corre-
sponding distribution of the quantized CSI is very difficult to
analyze. By contrast, if QCA is applied, then the quantized
CSI is given by a simple random beta matrix multiplied
by a deterministic value, which is a decreasing function of
B as described in (47). Most important, the effect of the
quantization is concentrated solely on the deterministic value
such that the corresponding stochastic analysis is independent
of B. For example, the instantaneous achievable rate is given
in (33) as

detH# VVIH + Iy () + M1y,
det(ly () + Y1y,

where only the first argument A; is represented in functions

R and Iy for simplicity. From (46), we have AﬁQCA 4 86X for
any independent beta random variable X with parameters Ny
and 1. Thus, assuming the use of QCA, (93) can be rewritten
as

R(k3) = log, . (93)

det(H VVIH + 81y(X) + H1y,)
det(81y (X) + F1y,) '

R()\;lQCA) = log, %94)
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Each random matrix in (94) is given by a form of a simple
Wishart or beta matrix. Although obtaining an explicit for-
mula for the ergodic rate E[R] remains difficult, the problem
is much simpler than when using an explicit codebook. At the
very least, we have explicit distributions for random compo-
nents with QCA. Based on a simple assumption or an approx-
imation, further analysis can be performed from (94) with
QCA with respect to various performance metrics, as was
done in previous studies such as [13], [19], [20], [23]; details
of the corresponding studies are introduced in Section 1. As
these studies did not give much attention to the validity of
using QCA, the analytical results in this study can support
the results therein. Furthermore, because QCA can reduce the
complexity of the analysis, the results in this study can further
encourage the use of QCA for future studies of limited-
feedback-based schemes in more complicated MIMO sys-
tems, including massive MIMO systems with FDD in dense
cellular networks.

APPENDIXES

APPENDIX A

PROOF OF LEMMA 3

Let X ~ CN (0,1, ® I,), and the compact SVD of X#
be A]D%Ag such that A; € C™™M A, € C™™ and
XX7 = AzDA‘;I . Because an idempotent matrix is always
diagonalizable and its eigenvalues are either 0 or 1 [43],
the rank of I, — P is n — r. Thus, Lemma 1 implies that
XPX? ~ CW,,(r, Q) and XA, — P)X? ~ CW,,(n — r, 1,,).
Because XX = XPX” + X(I, — P)X”, Lemma 2 further
implies that (XX)~2 [XPXH |(XXH)"2) ~ CBy(r,n —
r). Moreover, because (XX#)™2 = AzD_%Ag , we have

CBy(r,m) ~ (XXH)~3 [XPXH |(XXH )2y
= Ay [APAJAE . (95)

Because the Jacobian of the transformation B — HYBH
is det(H)™"~! = 1 [34], the distribution of a matrix
B ~ CB,,(r, m) is invariant under the transformation B —
H”BH, provided that H € C™*"™ is a unitary matrix inde-
pendent of B. This can be directly shown by transforming the
PDF in (18) with the corresponding Jacobian. Thus, we obtain

CBu(r,m) ~ Aj[AHPA1AY L A PAY (96)

Because A; is an orthonormal basis for an m dimensional
plane isotropically distributed in C"™", the proof is com-
pleted.

APPENDIX B

PROOF OF LEMMA 5

From (10), S; is an orthonormal basis for an N,-dimensional
plane isotropically distributed in the (N; — N,)-dimensional
left null space of W;. Moreover, S; is independent of V.

Thus, §; 4 XY, if X € CNexWi—No) s an orthonormal
basis of the left null space of W; and Y € CMV:=Nr)>xNr jg
an isotropically distributed matrix independent of S;.
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Then, by applying Lemma 3 twice, we have
S/Vivi's; = YIXP Vi VXY
~ CBy, (N, Ny — 2N,). 97)
Then, from (20), E[SHV, VSl = g1y, for k =
2,---,K.Thus,
1 1
E[R;+] = E[USZE;W/E[SI V, VS0 Ef 5707
— Nr
N/ =N,

IR R s Y UH
E[UZE[E;¥E]£2U"]. (98)

From (26), E[E;AEf'] = Nf%tNrIN,. Moreover, from (40),

] — Nr(N _Nr)
BIN] =y wpr1- Thus,

Ny — N,
N

= E(E;jAE]") = EyIE(EWE]")

Nr(Nt _Nr)

= 1 " E(EYED). 99
N, — B + TR 9

By combining (98) and (99), we obtain

Nr(Nt - Nr) + 1 H
ERjy] = ———E[UXU
Rl = =N =y AUV
_ NN =N+ 1 (100)
Ny — N, ’

where the last equality follows from (25).

APPENDIX C

PROOF OF THEOREM 1

If the transmitter has perfect CSI, BD (as described in
Section II-B) completely eliminates the multiuser interfer-
ence such that Iy = 0. Thus, from (33) and (35),

P oo
Tpest = ]E|:10g2 det(}vHHVVHH + INr)}
t

P .
- ]E[log2 det(}vT—f- IN,)], (101)
t

where V is the precoding matrix obtained with H = H under
the perfect CSIT assumption, and T 2 H? VV# H. Because
V is still independent of both H and H, the distribution of T
is equivalent to T [18].

From (33) and (35) when Lemma 5 is applied,

Trmq = EIRGLVC, (Rii ), T)]
det[ 5T + Ly, ]
det[]%IU (RRMQ (R 1)) + IN,]

= Elog, . (102)

where AEMQ denotes the largest eigenvalue of the quantiza-
tion error matrix, with the index n chosen based on RMQ
given that d = dj in (7). With RMQ, AEM corresponds to
the minimum of 2 i.i.d. beta random variables A, - -
with parameters N,(N; — N,) and 1. Applying Lemma 1 in

) )'2B$
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[9], we have E[ARMQ) < § = 2™ M=% Then, from (101)
and (102),

Tpcst — TrmQ

P.
E|1 dt(—T I )
|:og2 e N, + Iy, ]
P
—E[logzdet(—TJrIN,)]
N;

P
+E|:10g2 det(}vly (MO (R 1) + IN,)]
t

IA

P
@ E[logz det(}vIU (AMQ (R, 1)) + IN,)]
t

®) P
< log, det JE[FIU (AM (R k) + INr], (103)
t

where (a) follows because Tand T are identically distributed,
and (b) follows from Jensen’s inequality. With (32),

E[IU (RRMQ {Rj,k})]

K
_ E[ 3 E[ngQRj,k]]
k=2
@ E[Nr(Nt —Nyp)+1
N; — N,
® Ny(N; —Ny) + 1
N,
where (a) follows from Lemma 5 and (b) follows from
E[1;™9] < 5. By substituting (104) into (103), we obtain
Nr(Nt - Nr) + 1
N;N,
Nr (Nt _Nr)+ 1
N;N,
Because this theorem is intended to specify a sufficient con-

dition on B that guarantees Tpcsi — TrmqQ =< N, log,ry,
it suffices to derive a sufficient condition on B that satisfies

(K = DEGEM)]

oly, , (104)

Tecst — Trmq < log, det( PsIy, + INr)

=N, 10g2< P8+1>. (105)

N,(N; — N 1
N, log, (Mm n 1) — N, log, r1. (106)
N;N;
By solving (106) with respect to B, we obtain
No+1
B = Nolog, P + No 10g2< )—Nologz(rl — D,
N,N;

(107)
with the notation Ny = N, (N; — N,).

APPENDIX D
PROOF OF THEOREM 2
From (46), AQCA /& is a beta random variable distributed in

(0, 1) following the CDF
Fyaca5(x) = x™0, (108)

forO0 <x <1.
The random variable ARMQ js the minimum of i.i.d.
A1, -+, Ays, Where each A; is distributed in [0, 1] with the
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PDF in (40). Thus, ARMQ is also distributed in [0, 1] and its
CDF is given by [44]

B
Fyrvo(x) = 1 — (1 —xN0)?", (109)
for 0 < x < 1. From (109), we have
B
Forng 50 = 1 — (1 = (60™)* (110)

for 0 < x < 1/5. Moreover,

lim Fyrvos(x) = 1 — lim (1 —xM0275)2"
B—o0 B—o0

_aBN\TX
=1- lim ((1—xNoz—B) XNO)
B

— 00

No

=1~ lim ((1+uwi) ™"

u—0—
=1 -0, (111)
for 0 < x < o0.
Applying Lemma 5 to (32), we have
4
K
IU()‘ﬁv {Rfl‘k}kZZ) =K Z Xnstk
k=2

= SIy(hi/8, (Rjidizy).  (112)

Let X be an independent random variable distributed as (108).

Then, because X <= 2.QCA/s_ it follows from (55) and (112)
that

det(T + 81y (X, {R; 1 }) + %1y,
det(81y (X, (Rjx}) + %1y,)

Toca =E|:10g2 ] (113)

Thus, we obtain

lim Tgca
B—o0

det(T + 81y (X, {R; 1)) + %IN,):|

@ ]E|: lim log, =
B—o0 det(5IU(X, R} + ?IINr)

= IEI[ lim log, det(ﬂT +1N,)] = Tescr, (114
B—o00 N;

where (a) follows from the dominated convergence theorem

[45]. Let Y be an independent random variable distributed

with the CDF 1 — e_xNO for x € [0, co]. Then, (111) implies

that ARMQ/§ converges to Y in distribution. Consequently,

from (55) and (112),

@D 5[ tim 1og det(T + 81y (A"MQ/8, {Ry}) + %INr)}
Booo 0 det(SIy(ARMQ/S, (R ) + Ly,
i det(T + 81y (Y, {R; Ny
= E| lim lo (T + oIy (Y, (Rix) + N')]
— 00

det(8Iy (Y, (Rj ) + F1y,)

- P
= E[ 1im 1 dt(—T I )]:T ,
Ber;O 0g, de N, + Iy, PSCI

(115)

where (a) follows from the dominated convergence theorem
[45].
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APPENDIX E

PROOF OF LEMMA 6

Becausea > 1,b > 0,and 0 < X < 1, log(a + bX) is a
positive random variable. Consequently,

Eflog(a + bX)] = f - Pr{log(a + bX) > x]dx. (116)
0

Moreover, asa > 1, b > 0,and 0 < X < 1, we have
Pr[log(a + bX) > log(a + b)] = 0 and Pr[log(a + bX) >
loga] = 1. Thus,

Ellog(a + bX)]

log(a+b) loga
= / Pr[log(a + bX) > x]dx + dx
! 0

oga

log(a+b) & —a
= / Pr|:X > 3 ]dx + loga
1

oga

log(a+b) X gvm\ L
@ . a
_/1 <1 ( b ) > dx +loga

oga
1 m\L

(b)f (I—=y"

D 2720 gyt loga.
o pty

where (a) follows from the CDF of X and (b) follows from

the variable change of y = gxb_ 2 Furthermore,

1 m
/ ay dy
0o 5TV

a b
@ [MEER e () [T e,
a Z b 1 X

b

(117)

b

© (a\" -~ (m mei [ i
_(E) Z(l,)(—n fl xdx

i=1

m by
_¢ !
+< b) /1 X dx
~ (- ayn g (m)\ (L+bja) — 1
_< b) log(1+b/a) + () ;(l) T
(118)

where (a) follows from the variable change of z = % + v, (b)
follows from the variable change of x = %z, and (c) follows
from the binomial theorem.
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