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ABSTRACT This paper presents an analysis of a permanent magnet synchronous machine (PMSM) with
an unequal teeth width. The use of the concentrated nonoverlapping winding, also known as tooth-coil
winding, has certain advantages. In addition, asymmetric features can be exploited by adopting this winding
configuration to improve the machine performance. The procedure involves increasing the stator tooth
width and, to the same extent, reducing the adjacent stator tooth width. In this paper, an analytical method
was employed to predict and understand the back-EMF behavior, and a finite element analysis (FEA)
was performed to verify the analytical method. Furthermore, a detailed study of the machine performance
(electromagnetic torque, flux density, and losses) was carried out by the FEA. The machine was built and
tested to validate the performance of the machine.

INDEX TERMS Analytical analysis, asymmetrical stator, finite element analysis, permanent magnet,
permanent magnet machine, tooth-coil winding.

NOMENCLATURE
α Mechanical position.
β Electrical position.
� Mechanical angular speed.
2p Number of poles.
Qs Number of slots.
v, v1, v2 -th harmonic number.
q Number of slots per pole and phase.
CT Goodness factor (related to cogging torque).
GCD Greatest common divisor.
LCM Least common multiple.

I. INTRODUCTION
Permanent magnet synchronous machines provide certain
advantages over other traditional machines because of their
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high torque/volume ratio, high power factor, and high
efficiency [1], [2]. Depending on the type of winding,
PMSMs exhibit different characteristics. Themost commonly
used winding types in PMSMs are nonoverlapping concen-
trated windings (CW) and distributed windings (DW) [3].
Distributed windings are characterized by producing a close
to sinusoidal current linkage (or magnetomotive force) wave-
form yet avoiding significant current linkage low-order har-
monic components because of the consequent distribution
of the coils along the stator periphery (q ≥ 1). In contrast,
concentrated windings, also known as tooth-coil windings
(TCW), have high contents of space harmonics (often includ-
ing significant subharmonics) in the current linkage wave-
form, with a highly nonsinusoidal shape [4], [5]. However,
the TCW presents various advantages such as a higher power
density, excellent fault tolerance (the contact between con-
ductors of different phases is reduced or even eliminated) and
easier manufacture [3], [6]. Moreover, the amount of copper
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used in the end winding is reduced because of its short length,
which means a reduction in the winding Joule losses and
the machine weight [7]. Therefore, the TCW has significant
advantages, which makes it suitable for various applications,
particularly in power generators, owing to the great benefits
in electrical insulation [8].

Asymmetric features can be exploited by adopting the
TCW configuration to improve the machine performance.
In [9], it is shown that the back-EMF and the electromag-
netic torque can be maximized by employing an unequal
teeth width in nonoverlapping CW permanent magnet (PM)
brushless machines. According to [9], by increasing the width
of the stator teeth that carry a coil, the flux linkage can be
maximized. The maximum value of flux linkage is achieved
when the coil pitch is equal to the pole pitch. In addition,
it is possible to reduce the torque ripple. However, the anal-
ysis is limited to machines with small tooth-tips or closed
slots.

A novel technique to minimize the torque ripple in a rotor
surface PMSM and interior PMSM was investigated in [10].
In the paper, it was stated that the unbalanced flux density
of the teeth results in some high-order harmonics of the
torque ripple. It was proposed that these harmonics can be
minimized by employing an unequal teeth width. However,
the method is limited to a single operating point. In [11],
it was reported that TCW PMSMs have a strong magnetic
saturation as a result of the interaction of the armature and
PM reaction fluxes, which has a significant impact on the
torque quality and leads to a nonsymmetric flux distribu-
tion. Asymmetries in the rotor pole (slit implementation) and
asymmetries in the stator teeth were investigated in order to
decrease the local magnetic saturation and enhance the torque
characteristics.

A new asymmetrical rotor hybrid CW PMSM with
enhanced torque performance was presented in [12]. It was
proposed to modify the rotor structure of a conventional sym-
metrical rotor hybrid spoke-type PM motor by asymmetric
positioning of the upper part of the PMs to improve torque
production. The main idea of the study was to adjust the
reluctance torque component to reach the maximum value
at the same current phase angle at which the excitation
torque is at the maximum. The machine was investigated
by the finite element analysis (FEA), achieving satisfactory
results.

In [13], a 12-slot 10-pole PMSM 4-layer winding having
coils with different numbers of turns was introduced. The
total number of conductors per slot was kept constant to have
an invariant slot space factor. Asymmetry allows improving
the air gap flux density waveform, canceling lowest-order
subharmonics, which could lead to an improvement in the
machine performance.

In [14], a modular machine with an unequal teeth width
was proposed. A machine of this kind employs CW, and it
consists of independent modules with single-layer winding.
It was found that flux gaps (air gaps between modules) and
an unequal teeth width improve the air gap flux density.

Furthermore, the applied flux gaps between the segments can
improve the winding similarly to machines with an unequal
teeth width, as mentioned in [9]. However, the machine
performance can be degraded or improved according to the
slot/pole number combination by applying different flux gap
widths.

Numerous studies on the asymmetries in TCW PMSMs
suggest that there is a wide range of options to enhance
the machine performance. Furthermore, the asymmetries not
only aim to improve typical motor characteristics (such
as torque/power or back-EMF), but they can, for instance,
minimize the pulsating torque. However, to the authors’
knowledge, only a few studies have been reported in which
the effect of asymmetries has been analyzed by analyti-
cal methods. This is possibly due to the complexity of
the machine geometry that applies an asymmetric structure,
which complicates analytical approaches. However, under
certain assumptions, it is possible to predict and under-
stand the actual phenomena with analytical methods. Nev-
ertheless, the FEA is essential in the study, as it considers
the effects that are neglected in the simplified analytical
analysis.

This article proposes a comprehensive study about the
influence of the unequal teeth width on the air gap flux
density, the flux linkage, the back-EMF, the electromag-
netic torque, and the losses of the TCW PMSM. A different
approach to calculate the back-EMF in a TCW PMSM with
an unequal teeth width is presented. The proposed method
makes use of existing methods found in the literature such
as in [15]. The existing methods are focused on symmetric
machines. However, the proposed method takes into account
the effect of the unequal teeth width. Furthermore, the pro-
posed method incorporates the influence of the slotting effect
and the skewing, in contrast with the investigated in [9].
Finally, with the use of the proposed method it was possible
to discover in detail the base phenomena, which affected the
performance variation of the studied machine when going
to asymmetric stator structure. This helps in understanding
the extra optimization rules applied to TCW PMSM that
can further improve specific characteristics of the designed
machines.

The paper is organized as follows: First, the topology of the
proposed asymmetry is delineated along with its advantages,
and some characteristics to be taken into account to achieve a
better machine performance are presented. Next, the machine
under study is described. Then, the permeance distribution of
the machine is analyzed. The proposed method to obtain the
complex permeance distribution is verified by the FEA. After
that, the back-EMF is studied using the modified analytical
method and the FEA. The explanation of the variation in the
back-EMF when using an unequal teeth width is based on the
analytical results. An accurate study of the machine perfor-
mance (electromagnetic torque, flux density, and losses) is
carried out by the FEA. Finally, the machine is built, and an
experimental test is carried out to validate the performance of
the machine.
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FIGURE 1. Adjustment of the stator inner tooth width bds. The stator slot
width bs is kept constant.

II. TCW PMSM WITH AN UNEQUAL TEETH WIDTH
A. FEATURES OF TCW PMSM WITH AN UNEQUAL TEETH
WIDTH
The aim of using an unequal teeth width is to increase the
flux linkage and thus, enhance the torque capability and the
back-EMF. The procedure involves increasing the stator tooth
width and, to the same extent, reducing the adjacent stator
tooth width, as shown in Fig. 1. Because of the nonuniform
stator teeth, it is possible to use only a single-layer (SL)
winding. The advantage of employing the SL winding is
that the distribution factor is the maximum possible for that
number of slots per pole and phase, which means that the
winding factor is higher compared with a greater number
of winding layers if a three-phase system is applied [16].
According to Fig. 1, the coil pitch W depends on the stator
inner tooth width bds and the stator slot width bs (which is
kept constant). Therefore, the performance of the machine
is evaluated based on the width of the tooth that carries a
coil.

FIGURE 2. Geometric structure of the PMSM under study.

TABLE 1. Parameters of the PMSM.

Previous studies have investigated feasible pole/slot
number combinations for the TCW with q ≤ 0.5 [4].
In addition, the pole/slot combination should satisfy
GCD (Qs, p) > 1 to avoid unbalanced magnetic pull [3],
and CT =2 pQs/LCM (Qs, 2 p) must be low enough in
order to achieve a low inherent cogging torque [17]. Other
features to be considered are the mutual coupling factor and
the air gap harmonic leakage factor. The factors must be
small or negligible to ensure a fault-tolerant machine with
magnetically decoupled phases and a high performance [5].

B. MACHINE DESCRIPTION
The machine under study is a radial flux PMSM, which is
designed to be submersible in water. Themachine can operate
for instance as a pump motor or a generator for tidal energy
harvesting. The machine geometry is presented in Fig. 2.
The parameters and geometric dimensions of the submersible
PMSMdesign are listed in Table 1. The geometric parameters
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FIGURE 3. Stator slot geometry and teeth reluctances: (a) trapezoidal slot
and (b) rectangular slot. The trapezoidal teeth reluctance (b) is smaller
than the rectangular teeth reluctance (a).

are chosen based on the magnetic and the electric loading
of the machine. The value of the stator inner tooth width
bds is chosen to increase the back-EMF over the symmetric
machine without changing the external dimensions of the
machine and, keeping the machine losses at fair value. How-
ever, it is beyond the scope of this paper.

The structure comprises an inner rotor and an outer stator.
The PMs are mounted on the rotor surface, because such
a construction can be used with a rotor yoke made of a
simple solid core tube. PMs have a curved shape to align the
PM surface with the rotor core surface. In order to reduce
the eddy-current losses in the PMs, each magnet block is
separated into four segments. The rotor is protected from the
water environment by a cover, as the PMs are vulnerable to
corrosion.

The PM material used in the construction is N45SH
NeodymiumMagnet with the remanent flux density of 1.36 T
at 20 ◦C, the relative permeability of 1.05, and the isotropic
resistivity of 180 × 10-8 � ·m at 20 ◦C. The rotor core is
made of construction steel S355 (also known as Fe52) as
it exhibits acceptable magnetic and mechanical properties.
Moreover, it has a relatively high electrical resistivity to
reduce the eddy-current losses in the rotor as a result of
the current linkage of the low-order harmonics when the
TCW with a single-layer approach is used [18]. The mate-
rial selected for the rotor cover is glass fibre composite
(GFC), because it has a high electrical resistivity and it is
nonmagnetic.

The stator is not protected by any cover because the
selected active materials in the stator are resistant to corro-
sion. The stator core is made of 430 stainless steel grade
(430SS). The 430SS is a ferritic stainless steel that has excel-
lent corrosion resistance and good magnetic properties (com-
pared with other stainless steel materials), along with accept-
able market availability. The isotropic resistivity of 430SS
is 60 × 10-8 � ·m at room temperature. Polyvinyl chlo-
ride (PVC) insulated wires with solid conductors are selected
as the winding material, because they provide high-quality
insulation and are entirely water-resistant.

The stator contains a three-phase winding held in place
in rectangular slots. The rectangular slot was chosen in

FIGURE 4. (a) Phase back-EMF and (b) cogging torque when using
trapezoidal and rectangular slots. FEA.

FIGURE 5. Flux density distribution under no-load when using
(a) trapezoidal slot and (b) rectangular slot. FEA.

comparison with the trapezoidal slot because it improves
the machine performance and enables easier manufacture
and assembly of the prewound coils. Fig. 3 shows the rect-
angular and trapezoidal slots and the equivalent magnetic
reluctance in the stator core. When the stator slot is rect-
angular, the magnetic reluctance of the trapezoidal tooth
is smaller than the magnetic reluctance of the rectangular
tooth. Therefore, the magnetic flux is slightly increased when
using rectangular slots, which indicates an increase in the
back-EMF, as shown in Fig. 4(a). Moreover, the cogging
torque is reduced by 40%, as it can be seen in Fig. 4(b).
The decrease in the magnetic saturation in the stator teeth
explains the reduction in the cogging torque, as seen in Fig. 5.
Despite the improvements in the rectangular slot, the peak-
to-peak value of the cogging torque still reaches 18% of
the rated torque, which supports the use of skewing for fur-
ther cogging torque reduction. The highest cogging torque
harmonic component of the nonskewed machine is of the
sixth order. Hence, to eliminate this particular harmonic,
a two-step rotor skewing with a shift of 30 electrical
degrees (3 mechanical degrees) between the magnet layers is
applied.

III. THE PERMEANCE DISTRIBUTION IN THE AIR GAP
The permeance distribution in the air gap of a TCW PMSM
with an unequal teeth width can be calculated to investigate
the behavior of the back-EMF and the electromagnetic torque
by varying the coil-carrying stator tooth width. The approach
to obtain the permeance distribution in the air gap for a
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FIGURE 6. Sequence of the estimation of the permeance distribution in
the air gap of a TCW PMSM with an unequal teeth width. The angle
ι = 360◦/

(
Qs/2

)
−W corresponds to the angular displacement between

two neighboring slots that carry different phase coils.

symmetric stator is described in [15]. The model is con-
structed by using a Schwarz-Christoffel transformation.
The assumptions applied in this method are the following:
(i) the permeability of iron is infinite, (ii) the stator slots
have an infinite depth, and (iii) the height of the core is
infinite.

The complex relative permeance distribution in the air gap
of a machine with a number of slots Qs can be expressed in
the form of a Fourier series as

λa (Dδ, α, α0) =

Nλ∑
v=0

λav (Dδ) cos (vQs (α − α0)) (1)

λb (Dδ, α, α0) =

Nλ∑
v=1

λbv (Dδ) sin (vQs (α − α0)) , (2)

whereDδ is the air gap diameter, α0 is the reference angle,Nλ
is the maximum order of the Fourier coefficients, and λav and
λbv are the real and imaginary parts of the Fourier coefficients
of the permeance function in the air gap with an equal teeth
width representing the amplitudes of the permeance harmon-
ics in the air gap. The coefficients are calculated from the
air gap permeance waveforms as described in [15] using a
discrete Fourier transform.

Sequence of the estimation of the permeance distribution
in the air gap of a TCWPMSMwith an unequal teeth width is
shown in Fig. 6. Diagram to obtain the permeance distribution
in the air gap of a TCWPMSMwith an unequal teeth width is
depicted in Fig. 7. The algorithm to obtain the new permeance
distribution is arranged as follows:

1) First, obtain the permeance distribution waveforms for
a symmetric stator with half of the slots (Qs/2) shown
in Fig. 6(a) according to [15].

FIGURE 7. Diagram to obtain the permeance distribution in the air gap of
a TCW PMSM with an unequal teeth width.

2) Calculate the Fourier coefficients of the permeance
distribution in the air gap (λav and λbv) obtained for the
case Fig. 6(a).

3) With the calculated coefficients, obtain the com-
plex permeance distribution waveforms with reference
angles equal to α0 = −ι/2 and α0 = ι/2, which
refer to slot positions of Fig. 6(b) and (c), respectively.
The new permeance distribution waveforms have an
offset from the initial symmetric stator, specified by
the new reference angle that coincides with the axis
of the tooth that carries a coil around itself. In this
way, the asymmetrical position of adjacent slots can be
considered.

4) Combining the Fourier coefficients of the waveforms
derived from Fig. 6(b, c), it is possible to find the
overall real and imaginary components of the new per-
meance distribution in the air gap of the machine under
study, which can be expressed as

λnew_a (Dδ, α) = λa
(
Dδ, α, α0 = −ι

/
2
)

×λa
(
Dδ, α, α0 = ι

/
2
)

(3)

λnew_b (Dδ, α) = λb
(
Dδ, α, α0 = −ι

/
2
)

+λb
(
Dδ, α, α0 = ι

/
2
)
. (4)

Equation (3) corresponds to the multiplication of
the real components of the permeance distributions
derived from Fig. 6(b, c), which are shifted by ι

from each other and (4) corresponds to the sum of
the imaginary components of the same permeance
distributions.

5) Calculate new Fourier coefficients (λnew_av and
λnew_bv) from the results obtained in the previous step
using a discrete Fourier transform. The waveforms can
be expressed in the form of a Fourier series as

λnew_a (Dδ, α) =

Nλ∑
v=0

λnew_av (Dδ) cos
(
v
Qs

4
α

)
(5)

λnew_b (Dδ, α) =

Nλ∑
v=1

λnew_bv (Dδ) cos
(
v
Qs

4
α

)
, (6)

where the 1/4 factor that multiplies the number of slots
results from the new waveform period that considers
the asymmetry (unequal teeth width and two stator
slots).

The permeance distributions in the air gap calculated by
the analytical model and the FEA for bds = bds1 (symmetric
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FIGURE 8. Complex permeance distribution in the air gap of the
symmetric stator bds = bds1 and the asymmetric stator with
bds = 19 mm: (a) real part, (b) imaginary part, and (c) spectra.

stator) and the asymmetric stator (having bds = 19 mm)
are shown in Fig. 8(a) and Fig. 8(b), respectively. There is
a good agreement between both the analytical models and
the FEA results. The results show that the proposed method
allows obtaining the permeance distribution in the air gap
of TCW PMSMs with an unequal teeth width. It is pointed
out that adjusting the value of bds changes the spectrum of
permeances in which new harmonics appear or the value
of existing harmonics are modified, as shown in Fig. 8(c).
It influences the machine performance, as it will be shown in
the next sections.

The proposed method to obtain the permeance distribution
of a TCW PMSM with an unequal teeth width can be used
to calculate the back-EMF, the cogging torque, the electro-
magnetic torque, and related variables using the appropriate
analytical models available in the literature [9], [19]–[21].

IV. BACK-EMF CALCULATION
The normal component of the flux density distribution in the
slotted air gap induced only by PMs is given by

Bn (Dδ, α, t) = Bn_sl (Dδ, α, t) λnew_a (Dδ, α)

+Btan_sl (Dδ, α, t) λnew_b (Dδ, α) , (7)

where Bn_sl and Btan_sl are the radial and tangential compo-
nents of the flux density in the slotless air gap induced only
by PMs, calculated according to [15], respectively.

The flux linkage in the phase winding can be calculated as

ψph (t)

= Nphl ′
Dδ

2

W
2∫

−
W
2

Bn (Dδ, α, t) dα

=

∞∑
v1=1,3,5,...

Nphl ′
Dδ

2
ksqv1ksov1

{
2λnew_a0Bn_slv1

kpv1
v1p

+

Nλ∑
v2=1

(
Bn_slv1λnew_av2
−Bt_slv1λnew_bv2

)
·

sin
[(
v1p+ v2

Qs
4

)
W
2

]
v1p+ v2

Qs
4

+

Nλ∑
v2=1

(
Bn_slv1λnew_av2
+Bt_slv1λnew_bv2

)
·

sin
[(
v1p− v2

Qs
4

)
W
2

]
v1p− v2

Qs
4


· cos (v1p�t) , (8)

where λnew_a0 is the average of the complex permeance dis-
tribution, Nph is the number of turns per phase, l ′ is the stator
stack length, kpv is the pitch factor, ksqv is the skewing factor,
and ksov is the slot opening factor. The factor expressions are
described in Appendix A.
The back-EMF can be calculated from the derivative of the

flux linkage per pole as

eph (t)

= −
dψph (t)

dt

=

∞∑
v1=1,3,5,...

Nphl ′
Dδ

2
ksqv1ksov1�

{
2λnew_a0Bn_slv1kpv1

+

Nλ∑
v2=1

(
Bn_slv1λnew_av2
−Bt_slv1λnew_bv2

)
·

sin
[(
v1p+ v2

Qs
4

)
W
2

]
v1p+ v2

Qs
4

+

Nλ∑
v2=1

(
Bn_slv1λnew_av2
+Bt_slv1λnew_bv2

)
·

sin
[(
v1p− v2

Qs
4

)
W
2

]
v1p− v2

Qs
4


· sin (v1p�t) , (9)

Equation (8) can be divided into two parts. The first term
corresponds to the base magnetic flux and the second term to
an additional magnetic flux caused by the interaction between
the permeance distribution and the air gap flux density—the
sum of both magnetic flux components results in the main
magnetic flux.When the stator slots are closed, the imaginary
part of the complex permeance is neglected. As a result,
the normal component of the air gap flux density depends
only on the flux density induced by the PMs, and the flux
linkage per pole can be optimized based on the pitch factor.
When the stator slots are open, the average magnetic flux
is reduced because of the slotting effect. Despite this, it is
possible to enhance the flux linkage per pole owing to the
base magnetic flux and the additional magnetic flux.

Fig. 9 shows the waveforms of the air gap flux density for
different stator inner tooth widths bds (tooth containing the
coil). By increasing the value of bds, the integration area of the
magnetic flux increases, including a greater amount of mag-
netic flux. However, when the coil pitch is greater than the
pole pitch, the base magnetic flux is reduced because of the
opposite flux of the adjacent PM. Nevertheless, the additional
magnetic flux could mitigate the opposite flux, translating
the maximum value of the magnetic flux by a single tooth
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FIGURE 9. No-load air gap flux density waveform over the base machine
with a scaled air gap flux density distribution over the stator tooth
containing the coil at different tooth widths: (a) bds = bds1,
(b) bds = 19 mm, (c) bds = 23 mm, (d) bds = 28 mm, and (e) spectra.
Calculated analytically.

predicted by the pitch factor (W = τp = 34 mm ⇒ bds =
20 mm).

Based on the above discussion, it is possible to enhance
the flux linkage per phase and the back-EMF by adjusting
the stator inner tooth width bds. The minimum and maximum
values of bds depend on the stator inner diameter, the stator
slot width, and the number of slots. However, it is necessary
to verify the performance of the machine for each case indi-
vidually.

The RMS back-EMF value as a function of the stator inner
tooth width bds at the rated speed is depicted in Fig. 10.
Based on the results, there is a good agreement between the
analytical model and the FEA when the core permeability
is assumed infinite. When the magnetic saturation is con-
sidered, the RMS back-EMF decays faster once it reaches
the maximum value (bds = 23 mm). It can be explained by
the nonlinear behavior of the magnetic core material. The
back-EMF can be adjusted at a higher value with respect
to the symmetric stator (bds = bds1). For bds = 19 mm,

FIGURE 10. RMS back-EMF value at the nominal speed calculated by
analytical and FEA models as a function of stator inner tooth width bds.

FIGURE 11. (a) Back-EMF waveforms at the nominal speed for different
stator inner tooth widths bds values and (b) their spectra. FEA.

the back-EMF increases approximately by 8% with respect
to the symmetric stator.

The back-EMF waveforms for different values of the sta-
tor inner tooth width bds at the rated speed computed by
the FEA are shown in Fig. 11. It should be noted that the
waveforms are symmetrical, even though the arrangement of
the slots is asymmetric. This could be explained by the use
of the theory of the star of slots [22]. The star of slots for
the combination of 24 slots and 20 poles for the symmetric
machine is shown in Fig. 12(a). In this case, the angle between
the phasors of two adjacent slots is the mechanical angle
αs (the electrical angle is denoted by αes = p · αs), and it
coincides with the coil pitch W as a result of the pole/slot
number combination. However, when choosing a value of bds
greater than the original value, the angle between the phasors
of the same coil αs1 is different from the angle between the
phasors of different coils αs2. Nevertheless, the sum of the αs1
and αs2 angles is constant and corresponds to 360◦/ (Qs/2),
which is equivalent to the angular displacement of two sta-
tor slot widths and the unequal teeth width. The resulting
star of slots for a value of bds greater than the original
value is shown in Fig. 12(b). The back-EMF of each coil
is represented by a phasor in the star of slots. The resulting
three-phase back-EMF phasor diagrams for bds = bds1 and
bds > bds1 are depicted in Fig. 12(c) and Fig. 12(d), respec-
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FIGURE 12. Star of slots of a three-phase 24-slot 20-pole machine for
(a) bds = bds1 and (b) bds > bds1. The resulting three-phase back-EMF
phasor diagram for (c) bds = bds1 and (d) bds > bds1.

tively, where the angles between the phases are 120 elec-
trical degrees. It can be seen that the angle between the
phasors of the different phases remains invariant in both
cases, which explains the symmetric back-EMF induced
waveforms.

V. TORQUE ANALYSIS
The influence of the unequal teeth width on the electromag-
netic torque (EM) of the machine under study is investi-
gated. In order to compare the electromagnetic torque for
the nonskewed and the two-step skewed rotor, stator current
maps were computed by the FEA as a function of the stator
inner tooth width bds and electromagnetic torque Tem as
shown in Fig. 13. The machine was driven with an id = 0
control. Based on the results, with the nonskewed machine,
it is possible to achieve higher values of electromagnetic
torque than with the skewed machine when applying the
same supply current. In both cases, by increasing the value
of bds for the same stator current, the electromagnetic torque
increases slightly until bds = 23 mm and then begins to
decrease because of the lower magnetic flux. Thereafter, it is
necessary to increase the stator current to reach similar torque
values. Thus, it is not advisable to choose values higher than
23 mm for bds, as it could reduce the torque capability and
the machine efficiency.

The cogging torque and the torque ripple for the
nonskewed and two-step skewing machines were evaluated
as a function of the stator inner tooth width bds as shown
in Fig. 14. In addition, the electromagnetic torque variation
for the symmetric stator (bds = bds1) and bds = 19 mm at
the rated current is shown in Fig. 15. The results in Fig. 14
indicate that the primary source of torque ripple is the cogging
torque. For the nonskewed machine, the high peak-to-peak

FIGURE 13. Stator current maps for (a) nonskewed rotor and (b) two-step
skewed rotor. FEA.

FIGURE 14. Cogging torque and torque ripple as a function of the stator
inner tooth width bds for: (a) nonskewed rotor and (b) two-step skewed
rotor. FEA.

values of the pulsating torque are explained by the asym-
metric stator structure, which makes it necessary to consider
the application of skew. The geometrical periodicity of the
asymmetric stator core is half that of the symmetrical stator
core. When two-step skewing is applied, the 6th harmonic
is reduced, as shown in Fig. 15. However, the higher order
torque ripple harmonics (e.g. 12th) are not eliminated. There-
fore, to eliminate higher order harmonics, it is necessary
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FIGURE 15. Electromagnetic torque variation over one electrical period:
(a) nonskewed rotor and (b) two-step skewed rotor. FEA.

FIGURE 16. Maximum flux density of the stator teeth as a function of the
stator inner tooth width bds. FEA.

to apply more skewing steps (which would make the rotor
assembly more difficult) or another skew angle, which would
not eliminate the strongest harmonic component (6th).

VI. ANALYSIS OF THE FLUX DENSITY AND MUTUAL
COUPLING BETWEEN PHASES
Fig. 16 shows the maximum flux density of the tooth that
carries a coil and a tooth that does not carry a coil as a function
of the stator inner tooth width bds when the machine operates
at the rated current and speed. It is pointed out that the flux
density values in the tooth that does not carry a coil are lower
than the flux density values in the tooth that carries a coil.
This is explained by the fact that the magnetic flux flows
through the tooth that carries a coil, after which it divides,
passing a part of the magnetic flux in the tooth that does not
carry a coil. It means that with an unequal teeth width in a
machine it is possible to achieve a better performance than
with a symmetric machine because of the lower magnetic
saturation. However, it is necessary to verify the flux density
variation of the stator teeth over one electrical period. Fig. 17
shows the waveforms of the flux density of the teeth and their
harmonic spectra for the symmetric stator (bds = bds1) and
bds = 19 mm. Furthermore, their flux density distributions
are shown in Fig. 18. The results show that the harmonic
content is low for both cases. The presence of high har-
monic content can be a restriction when choosing the value
of bds.

FIGURE 17. (a) Flux density variation of the stator teeth over one
electrical period and (b) their spectra. FEA.

FIGURE 18. Flux density distribution under load for (a) symmetric stator
(bds = bds1) and (b) asymmetric stator with bds = 19 mm. FEA.

FIGURE 19. Flux plot when only phase U is supplied for (a) symmetric
stator (bds = bds1) and (b) asymmetric stator with bds = 19 mm. FEA.

The mutual coupling between phases was verified for the
symmetric stator (bds = bds1) and bds = 19 mm. Because
of the slot/pole combination chosen, the mutual coupling
factor is zero [5], [22]. Fig. 19 shows the magnetic flux lines
when only phase U is supplied. Note that the magnetic flux
is linked only by the coils carrying current. Therefore, it is
found that the asymmetry does not affect the fault tolerance
of the machine.
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FIGURE 20. (a) Mesh quality and (b) current density distribution of the
stator core. FEA.

TABLE 2. PMSM losses at the rated point. FEA.

VII. MACHINE LOSSES
In order to analyze the machine performance, the losses were
calculated. The winding Joule losses are determined by [23],

PCu = Qsz2QρCu

(
l ′ + lw
SslotkCu

)
I2s , (10)

where zQ is the number of conductors in one slot, ρCu is
the copper resistivity, kCu is the copper space factor, l ′ is
the stator stack length, lW is the end-winding length, and Is
is the RMS stator current. The end-winding length depends
on the stator inner tooth width bds. However, because of the
machine size, the stator resistance is considered constant for
the cases discussed here.

The PM Joule losses, the rotor eddy current losses, and
the stator eddy current losses were computed by the FEA.
In particular, the stator eddy current losses were calculated
by the 3D FEA model (core sheet) with a fine mesh (see
Fig. 20(a) to obtain accurate results. Fig. 20(b) shows the
current density distribution in a single stator sheet at the rated
current. A comparison of the losses for the symmetric stator
(bds = bds1) and bds = 19 mm at the rated point is shown
in Table 2.

According to the preliminary results, the highest losses of
the machine are caused by the winding Joule losses. More-
over, the PM losses are low for both cases because of the
low electrical conductivity of the PM material and the PM
segmentation. The stator eddy-current losses are low because
of the good electrical properties of the magnetic material,
very low rotational speed, and the low harmonic content of
the flux density in the core.

The rotor Joule losses are higher than the stator Joule losses
because the rotor core is a solid tube. Moreover, by increasing
the stator inner tooth width bds, the rotor losses are increased.
It can be explained by the increase in the amplitude of the cur-
rent linkage subharmonics, as presented in Fig. 21. According
to [18], the rotor losses in a TCW PMSM are mainly due to
the low-order current linkage harmonics (subharmonics).

FIGURE 21. (a) Current linkage waveforms and (b) their spectra for the
symmetric stator (bds = bds1) and the asymmetric stator with
bds = 19 mm. Current linkage harmonic contents are normalized with
respect to the working harmonic of the symmetric stator. Calculated
analytically.

FIGURE 22. (a) Prototype machine parts and (b) prototype machine
assembly.

Based on the results, it can deduced that when using an
unequal teeth width in a TCW PMSM, it is possible to reach
the same torque value at a lower stator current. Moreover,
the winding Joule losses are reduced resulting in improved
efficiency.

VIII. EXPERIMENTAL VALIDATION
A prototype machine was built to verify the predictions. The
different machine parts are shown in Fig. 22(a), and the
machine assembly in Fig. 22(b).

The prototype was validated by an experimental test car-
ried out in a test bench as shown in Fig. 23(a). A schematic
view of the experimental setup is depicted in Fig. 23(b).
The prototype is coupled to an induction machine (IM),
where the IM operates as a dynamometer. The prototype was
immersed in a container with water at ambient temperature
according to the operating specifications of the machine.
The measurement of torque and speed was performed with
a Magtrol torque transducer coupled to the shaft. The voltage
and current measurements in the prototype were carried out
with a Yokogawa PZ4000 Power Analyzer. The data were
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FIGURE 23. (a) Prototype machine in the test bench and (b) connection
scheme for the experimental setup (instruments, converters,
IM dynamometer, and prototype machine).

FIGURE 24. Simulated and measured back-EMF waveforms at the rated
speed.

FIGURE 25. (a) Estimated (FEA) and (b) measured efficiency maps.

acquired and processed. Measurements at different levels of
load and speed were performed.

A comparison between the back-EMF obtained by the FEA
and measured at the rated speed is shown in Fig. 24. The error
between the FEA result and the experimental test is 4% (peak-
to-peak voltage).

A constant detent torque was measured at different speeds
when measuring the back-EMF. The value obtained was
approximately 30 Nm at any speed. The detent torque corre-
sponds to the sum of the stator core hysteresis and friction
losses. The detent torque corresponds to 20% of the rated
torque of the machine, which means that it must be analyzed
further. According to the preliminary analysis results, this
detent torque is mostly caused by relatively high hysteresis
losses in the stainless steel applied in the stator core. How-
ever, the study of the detent torque is beyond the scope of this
paper.

The estimated and measured efficiency maps are shown
in Fig. 25. The detent torque was included in the FEA model
for efficiency estimation to make a more fair comparison of
the efficiency maps. Based on the results, there is a similar
behavior between the efficiency maps. The maximum effi-
ciency of 74% is reached at the rated point. The low efficiency
is explained by the winding Joule losses, the detent torque,
and the very low rotational speed.

IX. CONCLUSION
In this paper, an analysis of a TCW PMSM with an unequal
teeth width was presented. The stator asymmetry was used
to optimize the machine performance. This was achieved by
varying the value of the stator tooth width. The mean value of
the electromagnetic torque was improved. Thus, it is possible
to obtain similar torques by adjusting the stator tooth width
while applying lower current values, resulting in a reduction
in the winding Joule losses. The obtained back-EMF wave-
form is symmetrical, and the mutual coupling phase remains
invariant. Thus, the asymmetries in the stator can be used
without a significant effect on other machine characteristics.
The overall flux density in the stator teeth was reduced by
using asymmetric teeth width. However, owing to the concen-
trated winding type with a single layer, the rotor losses were
increased. The next step (which is out of the scope of this
paper) is an in-depth analysis of the hysteresis losses in the
stator core when adjusting the value of the stator inner tooth
width, which might have a significant effect on the machine
efficiency.

APPENDIX A
FACTOR EXPRESSIONS
The pitch factor is expressed as [24]

kpv = sin
(
v
π

2
W
τp

)
, (11)

where v is the harmonic order,W = bds+ bs is the coil pitch,
which depends on the stator inner tooth width bds and the
stator slot width bs, and τp = πDδ/2p is the pole pitch, which
depends on the air gap diameter and the number of poles 2p.
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The slot opening factor can be calculated as [25]

ksov =
sin
(
vπ2

b0
τp

)
(
vπ2

b0
τp

) , (12)

where b0 is the slot opening, which in this work coincides
with the stator slot width bs. The skewing factor is obtained
as [24], [26]

ksqv =
sin
(
vp γ2

)(
vp γ2

) , (13)

where p is the number of pole pairs and γ is the continuous
skewing angle (mechanical angle).

The use of these factors is necessary for the analytical
calculation of the flux linkage per pole and the back-EMF.
Not considering the factor expressions results in inaccurate
calculation of the back-EMF waveform (and related vari-
ables) and its harmonics components.
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